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THE PRINdPtBS OF SCIENCE; 






PEEFACE 


TO THE fiRST EDITION. 


It may be truly asserted that the rapid progress of the 
physical sciences during the last three centuries has not 
been accompanied by a corresponding advance in the 
theory of reasoning. Physicists speak familiarly of 
Scientific Method, but they could not readily describe 
what they mean by that expression. Profoundly engaged 
in the study of particular classes of natural phenomena, 
they are usually too much engrossed ^n the immense and 
ever-accumulating details of their special sciences to 
generalise upon the methods of reasoning which they 
unconsciously employ. Yet few will deny that these 
methods of reasoning ought to be studied, especially by 
those who endeavour to introduce scientific order into less 
successful and methodical branches of knowledge. 

The application of Scientific Method cannot be re- 
stricted to the sphere of lifeless objects. We must sooner 
or later have strict sciences of those mental and social 
phenomena, which, if comparison be possible, are of more 
interest to us than* purely material phenomena. But it 
is the proper course of reasoning to proceed from the 
kno^n to the unknown — from the evident to the obscure 
—from the material and palpable to the subtle and 
refined. The physical sciences may therefore be properly 
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mado the practice-ground of the reasoning powers, because 
they furnish us with a great body of precise and successful 
investigations. In these sciences we meet with happy 
instances of unquestionable deductive reasoning, of ex- 
tensive generalisation, of happy prediction, of satisfactory 
verification, of nice calculation of probabilities. We can 
note how the slightest analogical clue has been followed 
up to a glorious discovery, how a rash generalisation has 
at length been exposed, or a conclusive experimeirUum 
crucis has decided the long-contihued strife between two 
rival theories. 

In following out my design of detecting the general 
methods of inductive investigation, I have found that the 
more elaborate and interesting processes of quantitative 
induction have their necessary foundation in the simpler 
science of Formal Logic, The earlier, and probably by 
far the least attractive part of this work, consists, there- 
fore, in a statement of the so-called Fundamental Laws 
of Thought, and of the all-important Principle of Substi- 
tution, of which, as I think, all reasoning is a develop-: 
ment. The whole procedure of inductive inquiry, in its 
most complex cases, is foreshadowed in the combinational 
view of Logic, which arises directly from these fundamental 
principles. Incidentally I have described the mechanical 
arrangements by which the use of the important form 
called the Logical Alphabet, and the whole working of 
the combinational system of Formal Logic, may be ren- 
dered evident to the eye, and easy to the mind and 
hand. 

The study both of Formal Logic and of the Theory of 
Probabilities has led me to adopt the opinion that there 
is no such thing as a distinct meth1)d of induction as 
contrasted with deduction, but that induction is simply 
an inverse employment of deduction. Within the •last 
century a reaction has been setting in against the purely 
empirical procediye of Francis Bacon, and physicists have 
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learnt to advocate the use of hypotheses. I take the 
extreme view of holding that Francis Bacon, although he 
correctly insisted upon constant reference to experience, 
had no correct notions as to the logical method by which 
from particular facts we educe laws of nature, I endea- 
vour to show that hypothetical anticipation of nature is 
an essential gart of inductive inquiry, and that it is the 
Newtonian method of deductive reasoning combined with 
elaborate expenmental verification, which has led to all 
tlie great triumphs of scientific research. 

In attempting to give an explanation of this view of 
Scientific Meth<?d, I have first to show that the sciences 
of number and quantity repose upon and spring from the 
simpler and more general science of Logic. The Theory 
of Probability, which enables us to estimate and calculate 
quantities of knowledge, is then described, and especial 
attention is drawn to the Inverse Method of Probabilities, 
which involves, as I conceive, the true principle of in- 
ductive procedure. No inductive conclusions are more 
than probable, and I adopt the opinion that the theory of 
probability is an essential part of logical method, so that 
the logical value of every inductive result must be deter- 
mined consciously or unconsciously, according to the 
principles of the inverse method of probability. 

The phenomena of nature are commonly manifested 
in quantities of time, space, force, energy, &c., and the 
observation, measurement, and analysis of the various 
quantitative conditions or results involved, even in a 
simple experiment, demand much employment of system-* 
atic procedure. I devote a book, therefore, to a simple 
and general description of the devices by which ex^ 
measurement is efifedted, errors eliminated, a probable 
mean result attained, and the probable error of that mean 
ascertained. I then proceed to the principal, and probably 
the most interesting, subject of the book, illustrating 
successively the conditions and precautions requisite for 



xii PREFACE TO THE FIRST EDITION. 

unquestionable phenomena of the human mind and feel- 
ings. 

It is approximately certain that in freely employing 
illustrations drawn from many different sciences, I have 
frequently fallen into errors of detail. In this respect I 
must throw myself upon the indulgence of the reader, 
who will bear in mind, as I hope, that the scientific facts 
are generally mentioned purely for the purpose of illus- 
tration, so that inaccuracies of detail will not in the 
majority -^f cases affect the truth of the general principles 
illustrated. 

Dtcemhcr if,, 1873. 
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PjEW alterations of importance have been made in pre- 
paring this second edition. Nevertheless, advantage has 
been taken of the opportunity to revise very carefully 
both the laifguage and the matter of the book. Cor- 
respondents and critics having pointed out inaccuracies 
of more or less importance in the first edition, suitable 
corrections and emendations have been made. I am under 
obligations to Mr. C. J. Monro, M.A., of Barnet, and to 
Mr. W. H. Brewer, M.A., one of Her Majesty’s Inspectors 
of Schools, for numerous corrections. 

Among several additions which have been made to the 
text, I may mention tiie abstract (p. 143) of Professor 
Clifford’s remarkable investigation into the number of 
types of compound statement involving four classes of 
objects. This inquiry carries forward the inverse logical 
problem described in the preceding sections. Again, the 
need of some better logical method than the old Barbara 
Celarent, &c., is strikingly shown by Mr. Venn’s logical 
problem, described at p. 90. A great number of candidates 
in logic and philosophy were tested by Mr. Venn with this 
problem, which, though simple in reality, was solved by 
very few of those who were ignorant of Boole’s Logic. 
Other evidence could be adduced by Mr. Venn of the ne^d 
for some better means of logical training;’ To enable tise 
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logical student to test his skill in the solution of inductive 
logical problems, I have given (p. 127) a series of ten 
problems graduated in difficulty. 

To prevent misapprehension, it should be mentioned 
that,' throughout this edition, I have substituted the name 
Logical Alphabet for Logical Alecedarium, the name applied 
in the first edition to the exhaustive series of logical 
combinations represented in terms of A^ B, ( 7 , D (p. 94). 
It was objected by some readers that Alecedarium is a 
long and unfamiliar name. 

To the chapter on Units and Standards of Measure- 
ment, I have added two sections, one (p.^2S) containing 
a brief statement of the Theory of Dimensions, and the 
other (p. 319) discussing Professor Clerk Maxwell's very 
original suggestion of a Natural System of Standards for 
the measurement of space and time, depending upon the 
length and rapidity of waves of light. 

In niy description of the Logical Machine in the 
Philosophical Transactions (vol. 160, p. 498), I said — 

It is rarely indeed that any invention is made without 
some anticipation being sooner or later discovered ; but up 
to the present time I am totally unaware of even a single 
previous attempt to devise or construct a machine which 
should perform the operations of logical inference ; and it 
is only, I believe, in the satirical writings of Swift that an 
allusion to an actual reasoning machine is to be found.” 
Before the paper was printed, however, I was able to refer 
(p. 518) to the ingenious designs of the late Mr. Alfred 
Smee as attempts to represent thought mechanically. 
Mr. Smee's machines indeed were never constructed, and, 
if constructed, would not have performed actual logical 
inference. It has now just come tc light, however, that 
the celebrated Lord Stanhope actually did construct a 
mechanical device, capable of representing syllogistic 
inferences in a concrete form. It appears that logic was 
one of the favourite studies of this truly original and 
ingenious nobletxan. There remain fragments of a logical 
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work, printed by the Earl at his own press, which show 
that he had arrived, before the year 1800, at the principle 
of the quantified predicate. He puts forward this prin- 
ciple in the most explicit manner, and proposes to employ 
it throughout his syllogistic system. Moreover, he con- 
verts negative propositions into affirmative ones, and 
represents these by means of the copula " is identic witL” 
Thus he anticipated, probably by the force of his own 
unaided insight, the main points of the logical method 
originated in the works (rf George Bentham and George 
Boole, and developed in tliis work. Stanhope, indeed, has 
no claim to priority of discovery, because he seems never 
to have published his logical writings, although they were 
put into print. There is no trace of them in the British 
Museum Library, nor in any other library or logical- work, 
so far as I am aware. Both the papers and the logical 
contrivance have been placed by the present Earl Stanhope 
in the hands of the Rev. Robert Harley, E.RS., who wiU, 
I hope, soon publish a description of them.^ 

By the kindness of Mr. Harley, I have been able to 
examine Stanhope’s logical contrivance, called by him the 
Demonstrator. It consists of a square piece of bay-wood 
with a square depression in the centre, across which two 
slides can be pushed, one being a piece of red glass, and 
the other consisting of wood coloured gray. The extent 
to which each of these slides is pushed in is indicated by 
scales and figures along the edges of the aperture, and the 
simple rule of inference adopted by Stanhope is : To the 
gray add the red and subtract the holon,'* meaning by 
holon (pkov) the whole width of the aperture. This rule 
of inference is a curious anticipation of De Morgan’s 
numerically definite cyllogism (see below, p. 168), and of 
inferences founded on what Hamilton called " Ultra-total 
distribution.” Another curious point about Stanhope’s 

^ Since the above was written Mr. Harley has read an account of Stan- 
hope’s logical remains at the, Dublin Meeting (1878) of the British 
Association. The paper will be printed in MiTui. (No*e added November, 
1878.) 
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device is, that one slide can be drawn, out and pushed in 
again at right angles to the other, and the overlapping 
part of the slides then represents 'the probability of a 
conclusion, derived from two premises of which the pro- 
babilities are respectively represented by the projecting 
parts of the slides. Thus it appears that Stanhope had 
studied the logic of probability as well as that of certainty, 
here again anticipating, however obscurely, the recent 
progress of logical science. It will be seen, however, that 
between Stanhope's Demonstrator and my Logical Machine 
there is no resemblance beyond the fact that they both 
perform logical inference. 

In the first edition I inserted a section Cvol. i. p. 25), on 
** Anticipations of the Principle of Substitution," and I 
have reprinted that section unchanged in this edition 
(p. 21). I remark therein that, ‘‘ In such a subject as logic 
it is hardly possible to put forth any opinions which have, 
not been in some degree previously entertained. The 
germ at least of every doctrine will be found in earlier 
writings, and novelty must arise chiefly in the mode of 
harmonising and developing ideas.” I point out, as 
Professor T. M. Lindsay had previously done, that Beneke 
had employed the name and principle of substitution, and 
that doctrines closely approximating to substitution were 
stated by the Port Royal Logicians more than 200 years 
ago. 

I have not been at aU surprised to learn, however, that 
other logicians have more or less distinctly stated this 
principle of substitution during the last two centuries. 
As my friend and successor at Owens College, Professor 
Adamson, has discovered, this principle can be traced back 
to no less a philosopher than Leibnit?. 

The remarkable tract of Leibnitz, ^ entitled “Non inelegans 
Specimen Demonstrandi in Abstractis,” commences at once 
with a definition corresponding to the principle : — 

' Leibnitii Opera JPMlosopkica qwie extant Erdmann, Pars 1 . Berolini, 
1840, p. 94. 
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' Eadem sunt quorum unum potest substitui alteii salva 
veritate. Si sint A et et A ingrediatur aliquam pro- 
positionem veram, et ibi in aliquo loco ipsius A pro ipso 
s\ibstituendo B fiat nova propositio eeque itidem vera, idque 
semper succedat in quacunque tali propositione, A B 
dicuritur esse eadem; et contra, si eadem sint A et J5, 
procedet substitutio quam dixi/* 

LeiJmitz, then, explicitly adopts the principle of sub- 
stitution, but he puts it in the form of a definition, saying 
that those things are the ^me which can be substituted 
one for the other, without affecting the truth of the 
proposition. It is only after having thus tested the same- 
ness of things that we can turn round and say that A and 
B, being the same, may be substituted one for the other. 
It would seem as if we were here in a vicious circle ; for 
we are not allowed to substitute A for By unless we have 
ascertained by*trial that the result is a true proposition. 
The difficulty does not seem to be removed by Leibnitz’ 
proviso, ''idque semper succedat in quacunque tali pro- 
positione.” How can we learn that because A and B may 
be mutually substituted in some propositions, they may 
therefore be substituted in others ; and what is the criterion 
of likeness of propositions expressed in the word " tali ” ? 
Whether the principle of substitution is to be regarded as a 
postulate, an axiom, or a definition, is just one of those, fun- 
damental questions which it seems impossible to settle in the 
present position of philosophy, but this uncertainty will not 
prevent our making a considerable step in logical science. 

Leibnitz proceeds to establish in the form of a theorem 
what is usually taken as an axiom, thus (jOperay p. 95 ) : 

Theorema I. Quas sunt eadem uni tertio, eadem sunt 
inter se. Si -4 a J5 | 3 t oc (7, erit A oc 0. Nam si in 
propositione A oz B (vera ea hypothesi) substitmtur G in 
locum B (quod facere licet per Def. I. quia B cc O ex 
hypotliesi) fiet A cc C. Q, K Dem.” Thus Leibnitz 
precisely anticipates the mode of treating inference with 
two simple identities described at p. 51 of •this work. 

h 
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Even the mathematical axiom that ‘equals added to 
equals make equals/ is deduced from the principle of 
substitution. At p. 95 of Erdmann’s edition, we find : “ Si 
eidem addantur coincidentia fiunt coincidentia. Si -<4 oc JS, 
erit A G <x B + G. Nam si in propositione A + G cc A 
+ G (qusB est vera per se) pro A semel substituas B (quod 
facere licet per Def. I. quia A cc B) fiet A + G o: B G 
Q. E. Dem.” This is unquestionably the mode of deducing 
the several axioms of mathematical reasoning from the 
higher axiom of substitution,c which is explained in the 
section on mathematical inference (p. 162) in this work, 
and which had been previously stated in my Substitution 
of Similars, p. 16. 

Tliere are one or two other brief tracts in which Leibnitz 
anticipates the modern views of logic. Thus in the 
eighteenth tract in Erdmann’s edition (p. 92), called 
“Fundamenta Calculi Katiocinatoris, he says: “Inter ea 
quorum unum alter! substitui potest, salvis calculi legibus, 
dicetur esse sequipollentiam.” There is evidence, also, that 
he had arrived at the quantification of the predicate, and 
that he fully understood the reduction of the universal 
affirmative proposition to the form of an equation, which is 
the key to an improved view of logic. Thus, in the tract 
entitled “Difficul tales Qiisedara Logicss,”^ he says : “Omne A 
est B ; id est {equivalent AB et A, seu A non B est non-ens.” 

It is curious to find, too, that Leibnitz was fully ac- 
quainted with the Laws of Commutativeiiess and “Simpli- 
city ” (as I have called the second law) attaching to logical 
symbols. In the Addenda ad Specimen Calculi Univer- 
salis” we read as follows.^ “ Transpositio literarum in 
eodem termino nihil mutat, ut ab coincide! cum ba, seu 
animal rationale et rationale animal” 

“ Eepetitio ejusdem literae in eodem termino est inutilis, 
ut h est aa; vel bb est a; homo est animal animal, vel 
homo homo est animal. Sufficit enira dici a est 6, seu 
homo est animal.” 

^ Erdmann, p. 102. 


* Ibid p. 9$; 
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Comparing this with what is stated in Boole's Mathe- 
matical Analysis of Logicy pp. 17-18, in his Laws of 
Thmghty p. 29, or in this work, pp. 32-35, we find that 
Leibnitz had arrived two centuries ago at a clear perception 
of the bases of logical notation. When Boole poicAed out 
that, in logic, xx — Xy this seemed to mathematicians to be 
a paradox, or in any case a wholly new discovery; but 
here we have it plainly stated by Leibnitz. 

The reader must not assume, however, that because 
Leibnitz eoiTectly apprehended the fundamental principles 
of logic, he left nothing for modern logicians to do. On 
the contrary, Leibnitz obtained no useful results from his 
definition of substitution. When he proceeds to explain 
the syllogism, as in the paper on “ Definitiones Logicae,*' ^ 
he gives up substitution altogether, and falls back upon 
the notion of inclusion of class in class, saying, “ Inclu- 
dens includentfls est includens inclusi, seu si A includit B 
. et B includit ( 7 , etiam A. includet G'' He proceeds to 
make out certain rules of the syllogism involving the 
distinction of subject and predicate, and in no important 
respect better than the old rules of the syllogism. 
Leibnitz' logical tracts are, in fact, little more than brief 
memoranda of investigations which seem never to have 
been followed out. They remain as evidence of his 
wonderful sagacity, but it would be difficult to show that 
they have had any influence on the progress of logical 
science in recent times, 

I should like to explain how it happened that these 
logical writings of Leibnitz were unknown to me, until 
within the last twelve months. I am so slow a reader 
of Latin books, indeed, that my overlooking a few pages 
of Leibnitz' works Ayould not have been in any case 
surprising. But the fact is that the copy, of Leibnitz' 
works of which I made occasional use, was one of the 
editiofi* of Dutens, contained in Owens College Library. 
The logical tracts in question were not printed in that 

^ Erdmann, p. loa 

I 2 
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edition, and with one exception, they remained in manu- 
script in the Eoyal Library at Hanover, until edited by 
Erdmann, in 1839-40. The tract “ Difficultates Qumdam 
LogicsB,'* though not known to Dutens, was published by 
Raspe in 1765, in his collection called (Euvres Philo- 
sophiques de feu M^' Leihnitz; but this work had not 
come to my notice, nor does the tract in question seem 
to contain any explicit statement of the principle of 
substitution. 

It is, I presume, the comparatively recent publication of < 
Leibnitz* most remarkable logical tracts which explains 
the apparent ignorance of logicians as regards their con- 
tents and importance. The most learned logicians, such 
as Hamilton and Ueberweg, ignore Leibnitz* principle of 
substitution. In the Appendix to the fourth volume of 
Hamilton’s Lectures on Metaphysics and Logic, is given 
an elaborate compendium of the views of logical writers 
concerning the ultimate basis of deductive reasoning. 
Leibnitz is briefly noticed on p. 319, but without any 
hint of substitution. He is here quoted as saying, “ What 
are the same with the same third, are the same with each 
other; that is, if A be the same with and 0 be the 
same with B, it is necessary that A and C should also 
be the same with one another. Por this principle flov/s 
immediately from the principle of contradiction, and is 
the ground and basis of all logic ; if that fail, there is no 
longer any way of reasoning with certainty.** This view 
of the matter seems to be inconsistent with that which he 
adopted in his posthumous tract 

Dr. Thomson, indeed, was acquainted with Leibnitz* 
tracts, and refers to them in his Outline of the Necessary 
Laws of ’ Thought He calls them valuable; nevertheless, 
he seems to have missed the really valuable point ; for in 
making two brief quotations,^ he omits all mentio?) of the 
principle of substitution. 

Ueberweg is probably considered the best authority 
> Fifth Edition, i860, p. 158.. 
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tjbijcerning the history of logic, and in his well-known 
System of Logic and History of Logical Doctrines,^ he gives 
some account of the principle of substitution, especially 
as it is implicitly stated in the Port Royal Logic. But he 
omits all reference to Leibnitz in this connection, nor does 
he elsewhere, so far. as I can iind, supply the omission. 
His English editor. Professor T. M. Lindsay, in referring to 
my Substitution of SimilarSy points out how I was antici- 
pated by Beiieke ; but he also ignores Leibnitz. It is thus 
apparent that the most learned logicians, even when writing 
especially on the history of logic, displayed ignorance of 
Leibnitz* most valuable logical writings. 

It has been recently pointed out to me, however, that 
the Eev. Robert Harley did draw attention, at the Not- 
tingham Meeting of the Biitisli Association, in 1866, to 
l^eibnitz’ anticipations of Boole’s laws of logical notation,^ 
and I am inforfned that Boole, about a year after the pub- 
lication of his Laws of Thoughty was made acquainted with 
these anticipations by E. Leslie Ellis. 

There seems to have been at least one other German 
logician who discovered, or adopted, the principle of sub- 
stitution. Eeusch, in his Systema Logicumy published in 
1 734, laboured to give a broader basis to the Jbictum dc 
Omni et Nullo. He argues, that ‘^the whole business of 
ordinary reasoning is acconqdislied by the substitution of 
ideas in place of the subject or. predicate of the funda- 
mental proposition. This some call the equation ofthoughisr 
liut, in the hands of Eeusch, substitution does not seem to 
lead to simplicity, since it has to be earned on according 
to the rules of Equipollence, Reciprocation, Subordination, 
and Co-ordination.3 Eeusch is elsewhere spoken of ^ as the 
“ celebrated Eeusch** nevertheless, I have not been able to 

^ Section 120. 

* See nis “Remarks on Boole’s Mathematical Analysis of Lojjic.” 
Jleport of the ^ 6 th Meeting of the British Assocuitioii, Transactions of the 
Seetionsy pp. 3—6. 

* Hamilton’s Lectures, vol. iv, p. 319. 

* rbid. p. 326. 
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find a copy of his book in London, even in the British 
Museum Library; it is not mentioned in the printed 
catalogue of the Bodleian Library; Messrs. Asher have 
failed to obtain it for me by advertisement in Germany ; 
and Professor Adamson has been equally unsuccessful. 
From the way in which the principle of substitution is 
mentioned by Beusch, it would seem likely that other 
logicians of the early part of the eighteenth century were 
acquainted with it ; but, if so, it is still more curious that 
recent historians of logical science have overlooked the 
doctrine. 

It is a strange and discouraging fact, that true views of 
logic should have been discovered and discussed from one 
to two centuries ago, and yet should have remained, like 
George Bentham’s work in this century, without influ- 
ence on the subsequent progress of the science. It may 
be regarded as certain that none of the* discoverers of 
the quantification of the predicate, Bentliam, Hamilton, 
Thomson, De Morgan, and Boole, were in any way assisted 
by the hints of the principle contained in previous writers. 
As to my own views of logic, they were originally moulded 
by a careful study of Boole's works, as fully stated in iny 
first logical essay As to the process of substitution, it 
was not learnt from any work on logic, but is simply the 
process of substitution perfectly familiar to matliematicians, 
and with which I necessarily became familiar in the course 
of my long-continued study of mathematics under the late 
Professor De Morgan. 

I find that the Theory of Number, which I explained in 
the eighth chapter of this work, is also partially anticipated 
in a single scholium of Leibnitz. He first gives as an 
axiom the now well-known law of Boole, as follows : — 

“ Axioma I. Si idem secuni ipso sumatur, nihil consti- 
tuitur novum, seu .A + ^ oc AJ' Then follours tliis 

' Pure Logic, or the LogU of Quality apart from Quantity ; with 
Re marks on BooW^ System, and on the delation of Logic and Mathematics. 
London, 1864, p. 3. 
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remarkable scholium : Equidem in numeris 4 + 4 facit 
8, sen bini nummi binis additi faciunt quatuor nummos, 
sed tunc bini additi sunt alii a prioribus ; si iidem essent 
nihil novi prodiret et perinde esset ac si joco ex tribus 
ovis facere vellemus sex numerando, primum 3 ova, deinde 
uno sublato residua 2, ac denique uno rursus sublato 
residuum/* 

Translated this would read as follows : — 

Axiom I. If the same thing is taken together with 
itself, nothing new arises, oy A + A = A. 

“ Scholium. In numbers, indeed, 4+4 makes 8, or two 
coins added to two coins make four coins, but then the 
two added are different from the former ones ; if they were 
the same nothing new would be produced, and it would 
be just as if we tried in joke to make six eggs out of three, 
by counting firstly the three eggs, then, one being removed, 
counting the remaining two, and lastly, one being again 
removed, counting the remaining egg/' 

Compare the above withpp. 156 to 162 of the present 
work. 

M. Littre has quite recently pointed out ^ what he thinks 
is an analogy between the system of formal logic, stated 
in the following pages, and the logical devices of the 
celebrated Kaymond Lully. Lully’s method of invention 
was described in a great number of mediaeval books, but 
is best stated in his Ars Coinpendiosa Inveniendi Veritatem, 
scu Ars Magna ct Major. This method consisted in placing 
various names of things in the sectors of concentric 
circles, so that when the circles were turned, every possible 
combination of the things was easily produced by mechani- 
cal means. It might, perhaps, be possible to discover in 
this method a vague and rude anticipation of combinational 
logic; but it is well known that the results of Lully’s 
method were usually of a fanciful, if not absurd character. 

A much closer analogue of the Logical Alphabet is 
"nrobably to be found in the Logical Square, invented by 
^ La Philosophic Vosllixe^ Mai-Juin, 1877, xviii. p. 456. 
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John Christian Lange, and described in a rare and un- 
noticed work by him which I have recently found in the 
British Museum.^ This square involved the principle of 
bifurcate classification, and was an improved form of the 
Eamean and Porphyrian tree (see below, p. 702). Lange 
seems, indeed, to have worked out his Logical Square 
into a mechanical form, and he suggests that it might be 
employed somewhat in the maimer of Napier’s Bones 
(p. 65). There is much analogy between his Square and 
my Abacus, but Lange had noif arrived at a logical system 
enabling him to use his invention for logical inference in 
the manner of the Logical Abacus. A;nother work of 
Lange is said to contain the first publication of the well 
known Eulerian diagrams of proposition and syllogism.* 

Since the first edition was published, an important 
work by Mr. George Lewes has appeared, namely, his 
ProUems of Life and Mind, which to a great extent treats 
of scientific method, and formulates the rules of philo- 
sophising. I should have liked to discuss the bearing 
of Mr. Lewes’s views upon those here propounded, but 
I have felt it to be impossible in a book already filling 
nearly 800 pages, to enter upon the discussion of a 
yet more extensive book. For the same reason I have 
not been able to compare my own treatment of the subject 
of probability with the views expressed by Mr. Venn in 
his Logic of Chance. With Mr. J. J. Murphy’s profound 
and remarkable works on Hahit and Intelligence, and on 
The Scientific Basis of Faith, I was unfortunately unac- 
quainted when I wrote the following pages. They can- 
not safely be overlooked by any one who wishes to 
comprehend the tendency of philosophy and scientific 
method in the present day. 

It seems desirable that I should endeavour to answer 
some of the critics who have pointed out what* they 

^ Iwmttum Novum Quadrati Logid, &c., Gissss Hassorum, 17x4, 
8vo. i 

5 ® See Ueherweg'a System of Logic, &c., translated Lindsay, p. 302. 
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consider defects in the doctrines of this book, especially in 
the first part, which treats of deduction. Some of the 
notices of the work were indeed rather statements of its 
contents than critiques. Thus, I am much indebted to 
M. Louis Liard, Professor of Philosophy at Bordeaux, for 
the veiy careful exposition ^ of the substitutional view of 
logic which he gave in the excellent Revue Pkilosophique, 
edited by M. Eibot. (Mars, 1877, tom. iii. p. 277.) An 
equally careful account of the system was given by 
M. Eiehl, Professor of Philosophy at Graz, in his article on 
*‘Die Englische Logik der Gegenwart,” published in the 
Vierteljahrsschrift fur wisseuschaftliche Philosophie, ( I Heft, 
Leipzig, 1876.) I should like to acknowledge also the 
careful and able manner in which my book was reviewed 
by the New York Daily TrihuTie and the New York Times, 

The most serious objections which have been brought 
against my treatment of logic have regard to my failure 
to enter into an analysis of the ultimate nature and origin 
of the Laws of Thought. The Spectator^ for instance, in 
the course of a careful review, says of the principle of 
substitution, ** Surely it is a great omission not to discuss 
whence we get this great principle itself; whether it is a 
pure law of tlie mind, or only an approximate lesson of 
experience ; and if a pure product of the mind, whether 
there are any other products of the same kind, furnished 
by our knowing faculty itself.” Professor Eobertson, in 
his very acute review,^ likewise objects to the want of 

^ Since the above was written M. Liard has republished this exposition 
as one chapter of an interesting and admirably lucid account of the 
progress of logical science in England. After a bnef but clear introduc- 
tion, treating of the views of Herschel, Mill, and others concerning 
Inductive Logic, M. Liard describes in succession the logical systems of 
George Bentham, Hamilton, Do Morgan, Boole, and that contained in 
the present work. The title of tlie book is as follows : — Les Logidem 
Anglais Contemporains, Par Louis Liard,’ Professeur de Philosophie k 
la F^lt^ des Lettres de Bordeaux. Paris : Librairie Geimer Bailli^. 
1878.*^ (Kote added November, 1878.) 

* Spectator f September 19, 1874, p. 1178. A second portion of the 
review appeared in the same journal for September 26, 1874, p. 1204, 

* Mind : a Quarterly Review of Psychology and^Philosophy. No. 11 , 
April 1876, VoL 1 . p. 206, 
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psychological and philosophical analysia ** If the book 
really corresponded to its title, Mr. Jevons could hardly 
have passed so lightly over the question, which he does 
not omit to raise, concerning those undoubted principles 
of knowledge commonly called the Laws of Thought .... 
Everywhere, indeed, he appears least at ease when he 
touches on questions properly philosophical; nor is he 
satisfactory in his psychological references, as on pp. 4, 5, 
where he cannot commit himself to a statement without 
an accompaniment of ' probabiy,^ ‘ almost,' or ‘ hardly.' 
Eeservations are often very much in place, but there are 
fundamental questions on which it is proper to make up 
one's mind." 

These remarks appear to me to be well founded, and I 
must state why it is that I have ventured to publish an 
extensive work on logic, without properly making up my 
mind as to the fundamental nature of the reasoning 
process. The fault after all is one of omission ratlier than 
of commission. It is open to me on a future occasion to 
supply the deficiency if I should ever feel able to under- 
take the task. But I do not conceive it to be an essential 
part of any treatise to enter into an ultimate analysis of 
its subject matter. Analyses must always end somewhere. 
There were good treatises on light which described the 
laws of the phenomenon correctly before it was known 
whether light consisted of undulations or of jirojected 
particles. Kow we have treatises on the Undulatory 
Theory which are very valuable and satisfactory, although 
they leave us in almost complete doubt as to what the 
vibrating medium really is. So I think that, in the 
present day, we need a correct and scientific exhibition ’ 
of the formal laws of thought, and of the forms of 
reasoning based on them, although we may not be able 
to enter into any complete analysis of the nature of ^hose 
laws. What would the science of geometry be like now 
if the Greek geometers had decided that it was improper 
to publish any propositions before they had decided on 
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the nature of an axiom? Where would the science of 
arithmetic be now if an analysis of the nature of number 
itself were a necessary preliminary to a development of 
the results of its laws ? In recent times there have been 
enormous additions to the mathematical sciences, but very 
few attempts at psychological analysis. In the Alex- 
andrian and early mediaival schools of philosophy, much 
attention was given to the nature of unity and plurality 
chiefly called forth by the question of the Trinity. In 
the last two centuries whole sciences have been created 
out of the notion of plurality, and yet speculation on the 
nature of plurality has dwindled away. This present 
treatise contains, in the eighth chapter, one of the few 
recent attempts to analyse the notion of number itself. 

If further illustration is needed, I may refer to the 
diflerenfcia] calculus. Nobody calls in question the formal 
truth of the Vesults of that calculus. All the more exact 
and successful parts of physical science depend upon its 
use, and yet the mathematicians who have created so 
great a body of exact truths have never decided upon 
the basis of the calculus. What is the nature of a Limit 
or the nature of an infinitesimal ? Start the question 
among a knot of matliematicians, and it wiU be found 
that hardly two agree, unless it is in regarding the question 
itself as a trifling one. Some hold that there, are no such 
things as infinitesimals, and that it is all a question of 
limits. Others would argue that the infinitesimal is the 
necessary outcome of the limit, but various shades of 
intermediate opinion spring up. 

Now it is just the same with logic. If the forms of 
deductive and inductive reasoning given in the earlier 
part of this treatise are correct, they constitute a definite 
addition to logical science, and it would have been absurd 
to feline to publish such results because I could not at 
the same time decide in my own mind about the psy- 
chology and philosophy of the subject. It comes in short 
to this, that my book is a book on Formal Logic and 
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Scientific Method, and not a book on psychology and 
philosophy. 

It may be objected, indeed, as the Spectator objects, 
that Mill's System of Logic is particularly strong in the 
discussion of the psychological foundations of reasoning, 
so that Mill would appear to have successfully treated 
that which I feel myself to be incapable of attempting at 
present. If Mill's analysis of knowledge is correct, then 
I have nothing to say in excuse for my own deficiencies. 
But it is well to do one thing* at a time, and therefore 
I have not occupied any considerable part of this book 
with controversy and refutation. What 1 have to say of 
Mill’s logic will be said in a separate work, in which 
his analysis of knowledge will be somewhat minutely 
analysed. It will then be shown, I believe, that Mill’s 
psychological and philosophical treatment of logic has not 
yielded such satisfactory results as some wfiters seem to 
believe.^ 

Various minor but still important criticisms were made 
by Professor Eobertson, a few of which have been noticed 
in the text (pp. 27, loi). In other cases his objections 
hardly admit of any other answer than such as consists 
in asking the reader to judge between the work and the 
criticism. Thus Mr. Eobertson asserts ^ that the most 
complex logical problems solved in this book (up to p. 102 
of this edition) might be more easily and shortly dealt 
with upon the principles and with the recognised methods 
of the traditional logic. The burden of proof here lies 
upon Mr. Eobertson, and his only proof consists in a 
single case, where he is able, as it seems to me accidentally, 
to get a special conclusion by the old form of dilemma. 
It would be a long labour to test the old logic upon every 
result obtained by my notation, and I must leave such 

1 Portions of this work, have already been published in tay ancles, 
entitled “John Stuart Mill’s Philosophy Tested,” printed in the Ooniem- 
porary Meview for December, 1877, vol. xxxi. p. 167, and for January and 
.^ril, 1878, vol. xxni. p. 256, and vol. xxxii. p. 88. (Note added in 
November, 1878.) “ Mind, vol. i. p. 222. 
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readers as are well acquainted with the syllogistic logic to 
pronounce upon the comparative simplicity and power of 
the new and old systems. For other acute objections 
brought forward by Mr. Eobertson, I must refer the reader 
to the article in question. 

One point in my last chapter, that on the Eesults and 
Limits of Scientific Method, has been criticised by 
Professor W. K Clifford in his lecture ^ on “ The First 
and the Last Catastrophe.” In vol. ii. p. 438 of the 
first edition (p. 744 of tlik edition) I referred to certain 
inferences drawn by eminent physicists as to a limit to 
the antiquity of the present order of things. “ According 
to Sir W. Thomson’s deductions from Fourier’s theory of 
heat^ we can trace down the dissipation of heat by con- 
duction and radiation to an infinitely distant time when 
all things will be uniformly cold. But we cannot similarly 
trace the Heat-l\istory of the Universe to an infinite 
distance in the past. For a certain negative value of the 
time, the formulje give impossible values, indicating that 
there was some initial distribution of heat which could 
not have resulted, according to known laws of nature, 
from any previous distribution.” 

Now according to Professor Clifford I have here mis- 
stated Thomson’s results. "It is not according to the 
known laws of nature, it is according to the known laws 
of conduction of heat, that Sir William Thomson is speak- 
ing. . . . All these physical writers, knowing what they 
were writing about, simply drew such conclusions from 
the facts which were before them as could be reasonably 
drawn. They say, here is a state of things which could 
not have been produced by the circumstances we are at 
present investigating. Then your speculator comes, he 
reads a sentence and says, ' Here is an opportunity for 
me ^ have my fling.’ And he has his fling, and makes a 
purely baseless theory about the necessary origin of the 

' Fortnightly Feview, New Series, April 1875, ^)P. 4 ^* hectare re- 
priuted by the Sunday Lectirre Socie^, p. 24. 
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present order of nature at some definite point of time, 
which might be calculated/* 

Professor Clifford proceeds to explain that Tliomson's 
formulae only give a limit to the heat history of, say, the 
earth*s crust in the solid state. We are led back to the 
time when it became solidified from the fluid condition. 
There is discontinuity in the history of the solid matter, 
but still discontinuity which is within our comprehension. 
Still further back we should come to discontinuity again, 
when the liquid was formed by the condensation of heated 
gaseous matter. Beyond that event, however, there is 
no need to suppose farther discontinuity of law, for the 
gaseous matter might consist of molecules which had been 
falling together from different parts of space through infinite 
past time. As Professor Clifford says (p. 481) of the 
bodies of the universe, What they have actually done 
is to fall together and get solid. If we should ^reverse 
the process we should see them separating and getting 
cool, and as a limit to that, we should find that all these 
bodies would be resolved into melecules, and all these 
would be flying away from each other. There would be 
no limit to that process, and we could trace it as far back 
as ever we liked to trace it.” 

- Assuming that I have erred, I should like to point out 
that I have erred in the best company, or more strictly, 
being a speculator, I have been led into error by the best 
physical writers. Professor Tait, in his Sketch of Ther- 
modynamics, speaking of the laws discovered by Fourier 
for the motion of heat in a solid, says, “ Their mathematical 
expressions point also to the fact that a uniform distribu- 
tion of heat, or a distribution tending to become uniform, 
must have arisen from some primitive distribution of heat 
of a kind not capable of being produced by known laws 
from any previous distribution.” In the latter woi^ijs it 
will be seen that there is no limitation to the laws of 
conduction, and, although I had carefully referred to 
Sir W. Thomson’s original paper, it is not unnatural 
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that I should take Professor Tait's interpretion of its 
meaning.! 

In his new work On Bome Recent Advances in Physical 
Science, Professor Tait has recurred to the subject as 
follows : 2 ‘‘ A. profound lesson may be learned from one 
of the earliest little papers of Sir W. Thomson, published 
while he was an undergraduate at Cambridge, where he 
shows that Fourier’s magnificent treatment of the con- 
duction of heat [in a solid body] leads to formulae for its 
distribution which are intelligible (and of course capable 
of being fully verified by experiment) for all time future, 
but which, except in particular cases, wlien extended to 
time past, remain intelligible for a finite period only, and 
then indicate a state of things which could not have 
resulted under laiown laws from any conceivable previous 
distribution [of heat in the body]. So far as heat is 
concerned, m'odern investigations have shown that a 
previous distribution of the matter involved may, by its 
potential energy, be capable of producing such a state of 
things at the moment of its aggi’egation ; but the example 
is now adduced not for its bearing on heat alone, but as 
a simple illusti-ation of the fact that all portions of our 
Science, especially tliat beautiful one, the Dissipation 
of Energy, point unanimously to a beginning, to a state of 
things incapable of being derived by present laws [of 
tangible matter and its energy] from any conceivable 
previous arrangement,” As this was published nearly a 
year after Professor Clifford’s lecture, it may be infeired 

^ Sir W. Thomson’s words are as follows {Camlridge Mathematiml 
Journal, Nov. 1842, vol. iii. p. 174). “When x is negative, the state 
represented cannot be the result of any distribution of tempera- 

ture' which has previously existed.” There is no limitation in the 
sentence to the laws of conduction, but, as the whole paper treats of the 
results of conduction in a solid, it may no doubt be understood that there 
is a tacit limitation. See also a second paper on the subject in the same 
journat for February, 1844, vol. iv. p. 67, where again there is no ex- 
pressed limitation. 

* Pp. 25-26.. The parentheses are in the orimnal, and show Professor 
Tait’s corrections in the verbatim reports of his lectva*es. The subject is 
treated again on pp. 168-9. 
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that Professor Tait adheres to his original opinion that 
the theory of heat does give evidence of a beginning.” 

I may add that Professor Clerk MaxwelFs words seem 
to countenance the same view, for he says,^ This is only 
one of the cases in which a consideration of the dissi- 
pation of energy leads to the determination of a superior 
limit to the antiquity of the observed order of things.” 
The expression “ observed order of things ” is open to 
much ambiguity, but in the absence of qualification I 
sliould take it to include the aggregate of the laws of 
nature known to us. I sliould interpret Professor Maxwell 
as meaning that the theory of heat indicates the occurrence 
of some event of which our science cannot give any 
further explanation. The physical writers thus seem not to 
be so clear about the matter as Professor Clifford assumes. 

So far as 1 may venture to form an independent 
opinion on the subject, it is to the effect Jihat Professor 
Clifford is right, and that the known laws of nature do 
not enable us to assign a “ beginning.” Science leads us 
backwards into infinite past duration. But that Professor 
Clifford is right on this point, is no reason why we should 
suppose him to be right in his other opinions, some of 
which I am sure are wrong. Nor is it a reaspn why other 
parts of my last chapter should be wrong. The question 
only affects the single paragraph on pp. 744-5 of this 
book, which might, I believe, be struck out without 
necessitating any alteration in the rest of the text. It 
is always to be remembered that the failure of an argu- 
ment in favour of a proposition does not, generally 
speaking, add much, if any, probability to the contra- 
dictory proposition. I cannot conclude without expressing 
ray acknowledgments to Professor Clifford for his kind 
expressions regarding my work as a whole. 

^ Theory of Heatf 1871, p. 245. 

2, The Chestnuts, 

West Heath, 

. HAMPSTrAi), N.W. 

AuffuH 15, 1877. 
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CHAPTER I. 

INTRODUCTION, 

Science arises from tlie discovery of Identity amidst 
Diversity. The process may be described in different 
words, but our language must always imply the presence 
of one common and necessary element. In every act of 
inference or scientific method we are engaged about a 
certain identity, sameness, similarity, likeness, resemblance, 
analogy, equivalence or equality apparent between two 
objects. It is doubtful whether an entirely isolated 
jdienomenon could present itself to our notice, since there 
must always be some points of similarity between object 
and object. I>ut in any case an isolated phenomenon 
could be studied to no useful purpose. The whole value 
of science consists in the power wliich it confers upon 
us of applying to one object the knowledge acquired 
from like objects ; and it is only so far, therefore, as we can 
discover and register resemldances that we can turn our 
observations to account. 

Nature is a spectacle continually exhibited to our senses, 
in which , phenomena are mingled in combinations of 
endless variety and novelty. Wonder fixes the mind’s 
attention ; memory stores up a record of each distinct 
impression ; the poAvers of association bring forth the record 
when the like is felt again. By the higher faculties of 
judgment and reasoping the mind compares the new with 

« B 
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the old, recognises essential identity, even when disguised 
by diverse circumstances, and expects to find again what 
was before experienced. It must be the ground of all 
reasoning and inference that what is true of one thing will 
he true of its equivalent^ and that under carefully ascertained 
conditions Nature repeats herself 

Were this indeed a Chaotic Universe, the powers of mind 
employed in science would be useless to us. Did Chance 
wholly take the place of order, and did all phenomena 
come out of an Infinite Lottery, to use Condorcet*s ex- 
pression, there could be no re^ison to expect the like result 
in like circumstances. It is possible to conceive a world 
in which no two things should be associated more often, in 
the long run, than any other two things. The frequent 
conjunction of any two events would then be purely 
fortuitous, and if we expected conjunctions to recur con- 
tinually, we should be disappointed. In such a world we 
might recognise the same kind of phenomenon as it ap- 
peared from time to time, just as we might recognise a 
marked ball as it was occasionally drawn and re-drawn 
from a ballot-box ; but the approach of any phenomenon 
would be in no way indicated by what had gone before, 
nor would it be a sign of what was to come after. In such 
a world knowledge would be no more than the memory of 
past coincidences, and the reasoning powers, if they existed 
at all, would give no clue to the nature of the present, and 
no presage of the future. 

Happily the Universe in which we dwell is not the 
result of chance, and where chance seems to work it is 
our own deficient faculties which prevent us from recog- 
nising the operation of Law and of Design. In the material 
framework of this world, substances and forces present 
themselves in definite and stable combinations. Things 
are not in perpetual flux, as ancient philosophers held. 
Element remains element; iron changes not into gold. 
With suitable precautions we can calculate upon finding 
the same thing again endowed with the same properties. 
The constituents of the globe, indeed, appear in almost 
endless combinations; but each combination bears its fixed 
character, and when resolved is found to be the compound 
of definite substances. Misapprehensions must continually 
occur, owing to the limited extent of our experience. We 
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can never have examined and registered possible exist- 
ences so thoroughly as to be sure that no new ones will 
occur and frustrate our calculations. The same outward 
appearances may cover any amount of hidden differences 
which we have not yet suspected. To the variety of sub- 
stances and powers diffused through nature at its creation, 
we should not suppose that our brief experience can assign 
a limit, and the necessary imperfection of our knowledge 
must be ever borne in mind. 

Yet there is much to give us confidence in Science. The 
wider our experience, the njore minute our examination of 
the globe, the greater the accumulation of well-reasoned 
knowledge, — the fewer in all probability will be the failures 
of inference compared with the successes. Exceptions 
to the prevalence of Law are gradually reduced to Lavt 
themselves. Certain deep similarities have been detected 
among the objects around us, and have never yet been 
found wanting. As the means of examining distant paits 
of the universe have been acquired, those similarities have 
been traced there as here. Other worlds ’ and stellar 
systems may be almost incomprehensively different from 
ours in magnitude, condition and disposition of parts, and 
yet we detect there the same elements of which our own 
limbs are composed. The same natural laws can be 
detected in operation in every part of the universe within 
the scope of our instruments ; and doubtless these laws are 
obeyed irrespective of distance, time, and circumstance. 

It is the prerogative of Intellect to discover what is uni- 
form and unchanging in the phenomena around ’ us. So 
far as object is different from object, knowledge is Uvseless 
and inference impossible. But so far as olyect resembles 
object, we can pass from one to the other. In proportion 
as resemblance is deeper and more general, the com- 
manding powers of knowledge become more wonderful. 
Identity in one or other of its phases is thus always 
the bridge by which we pass in inference from case to 
case ; and it is my purpose in this treatise to trace out the 
various forms in which the one same f)rocess of reasoning 
presenrfis itself in the ever-growing achievements of Scientific 
Method. 
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Tlie Powers of Mind concerned in the Creation of Science, 

It is no part of the purpose of this work to investigate the 
nature of mind. People not uncommonly suppose that 
logic is a branch of psychology, because reasoning- is a 
mental operation. On the same ground, however, we 
might argue that all the sciences are branches of psy- 
chology. As will be further explained, I adopt the opinion 
of Mr. Herbert Spencer, that logic is really an objective 
science, like mathematics or niechanics. Only in an in- 
cidental manner, then, need I point out that the mental 
powers employed in the acquisition of knowledge are prob- 
ably three in number. They are substantially as Professor 
Bain has stated tliem i : — 

1. The Power of Discrimination. 

2. The Power of Detecting Identity. 

3. The Power of Retention. 

We exert tlie first power in every act of perception. 
Hardly can we have a sensation or feeling unless we dis- 
criminate it from something else which preceded. Con- 
sciousness would almost seem to consist in the break 
between one state of mind and the next, just as an induced 
current of electricity arises from the beginning or the 
ending of the primary current. We are always engaged in 
discrimination ; and the rudiment of thought which exists 
in the lower animals probably consists in their power of 
feeling difference and being agitated by it. 

Yet had we the power of discrimination only, Science 
could not be created. To know that one feeling differs 
from another gives purely negative information. It cannot 
teach us what will happen. In sucli a state of intellect 
each sensation would stand out distinct from every other ; 
there would be no tie, no bridge of affinity between them. 
We w’ant a unifying power by which the present and the 
future may be linked to the past ; and this seems to be 
accomplished by a different power of mind. Lord Bacon 
has pointed out that different men possess in very different 
degrees the powers of discrimination and identification. It 
may be said indeed tlmt discrimination necessarily implies 
the action of the opposite process of identification ; and so 
^ TJie Senses and the Intellect, Second Ed., pp. 5, 325, &c. 
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it doubtless does in negative points. But there is a rare 
property of mind which consists in penetrating the dis- 
guise of variety and seizing the common elements of 
sameness ; and it is this property which furnishes the true 
measure of intellect. The name of* intellect ” expresses the 
interlacing of the general and the single, which is the 
peculiar province of mind.^ To cogitate is the Latin co- 
agitare, resting on a like metaphor. Logic, also, is hut 
another name ibr the same process, the peculiar work of 
reason ; for X0709 is derived from Xeyeiv, which like tlie 
Latin legere meant originally to gather. Plato said of this 
unifying power, that if he met the man who could detect 
the one in the many, he would follow liim as a god. 


Laws of Identity and Diference, 

At the base of all thought and science must lie the 
laws which express the very nature and conditions of the 
discriminating and identifying powers of mind. These 
are the so-called Fundamental Laws of Thought, usually 
stated as follows : — 

1. The Law of Identity. Whatever is, is. 

2. The Law of Contradiction. A thing cannot loth be 

and not be. 

3. The Law of Duality. A thing must either be or 

not be. 

The first of these statements may perhaps be regarded as 
a description of identity itself, if so fundamental a' notion 
can admit of description. A thing at any moment is per- 
fectly identical with itself, and, if any person were unaware 
of the meaning of the word “ identity,'’ we could not better 
describe it than by such an example. 

The second law points out tliat contradictory attributes 
can never be joined together. The same object may vary 
in its different parts ; here it may be black, and there 
white ; at one time it may be hard and at another time 

^ Max Muller, Leclures on the Science of Language, Second Series, 
vol. ii. p» 63 ; or Sixth Edition, vol. ii. p. 67. The view of the etymolo- 
gical meaning of “ intellect” is given above on the authority of .Professor 
Max Muller. It seems to be opposed to the ordinary opinion, according 
to which the Latin intelligere means to choose bet^\^en, to see a differ- 
ence between, to discriminate, instead of to unite. 
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soft; but at the same time and place an attribute cannot be 
both present and absent. Aristotle truly described this 
law as the first of all axioms — one of which we need not 
seek for any demonstration. All truths cannot be proved, 
otherwise there would be an endless chain of demonstration ; 
and it is in self-evident truths like this that we find the 
simplest foundations. 

The third of these laws completes the other two. It 
asserts that at every step there are two possible alter- 
natives — presence or absence, affirmation or negation. 
Hence I propose to name this*law the Law of Duality, for 
it gives to all the formulae of reasoning a dual character. It 
asserts also that between presence and absence, existence 
and non-existence, affirmation and negation, there is no 
third alternative. As Aristotle said, there can be no mean 
between opposite assertions : we must either affirm or 
deny. Hence the inconvenient name by which it has been 
known — The Law of Excluded Middle. 

It may be allowed that these laws are not three indepen- 
dent and distinct laws ; they rather express three different 
aspects of the same truth, and each law doubtless pre- 
supposes and implies the other two. But it has not 
hitherto been found possible to state these characters of 
identity and difference in less than the threefold formula. 
The reader may perhaps desire some information as to the 
mode in which these laws have been stated, or the 
way in which they have been regarded, by philosophers 
in different ages of the world. Abundant information 
on this and many other points of logical history will be 
found in Ueberweg’s /Sysifm of Logic, of which an excellent 
translation has been published by Professor T. M. Lindsay 
(see pp. 228-281). 

The Nature of the Laws of Iderdity and Difference. 

I must at least allude to the profoundly difficult ques- 
tion concerning the nature and authority of these Laws of 
Identity and Difference. Are they Laws of Thought or 
Laws of Things ? Do they belong to mind or to material 
iiatufe ? On the one hand it may be said that science is a 
purely mental enistence, and must therefore conform to the 
laws of that which formed it. Science is in the mind and 
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not in the things, and the properties of mind are therefore 
all important. It is true that these laws are verified in the 
observation of the exterior world ; and it would seem that 
they might have been gathered and proved by general- 
isation, had they not already been in our possession. But 
on the other hand, it may well be urged that we cannot 
prove these laws by any process’of reasoning or observation, 
because the laws themselves are presupposed, as Leibnitz 
acutely remarked, in the very notion of a proof. They are 
the prior conditions of all thought and all knowledge, and 
even to question their truth is to allow them true. Hartley 
ingeniously refined upon this argument, remarking that if 
the fundamental laws of logic be not certain, there must 
exist a logic of a second order whereby we may determine 
the degree of uncertainty : if the second logic be not certain, 
there must be a third ; and so on ad injinitiim. Thus we 
must suppose eitlier that absolutely certain laws of thought 
exist, or that there is no such thing as certainty whatever.^ 

Logicians, iildeed, appear to me to have paid insufficient 
attention to the fact that mistakes in reasoning are always 
possible, and of not unfrequent occurrence. The Laws 
of Thought are often called necessary laws, that is, laws 
which cannot but be obeyed. Yet as a matter of fact, who 
is there that does not often fail to obey them ? They are 
the laws which the mind ought to obey rather than what 
it always does obey. Our thoughts cannot be the criterion 
of truth, for we often have to acknowledge mistakes in 
arguments of moderate complexity, and we sometimes only 
discover our mistakes by collision between our expectations 
and the events of objective nature. 

Mr. Herbert Spencer holds that the laws of logic are 
objective laws,^ and he regards the mind as being in 
a state of constant education, each act of false reasoning 
or miscalculation leading to results which are likely to 
prevent similar mistakes from being again committed, 
i am quite inclined to accept such ingenious views ; but 
at the same time it is necessary to distinguish between the 
accumulation of knowledge, and the constitution of the 
mind •which allows of the acquisition of knowdedge. 
Before the mind can perceive or reason at all it must have 

^ Hartley on Man, vol. i. p. 359. , 

^ Principles of Psychology y Second Ed., vol. ii. p. 86. 
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the conditions of thought impressed upon it. Before a 
mistake can be committed, the mind must clearly dis- 
tinguish the mistaken conclusion from all other assertions. 
Are not the Laws of Identity and Difference the prior 
conditions of all consciousness and all existence ? Must 
they not hold true, alike of things material and immaterial ? 
and if so, can we say that they are only subjectively true 
or objectively true? I am inclined, *in short, to regard 
them as true both “ in the nature of thought and things,’' 
as I expressed it in my fii*st logical essay ; ^ and I hold 
that they belong to the common basis of all existence. 
But this is one of the most difficult questions of psychology 
and metaphysics which can be raised, and it is hardly one 
for the logician to decide. As the mathematician does not 
’inquire into the nature of unity and plurality, but develops 
the formal laws of plurality, so the logician, as I conceive, 
must assume the truth of the Laws of Identity and 
Difference, and occupy himself in developing the variety 
of forms of reasoning in which their truth may be 
manifested. 

Again, I need hardly dwell upon the question whether 
logic treats of language, notions, or things. As reasonably 
might we debate whether a mathematician treats of 
symbols, quantities, or things. A mathematician certainly 
does treat of symbols, but only as the instruments 
whereby to facilitate his reasoning concerning quantities ; 
and as the axioms and rules of mathematical science must 
be veritied in concrete objects in order that the calcula- 
tions founded upon them may have any validity or utility, 
it follows that the ultimate objects of mathematical science 
are the things themselves. In like manner I conceive that 
the logician treats of language so far as it is essential for the 
embodiment and exhibition of thought. Even if reasoning 
can take place in the inner consciousness of man without 
the use of any signs, which is doubtful, at any rate it 
cannot become the subject of discussion until by some 
system of material signs it is manifested to other persons. 
The logician then uses words and symbols as instrument, 
of reasoning, and leaves the nature and peculiarities Oi 
language to the grammarian. Bub signs again must 

^ Pure LogiCf or.Jthe Logic of Quality ajgart from Quantity, 1864, 
pp. 10, 16, 22, 29, 36, &c. 
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correspond to the thoughts and things expressed, in order 
that they shall serve their intended purpose. We may 
therefore say that logic treats ultimately of thoughts and 
things, and immediately of the signs which stand for them. 
Signs, thoughts, and exterior* objects may be regarded as 
parallel and analogous series of phenomena, and to treat 
any one of the three series is equivalent to treating either 
of the other series. 

The Process of Inference, 

• 

The fundamental action of our reasoning faculties 
consists ill inferring or carrying to a new instance of a 
phenoinenon whatever we have previously known of its 
like, analogue, equivalent or equal. Sameness or identity 
presents itself in all degrees, and is known under various 
nunies ; but the great rule of inference embraces all 
degrees, and alhrms that so far as there exists sameness, 
identity or likeness, what is true of one thing will he tme 
of the other. The great difliciilty doubtless consists in 
ascertaining that there does exist a sufficient degree of 
likeness or sameness to warrant an intended inference; 
and it will be our main task to investigate the conditions 
under which reasoning is valid. In this place I wish to 
point out that there is something common to all acts 
of inference, however different their apparent forms. The 
one same rule lends itself to the most diverse applications. 

The simplest possible case of inference, perhaps, occurs 
in the use of a 'pattern, example, or, as it is commonly 
called, a sample. To prove the exact similarity of two 
portions of commodity, we need not bring one portion 
beside the other. It is sufficient that we take a sample 
which exactly represents the texture, appearance, and 
general nature of one portion, and according as this 
sample agrees or not with the other, so will the two 
portions of commodity agree or differ. Whatever is true 
as regards tlie colour, texture, density, material of the 
sample will be true of the goods themselves. In such 
cases likeness of quality is the condition of inference. 

Exactly the same mode of reasoning holds true of 
magnitude and figure. To compare the^ sizes of two 
objects, we need not lay them beside each other, A 
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staffs string, or other kind of measure may be employed 
to represent the length of one object, and according as it 
agrees or not with the other, so must the two objects 
agree or differ. In this case the proxy or sample represents 
length; but the fact that lengths can be added and 
multiplied renders it unnecessary that the proxy should 
always be as large as the object. Any standard of 
convenient size, such as a common footrrule, may be made 
the medium of comparison. The height of a church in 
one town may be carried to that in another, and objects 
existing immovably at opposite sides of the earth may be 
vicariously measured against each other. We obviously 
employ the axiom that whatever is true of a thing as 
regards its length, is true of its equal. 

To every other simple phenomenon in nature the same 
principle of substitution is applicable. We may compare 
weights, densities, degrees of hardness, and degrees of all 
other qualities, in like manner; To ascertain whether two 
sounds are in unison we need not compare *thera directly, 
but a third sound may be the go-between. If a tuning- 
fork is in unison with the middle C of York Minster 
organ, and we afterwards find it to be in unison with the 
same note of the organ in Westminster Abbey, then it 
follows that the two organs are tuned in unison. The 
rule of inference now is, that what is true of the tuning- 
fork as regards the tone or pitch of its sound, is true of 
any sound in unison with it. 

The skilful employment of this substitutive process 
enables us to make measurements beyond the powers of 
our senses. No one can count the vibrations, for instance, 
of an organ-pipe. But we can construct an instrument 
called the siren, so that, while producing a sound of any 
pitch, it shall register the number of vibrations consti- 
tuting the sound. Adjusting the sound of the siren in 
unison with an organ-pipe, we measure indirectly the 
number of vibrations belonging to a sound of that pitch. 
To measure a sound of the same pitch is as good as to 
measure the sound itself. 

Sir David Brewster, in a somewhat similar nianner, 
succeeded in measuring the refractive indices of irregular 
fragments of tr^.nsparent minerals. It was a troublesome, 
and sometimes impracticable work to grind the minerals 
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into prisms, so that the power of refracting light could 
be directly observed ; but he fell upon the ingenious device 
of compounding a liquid possessing the same refractive 
power as the transparent fragment under examination. 
The moment when this equality was attained could be 
known by the fragments ceasing to reflect or refract light 
when immersed in the liquid, so that they became almost 
invisible in it. The refractive power of the liquid being 
then measured gave that of the solid. A more beautiful 
instance of representative measurement, depending im- 
mediately upon the princijlle of inference, could not be 
found.^ 

Throughout the various logical processes which we are 
about to consider — Deduction, Induction, Generalisation, 
Analogy, Classification, Quantitative Reasoning — we shall 
find the one same principle operating in a more or less 
disguised form. 

* Deduction and Induction, 

The processes of inference always depend on the one 
same principle of substitution ; but they may nevertheless 
be distinguished according as the results are inductive or 
deductive. As generally stated, deduction consists in 
passing from more general to less general truths ; induc- 
tion is the pontrary process from less to more general 
truths. We may however describe the difference in 
another manner. In deduction we are engaged in develop- 
ing the consequences of a law. We learn the meaning, 
contents, results or inferences, which attach to any given 
proposition. Induction is the exactly inverse process. 
Given certain results or consequences, we are required to 
discover the general law from which they flow. 

In a certain sense all knowledge is inductive. We can 
only learn the laws and relations of things in nature by 
observing those things. But the knowledge gained from 
the senses is knowledge only of particular facts, and we 
require some process of reasoning by which we may 
coB^ct^ out of the facts the laws obeyed by them. 

Brewster, Treatise on New , Philosophical Instruments^ p. 273. 
Concerning this method see also Whewell, Philosophy of the Inductive 
Sciences^ vol. ii. p. 355 ; Tomlinson, Philosophicao^ Magaaine, Fourth 
Series, vol. xl. p. 328 ; Tyndall, in Younians^ Modern Culture, p. 16. 
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Experience gives us the materials of knowledge : induction 
digests those materials, and yields us general knowledge. 
When we possess such knowledge, in the form of 
general propositions and natural laws, we can usefully 
apply the reverse process of deduction to ascertain the 
exact information required at any moment. In its ultimate 
foundation, then, all knowledge is inductive — in the sense 
that it is derived by a certain inductive reasoning from 
the facts of experience. 

It is nevertheless true, — and this is a point to which 
insufficient attention has beew paid, that all reasoning 
is founded on the principles of deduction. I call in 
question the existence of any method of reasoning which 
can be carried on without a knowledge of deductive pro- 
cesses. I shall endeavour to show that induction is really 
the inverse process of deduction. There is no mode of 
ascertaining the laws which are obeyed in certain pheno- 
mena, unless we have the power of determining what 
results would follow from a given law, ’ Just as the 
process of division necessitates a prior knowledge of multi- 
plication, or the integral calculus rests upon the obser- 
vation and remembrance of the results ot* the differential 
calculus, so induction requires a prior knowledge of 
deduction. An inverse process is the undoing of the 
direct process, A person who enters a maze must either 
trust to chance to lead him out again, or he must carefully 
notice the road by which he entered. The facts furnished 
to us by experience are a maze of particular results ; we 
might by chance observe in them the fulfilment of a law, 
but this is scarcely possible, unless we thoroughly learn 
the effects which would attach to any particular law. 

Accordingly, the importance of deductive reasoning is 
doubly supreme. Even when we gain the results of in- 
duction they would be of no use unless we could deduc- 
tively apply them. But before we can gain them at all 
we must understand deduction, since it is the inversion of 
deduction which constitutes induction. Our first task in 
this work, then, must be to trace out fully the nature of 
identity in all its forms of occurrence. Having givtm any 
series of propositions we must be prepared to develop 
deductively thq whole meaning embodied in them, andi 
the whole of the consequences which flow from them. 
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Symbolic Expression of Logical Inference. 

In developing the results of the Principle of Inference 
we require to use an appropriate language of signs. It 
would indeed be quite possible to explain the processes of 
reasoning by the use of words found in the dictionary. 
Special examples of reasoning, too, may seem to be more 
eadily apprehended than general symbolic forms. But it 
lias been shown in the mathematical sciences that the 
attainment of truth depends greatly upon the invention of 
a clear, brief, and appropriate system of symbols. Not 
only is such a language convenient, but it is almost 
essential to the expression of those general truths which 
are the very soul of science. To apprehend the truth of 
special cases of inference does not constitute logic; we 
must apprehend them as cases of more general truths. 
The object of all science is the separation of what is 
common and general from what is accidental and different. 
In a system of logic, if anywhere, we should esteem this 
generality, and strive to exhibit clearly what is similar in 
very diverse cases. Hence the great value of general 
symbols by which we can represent the form of a reasoning 
process, disentangled from any consideration of the special 
subject to which it is applied. 

The signs requii’ed in logic are of a very simple kind. 
As sameness or difference must exist between two things 
or notions, we need signs to indicate the things or 
notions compared, and other signs to denote the relations 
between them. We need, then, (i) symbols for terms, (2) 
a symbol for sameness, (3) a symbol for diflerence, and (4) 
one or two symbols to take the place of conjunctions. 

Ordinary iiouns substantive, such as Iron^ Metal, Elec- 
tricity, Undulation, might serve as terms, but, for the 
reasons explained above, it is better to adopt blank letters, 
devoid of special signification, such as A, B, G, &c. 
Each letter must be understood to represent a noun, and, 
so fur as the conditions of the argument allow, any noun. 
Just as in Algebra, x, y, z, p, q, &c. are used for any 
quantities, undetermined or unknown, except when the 
special conditions of the problem are taken into account, 
so will our letters stand for undetermined or unknown 
things. 
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These letter-terms will be used indifferently for nouns 
substantive and adjective. Between these two kinds of 
nouns there may perhaps be differences in a metaphysical 
or grammatical point of view. But grammatical usage 
sanctions the conversion of adjectives into substantives, and 
vice versd ; we may avail ourselves of this latitude without 
in any way prejudging the metaphysical difficulties which 
may be involved. Here, as throughout this work, I shall 
devote my attention to truths which I can exhibit in a 
clear and formal manner, believing that in the present 
condition of logical science, tl\is course will lead to greater 
advantage than discussion upon the metaphysical questions 
which may underlie any part of the subject. 

Every noun or term denotes an object, and usually 
implies the possession by that object of certain qualities 
or circumstances common to all the objects denoted. There 
are certain terms, however, which imply the absence of 
qualities or circumstances attaching to other objects. It 
will be convenient to employ a special mode of indicating 
these negative terrtiSy as they are called. If the general 
name A denotes an object or class of objects possessing 
certain defined qualities, then the term Not A will denote 
any object which does not possess the whole of those 
qualities ; in short. Not A is the sign for anything which 
differs from A in regard to any one or more of the assigned 
qualities. If A denote “ transparent object,” Not A will 
denote not transparent object.” Brevity and facility of 
expression are of no slight importance in a system of 
notation, and it will therefore be desirable to substitute 
for the negative term Not A a briefer symbol. De Morgan 
represented negative terms by small Eoman letters, or 
sometimes by small italic letters ; ^ as the latter seem to 
be highly convenient, I shall use a, 6, c, . . , jp, q, &c., as 
the negative terms corresponding to A, B, 0, . . . P, Q, &c. 
Thus if A means fluid,” a will mean not fluid.” 

Expression of Identity and Difference. 

To denote the relation of sameness or identity I^unhesi- 
tatingly adopt the sign =, so long used by mathematicians 
to denote equality. This symbol was originally appropriated 
^ Fcyrmal Logic, p. 38. 
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by Robert Eecorde in his Whetstone of to avoid the 
tedions repetition of the words *‘is equal to;" and he 
chose a pair of parallel lines, because no two things can be 
more equal.^ The meaning of the sign has however been 
gradually extended beyond that of equality of quantities ; 
mathematicians have themselves used it to indicate 
equivalence of operations. The force of analogy has been 
so great that writers in most other branches of science 
have employed the same sign. The philologist uses it to 
indicate the equivalence of meaning of words : chemists 
adopt it to signify identity in kind and equality in weight 
of the elements which form two different compounds. 
Not a few logicians, for instance Lambert, Drobitsch, 
George Bentham,^ Boole,* have employed it as the copula 
of propositions. I)e Morgan declined to use it for this 
purpose, but still further extended its meaning so as to 
include the equivalence of a proposition with the premises 
from which it can be inferred ; ^ and Herbert Spencer has 
applied it in a like manner.^ 

Many persons may think that the choice of a symbol is 
a matter of slight importance or of mere convenience ; but 
I hold that the common use of this sign = in so many 
different meanings is really founded upon generalisation 
of the widest character and of the greatest importance — 
one indeed which it is a principal purpose of this work to 
explain. The employment of the same sign in different 
cases would be unphilosophical unless there were some real 
analogy between its diverse meanings. If such analogy 
exists, it is not only allowable, but highly desirable and 
even imperative, to use the symbol of equivalence with a 
generality of meaning corresponding to the generality of 
the principles involved. Accordingly De Morgan's refusal 
to use the symbol in logical propositions indicated his 
opinion that there was a want of analogy between logical 
propositions and mathematical equations. I use the sign 
because I hold the contrary opinion, 

^ Hallam^s Literature of Ev/rope, First Ed., vol. ii. p. 444. 

® Outline of a New System of Logic, London, 1827, pp. 133, &c, 

* An Investigation of the Laws of Thought, pp. 27, &c. 

< Formal Logic, pp. 82, 106. In his later work, ^he Syllabus of a 
New System of Logic, he discontinued the use of t^e sign. 

• Principles of Psychology, Second Ed., vol. ii, pp. 54, 55. 
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I conceive that the sign =■ as commonly employed; always 
denotes some form or degree of sameness, and the particular 
form is usually indicated by the nature of the terms joined 
by it. Thus '' 6,720 pounds = 3 tons ** is evidently an 
equation of quantities. The formula — X — = + ex- 
presses the equivalence of operations. Exogens == Dico- 
tyledons ’’ is a logical identity expressing a profound truth 
concerning the character and origin of a most important 
group of plants. 

We have great need in logic of a distinct sign for the 
copula, because the little verb is (or are), hitherto used 
both in logic and ordinary discourse, is thoroughly am- 
biguous. It sometimes denotes identity, as in St. Paul's 
is the chef-d' ceuvre of Sir Christopher Wren ; " but it 
more commonly indicates inclusion of class within class, 
or partial identity, as in "Bishops are members of the 
House of Lords.” This latter relation involves identity, 
but requires careful discrimination from simple identity, as 
will be shown fuither on. 

When with this sign of equality we join two nouns or 
logicah terms, as in 

Hydrogen = The least dense element, 
we signify that the object or group of objects denoted by 
one term is identical with that denoted by the other, in 
everything except the names. The general formula 

A =B 

must be taken to mean that A and B are symbols for the 
same ol)ject or group of objects. This identity may some- 
times arise from the mere imposition of names, but it may 
also arise from the deepest laws of the constitution of 
nature ; as when we say 

Gravitating matter = Matter possessing inertia, 
Exogenous plants = Dicotyledonous plants, 
Plagihedral quartz crystals = Quartz crystals causing 
the plane of polarisation of light to rotate. 

We shall need carefully to distinguish between relations 
of terms which can be modified at our own will and those 
which are fixed as expressing the laws of nature ; but at 
present we are considering only the mode of expression 
which may be the same in either case. 

Sometimes, |)ut much less frequently, we require a 
symbol to indicate difference or the absence of complete 




lOTRODUCTIOI^. 


17 


sameness. For this purpose we may generalise in like 
manner the symbol which was introduced by Wallis 
to signify difference between quantities. The general 
formula 

B - C 

denotes that B and C are the names of two objects or 
groups which are not identical with each other. Thus 
we may say 

Acrogens ^ Flowering plants. 

Snowdon ^ The highest mountain in Great Britain. 

I shall also occasionaUy use the sign coc to signify in the 
most general manner the existence of any relation between 
the two terms connected by it. Thus ooo might mean not 
only the relations of equality or inequality, sameness or 
difference, but any special relation of time, place, size, 
causation, &c. in which one thing may stand to another. 
By A B I mean, then, any two objects of thought 
related to each other in any conceivable manner. 

Oeneral Formula of Logical Inference. 

The one supreme rule of inference consists, as I have 
said, in the direction to affirm of anything whatever is 
known of its like, equal or equivalent. The Siibstitution 
of Similars is a phrase which seems aptly to express the 
capacity of mutual replacement existing in any two objects 
which are like or equivalent to a sufficient degree. It is 
matter for further investigation to ascertain when and for 
what purposes a degree of similarity less than complete 
identity is sufficient to warrant substitution. For the 
present we think only of the exact sameness expressed in 
the form 

A=»B. 

l^ow if we take the letter C to denote any third con- 
ceivable object, and use the sign coq in its stated meaning 
of indefinite relation^ then the general formula of all 
inference may be thus exhibited : — 

From A = B aoQ C 

' we may infer A coq C 

or, in z^ords — In whatever rela;tion a thing stands to a 
second thing, in the same relation it stands to the like or 
equivalent of that second thing. The identity between A 

0 
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t»nd B allo'w's us indifferently to place A where B was, or 
B where A was ; and there is no limit to the variety of 
special meanings which we can bestow upon the signs 
used in this formula consistently with its truth. Thus if 
we first specify only the meaning of the sign cioo, we may 
say that if G is the weight of B, then G is also the weight 
of A. Similarly 

If C is the father of B, C is the father of A ; 

If C is a fragment of B, C is a fragment of A ; 

If C is a quality of B, C is a quality of A ; 

If C is a species of B, C is a species of A ; 

If 0 is the equal of B, C is the equal of A ; 
and so on ad injiriitum. 

We may also endow with special meanings the letter- 
terms A, B, and C, and the process of inference will never 
be false. Thus let the sign ooo mean " is height of,” and let 
A = Snowdon, 

B = Highest mountain in England or Wales, 

C = 3,590 feet; 

then it obviously follows since 3,590 feet is the height 
of Snowdon,” and Snowdon = the highest mountain in 
England or Wales,” that, 3,590 feet is the height of the 
highest mountain in England or Wales,” 

One result of this general process of inference is that we 
may in any aggregate or complex whole replace any part 
by its equivalent without altering the whole. To alter is 
to make a difference ; but if in replacing a part I make no 
difference, there is no alteration of the whole. Many 
inferences which have been very imperfectly included in 
logical formulas at once follow. I remember the late Prof. 
De Morgan remarking that all Aristotle's logic could not 
prove that Because a horse is an animal, the head of a 
horse is the head of an animal.” I conceive that this 
amounts merely to replacing in the complete notion head of 
a horse, the term “ horse,” by its equivalent some animal or 
an animal Similarly, since 

The Lord Chancellor = The Speaker of the House of 
Lords, 

it follows that ^ 

The death of the Lord Chancellor = The death of the 
Speaker of the House of Lords ; 
and any eveift, circumstance or thing, which stands in a 
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certain relation to the one will stand in like isolation to the 
other. Milton reasons in this way when he says, in his 
Areopagitica, Wlio kills a man, kills a reasonable creature, 
God’s image.” If we may suppose him to mean 
God’s image = man = some reasonable creature, 
it follows that “ The killer of a man is the killer of some 
reasonable creature,” and also "The killer of God’s image.” 

This replacement of equivalents may be repeated over 
and over again to any extent. Thus if person is identical 
in meaning with indnidual^ it follows that 

Meeting of persons — meeting of individuals ; 
and if assemblage = meeting, we may make a new replace- 
ment and show that 

Meeting of persons = alsemblage of individuals. 

We may in fact found upon this principle of substitution 
a most general axiom in the following terms ^ : — 

Same parts samely related make same wholes. 

If; for instance, exactly similar bricks and other 
materials be used to build two houses, and they be simif 
larly placed in each house, the two houses must be similar. 
There are millions of cells in a human body, but if each 
cell of one person were represented by an exactly similar 
cell similarly placed in another body, the two persons 
would be undistinguishable, and would be only numerically 
different. It is upon this principle, as we shall see, that 
all accurate processes of measurement depend. If for a 
weigWi in a scale of a balance we substitute another 
weid^ and the equilibrium remains entirely unchanged, 
thei^Ke weights must be exactly equal. The general test 
of equality is substitution. Objects are equally bright 
when on replacing one by the other the eye perceives no 
difference. Objects are equal in dimensions when tested 
by the same gauge they fit in the same manner. Generally 
speaking, two objects are alike so far as when substituted 
one for another no alteration is produced, and mce 'o&rsd 
when alike no alteration is produced by the substitution. 


1 Pure Xojyic, or ^ Logic of Quality, p. 14. 
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The Propagating Power of Similarity, 

The relation of similarity in all its degrees is reciprocal. 
So far as things are alike, either may be substituted for the 
other; and this may perhaps be considered the very 
meaning of the relation. But it is well worth notice that 
there is in similarity a peculiar power of extending itself 
among all the things which are similar. To render a 
number of things similar to each other we need only 
render them similar to one standard object. Each coin 
struck from a pair of dies not only resembles the matrix 
or original pattern from which the dies were struck, but 
resembles every other coin manufactured from the same 
original pattern. Among a million such coins there are 
not less than 499,999,500,000 pairs of coins resembling 
each other. Similars to tlie same are similars to all. It 
is one great advantage of printing that all copies of a 
document struck from the same type are necessarily 
identical each with each, and whatever is true of one copy 
will be true of every copy. Similarly, if fifty rows of 
pipes in an organ be tuned in perfect unison with one row, 
usually the Principal, they must be in unison with each 
other. Similarity can also reproduce or propagate itself 
ad infinitum : for if a number of tuning-forks be adjusted 
in perfect unison with one standard fork, all instruments 
tuned to any one fork will agree with any instrument 
tuned to any other fork. Standard measures of length, 
capacity, weight, or- any other measurable quality, are 
propagated in the same manner. So far as copies of the 
original standard, or copies of copies, or copies again of 
those copies, are accurately executed, they must all agree 
each with every other. 

It is the capability of mutual substitxition which gives 
such great value to the modern methods of mechanical 
construction, according to which all the parts ojf a machine 
are exact facsimiles of a fixed pattern. The rifles used in 
the British army are constructed on the American inter- 
changeable system, so that any part of any rifle can be 
substituted for the same part of another. A bullet fitting 
one rifle will fit all others of the same bore. Sir J. 
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Whitworth has extended the same system to the screws 
and screw-bolts used in connecting together the parts of 
machines, by establishing a series of standard screws. 

Anticipationa of the Principle of Substitution. 

In such a subject as logic it is hardly possible to put 
forth any opinions which have not been in some degree 
previously entertained. The germ at least of every 
doctrine will be found in earlier writers, and novelty must 
arise chiefly in the mode of harmonising and developing 
ideas. When I first employed the process and name of 
substitution in logic, ^ I was led to do so from analogy with 
the familiar mathematical process of substituting for a 
symbol its value as given in an equation. In writing my 
first logical essay 1 had a most imperfect conception of the 
importance and generality of the process, and I described, 
as if they were of equal importance, a number of other 
laws which now seem to be but particular cases of the one 
general rule of substitution. 

My second essay, The Substitution of Similars,” was 
written shortly after I had become aware of the great 
simplification which may be eflected by a proper appli- 
cation of the principle of substitution. I was not then 
acquainted with the fact that the German logician 
Beneke had employed the principle of substitution, and 
had used the word itself in forming a theory of’ the 
syllogism. My imperfect acquaintance with the German 
language had prevented me from acquiring a complete 
knowledge of Beneke’s views ; but there is no doubt that 
Professor Lindsay is right in saying that he, and probably 
other logicians, were in some degree familiar with 
the principle.^ Even Aristotle*s dictum may be regarded 
as an imperfect statement of the principle of substitu- 
tion; and, as I have pointed out, we have only to 
modify that dictum in accordance with the quantifica- 
tion of the predicate in order to arrive at the complete 

1 Fure^LogiCf pp. i8, 19. 

* Ueberweg’s Sydem of Logic, transl. by Lindsay, pp. ^2 — 446, 
571, 572. The anticipations of the principle of substitution to be 
found in the works of Leibnitz, Reusch, and perhaps other German 
logicians, will be noticed in the preface to this second edition. 
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process of substitution.^ The Port-Eoyal logicians appear 
to have entertained nearly equivalent views, for they 
considered that all moods of the syllogism might be 
reduced under one general principle.^ Of two premises 
they regard one as the containing ^proposition (propositio 
continens), and the other as the applicative proposition. 
The latter proposition must always be affirmative, and 
represents that by which a substitution is made; the 
former may or may not be negative, and is that in 
which a substitution is effected. They also show that 
this method will embrace certain cases of complex reason- 
ing which had no place in the Aristotelian syllogism. 
Their views probably constitute the greatest improvement 
in logical doctrine made up to that time since the days 
of Aristotle. But a true reform in logic must consist, 
not in explaining the syllogism in one way or another, 
but in doing away with all the narrow restrictions of 
the Aristotelian system, and in showing that there exists 
an infinite variety of logical arguments immediately 
deducible from the principle of substitution of which the 
ancient syllogism forms but a small and not even the 
most important part. 

The Logic of Relatives. 

There is a difi&cult and important branch of logic 
which may be called the Logic of Relatives. If I argue, 
for instance, that because Daniel Bernoulli was the son 
of John, and John the brother of James, therefore Daniel 
was the nephew of James, it is not possible to prove 
this conclusion by any simple logical process. We re- 
quire at any rate to assume that the son of a brother is 
a nephew. A simple logical relation is that which exists 
between properties and circumstances of the same object 
or class. But objects and classes of objects may also be 
related according to all the properties of time and space. 
I believe it may be shown, indeed, that where an inference 
concerning such relations is drawn, a process of sub- 
stitution is really employed and an identity muct exist ; 

^ Substitution of Similars (1869), P* 9 * 

* Fort-Royal stogie, transl. by Spencer Baynes, pp. 212 — 219. 
Part III. chap. x. and xi. 
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but I will not undertake to prove the assertion in this 
work. The relations of time and space are logical 
relations of a complicated character demanding much 
abstract and difficult investigation. The subject has been 
treated with such great ability by Peirce,^ De Morgan,^ 
Ellis,® and Harley, that I will not in the present work 
attempt any review of their writings, but merely refer 
the reader to the publications in which they are to be 
found. 

^ Description of a Notation for the Logic of Relatives, resulting 
from an Amplification of the Conceptions of Boole's Calculus of Logic. 
By 0 . S. Peirce. Memoirs of the American Academy, vol. ix. Cam- 
bridge, U.S., 1870. 

2 On the Syllogism No IV., and on the Logic of Relations. By 
Augustus De Morgan. Transactions of the Cambridge Philosophical 
Society, vol. x. part ii., i860. 

3 Observations on Boolds Loms of Thought. By the late R. Leslie 
Ellis ; communicated by the Rev. Robert Harley, F.R.S. Report of 
the British Association, 1870. Report of Sections, p. 12. Also, On 
Boole's Laws of Thought. By the Rev. Robert Harley, F.R.S., ibid. 
p. 14. 
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Eveky proposition expresses the resemblance or differ- 
ence of the things denoted by its terms. As inference 
treats of the relation between two or more propositions, so 
a proposition expresses a relation between two or more 
terms. In the portion of this work which treats of 
deduction it will be convenient to follow the usual order 
of exposition. We will consider in succession the various . 
kinds of terms, propositions, and arguments, and we com- 
mence in this chapter with terms. 

The simplest and most palpable meaning which can 
belong to a term consists of some single material object, 
such as Westminster Abbey, Stonehenge, the Sun, Sirius, 
&c. It is probable that in early stages of intellect only 
concrete and palpable things are the objects of thought. 
The youngest child knows the difference between a hot and 
a cold body. The dog can recognise his master among a 
hundred other persons, and animals of much lower intel- 
ligence know and discriminate their haunts. In all such 
acts there is judgment concerning the likeness of physical 
objects, but there is little or no power of analysing each 
object and regarding it as a group of qualities. 

The dignity of intellect begins with the power of 
separating points of agreement from those of difference. 
Comparison of two objects may lead us to perceive that 
they are at once like and unlike. Two fragments of rock 
may differ entirely in outward form, yet they may have the 
same colour, hardness, and texture. Flowers which agree 
in colour may differ in odour. The mind learns to regard 
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each object as an aggregate of qualities, and acquires the 
power of dwelling at will upon one or other of those 
qualities to the exclusion of the rest. Logical abstraction, 
in short, comes into play, and the mind becomes capable of 
reasoning, not merely about objects which are physically 
complete and concrete, but about things which may be 
thought of separately in the mind though they exist not 
separately in nature. We can think of the hardness of 
a rock, or the colour of a flower, and thus produce 
abstract notions, denoted by abstract terms, which will 
form a subject for further consideration. 

At the same time arise general notions and classes of 
objects. We cannot fail to observe that the quality hard- 
ness exists in many objects, for instance in many fragments 
of rock ; mentally joining these together, we create the 
class hard object, which will include, not only the actual 
objects examined, but all others which may happen to 
agree with them, as they agree with each other. As our 
senses cannot possibly report to us all the contents of 
space, we cannot usually set any limits to the number of 
objects which may fall into any such class. At this point 
we begin to perceive the power and generality of thought, 
which enables us in a single act to treat of indefinitely 
or even infinitely numerous objects. We can safely assert 
that whatever is true of any one object coming under a 
class is true of any of the other objects so far as they 
possess the common qualities implied in their belonging to 
the class. We must not place a thing in a class unless 
we are prepared to believe of it all that is believed of the 
class in general ; but it remains a matter of important 
consideration to decide how far and in what manner we 
can safely undertake thus to assign the place of objects in 
that general system of classification which constitutes the 
body of science. 

Twofold Meaning of General Nantes, 

Etymologically the meaning of a name is that which we 
are caused to think of when the name is used. Now every 
general name causes us to think of some one or more of 
the objects belonging to a class ; it may also cause us to 
think of the common qualities possessed by those objects. 
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A name is said to denote the object of thought to which it 
may be appUed ; it implies at the same time the possession 
of certain qualities or circumstances. The objects denoted 
form the extent of meaning of the term; the qualities 
implied form the intent of meaning. Crystal is the name 
of any substance of which the molecules are arranged in 
a regular geometrical manner. The substances or objects 
in question form the extent of meaning ; the circumstance 
of having the molecules so arranged forms the intent of 
meaning. 

When we compare general terms together, it may often 
be found that the meaning of one is included in the mean- 
ing of another. Thus all crystals are included among 
material sfuthstances^ and all opaque crystals are included 
among ;i here the inclusion is in extension. We 

may also have inclusion of meaning in regard to intension. 
For, as all crystals are material substances, the qualities 
implied by the term material substance must be among 
those implied by crystal. Again, it is obvious that while 
in extension of meaning opaque crystals are but a part of 
crystals, in intension of meaning crystal is but part of 
opaque crystal We increase the intent of meaning of a 
term by joining to it adjectives, or phrases equivalent to 
adjectives, and the removal of such adjectives of course 
decreases the intensive meaning. Now, concerning such 
changes of meaning, the following all-important law holds 
universally true : — When the intent of meaning of a term is 
increased the extent is decreased ; and vice versc^, when the 
extent is increased the intent is decreased. In short, as one is 
increased the other is decreased. 

This law refers only to logical changes. The number of 
steam-engines in the world may be undergoing a rapid 
increase without the intensive meaning of the name being 
altered. The law will only be verified, again, when there 
is a real change in the intensive meaning, and an adjective 
may often be joined to a noun without making a change. 
Elementary metal is identical with metal; mortal man 
with man ; it being a property of all metals to be elements, 
and of all men to be mortals. 

There is no limit to the amount of meaning which a 
term may have. A term may denote one object, or many, 
or an infinite number ;.it may imply a single quality, if such 
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there be, or a group of any number of qualities, and yet 
the law connecting the extension and intension will in- 
fallibly apply. Taking the general name planet, we 
increase its intension and decrease its extension by 
prefixing the adjective exterior ; and if we further add 
nearest to the earth, there remains but one planet, Mars, to 
which the name can then be applied. Singular terms, 
which denote a single individual only, come under the 
same law of meaning as general names. They may be 
regarded as general names of which the meaning in exten- 
sion is reduced to a minimum. Logicians have erroneously 
asserted, as it seems to me, that singular terms are devoid 
of meaning in intension, the fact being that they exceed 
all other terms in that kind of meaning, as I have else- 
where tried to show.^ 


Abstract Terms, 

Comparison of objects, and analysis of the complex 
resemblances and differences which they present, lead us 
to the conception of abstract qualities. We learn to think 
of one object as not only different from another, but as 
differing in some particular point, such as colour, or 
weight, or size. We may then convert points of agreement 
or difference into separate objects of thought which we 
call qualities and denote by abstract terms. Thus the term 
redness means something in which a number of objects 
agree as to colour, and in virtue of which they are called 
red. Eedness forms, in fact, the intensive meaning of the 
term red. 

Abstract terms are strongly distinguished from general 
‘terms by possessing only one kind of meaning ; for as they 
denote qualities there is nothing which they cannot in 
addition imply. The adjective “ red ” is the name of red 
objects, but it implies the possession by them of the quality 

^ Jevons* Elementary Lessons in Logic, pp. 41 — 43; Pure Logic, p. 6. 
See also J. S. Mill, System of Logic, Book 1 . chap, ii section 5, and 
Shedden’s Elements of Logic, London, i&64,pp. 14, &c. Professor 
Robertson objects (Mind, voL L p. 210) that 1 confuse singular and 
•proper names ; if so, it is because I hold that the same remarks ajpply 
to proper names, which do not seem to me to differ logically froiu 
singular names. ' 
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redness ; but this latter term has oue single meaning — ^tbe 
quality alone* Thus it arises that abstract terms are in- 
oapadle of plurality. Red objects are numerically distinct 
each from each, and there are multitudes of such objects ; 
but redness is a single quality which runs through all 
those objects, and is the same in one as it is in another. 
It is true that we may speak of rednesses, meaning different 
kinds or tints of redness, just as we may speak of colmrs, 
meaning different kinds of colours. But in distinguishing 
kinds, degrees, or other differences, we render the terms so 
far concrete. In that they are merely red there is but a 
single nature in red objects, and so far as things are merely 
coloured, colour is a single, indivisible quality. Redness, 
so far as it is redness merely, is one and the same every- 
where, and possesses absolute oneness. In virtue of this 
unity we acquire the power of treating all instances of 
such quality as we may treat any one. We possess, in 
short, general knowledge. 

Substantial Terms. 

Logicians appear to have taken little notice of a class of 
terms which partake in certain respects of the character of 
abstract terms and yet are undoubtedly the names of con- 
crete existing things. These terms are the names of 
substances, such as gold, carbonate of lime, nitrogen, &c. 
We cannot speak of two golds, twenty carbonates of lime, 
or a hundred nitrogens. There is no such distinction 
between the parts of a uniform substance as will allow of 
a discrimination of numerous individuals. The qualities of 
colour, lustre, malleability, density, &c., by which we 
recognise gold, extend through its substance irrespective of 
particular size or shape. So fair as a substance is gold, it 
is one and the same everywhere ; so that terms of this 
kind, which I propose to call substantial terms, possess 
the peculiar unity of abstract terms. Yet they are not 
abstract; for gold is of course a tangible visible body, 
entirely concrete, and existing independently of other 
bodies. 

It is only when, by actual mechanical division, we break 
up the uniform whole which forms the meaning of a 
substantial term, that we introduce number. Piece of gold 
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is a teim capable of plurality ; for there may be a great 
many pieces discriminated either by their various shapes 
and sizes, or, in the absence of such marks, by simul- 
taneously occupying diiferent parts of space. In substance 
they are one ; as regards the properties of space they are 
many.^ We need not further pursue this question, which 
involves the distinction between unity and plurality, until 
we consider the principles of number in a subsequent 
chapter. 


Collective Terms, 

We must clearly distinguish between the collective and 
the general meanings of terms. The same name may be 
used to denote the whole body of existing objects of a 
certain kind, or any one of those objects taken separately. 
“ Man ” may mean the aggregate of existing men, which we 
sometimes describe as manhind ; it is also the general 
name applying to any man. The vegetable kingdom is 
the name of the whole aggregate of plants^ but plant 
itself is a general name applying to any one or other plant. 
Every material object may be conceived as divisible into 
parts, and is therefore collective as regards those parts. 
The animal body is made up of cells and fibres, a crystal 
of molecules ; wherever physical division, or as it has been 
called partition, is possible, there we deal in reality with a 
collective whole. Thus the greater number of general 
terms are at the same time collective as regards each 
individual whole which they denote. 

It need hardly be pointed out that we must not infer of 
a collective whole what we know only of the parts, nor of 
the parts what we know only of the whole. The relation 
of whole and part is not one of identity, and does not 
allow of substitution. There may nevertheless be qualities 
which are true alike of the whole and of its parts. A 
number of organ-pipes tuned in unison produce an aggre- 
gate of sound which is of exactly the same pitch as each 

^ Professor Robertson has criticised iny introduction of Substantial 
Terms®' {Mind, vol, i. p. 210), and objects, perhaps correctly, that the 
distinction if valid is extra-logical. I am inclined to think, however, 
that the doctrine of terms is, strictly speaking, for the most part 
extra-logical. 
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separate sound. In the case of substantial terms^ certain 
qualities may be present equally in each minutest part as 
in whole. The chemic^ nature of the largest mass of 
pure carbonate of lime is the same as the nature of the 
smaMest particle. In the case of abstract terms, again, w^e 
cannot draw a distinction between whole and part; what 
is true of redness in any case is always true of redness, so 
far as it is merely red. 

Synthesis of Terms. 

We continually combine simple terms together so as to 
form new terms of more complex meaning. Thus, to 
increase the intension of meaning of a term we write it 
with an adjective or a phrase of adjectival nature. By 
joining “brittle” to “metal,” we obtain a combined term, 
“brittle metal,” which denotes a certain portion of the 
metals, namely, such as are selected on account of pos- 
sessing the quality of brittleness. As we have, already 
seen, “ brittle metal ” possesses less extension and greater 
intension than metal. Nouns, prepositional phrases, parti- 
cipial phrases and subordinate propositions may also be 
added to terms so as to increase ^heir intension and 
decrease their extension. 

In our symbolic language we need some mode of indi- 
cating this junction of terms, and the most convenient 
device will be the juxtaposition of the letter-terms. Thus 
if A mean brittle, and B mean metal, then AB will mean 
brittle metal. Nor need there be any limit to the number 
of letters thus joined together, or the complexity of the 
notions which they may represent. 

Thus it‘ we take the letters 
P = metal, 

Q = white, 

E = monovalent, 

S = of specific gravity I 0 ’ 5 , 

T = melting above icxxD® C., 

V = good conductor of heat and electricity, 
then we can form a combined term PQESTV, wliich will 
denote “a white monovalent metal, of specific gravity io*S, 
melting above 1000° 0 ., and a good conductor of heat and 
electricity.” 
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There axe many grammatical usages couceming .the 
junction of words and phrases to which we need pay no 
attention in logic. We can never say ia ordinary language 
“ of wood table,” meaning " table of wood ; ” but we may 
consider ‘'of wood” as logically an exact equivalent of 
“ wooden ” ; so that if 

X = of wood, 

Y = table, 

there is no reason why, in our symbols, XT should not be 
just as correct an expression for “ table of wood ” as YX. 
In this case indeed we might substitute for “ of wood ” the 
corresponding adjective “ wooden,” but we should often fail 
to find any adjective answering exactly to a phrase. There 
is no single word by which we could express the notion 
“ of specific gravity I0‘5 : ” but logically we may consider 
these words as forming an adjective ; and denoting this by 
S and metal by P, we may say that SP means “ metal of 
specific gravity iO'5.” It is one of many advantages in 
these blank letter-symbols that they enable us completely 
to neglect all grammatical peculiarities and to fix our 
attention solely on the purely logical relations involved. 
Investigation wiU probably show that the rules of grammar 
are mainly founded upon traditional usage and have little 
logical signification. This indeed is sufficiently proved by 
the wide grammatical differences which exist between 
languages, though the logical foundation must be the 
same. 


Symbolic Expression of the Law of Contradiction. 

The synthesis of terms is subject to the all-important 
Law of Thought, described in a previous section (p. S) and 
called the Law of Contradiction. It is self-evident that no 
quality can be both present and absent at the same time 
and place. This fundamental condition of all thought and 
of all existence is expressed symbolically by a rule that a 
term and its negative shall never be allowed to come into 
combination. Such combined termsAS Aa, 66, Cc, &c., are 
self-contradictory and devoid of all intelligible meaning. 
If they could represent anything, it would be what cannot 
exist, and cannot even be imagined in the mind. They 
can therefore only enter into our considtjration to suffer 
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immediate exclusion. The criterion of false reasoning, as we 
shall find, is that it involves self-contradiction, the aflBrm- 
ing and denying of the same statement. We might repre- 
sent tne object of all reasoning as the separation of the 
consistent and possible from the inconsistent and impossi- 
ble ; and we cannot make any statement except a truism 
without implying that certain combinations of terms are 
contradictory and excluded from thought. To assert that 
"all A’s are B*s ” is equivalent to the assertion that " A’s 
which are not B’s cannot exist.*’ 

It will be convenient to have the means of indicating 
the exclusion of the self-contradictory, and we may use the 
familiar sign for nothing, the cipher o. Thus the second 
law of thought may be symbolised in the forms 
Aa = o AB6 = o ABCa = o 
We may variously describe the meaning of o in logic as 
the non-existent, the impossible, the self-inconsistent, the 
inconceivable. Close analogy exists between this meaning 
and its mathematical signification. 


Certain Special Conditions of Logical Symbols. 

In order that we may argue and infer truly we must 
treat our logical symbols according to the fundamental 
laws of Identity and Difference. But in thus using our 
symbols we shall frequently meet with combinations of 
which the meaning will not at first sight be apparent. If 
in one case we learn that an object is " yellow and round,” 
and in another case that it is " round and yellow,” there 
arises the question whether these two descriptions are 
identical in meaning or not. Again, if we proved that an 
object was " round round,” the meaning of such an expres- 
sion would be open to doubt. Accordingly we must take 
notice, before proceeding further, of certain special laws 
which govern the combination of logical terms. 

In the first.place the combination of a logical term with 
itself is without effect, just as the repetition of a statement 
does not alter the meaning of the statement ; " round 
round object” is simply "a round object.” 'V^at is 
yellow yellow is merely yellow; metallic metals cannot 
differ from metkls, nor circular circles from circles. In our 
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symbolic language we may similarly hold that -A A is iden- 
tical with A, or 

A = AA = AAA = &c. 

The late Professor Boole is the only logician in modem 
times who has drawn attention to this remarkable property 
of logical terms ; ^ but in place of the name which he gave 
to the law, I have proposed to call it The Law of Simpli- 
city 4 Its high importance will only become apparent 
when we attempt to determine the relations of logical and 
mathematical science. Two symbols of quantity, and only 
two, seem to obey this law ; we may say that i x i = i, 
and 0X0 = 0 (taking o to mean absolute zero or i — i) ; 
there is apparently no other number which combined with 
itself gives an unchanged result. I shall point out, how- 
ever, in the chapter upon Number, that in reality all 
numerical symbols obey this logical principle. 

It is curious that tliis Law of Simplicity, though almost 
unnoticed in modern times, was known to Boethias, who 
makes a singular remark in his treatise De Trinii^ et 
Unitate Dei (p. 959). He says ; “ If I should say s&Bi 
sun, sun, I should not have made three suns, but I should 
have named one sun so many times.’^ ® Ancient discussions 
about the doctrine of the Trinity drew more attention 
to subtle questions concerning the nature of unity and 
plurality than has ever since been given to them. 

It is a second law of logical symbols that order of com- 
bination is a matter of indifference. “ Rich and rare gems 
are the same as “ rare and rich gems,"’ or even as “ gems, 
rich and rare.” Grammatical, rhetorical, or poetic usage 
may give considerable significance to order of expression. 
The limited power of our minds prevents our grasping 
many ideas at once, and thus the order of statement may 
produce some effect, but not in a simply logical manner. 
All life proceeds in the succession of time, and we are 
obliged to write, speak, or even think of things and their 
qualities one after the other ; but between the things and 
their qualities there need be no such relation of order in 

* MathemcUical Analysis of Logic, Cambridge, 1847, p. 17. An 
Investigation of the Laws of Thought, London, 1854, p. 31. 

Pure Logic, p. 1 5. 

* “ Velut si dicam, Sol, Sol, Sol, non tres soles e^ecerim, sed uno 
toties prsedicaverim.” 

D 
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time or space. The sweetness of sugar is neither before 
nor after its weight and solubility. The hardness of a 
metal, its colour, weight, opacity, malleability, electric and 
chemical properties, are all coexistent and coextensive, per- 
vading the metal and every part of it in perfect community, 
none before nor after the others. In our words and symbols 
we cannot observe this natural condition ; we must name 
one quality first and another second, just as some one must 
be the first to sign a petition, or to walk foremost in a pro- 
cession. In nature there is no such precedence. 

I find that the opinion here stated, to the effect that 
relations of space and time do not apply to many of our 
ideas, is clearly adopted by Hume in his celebrated Trea- 
tise cm Human Nature (vol. i. p. 410). He says — “An 
object may be said to be no where, when its parts are not so 
situated with respect to each other, as to form any figure 
or quantity ; nor the whole with respect to other bodies so 
as to answer to our notions of contiguity or distance. Now 
this is evidently the case with all our perceptions and 
objects, except those of sight and feeling. Amoral reflection 
cannot be placed on the right hand or on the left hand 
of a passion, nor can a smell or sound be either of a circular 
or a square figure. These objects and perceptions, so far 
from requiring any particular place, are absolutely incom- 
patible with it, and even the imagination cannot attribute 
it to them.” 

A little reflection will show that knowledge in the 
highest perfection would consist in the siwMltaneous pos- 
session of a multitude of facts. To comprehend a 
science perfectly we should have every fact present with 
every other fact. We must write a book and we must read 
it successively word by word, but how infinitely higher 
would be our powers of thought if we could grasp the 
whole in one collective act of consciousness ! Compared 
with the brutes we do possess some slight approximation 
to such power, and it is conceivable that in the indefinite 
future mind may acquire an increase of capacity, and be 
less restricted to the piecemeal examination of a subject. 
But I wish here to make plain that there is nj logical 
foundation for the successive character of thought and 
reasoning unavoidable under our present mental conditions. 

^ Book i., Part iv., Section 5. 
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We are logically weak, and imperfect in respexit of the fact 
that we are Miged to think of one thing after another. We 
must describe metal as ‘‘ hard and opaque/* or " opaque and 
hard/* but in the metal itself there is no such difference of 
order ; the properties are simultaneous and coextensive in 
existence. 

Setting aside all grammatical peculiarities which render 
a substantive less moveable than an adjective, and dis- 
regarding any meaning indicated by emphasis or marked 
order of words, we may state, as a general law of logic, 
that AB is identical with BA, or AB = BA. Similarly, 
ABC=ACB = BCA=:&c. 

Boole first drew attention in recent years to this pro- 
perty of logical terms, and he called it the property of 
Commutativeuess.1 He not only stated the law with the 
utmost clearness, but pointed out that it is a Law of 
Thought rather than a Law of Things. I shall have in 
various parts of this work to show how the necessary im- 
perfection of our symbols expressed in this law clings to 
our modes of expression, and introduces complication into 
the whole body of mathematical formulae, which are really 
founded on a logical basis. 

It is of course apparent that the power of commutation 
belongs only to terms related in the simple logical mode of 
synthesis. I^o one can confuse “ a house of bricks’* with 
“ bricks of a house,” “ twelve square feet ” with " twelve feet 
square,” “the water of crystallization” with “ the crystalliza- 
tion of water.” All relations wliich involve differences of time 
and space are inconvertible ; the higher must not be made to 
change places with the lower, nor the first with the last. For 
the parties concerned there is all the difference in the world 
between A. killing B and B killing A. The law of com- 
mutativeness simply asserts that difference of order does 
not attach to the connection between the properties and 
circumstances of a thing — to what I call simple logical 
relation, 

^ Laws jof Thought, p. 29. It is pointed^out in the preface to this 
Second Edition that Leibnitz was acquamted with the Laws of 
Simplicity and of Conunutativeness. 




CHAPTER HI. 

PROPOSITIONS. 

We now proceed to consider the variety of forms of pro- 
positions in which the truths of science must be expressed. 
I shall endeavour to show that, however diverse these 
forms may be, they all admit the application of the one 
same principle of inference that what is true of a thing is 
true of the like or same. This principle holds true what- 
ever be the kind or manner of the likeness, provided 
proper regard be had to its nature. Propositions may 
assert an identity of time, space, manner, quantity, degree, 
or any other circumstance in which things may agree or 
differ. 

We find an instance of a proposition concerning time in 
the following : — “ The year in which Newton was born, 
was the year in which GalUeo died.” This proposition 
expresses an approximate identity of time between two 
events; hence whatever is true of the year in which 
Galileo died is true of that in which Newton was born, 
and vice versd, Tower Hill is the place where Raleigh 
was executed ” expresses an identity of place ; and what- 
ever is true of the one spot is true of the spot otherwise 
defined, but in reality the same. In ordinary language we 
have many propositions obscurely expressing identities 
of number, quantity, or degree. ‘‘ So many men, so many 
minds,” is a proposition concerning number, that is to say^ 
an equation; whatever is true of the number of men is 
true of the number of minds, and vice versd, “ The density 
of Mars is (nearly) the same as that of the Earth,” “ The 
force of gravity is directly as the product of the masses, and 
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inversely as the square of the distance/' are propositions 
concerning magnitude or degree. Logicians have not paid 
adequate attention to the great variety of propositions 
which can be stated by the use of the little conjunction 
as, together with so. As the home so the people/' is a 
proposition expressing identity of manner; and a great 
number of similar propositions all indicating some kind of 
resemblance might be quoted. Whatever be the special 
kind of identity, all such expressions are subject to the 
great principle of inference; but as we shall in later 
parts of this work treat more particularly of inference in 
cases of number and magnitude, we will here confine our 
attention to logical propositions which involve only notions 
of quality. 


Simple Identities. 

The most important class of • propositions consists of 
those which fall under the formula 

A = B, 

and may be called simple identities. I may instance, in 
the first place, those most elementary propositions which 
express the exact similarity of a quality encountered in 
two or more objects. I may compare the colour of the 
Pacific Ocean with that of the Atlantic, and declare them 
identical. I may assert that “the smell of a rotten egg -is 
like that of hydrogen sulphide ; " “ the taste of silver hypo- 
sulphite is like that of cane sugar;" “the sound of an 
earthquake resembles that of distant artillery." ‘ Such are 
propositions stating, accurately or otherwise, the identity 
of simple physical sensations. Judgments of this kind 
are necessarily pre-supposed in more complex, judgments. 
If I declare that “ this coin is made of gold," 1 must base 
the judgment upon the exact likeness of the substance in 
several qualities to other pieces of substance which are 
undoubtedly gold. I must make judgments of the colour, 
the specific gravity, the hardness, and of other mechanical 
and chemical properties ; each of these judgments is ex- 
pressed? in an elementary proposition, “ the colour of this 
coin is the colour of gold/' and so on. Even when we 
establish the identity of a thing with itself under a 
different name or aspect, it is by distinct judgments 
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concerning single circumstances. To prove that the 
Homeric %a\ic69 is copper we must show the identity of 
each quality recorded of with a quality of copper. 

To establish Deal as the landing-place of Caesar, all material 
circumstances must be shown to agree. If the modern 
Wroxeter is the ancient Uriconium, there must be the like 
agreement of all features of the country not subject to 
alteration by time. 

Such identities must be expressed in the form A = B. 
We may say 

Colour of Pacific Ocean = Colour of Atlantic Ocean. 

Smell of rotten egg = Smell of hydrogen sulphide. 

In these and similar propositions we assert identity of 
single qualities or causes of sensation. In the same form 
we may also express identity of any group of qualities, as 
in 

yaXKo^ = Copper. 

Deal = Landing-place of Cfesar. 

A multitude of propositions involving singular terms fall 
into the same form, as in 

The Pole star = The slowest- moving star. 

Jupiter = The greatest of the planets. 

The ringed planet = The planet having seven satel- 
lites. 

The Queen of England = The Empress of India. 

The number two == The even prime number. 

Honesty = The best policy. 

In mathematical and scientific theories we often meet 
with simple identities capable of expression in the same 
form. Thus in mechanical science “ The process for finding 
the resultant of forces = the process for finding the re- 
sultant of simultaneous velocities."' Theorems in geometry 
often give results in this form, as 

Equilateral triangles = Equiangular triangles. 

Circle == Pinite plane curve of constant curvature. 

Circle = Curve of least perimeter. 

The more profound and important laws of nature are 
often expressible in the form of simple identities; in 
addition to some instances which have already been given, 
I may suggest, 

Crystals of cubical system = Crystals not possessing 
the power of double refractioUi 
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All definitions are necessarily of this form, whether the 
objects defined be many;few, or singular. Thus we may say, 

Common salt = Sodium chloride. 

Chlorophyl = Green colouring matter of leaves. 

Square = Equal-sided rectangle. 

It is an extraordinary fact that propositions of ihis 
elementary form, all-important and very numerous as they 
are, had no recognised place in Aristotle's system of Logic. 
Accordingly their importance was overlooked until very 
recent times^ and logic was the most deformed of sciences. 
But it is iinpossible that Aristotle or any other person 
should avoid constantly using them ; not a term could be 
defined without their use. In one place at least Aristotle 
actually notices a proposition of the kind. He observes : 

We sometimes say that that white thing is Socrates, or 
that the object approaching is Callias.’'^ Here we certainly 
have simple identity of terms ; but he considered such 
propositions purely accidental, and came to the unfortunate 
conclusion, that Singulars cannot be predicated of other 
terms.” 

Propositions may also express the identity of extensive 
groups of objects taken collectively or in one connected 
whole ; as when we say. 

The Queen, Lords, and Commons = The Legislature of 
the United Kingdom. 

When Blackstone asserts that " The only true and natural 
Ibundation of society are the wants and f ears of individuals,” 
we must interpret him as meaning that the whole of the 
Wyants and fears of individuals in the aggregate form the 
foundation of society. But many propositions which 
might seem to be collective are but groups of singular 
propositions or identities. When we say “ Potassium and 
sodium are the metallic bases of potash and soda,” we 
obviously mean, 

Potassium = Metallic base of potash ; 

Sodium = Metallic base of soda. 

It is the work of grammatical analysis to separate the 
.various propositions often combined into a single sentence. 
Logic tannot be properly required to interpret the forms 
and devices of language, but only to treat the meaning 
when clearly exhibited. 

^ Prior Analytics, L cap. xzvii. 3 . 



40 


THE PRINCIPLES OF SCIENCE. 


[chap. 


Partial Identities. 

A second highly important kind of proposition is that 
which I propose to call a partial identity. When we say 
that "All mammalia are vertebrata/’ we do not mean that 
mammalian animals are identical with vertebrate animals, 
but only that the mammalia form a part of the class verte- 
Irata. Such a proposition was regarded in the old logic as 
asserting the inclusion of one class in another, or of an 
object in a class. It was called a universal affirmative pro- 
position, because the attribute vertebrate was aflBrrned of the 
whole subject mammalia ; but the attribute was said to be 
undistributed^ because not all vertebrata were of necessity 
involved in the proposition. Aristotle, overlooking the im- 
portance of simple identities, and indeed almost denying 
their existence, unfortunately founded his system upon tlie 
notion of inclusion in a class, instead of adopting the basis 
of identity. He regarded inference as resting upon the rule 
that what is true of the containing class is true of the 
contained, in place of the vastly moral general rule that 
what is true of a class or thing is true of the like. Thus 
he not only reduced logic to a fragment of its proper self, 
but destroyed the deep analogies which bind together 
logical and mathematical reasoning. Hence a crowd of 
defects, difficulties and errors which will long disfigure the 
first and simplest of the sciences. 

It is surely evident that the relation of inclusion rests 
upon the relation of identity. Mammalian animals cannot 
be included among vertebrates unless they be identical with 
part of the vertebrates. Cabinet Ministers are included 
almost always in the class Members of Parliament, because 
they are identical with some who sit in Parliament. We 
may indicate this identity with a part of the larger class in 
various ways ; as for instance. 

Mammalia = part of the vertebrata. 

Diatomacese = a class of plants. 

Cabinet Ministers = some members of Parliament. 
Iron = a metal 

In ordinary language the verbs is and are express mere 
inclusion more often than not. Men are mortals, means 
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that men form a part of the class mortal ; but great con- 
fusion exists between this sense of the verb and that in 
which it expresses identity, as in " The sun is the centre of 
the planetary system.” The introduction of the indefinite 
article a often expresses partiality ; when we say “ Iron is 
a metal” we clearly mean that iron is one only of several 
metals. 

Certain recent logicians have proposed to avoid the 
indefiniteness in question by what is called the Quanti- 
fication of the Predicate, and they have generally used the 
little word some to show that only a part of the predicate 
is identical with the subject. Some is an indeterminate 
adjective ; it implies unknown qualities by which we might 
select the part in question if the qualities were known, but 
it gives no hint as to their nature. I miglit make use of 
such an indeterminate sign to express partial identities in 
this work. Thus, taking the special symbol V ~ Some, the 
general form of a partial identity would be A = VB, and in 
Boole’s Logic expressions of the kind were much used. 
But T believe that indeterminate symbols only introduce 
complexity, and destroy the beauty and simple universality 
of the system which may be created without their use. A 
vague word like some is only used in ordinary language by 
ellipsis, and to avoid the trouble of attaining accuracy. 
We can always employ more definite expressions if we 
like ; but when once the indefinite some is introduced we 
cannot replace it by the special description. We do not 
know whether some colour is red, yellow, blue, or what it 
is ; but on the other hand red colour is certainly sonic 
colour. 

Throughout this system of logic I shall dispense witli 
such indefinite expressions ; and this can readily be done 
by substituting one of the other terms. To express tlie 
proposition “ All A's are some B’s ” I shall not use the form 
A = VB, but 

A = AB. 

This formula states that the class A is identical with the 
class AB ; and as the latter must be a part at least of the 
class B, it implies the inclusion of the class A in tliat of 
B. We might represent our former example thus, 
Mammalia = Mammalian vertebrata. 

This proposition asserts identity between a part (or it may 
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be the whole) of the vertebrata and the mammalia. If it i 
asked What part ? the proposition affords no answer, excep 
that it is the part which is mammalian; but the assertioi 

mammalia = some vertebrata ” tells us no more. 

It is quite likely that some readers will think thii 
mode of representing the universal aflSirmative propositioi 
artificial and complicated. I will not undertake to con 
vince them of the opposite at this point of my exposition 
Justification for it will be found, not so much in the im- 
mediate treatment of this proposition, as in the genera 
harmony which it will enable us to disclose between al 
parts of reasoning. I have no doubt that this is the 
critical difficulty in the relation of logical to other forms o; 
reasoning. Grant this mode of denoting that “ all A's are 
B*s,” and I fear no further difficulties ; refuse it, and we fine 
want of analogy and endless anomaly in every direction. Il 
is on general grounds that I hope to show overwhelming 
reasons for seeking to reduce every kind of proposition tc 
the form of an identity. 

I may add that not a few logicians have accepted this 
view of the universal affirmative proposition. Leibnitz, in 
his Difficultates Quoedam adopts it, saying, Omne 

A est B ; id est sequivalent AB et A, seu A non B est non- 
ens.” Boole employed the logical equation xy con- 
currently with x = vy ) and Spalding ^ distinctly says that 
the proposition all metals are minerals ” might be de- 
scribed as an assertion of 'partial identity between the two 
classes. Hence the name which I have adopted for the 
proposition. 

Limited Identities. 

An important class of propositions have the form 
AB = AC, 

expressing the identity of the class AB with the class AC. 
In other words, “ Within the sphere of the class A, all the 
B's are all the Gs ; ” or again, “ The B*s and C’s, which are 
A*s, are identical.*' But it will be observed that nothing is 
asserted concerning things which are outside of the class 
A ; and thus the identity is of limited extent, is the 
proposition B = C limited to the sphere of things called A. 

. * Encydopmdia Britannica, Eighth Ed. art. Logic, sect. 37, note. 
8vo. reprint, p. 79. 
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Thus we may say, with some approximation to truth, that 

Large plants are plants devoid of locomotive power.” 

A barrister may make numbers of most general state- 
ments concerning the relations of persons and things in the 
course of an argument, but it is of course to be understood 
that he speaks only of persons and things under the 
English Law. Even mathematicians make statements 
which are not true with absolute generality. They say 
that imaginary roots enter into equations by pairs ; but this 
is only true under the tacit condition that the equations in 
question shall not have imaginary coefficients.^ The uni- 
verse, in short, within which they habitually discourse is 
that of equations with real coefficients. These implied 
limitations form part of that great mass of tacit knowledge 
which accompanies all special arguments. 

To De Morgan is due the remark, that we do usually 
think and argue in a limited universe or sphere of notions, 
even when it is not expressly stated.^ 

It is worthy of inquiry whether all identities are not 
really limited to an implied sphere of meaning. When we 
make such a plain statement as Gold is malleable ” we 
obviously speak of gold only in its solid state ; when we 
say that ** Mercury is a liquid metal ” we must be under- 
stood to exclude the frozen condition to which it may be 
reduced in the Arctic regions. Even when we take such a 
fundamental law of nature as "All substances gravitate,” 
we must mean by substance, material substance, not, in- 
cluding that basis of heat, light, and electrical undulations 
which occupies space and possesses many wonderful me- 
chanical properties, but not gravity. The proposition then 
is really of the form 

Material substance = Material gravitating substance. 

Negative Propositions, * 

In every act of intellect we are engaged with a certain 
identity or difference between things or sensations compared 
together. Hitherto I have treated only of identities ; and 
yet it anight seem that the relation of difference must be 

^ De Morgan On the Root of any Function, Cambridge Philo- 
sophical Transactions, 1867, vol ad. p. 25. 

^ Syllahusof a proposed JSystem of Logic, §§ 122, 123. 
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infinitely more common than that of likeness. One thing 
may resemble a great many other things, but then it differs 
from all remaining things in the world Diversity may 
almost be said to constitute life, being to thought what 
motion is to a river. The perception of an object involves 
its discrimination from all other objects. But we may 
nevertheless be said to detect resemblance as often as we 
detect difference. We cannot, in fact, assert the existence 
of a difference, without at the same time implying the 
existence of an agreement. 

If I compare mercury, for instance, with other metals, 
and decide that it is not solid, here is a difference between 
mercury and solid things, expressed in a negative propo- 
sition ; but there must be implied, at the same time, an 
agreement between mercury and the other substances 
which are not solid. As it is impossible to separate the 
vowels of the alphabet from the consonants without at the 
same time separating the consonants from the vowels, so I 
cannot select as the object of thought solid things, without 
thereby throwing together into another class all things 
which ai'e not solid. The very fact of not possessing a 
quality, constitutes a new quality which may be the ground 
of judgment and classification. In this point of view, 
agreement and difference are ever the two sides of the same 
act of intellect, and it becomes equally possible to express 
the same judgment in the one or other aspect. 

Between atfirmation and negation there is accordingly a 
perfect equilibrium. Every affirmative proposition implies 
a negative one, and mce versd. It is even a matter of in- 
difference, in a logical point of view, whether a positive or 
negative term be used to denote a given quality and the 
class of things possessing it. If the ordinary state of a 
man's body be called good health, then in other circumstances 
he is said not to he in good health ; but we might equally 
describe him in the latter state as sickly, and in his normal 
condition he would be not sickly. Animal and vegetable 
substances are now called organic, so that the other sub- 
stances, forming an immensely greater part of the globe, are 
described negatively as VKwrganic. But we might,* with at 
least equal logical correctness, have described the prepon- 
derating class of substances as mineral, and then vegetable 
and animal substances would have been non-mineral. 
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It is plain that any positive term and its corresponding 
negative divide between them the whole universe of 
thought : whatever does not fall into one must fall into the 
other, by the third fundamental Law of Thought, the Law 
of Duality. It follows at once that there are two modes 
of representing a difference. Supposing that the things 
represented by A and B are found to differ, we may indicate 
(see p. 17) the result of the judgment by the notation 
A B. 

We may now represent the same judgment by the assertion 
that A agrees with those things which differ from B, or 
that A agrees with the not-B’s. Using our notation for 
negative terms (see p. 14), we obtain 
A = A6 

as the expression of the ordinary negative proposition. 
Thus if we take A to mean quicksilver, and B solid, then 
we have the following proppsition : — 

Quicksilver = Quicksilver not-solid. . 

There may also be several other classes of negative pro- 
positions, of which no notice was taken in the old logic. 
We may have cases where all A's are not-B’s, and at the 
same time all not-B’s are A's ; there may, in short, be 
a simple identity between A and not-B, which may be 
expressed in the form 

A = J. 

An example of this form would be 

Conductors of eTectricity = non-electrics. 

We shall also frequently have to deal as results of de- 
duction, with simple, partial, or limited identities between 
negative terms, as in tlie forms 

a = by a = aby aC = bC, etc. 

It would be possible to represent affirmative propositions 
in the negative form. Thus Iron is solid,” might be ex- 
pressed as '' Iron is not not-solid,” or ‘‘ Iron is not fluid ; ” 
or, taking A and h for the terms “ iron,” and " not-solid,” 
the form would be A J. 

But there are very strong reasons why we should employ 
all propositions in their affirmative f6rm. AU inference 
proceed by the substitution of equivalents, and a proposi- 
tion expressed in the form of an identity is ready to yield 
all its consequences in the most direct manner. As will be 
more fully shown, we can infer in a negative proposition, 
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but not ))y it. Difference is incapable of becoming the 
ground of inference ; it is only the implied agreement with 
other differing objects which admits of deductive reason- 
ing; and it will always be found advantageous to employ^ 
propositions in the form which exhibits clearly the implied' 
agreements. 


Conversion of Propositions. 

The old books of logic contain many rules concerning 
the conversion of propositions, that is, the transposition of 
the subject and predicate in such a way as to obtain a new 
proposition which will be true when the original proposi- 
tion is true. The reduction of every proposition to the form 
of an identity renders all such rules and processes needless. 
Identity is essentially reciprocal. If the colour of the 
Atlantic Ocean is the same as that of the Pacitic Ocean, 
that of the Pacific must be the same as that of the Atlantic. 
Sodium chloride being identical with common salt, common 
salt must be identical with sodium chloride. If the number 
of windows in Salisbury Cathedral equals the number of 
days in the year, the number of days in the year must 
equal the number of the windows. Lord Chesterfield was 
not wrong when he said, ** I will give anybody their choice 
of these two truths, which amount to the same thing ; He 
who loves himself best is the honestest man; or, The 
honestest man loves himself besti# Scotus Erigena exactly 
expresses this reciprocal character of identity in saying, 
'‘There are not two studies, one of philosophy and the 
other of religion ; true philosophy is true religion, and true 
religion is true philosophy.” 

A mathematician would not think it worth while to 
mention that \ix = y th^n also y = x. He would not con- 
sider these to be two equations at all, but one equation 
accidentally written in two different manners. In written 
symbols one of two names must come first, and the other 
second, and a like succession must perhaps be observed in 
our thoughts : but in the relation of identity there is no 
need for succession in order (see p. 33) ; each is simul- 
taneously equal and identical to the other. These remarks 
win hold true both of logical and mathematical identity ; 
so that I shall consider the two forms 



PROPOSITIONa 


47 


iii.] 


A = B and B = A 

to express exactly the same identity differently written. 
All need for rules of conversion disappears, and there will 
be no single proposition in the system which may not be 
written with either end foremost. Thus A = AB is the 
same as AB = A, aC = 6C is the same as 60 = aC, and so 
forth. 

The same remarks are partially true of differences and 
inequalities, which are also reciprocal to the extent that 
one thing cannot differ from a second without the second 
differing from the first. Mars differs in colour from 
Venus, and Venus must differ from Mars. The Earth differs 
from Jupiter in density ; therefore Jupiter must differ from 
the Earth. Speaking generally, if A B we shall also 
have B -- A, and these two forms may be considered ex- 
pressions of the same difference. But the relation of 
differing things is not wholly reciprocal. The density of 
Jupiter does not differ from that of the Eai’th in the same 
way that that of the Earth differs from that of Jupiter. 
The change of sensation which we experience in passing 
from Venus to Mars is not the same as what we experience 
in passing back to Venus, but just the opposite in nature. 
The colour of the sky is lighter than that of the ocean ; 
therefore that of the ocean cannot be lighter than that of 
the sky, but darker. In these and all similar cases we gain 
a notion of direction or character of change, and results of 
immense importance majibe shown to rest on this notion. 
Eor the present we shall be concerned with the mere fact 
of identity existing or not existing. 

Twofold Interpretation of Propositions, 

Terms, as we have seen (p. 25), may have a meaning 
either in extension or intension ; and according as one or 
the other meaning is attributed to the terms of a proposi- 
tion, so may a different interpretation be assigned to the 
proposition itself. When the terms are abstract we must 
read them in intension, and a proposition connecting such 
terms must denote the identity or non-identity of the 
qualities respectively denoted by the terms. Thus if we 
say 


Equality = Identity of magnitude. 
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the assertion means that the circumstance of being" equal 
exactly corresponds with the circumstance of being 
identical in magnitude. Similarly in, 

Opacity = Incapability of transmitting light, 
the quality of being incapable of transmitting light is de- 
clared to be the same as the intended meaning of the word 
opacity. 

When general names form the terms of a proposition we 
may apply a double interpretation. Thus 
Exogeiis = Dicotyledons 

means either that the qualities which belong to all exogens 
are the same as those which belong to all dicotyledons, or else 
that every individual falling under one name falls equally 
under the other. Hence it may be said that there are two 
distinct fields of logical thought. We hiay argue either by 
the qualitative meaning of names or by the quantitative, 
that is, the extensive meaning. Every argument in- 
volving ‘concrete plural terms might be converted into 
one involving only abstract singular terras, and vice 
versd. But there are reasons for believing that the 
intensive or qualitative form of reasoning is the primary 
and fundamental one. It is sufBcient to point out that the 
extensive meaning of a name is a changeable and fleeting 
thing, while the intensive meaning may nevertheless remain 
fixed. Very numerous additions have been lately made 
to the extensive meanings both of planet and element. 
Every iron steam-ship which is nfade or destroyed adds to 
or subtracts from the extensive meaning of the name 
steam-ship, without necessarily affecting the intensive 
meaning. Stage coach means as much as ever in one way, 
but in extension the class is nearly extinct. Chinese 
railway, on the other hand, is a term represented only by a 
single instance ; in twenty years it may be the name of a 
large class. 




CHAPTER n. 

DEDUCTIVE EEASONING. 

The general principle of inference having been explained 
in the previous chapters, and a suitable system of symbols 
provided, we have now before us the comparatively easy 
task of tracing out the most common and important forms 
of deductive reasoning. The general problem of deduc- 
tion is as follows : — From one or more propositions called 
premises to draw such other propositions as mil necessarily 
he true when the premises are true. By deduction we investi- 
gate and unfold the information contained in the premises ; 
and this we can do by one single rule — For any term occur- 
ring in any proposition substitute the term which is asserted 
in any premise to he iderttical with it. To obtain certain 
deductions, especially those involving negative conclusions, 
we shall require to bring into use the second and third Laws 
of Thought, and the process of reasoning will then be called 
Indirect Deduction. In the present chapter, however, I 
shall confine my attention to those results which can be 
obtained by the process of Direct Deduction^ that is, by 
applying to the premises themselves the rule of substitution. 
It will be found that we can combine into one harmonious 
system, not only the various moods of the ancient syllogism, 
but a great number of equally important forms of reasoning, 
which had no recognised place in the old logic. We can 
at the same time dispense entirely with the elaborate 
apparatus of logical rules and mnemonic lines, which 
were requisite so long as the vital principle of reasoning 
was not clearly expressed. 


e 
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Immediate Inference. 

Probably the simplest of all forms of inference is that 
which has been called Immediate Inference, because it can 
be performed upon a single proposition. It consists in 
joining an adjective, or other qualifying clause of the same 
nature, to both sides of an identity, and asserting the 
equivalence of the terms thus produced. For instance, 
since 

Conductors of electricity « Non-electrics, 
it follows that 

Liquid conductors of electricity = Liquid non-electrics. 
If we suppose that 

Plants = Bodies decomposing carbonic acid, 
it follows that 

Microscopic plants == Microscopic bodies decomposing 
carbonic acid. 

In general terms, from the identity 

A = B 

we can infer the identity 

AC = BO. 

This is but a case of plain substitution; for by the first 
Law of Thought it must be admitted that 
AC = AO, 

and if, in the second side of this identity, we substitute 
for A its equivalent B, we obtain 
AO = BO. 

In like manner from the partial identity 
A = AB 

we may obtain 

AO = ABO 

by an exactly similar act of substitution; and in every 
other case the rule will be found capable of verification by 
the principle of inference. The process when performed as 
here described will be quite free from the liability to error 
which I have shown ^ to exist in Immediate Inference by 
added Determinants,” as described by Dr. Thomson.^ 

‘ Bhttmiwr^ Lessons in Logie, p. 86. 

• Outline of the Laws of Thou^t, § S7 
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Inference 'ivith Two Simple Identities. 

One of the most cpmmon forms of inference, and one to 
which I shall especially direct attention, is practised with 
two simple identities. From the two statements that 
“ London is the capital of England ” and London is the 
most populous city in the world,” we instantaneously draw 
the conclusion that The capital of England is the most 
populous city in the world.” Similarly, from the identities 
Hydrogen == Substance of least density, 

Hydrogen = Substance of least atomic weight, 
we infer 

Substance of least density = Substance of least atomic 
weight. 

The gener^ form of the argument is exhibited in the 
symbols 



B- A 

(I) 


B = C 

( 2 ) 

hence 

A= C. 

(3) 


We may describe the result by saying that terms identi- 
cal with the same term are identical with each other ; and 
it is impossible to overlook the analogy to the first axiom 
of Euclid that “ things equal to the same thing are equal 
to each other.” It has been very commonly supposed that 
this is a fundamental principle of thought, incapable of 
reduction to anything simpler. But I entertain no doubt 
that this form of reasoning is only one case of the general 
rule of inference. We have two propositions, A = B and 
B= C, and we may for a moment consider the second one 
as affirming a truth concerning B, while the former one 
informs us that B is identical with A ; hence by substitu- 
tion we may affirm the same truth of A. It happens in 
this particular case that the truth affirmed is identity to 
C, and we might, if we preferred it, have considered the 
substitution as made by means of the second identity in 
the first. Having two identities we have a choice of the 
mode in which we will make the substitution, though the 
result is exactly the same in either case. 

Now compare the three following formulae, 

(1) A a= B = C, hence A = C 

(2) A = B C, hence A ^ C 

(3) A B C, no inference, 

E 2 
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In the second formula we have an identity and a differ- 
ence, and we are able to infer a difference ; in the third we 
have two differences and are unable to make any inference 
at all. Because A and C both differ from B, we cannot 
tell whether they will or will not differ from each other. 
^ The flowers and leaves of a plant may both differ in colour 
‘ from the earth in which the plant grows, and yet they may 
differ from each other ; in other cases the leaves and stem 
may both differ from the soil and yet agree with each other. 
Where we have difference only we can make no inference ; 
where we have identity we can infer. This fact gives great 
countenance to my assertion that inference proceeds always 
through identity, but may be equally well effected in pro- 
positions asserting difference or identity. 

Deferring a more complete discussion of this point, I 
will only mention now that arguments from double identity 
occur very frequently, and are usually taken for granted, 
owing to their extreme simplicity. In regard to the equi- 
valence of words this form of inference must be constantly 
employed. If the ancient Greek vaX/co? is our copper, then 
it must be the French mime, the German hupfer, the Latin 
cuprum, because these are words, in one sense at least, 
equivalent to copper. Whenever we can give two defini- 
tions or expressions for the same term, the formula applies ; 
thus Senior defined wealth as “ All those things, and those 
things only, which are transferable, are limited in supply, 
and are directly or indirectly productive of pleasure or 
preventive of pain.” Wealth is also equivalent to " things 
which have value in exchange ; ” hence obviously, “ things 
which have value in exchange = all those things, and those 
things only, which are transferable, &c.” Two expressions 
for the same term are often given in the same sentence, and 
their equivalence implied. Thus Thomson and Tait say,^ 
“^The naturalist may be content to know matter as that 
which can be perceived by the senses, or as that which 
can be acted upon by or can exert force.” I take this to 
mean — 

Matter = what can be perceived by the senses ; 

Matter = what can be acted upon by or can exert 
force. 

* Treatise on Natural Philosophy, vol. I p. i6i. 
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For the term matter ” in either of these identities we 
may substitute its equivalent given in the other definition. 
Elsewhere they often employ sentences of the form exem- 
plified in the following:^ ‘‘The integral curvature, or 
whole change of direction of an arc of a plane curve, is the 
angle through which the tangent has turned as we pass from 
one extremity to the other.” This sentence is certainly of 
the form — 

The integral curvature = the whole change of direc- 
tion, &c. = the angle through which the tangent 
has turned, &c. 

Disguised cases of the same kind of inference occur 
throughout all sciences, and a remarkable instance is found 
in algebraic geometry. Mathematicians readily show that 
every equation of the form y = mx -f- c corrdl^ponds to or 
represents a straight line ; it is also easily proved that the 
same equation is equivalent to one of the general form 
Ao; + By -f C = o, and vice versd. Hence it ifollows that 
every equation of the form in question, that is to say, 
every equation of the first degree, corresponds to or 
represents a straight line.* 

Inference with a Simple and a Partial Idmtiiy, 

A form of reasoning somewhat different from that last 
considered consists in inference between a simple and a 
partial identity. If we have two propositions of the forms 
A = B, 

B = BC, 

we may then substitute for B in either proposition its 
equivalent in the other, getting in both cases A = BC ; 
in this we may if we like make a second substitution for 
B, getting 

A = AC. 

Thus, since “ The Mont Blanc is the highest mountain in 
Europe, and the Mont Blanc is deeply covered with snow,” 
we infer by an obvious substitution that “The highest 
mountain in Europe is deeply covered with snow.” These 
propositions when rigorously stated fall into the forms 
above exhibited. 

This mode of inference is constantly employed when for 

^ Treatise on Natural Philosophy f vol. i. p. 6. 

* Todhunter's Plane Oo-ordinate Geometry, chap, ii pp. il — 14 
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a term we substitute its definition, or vice versA. The very 
purpose of a definition is to allow a single noun to 
employed in place of a long descriptive phrase. Thus, 
when we say “ A circle is a curve of the second degree,” we 
may substitute a definition of the circle, getting A curve, 
all points of which are at equal distances from one point, is 
a curve of the second degree.” The real forms of the pro- 
positions here given are exactly those shown in the sym- 
bolic statement, but in this and many other cases it will be 
sufficient to state them in ordinary elliptical language for 
sake of brevity. In scientific treatises a term and its 
definition are often both given in the same sentence, as in 
“ The weight of a body in any given locality, or the force 
with which the egLrth attracts it, is proportional to its 
mass.” The* conjunction or in this statement gives the 
force of equivalence to the parenthetic phrase, so that the 
propositions really are 

Weight of a body = force with which the earth 
attracts it. 

Weight of a body = weight, &c. proportional to its 
mass. 

A slightly different case of inference consists in substitut- 
ing in a proposition of the form A = AB, a definition of the 
term B. Thus from A = AB and B = C we get A = AC. 
Tor instance, we may say that Metals are elements ” and 
Elements are incapable of decomposition.” 

Metal = metal element. 

Element = what is incapable of decomposition. 

Hence 

Metal = metal incapable of decomposition. 

It is almost needless to point out that the form of these 
arguments does not suffer any real modification if some 
of the terms happen to be negative ; indeed in the last 
example incapable of decomposition ” may be treated as 
a negative term. Taking 

A = metal C = capable of decomposition 

B = element c = incapable of decomposition ; 
the propositions are of the forms 
A = AB 
B = c 

whence, by substitution. 

A = Ac. 
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Inference of a Partial from Two Partial Identities, 

However common be the cases of inference already 
noticed, there is a form occurring almost more frequently, 
and which deserves much attention, because it occupied a 
prominent place in the ancient syllogistic system. That 
system strangely overlooked all the kinds of argument we 
have as yet considered, and selected, as the type of all 
reasoning, one which employs two partial identities as 
premises. Thus from the propositions 

Sodium is a metal (i) 

Metals conduct electricity, (2) 

we may conclude that 

Sodium conducts electricity. (3) 

Taking A, B, C to represent the three terms respectively, 
the premises are of the forms 

A = AB (I) 

B »= BC. (2) 

Now for B in (i) we can substitute its expression as given 
in (2), obtaining 

A - ABC, (3) 

or, in words, from 

Sodium =■ sodium metal, (i) 

Metal = metal conducting electricity, (2) 

we infer 

Sodium = sodium metal conducting electricity, (3 
which, in the elliptical language of common life, becomes 
Sodium conducts electricity." 

The above is a syllogism in the mood called Barbara^ in 
the truly barbarous language of ancient logician’s ; and the 
first figure of the syllogism contained Barbara and three 
other moods which were esteemed distinct forms of argu- 
ment. But it is worthy of notice that, without any real 
change in our form of inference, we readily include these 
three other moods under Barbara. The negative mood 
Celarent will be represented by the example 

Neptune is a planet, (i) 

No planet has retrograde motion ; (2) 

Hence ^ Neptune has not retrograde motion. (3) 

1 An explanation of this and other technical terms of the old logic 
will be found in my Elementary Lessons in L^gic, Sixth Edition, 
1876 ; Macmillan. 
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If we put A for Neptune, B for planet, and 0 for " having 
retrograde motion,” then by the corresponding negative 
term c, we denote not having retrograde motion.” The 
premises now fall into the forms 

A = AB (i) 

B = Be, (2) 

and by substitution for B, exactly as before, we obtain 
A = ABe. (3) 

* What is called in the old logic a particular conclusion 
may be deduced without any real variation in the symbols. 
Particular quantity is indicated, as before mentioned 
(p. 41), by joining to the term an indefinite adjective of 
quantity, such as some, a part of, certain, &c„ meaning that 
an unknown part of the term enters into the proposition 
as subject. Considerable doubt and ambiguity arise out of 
the question whether the part may not in some cases be 
the whole, and in the syllogism at least it must be under- 
stood in this sense.^ Now, if we take a letter to represent 
this indefinite part, we need make no change in our 
formulsB to express the syllogisms Darii and Ferio. Con- 
sider the example — 

Some metals are of less density than water, (i) 
All bodies of less density than water will float 
upon the surface of water ; hence (2) 

Some metals will float upon the surface of 
water. (3) 

Let A = some metals, 

B = body of less density than water, 

C = floating on the surface of water 
then the propositions are evidently as before, 

A = AB, (I) 

B-:BC; (2) 

hence A = ABC, (3) 

Thus the syllogism Darii does not really differ from Bar- 
bara. If the reader prefer it, we can readily employ a 
distinct symbol for the indeflnite sign of quantity. 

Let P = some, 

Q = metal, 

B and G having the same meanings as before. Then the 
premises become 


^ Elementary Lessons in, Logie, pp. 67, 79. 
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PQ = PQB, (I) 

B = BC; (2) 

hence, by siibstitutioii, aa before, 

PQ^PQBC. (3) 

Except that the formulae look a little more complicated 
there is no difference whatever. 

The mood Eerio is of exactly the same character as 
Darii or Barbara, except that it involves the use of a 
negative term. Take the example, 

Bodies which are equally elastic in all directions do 
not doubly refract light ; 

Some crystals are bodies equally elastic in all direc- 
tions; therefore, some crystals do not doubly 
refract light. 

Assigning the letters as follows : — 

A = some crystals, 

B = bodies equally elastic in all directions, 

C = doubly refracting light, 
c = not doubly refracting light. 

Our argument is of the same form as before, and may 
be concisely stated in one line, 

A = AB = ALo. 

If it is preferred to put PQ for the indefinite some crystals, 
we have 

PQ = PQB = PQBc. 

The only difference is that the negative term c takes the 
place of C in the mood Darii, 

Ellijpsis of Terms in Partial Identities, 

The reader will probably have noticed that the conclu- 
sion which we obtain from premises is often more full than 
that drawn by the old Aristotelian processes. Thus from 
“ Sodium is a metal,*' and " Metals conduct electricity,” we 
inferred (p. 55) that Sodium = sodium, metal, conduct- 
ing electricity,” whereas the old logic simply concludes 
that ‘'Sodium conducts electricity.” Symbolically, from 
A = AB, and B = BC, we get A =5 ABC, whereas the old 
logic gets at the most A = AC. It is therefore well to 
show that without employing any other principles of 
inference than those already described, we may infer 
A « AC from A = ABC, though we cannot infer the latter 
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more full and accurate result from the former. We may 
show this most simply as follows : — 

By the first Law of Thought it is evident that 
A A = AA; 

and if we have given the proposition A = ABC, we may 
substitute for both the A*s in the second side of the above, 
obtaining 

AA = ABC . ABC. 

But from the property of logical symbols expressed in the 
Law of Simplicity (p. 33) some of the repeated letters may 
be made to coalesce, and we have 

A = ABC . C. 

Substituting again for ABC its equivalent A, we obtain 
A = AC, 

the desired result. 

By a similar process of reasoning it may be shown that 
we can always drop out any term appearing in one member 
of a proposition, provided that we substitute for it the 
whole of the other member. This process was described in 
my first logical Essay as Intrinsic Elimination, but it 
might perhaps be better entitled the Ellipsis of Terms. 
It enables us to get rid of needless terms by strict 
substitutive reasoning. 

Inference of a Simple from Two Partial Identities. 

Two terms may be connected together by two partial 
identities in yet another manner, and a case of inference 
then arises which is of the highest importance. In the 
two premises 

A = AB (i) 

B = AB (2) 

the second member of each is the same ; so that we can by 
obvious substitution obtain 

A = B. 

Thus, in plain geometry we readily prove that ** Every 
equilateral triangle is also an equiangular triangle,” and we 
can with equal ease prove that " Every equiangular triangle 
is an equilateral triangle.” Thence by substitu|;ion, as 
explained above, we pass to the simple identity, 

Equilateral triangle = equiangular triangle. 

^ Pure Logic, p. 19. 
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We thus prove that one class of triangles is entirely 
identical with another class; that is to say, they differ 
only in our way of ^naming and regarding them. 

The great importance of this process of inference arises 
from the fact that the conclusion is more simple and general 
than either of the premises, and contains as much informa- 
tion as both of them put together. It is on this account 
constantly employed in inductive investigation, as will 
afterwards be more fully explained, and it is the natural 
mode by which we arrive at a conviction of the truth of 
simple identities as existing between classes of numerous 
objects. 

Inference of a Limited from Two Partial Identities, 

We have considered some arguments which are of the 
type treated by Aristotle in the first figure of the syllogism. 
But there exist two other types of argument which employ 
a pair of partial identities. If our premises are as shown 
in these symbols, 

B = AB (i) 

B = CB, (2) 

we may substitute for B either by (i) in (2) or by (2) in 
(i), and by both modes we obtain tlie conclusion 

AB = CB, ( 3 ) 

a proposition of the kind which we have called a limited 
identity (p. 42). Thus, for example. 

Potassium = potassium metal (i) 

Potassium = potassium capable of floating on 

water ; (2) 

hence 

Potassium metal = potassium capable of float- 
ing on water, (3) 

This is really a syllogism of the mood Darapti in the third 
figure, except that we obtain a conclusion of a more exact 
character than the old syllogism gives. Prom the premises 
‘‘Potassium is a metaP’ and “Potassium floats on water,” 
Aristotle would have inferred that “Some metals float on 
water.i,' But if inquiry were made what the “some 
metals ” are, the answer would certainly be “ Metal which 
is potassium.” Hence Aristotle’s conclusion simply leaves 
out some of the mformation afforded in the premises ; it 
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even leaves us open to interpret the some^ metaU in a wider 
sense than we are warranted in doing. From these distinct 
defects of the old syllogism the process of substitution is 
free, and the new process only incurs the possible objection 
of being tediously minute and accurate. 

Miscellanecms Forms of Deductive Inference, 

The more common forms of deductive reasoning having 
been exhibited and demonstrated on the principle of 
substitution, there still remain many, in fact an indefinite 
number, which may be explained with nearly equal ease. 
Such as involve the use of disjunctive propositions will be 
described in a later chapter, and several of the syllogistic 
moods which include negative terms will be more con- 
veniently treated after we have introduced the symbolic 
use of the second and third laws of thought. 

We sometimes meet with a chain of propositions which 
allow of repeated substitution, and form an argument 
called in the old logic a Sorites. Take, for instance, the 
premises 

Iron is a metal, (i) 

Metals are good conductors of electricity, (2) 

Good conductors of electricity are useful for 

telegraphic purposes. (3) 

It obviously follows that 

Iron is useful for telegraphic purposes. (4) 

Now if we take our letters thus, 

A = Iron, B = metal, C = good conductor of 
electricity, D = useful for telegraphic purposes, 
the premises will assume the forms 


A = AB, 

(i) 

B = BC, 

(2) 

C = CD. 

(3) 


For B in (i) we can substitute its equivalent in (2) 
obtaining, as before, 

A = ABC. 

Substituting for C in this intermediate result its equivalent 
as given in {3), we obtain the complete conclusion . 

A = ABCD. (4) 

The full interpretation is that Iron is iron, metal, good 
conductor of electricity, useful for telegraphic purposes, which 
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is abridged in common language by the ellipsis of the 
circumstances which are not of immediate importance. 

Instead of all the propositions being exactly of the same 
kind as in the last example, we may have a series of 
premises of various character ; for instance, 

Common salt is sodium chloride, fi) 

Sodium chloride crystallizes in a cubical form, (2) 
What crystallizes in a cubical form does not 

possess the power of double refraction ; (3) 

it will follow that 

Common salt does not possess the power of double 
refraction. (4) 

Taking our letter-terms thus, 

A = Common salt, 

B = Sodium chloride, 

C = Crystallizing in a cubical form, 

D = Possessing the power of double refraction, 
we may state the premises in the forms 


A = B, 

(I) 

B = BC, 

(2) 

C^Qd. 

(3) 


Substituting by (3) in (2) and then by (2) as thus altered 
in (i) we obtain 

A - BCd, (4) 

which is a more precise version of the common conclusion. 

We often meet with a series of propositions describing 
the qualities or circumstances of the one same thing, and 
we may combine them all into one proposition by the 
process of substitution. This case is, in fact, . that which 
Dr. Thomson has called Immediate Inference by the 
sum of several predicates,” and his example will serve my 
purpose well.^ He describes copper as "A metal — of a 
red colour — and disagreeable smell — and taste — all the 
preparations of which are poisonous — which is highly 
malleable — ductile — and tenacious — with a specific gravity 
of about 8.83.” If we assign the letter A to copper, and the 
succeeding letters of the alphabet in succession to the series 
of predicates, we have nine distinct statements, of the form 

A= AB (i) A = AC (2) A = AD (3) A = AK (9). 

We can readily combine these propositions into one by 


^ An Outline of the Necessary Laws of Thought, Fifth Ed. p. 161. 
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substituting for A in the second side of (i) its expression 
in (2), We thus get 

A = ABC, 

and by repeating the process over and over again we 
obviously get the single proposition 

A = ABOD . . JK. 

But Dr. Thomson is mistaken in supposing that we can 
obtain in this manner a definition of copper. Strictly 
speaking, the above proposition is only a description of 
copper, and all the ordinary descriptions of substances in 
scientific works may be summed up in this form. Thus we 
may assert of the organic substances called Paraffins that 
they are all saturated hydrocarbons, incapable of uniting 
with other substances, produced by heating the alcoholic 
iodides with zinc, and so on. It may be shown that no 
amount of ordinary description can be equivalent to a de- 
finition of any substance. 

Fallacies, 

I have hitherto been engaged in showing that all the 
forms of reasoning of the old syllogistic logic, and an 
indefinite number of other forms in addition, may be 
readily and clearly explained on the single principle of 
substitution. It is now desirable to show that the same 
principle will prevent us falling into fallacies. So long 
as we exactly observe the one rule of substitution of 
equivalents it will be impossible to commit a paralogism, 
that is to break any one of the elaborate rules of the 
ancient system. The one new rule is thus proved to be as 
powerful as the six, eight, or more rules by which the cor- 
rectness of syllogistic reasoning was guarded* 

It was a fundamental rule, for instance, that two nega- 
tive premises could give no conclusion. If we take the 
propositions 

Granite is not a sedimentary rock, (i) 

Basalt is not a sedimentary rock, (2) 

we ought not to be able to draw any inference concerning 
the relation between granite and basalt. Taking our 
letter-terms thus : 

A = granite, B = sedimentary rock, C — basalt, 
the premises may be expressed in the forms 
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A ^ B, (1) 

. C - B. (2) 

We have in this form two statements of difference ; but 
the principle of inference can only work with a statement 
of agreement or identity (p. 63). Thus our rule ^ves 
us no power whatever of drawing any inference ; this is 
exactly in accordance with the fifth rule of the syllogism. 

It is to be remembered, indeed, that we claim the 
power of always turning a negative proposition into an 
affirmative one (p. 45) ; and it might seem that the old rule 
against negative premises would thus be circumvented. 
Let us try. The premises (i) and (2) when affirmatively 
stated take the forms 

A = A6 (i) 

C = Ch. (2) 

The reader will find it impossible by the rule of substitu- 
tion to discover a relation between A and C. Three terms 
occur in the above premises, namely A, &, and C ; but they 
are so combined that no term occurring in one has its 
exact equivalent stated in the other. KTo substitution 
can therefore be made, and the principle of the fifth rule of 
the syllogism holds true. Fallacy is impossible. 

It would be a mistake, however, to suppose that the 
mere occurrence of negative terms in both premises of a 
syllogism renders them incapable of yielding a conclusion. 
The old rule informed us that from two negative premises 
no conclusion could be drawn, but it is a fact that the rule 
in this bare form does not hold universally true ; and I 
am not aware that any precise explanation has been given 
of the conditions under which it is or is not imperative. 
Consider the following example : 

Whatever is not metallic is not capable of power- 
ful magnetic influence, (i) 

Carbon is not metallic, (2) 

Therefore, carbon is not capable of powerful mag- 
netic influence. (3) 

Here we have two distinctly negative premises (i) and 
(2), and yet they yield a perfectly valid negative conclu- 
sion (3)1 The syllogistic rule is actually falsified in its bare 
and general statement. In this and many other cases we 
can convert the propositions into affirmative ones which will 
yield a conclusion by substitution without any difficulty. 
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To sIlow this let 

A = carbon, B = metallic, 

0 = capable of powerful magnetic influence. 

The premises readily take the forms 

h = be, (i) 

A = A&, (2) 

and substitution for b in (2) by means of (i) gives the 
conclusion 

A = Abo. (3) 

Our principle of inference then includes the rule of 
negative premises whenever it is true, and discriminates 
correctly between the cases where it does and does not 
hold true. 

The paralogism, anciently called the Fallacy of Undis- 
tributed Middle, is also easily exhibited and infallibly 
avoided by our system. Let the premises be 

Hydrogen is an element, (i) 

All metals are elements. (2) 

According to the syllogistic rules the middle term “element 
is here undistributed, and no conclusion can be obtained ; 
we cannot tell then whether hydrogen is or is not a metal, 
Represent the terms as follows 

A = hydrogen, 

B = element, 

C = metal. 

The pi-emises then become 

A = AB, (I) 

C = CB. (2) 

The reader will here, as in a former page (p. 62), find it 
impossible to make any substitution. The only term which 
occurs in both premises is B, but it is differently combined 
in the two premises. For B we must not substitute A, 
which is equivalent to AB, not to B. Nor must we confuse 
together CB and AB, which, though they contain one com- 
mon letter, are different aggregate terms. The rule of sub- 
stitution gives us no right to decompose combinations ; 
and if we adhere rigidly to the rule, that if two terms are 
stated to be equivalent we may substitute one for the other, 
we cannot commit the fallacy. It is apparent that the form 
of premises stated above is the same as that which we 
obtained by translating two negative premises into the 
aflSmative form. 
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The old fallacy, technicadly called the Elicit Proem of 
the Major Tcrm^ is more easy to commit and more difficult 
to detect than any other breach of the syllogistic rules. In 
our system it could hardly occur. From the premises 
All planets are subject to gravity, (i) 

Fixed stars are not planets, ( 2 ) 

we might inadvertently but fallaciously infer that, Fixed 
stars are not subject to gravity.*' To reduce the premises 
to symbolic form, let 

A = planet 
li = fixed star 
C = subject to gravity ; 
then we have the propositions 

A = AO (I) 

B = Ba. ( 2 ) 

The reader will try in vain to produce from these premises 
by legitimate substitution any relation between B and C ; 
he could not then commit the fallacy of asserting that B is 
not C. 

There remain two other kinds of paralogism, commonly 
known as the fallacy of Four Terms and the Illicit Process 
of the Minor Term, They are so evidently impossible 
while we obey the rule of the substitution of equivalents, 
that it is not necessary to give any illustrations. When 
there are four distinct terms in two propositions as in 
A = B and 0 = D, there could evidently be no opening for 
substitution. As to the Illicit Process of the Minor Term 
it consists in a flagrant substitution for a term of another 
wider term which is not known to be equivalent to it, 
and which is therefore not allowed by our rule to be 
substituted for it. 


F 



OHAPTEE V. 

DISJUNCTIVE PROPOSITIONS. 

In the previous chapter I have exhibited various cases 
of deductive reasoning by the process of substitution, avoid- 
ing the introduction of disjunctive propositions ; but we 
cannot long defer the consideration of this more complex 
class of identities. General terms arise, as we have seen 
(p. 24), from classifying or mentally uniting together all 
objects which agree in certain qualities, the value of this 
union consisting in the fact that the power of knowledge 
is multiplied thereby. In forming such classes or general 
notions, we overlook or abstract the points of diference 
which exist between the objects joined together, and fix our 
attention only on the points of agreement. But every 
process of thought may be said to have its inverse process, 
which consists in undoing the effects of the direct process. 
Just as division undoes multiplication, and evolution un- 
does involution, so we must have a process which undoes 
generalization, or the operation of forming general notions. 
This inverse process will consist in distinguishing the 
separate objects or minor classes which are the constituent 
parts of any wider class. If we mentally unite together 
certain objects visible in the sky and call them planets, we 
shall afterwards need to distinguish the contents of this 
general notion, which we do in the disjunctive proposi- 
tion — 

A planet is either Mercury or Venus or the Earth or 
or Neptune. 

Having formed the very wide class " vertebrate animal,** 
we may specify its subordinate classes thus : — "A verte- 
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brate animal is either a mammal, bird, reptile, or fish/* 
Njor is there any limit to the number of possible altema 
tives. “An exogenous plant is either a ranunoulus, a 
poppy, a crucifer, a rose, or it belongs to some one ofUthe 
other seventy natural orders of exogens at present recog- 
nized by botanists/* A cathedral church in England must 
be either that of London, Canterbury, Winchester, Salis- 
bury, Manchester, or of one of about twenty-four cities 
possessing such churches. And if we were to attempt to 
specify the meaning of the term “ star/* we should require 
to enumerate as alternatives, not only the many thousands 
of stars recorded in catalogues, but the many millions un- 
named. 

Whenever we thus distinguish the parts of a general 
notion we employ a disjunctive proposition, in at least one 
side of which are several alternatives joined by the so- 
caUed disjunctive conjunction or, a contracted form of other. 
There must be some relation between the parts thus con- 
nected in one proposition ; we may call it the disjunctive or 
alternative relation, and we must carefully inquire into its 
nature. This relation is that of ignorance and doubt, 
giving rise to choice. Whenever we classify and abstract 
we must open the way to such uncertainty. By fixing our 
attention on certain attributes to the exclusion of others, 
we necessarily leave it doubtful what those other attributes 
are. The term “ molar tooth ** bears upon the face of it 
that it is a part of the wider term “ tooth.*’ But if we 
meet with the simple term “tooth** there is nothing to in- 
dicate whether it is an incisor, a canine, or a molar tooth. 
This doubt, however, may be resolved by further informa- 
tion, and we have to consider what are the appropriate 
logical processes for treating disjunctive propositions in 
connection with other propositions disjunctive or otherwise. 

Expression of the Alternative Uelation, 

In order to represent disjunctive propositions with con- 
venience we require a sign of the alternative relation, 
equivalent to one meaning at least of the little conjunc- 
tion or so frequently used in common language. I pro- 
pose to use for this purpose the symbol .j. . In my first 
logical essay I followed the practice of Boole and adopted 
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the sign + ; but this sign shouldnot be employed unless there 
exists exact analogy between mathematical addition and 
logical alternation. We shall find that the analogy is im- 
perfect, and that there is such profound difference between 
logical and mathematical terms as should prevent our 
uniting them by the same symbol. Accordingly I have 
chosen a sign + , which seems aptly to suggest whatever 
degree of analogy may exist without implying more. 
The exact meaning of the symbol we will now proceed to 
investigate. 


Nature of the Alternative Relation. 

Before treating disjunctive propositions it is indispens- 
able to decide whether the alternatives must be considered 
exclusive or unexclusive. By exclusive alternatives we 
mean those which cannot contain the same things. If we 
say “ Arches are circular or pointed,” it is certainly to be 
understood that the same arch cannot be described as both 
circular .and pointed. Many examples, on the other hand, 
can readily be suggested in which two or more alternatives 
may hold true of the same object. Thus 

Luminous bodies are self-luminous or luminous by 
reflection. 

It is undoubtedly possible, by the laws of optics, that the 
same surface may at one and the same moment give off 
light of its own and reflect light from other bodies. W'e 
speak familiarly of deaf or dumb persons, knowing that the 
majority of those who are deaf from birth are also dumb. 

There can be no doubt that in a great many cases, 
perhaps the greater number of cases, alternatives are 
exclusive as a matter of fact. Any one number is 
incompatible with any other ; one point of time or place 
is exclusive of all others. Eoger Bacon died either in 
1284 or 1292 ; it is certain that he could not die in both 
years. Henry Fielding was born either in Dublin or 
Somersetshire; he could not be bom in both places. 
There is so much more precision and clearness in the use 
of exclusive alternatives that we ought doubtless to select 
them when possible. Old works on logic accordingly 
contained a rule directing that the Membra dividevUiaf the 
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parts of a division or the constituent species of a genus, 
should be exclusive of each other. 

It is no doubt owing to the great prevalence and con- 
venience of exclusive divisions that the majority of logi- 
cians have held it necessary to make every alternative in 
a disjunctive proposition exclusive of every other one. 
Aquinas considered that when this was not the case the 
proposition was actually false, and Kant adopted the 
same opinion.^ A multitude of statements to the same 
eftect might readily be quoted, and if fhe question were 
to be determined by the weight of historical evidence, 
it would certainly go against my view. Among recent 
logicians Hamilton, as well as Boole, took the exclusive 
side. But there are authorities to the opposite effect. 
Whately, Mansel, and J. S. Mill have all pointed out that 
we may often treat alternatives as Gompossihle, or true at 
the same time. Whately gives us an example,^ Virtue 
tends to procure us either the esteem of mankind, or the 
favour of God,” and he adds — Here both members are 
true, and consequently from one being affirmed we are not 
authorized to deny the other. Of course we are left to 
conjecture in each case, from the context, whether it is 
meant to be implied that the members are or are not 
exclusive.” Mansel says,® " We may hapjpen to hnow that 
two alternatives cannot be true together, so that the 
affirmation of the second necessitates the denial of the 
first ; but this, as Boethius observes, is a material, not a 
formal consequence.” Mill has also pointed out the 
absurdities which would arise from always interpreting 
alternatives as exclusive. If we assert,” he says,^ “ that 
a man who has acted in some particular way must be 
either a knave or a fool, we by no means assert, or intend 
to assert, that he cannot be both.” Again, “ to make an 
entirely unselfish use of despotic power, a man must be 
either a saint or a philosopher Does the dis- 

junctive premise necessarily imply, or must it be construed 
as supposing, that the same person cannot be both a 


^ MansePs Aldrich, p. 103, and Frolegomena Logica, p. 221. 

® Elements of Logic, Book II. chap. iv. sect. 4. 

* Aldrich, Artis Logiece Budimmta, p. 10^ 

* Examination of Sir W, HamiUon^s Philosophy, pp. 452-454* 
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saint and a philosopher 7 Such a constmction would be 
ridiculous/" 

I discuss this sulgect fully because it is really the point 
which separates my logical .system from that of Boole. 
In his Laws of ThougM (p. 32) he expressly says, 
In strictness, the words ‘ and," " or/ interposed between 
the terms descriptive of two or more classes of objects, 
imply that those classes are quite distinct, so that no 
member of one is found in another.” This I altogether 
dispute* In the ordinary use of these conjunctions we do 
not join distinct terms only; and when terms so joined 
do prove to be logically distinct, it is by virtue of a ta^i 
jpremisef something in the meaning of the names and 
our knowledge of them, which teaches us that they are 
distinct. If our knowledge of the meanings of the 
words joined is defective it will often be impossible 
to decide whether teims joined by conjunctions are 
exclusive or not. 

In the sentence ** Eepentance is not a single act, but 
a habit or virtue,” it cannot be implied that a virtue is 
not a habit ; by Aristotle’s definition it is. Milton has the 
expression in one of his sonnets, " Unstain’d by gold or 
fee,” where it is obvious that if the fee is not always gold, 
the gold is meant to be a fee or bribe. Tennyson has the 
expression wreath or anadem.” Most readers would be 
quite uncertain whether a wreath may be an anadem, or 
an anadem a wreath, or whether they are quite distinct or 
quite the same. From Darwin’s Origin of Species, I 
take the expression, “When we see any part or organ 
developed in a remarkable degree or manner^ In this, or 
is used twice, and neither time exclusively. For if part 
and organ are not synonymous, at any rate an organ is a 
part. And it is obvious that a part may be developed at 
the same time both in an extraordinary degree and an 
extraordinary manner, although such cases may be com- 
paratively rare. 

From a careful examination of ordinary writings, it will 
thus be found that the meanings of terms joined by “and,” 
“ or ” vary from absolute identity up to absolute contrariety. 
There is no logical condition of distinctness at all, and 
when we do choose exclusive alternatives, it is because 
our sulgect demstnds it. The matter, not the form of an 
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expression, points out whether terms site exclusive or not.* 
In bills, policies, and other kinds of legal documents, it 
is sometimes necessary to express very distinctly that 

alternatives are not exclusive. The form is then 

or 

used, and, as Mr. J. J. Murphy has remarked, this form 
coincides exactly in meaning with the symbol -j* . 

In the first edition of this work (vol. i., p. 8i), I took 
the disjunctive proposition " Matter is solid, or liquid, or 
gaseous,” and treated it as an instance of exclusive altern- 
atives, remarking that the same portion of matter cannot be 
at once solid and liquid, properly speaking, and that still less 
can we suppose it to be solid and gaseous, or solid, liquid, 
and gaseous all at the same time. But the experiments of 
Professor Andrews show that, under certain conditions of 
temperature and pressure, there is no abrupt change from 
the liquid to the gaseous state. The same substance may be 
in such a state as to be indifferently described as liquid and 
gaseous. In many cases, too, the transition from solid to 
liquid is giadual, so that the properties of solidity are at least 
partially joined with those of liquidity. The proposition 
then, instead of being an instance of exclusive alternatives, 
seems to afford an excellent instance to the opposite effect. 
When such doubts can arise, it is evidently impossible to 
treat alternatives as absolutely exclusive by the logical 
nature of the relation. It becomes purely a question of 
the matter of the proposition. 

The question, as we shall afterwards see more fully, is 
one of the greatest theoretical importance, because it 
concerns the true distinction between the sciences of 
Logic and Mathematics. It is the foundation of number 
that every unit shall be distinct from every other unit ; 
but Boole imported the conditions of number into the 
science of Logic, and prodiiced a system which, though 
wonderful in its results, was not a system of logic at all. 


Laws of the Disjunctive Relation. 

In considering the combination or synthesis of terms 
(p, 30), we found that certain laws, those of Simplicity 
1 Pv/re LogiCj pp 76, 77. 
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and Oommntativeness, must be observed. In uniting 
t^ms by the disjunctive symbol we shall find that the 
same or closely similar laws hold true. The alternatives 
of either member of a disjunctive proposition are certainly 
commutative. Just as we cannot properly distinguish- 
between rich and rare gems and rare and rich gems, so we 
must consider as identical the expression rich or rare gems, 
and rare or rich gems. In our symbolic language we may 
say 

A -I- B = B .|. A. 

The order of statement, in short, has no effect upon the 
meaning of an aggregate of alternatives, so that the 
Law of Commutativeness holds true of the disjunctive 
symbol. 

As we have admitted the possibility of joining as alter- 
natives terms which are not really different, the question 
arises, How shall we treat two or more alternatives when 
they are clearly shown to be the same? If we have it 
asserted that P is Q or R, and it is afterwards proved that 
Q is but another name for E, the result is that P is either 
E or E. How shall we interpret such a statement ? What 
would be the meaning, for instance, of “ wreath or anadem ” 
if, on referring to a dictionary, we found anadem described 
as a wreath ? I take it to be self-evident that the meaning 
would then become simply ‘‘wreath.’' Accordingly we 
may affirm the general law 

A -I- A = A 

Any number of identical alternatives may always be 
reduced to, and are logically equivalent to, any one of 
those alternatives. This is a law which distinguishes 
mathematical terms from logical terms, because it obviously 
does not apply to the former. I propose to call it the Law 
of Unity, because it must really be involved in any 
definition of a mathematical unit. This law is closely 
analogous to the Law of Simplicity, AA = A ; and the 
nature of the connection is worthy of attention. 

Pew or no logicians except De Morgan have adequately 
noticed the close relation between combined and disjunctive 
terms, namely, that every disjunctive term is the qegative 
of a corresponding combined term, and vice versd. Consider 
the term 


Malleable dense metal. 
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How shall we describe the class of things which are not 
malleable-dense-metals ? Whatever is included under that 
term must have all the qualities of malleability, denseness, 
and metallicity. Wherever any one or more of the qualities 
is wanting, the combined term will not apply. Hence the 
negative of the whole term is 

Not-malleable or not-dense or not-metallic. 

In the above the conjunction or must clearly be inter- 
preted as unexclusive ; for there may readily be objects 
which are both not-malleable, and not-dense, and perhaps 
not-metallic at the same time. If in fact we were required 
to use or in a strictly exclusive manner, it would be 
requisite to specify seven distinct alternatives in order to 
describe the negative of a combination of three terms. 
The negatives of four or five terms would consist of fifteen 
or thirty-one alternatives. This consideration alone is 
siifficient to prove that the meaning of or cannot be 
always exclusive in common language. 

Expressed symbolically, we may say that the negative 
of 

ABC 

is not-A or not-B or not-C ; 

that is, a \ I -I* c. 

Keciprocally the negative of 

P + Q -I* R 

is pqr. 

Every disjunctive term, then, is the negative of a 
combined term, and vice vcrsd. 

Apply this result to the combined term AAA, and its 
negative is 

a -I- a a. 

Since AAA is by the Law of Simplicity equivalent to A, 
so a I a a must be equivalent to a, and the Law of 
Unity holds true. Each law thus necessarily presupposes 
he other. 

Symlolic expression of the Law of Duality, 

We may now employ our symbol of alternation to 
express in a clear and formal manner the third Funda- 
mental Law of Thought, which I have called the Law 
of Duality (p. 6). Taking A to represent any class or 



74 


tm PfelNCIPLlS OP SOliBNCE. 


[OHAK 


object or quality, and B any other class, object or quality, 
we may always assert that A either agrees with B, or does 
not agree. Thus we may say 

A « AB + Ab. 

This is a formula which will henceforth be constantly 
employed, and it lies at the basis of reasoning. 

The reader may perhaps wish to know why A is inserted 
in both alternatives of the second member of the identity, 
and why the law is not stated in the form 
A « B .|. 6. 

But if he will consider the contents of the last section 
(p. 73), he will see that the latter expression cannot be 
correct, otherwise no term could have a corresponding 
negative term. For the negative of B -i- b is 6B, or a self- 
contradictory term ; thus if A were identical with B .|- b 
its negative a would be non-existent. To say the least, 
this result would in most cases be an absurd one, and I 
see much reason to think that in a strictly logical point ot 
view it would always be absurd. In all probability we 
ought to assume as a fundamental logical axiom that every 
term has its negative in thought We cannot think at all 
without separating what we think about from other things, 
and these things necessarily form the negative notion.* 
It follows that any proposition of the form A = B -j* 6 is 
just as self-contradictory as one of the form A = B6. 

It is convenient to recapitulate in this place the three 
Laws of Thought in their symbolic form, thus 
Law of Identity A = A. 

Law of Contradiction Aa == o. 

Law of Duality A AB AS. 

Various Forms of the Disjunctive Proposition. 

Disjunctive propositions may occur in a great variety of 
forms, of which the old logicians took insufficient notice. 
There may be any number of alternatives, each of which 
may be a combination of any number of simple terms. A 
proposition, again, may be disjunctive in one or both 
members. The proposition 

^ Pure LogiCf p. 65. See also the criticism of this point by De 
Morgan in the Athenceum, No. 1892, 30th January, 1864 ; p. 155. 
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Solids or liquids or g^Ses are oketrics or conductors 
of electricity 

is an example of the doubly disjunctive form’. The mean- 
ing of such a proposition is that whatever fells under any 
one or more alternatives on one side must fell under one 
or more alternatives on the other side. From what has 
been said before, it is apparent that the proposition 
A + B=C.|.D 

will correspond to 

ah = ed, 

each member of the latter being the negative Of a member 
of the former proposition. 

As an instance of a complex disjunctive proposition I 
may give Senior’s definition of wealth, which, briefly 
stated, amounts to the proposition “Wealth is what is 
transferable, limited in supply, and either productive of 
pleasure or preventive of pain.” ^ 

Let A = wealth 
B = transferable 
C = limited in supply 
D “ productive of pleasure 
E = preventive of pain. 

The definition takes the form 

A = BC(D.|E); 

but if we develop the alternatives by a method to be 
afterwards more fully considered, it becomes 

A = BCDE BCT>e I BCt^E. 1 

An example of a still more complex proposition is 
found in De Morgan’s writings, ^ as follows : — “ He must 
have been rich, and if not absolutely mad was weakness 
itself, subjected either to bad advice or to most unfavour- 
able circumstances.” 

If we assign the letters of the alphabet in succession, 
thus, 

A = he 
B = rich 

0 =* absolutely mad 
D « weakness itself 
oE = subjected to bad advice 

Boole’s Laws of Thought^ p, io6. Jevons’ Furs Logic, p. 69. 

^ On the Syllogism, No. iii. p. 12. Camb. Phil, Tians. vol. 
pait i. 


x. 
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F = subjected to most unfavourable circumstances, 
the proposition will take the form 

A = AB{C + D(E.|.F)}, 

and if we develop the alternatives, expressing some of 
the different cases which may happen, we obtain 
A =s ABC 'I* ABcDEF ABcDEjf ABcD<?F. 

The above gives the strict logical interpretation of the 
sentence, and the first alternative ABO is capable of de- 
velopment into eight cases, according as D, E and F are or 
are not present. Although from our knowledge of the 
matter, we may infer that weakness of character cannot be 
asserted of a person absolutely mad, there is no explicit 
statement to this effect. 

Inference hy Di^unctive Propositions. 

Before we can make a free use of disjunctive proposi- 
tions in the processes of inference we must consider how 
disjunctive terms can be combined together or with 
simple terms. In the first place, to combine a simple term 
with a disjunctive one, we must combine it with every 
alternative of the disjunctive term. A vegetable, for 
instance, is either a herb, a shrub, or a tree. Hence an 
exogenous vegetable is either an exogenous herb, or an 
exogenous shrub, or an exogenous tree. Symbolically 
stated, this process of combination is as follows, 

A(B + 0) = AB -I- AC. 

Secondly, to combine two disjunctive terms with each 
other, combine each alternative of one with each alterna- 
tive of the other. Since flowering plants are either 
exogens or endogens, and are at the same time either 
herbs, shrubs or trees, it follows that there are altogether 
six alternatives — ^namely, exogenous herbs, exogenous 
shrubs, exogenous trees, endogenous herbs, endogenous 
shrubs, endogenous trees. This process of combination is 
shown in the general form 

(A B) (0 + D + E) = AO + AD + AE + BC -I- BD + BE. 

It is hardly necessary to point out that, however 
numerous the terms combined, or the alternatives in those 
terms, we may effect the combination, provided each alter- 
native is combined with each alternative of the other 
terms, as in the algebraic process of multiplication. 




y.] DISJUNOTIVE PBOPOSITIONa 77 

Some processes of deduction may be at once exhibited. 
We may always, for instance, unite the same qualifying 
term to each side of an identity even though one or both 
members of the identity be disjunctive. Thus let 
A = B.|.C. 

Now it is self-evident that 

AD = AD, 

and in one side of this identity we may for A substitute 
its equivalent B C, obtaining 

AD = BD + CD. 

Since a gaseous element is either hydrogen, or oxygen, 
or nitrogen, or chlorine, or fluorine,” it follows that a free 
gaseous element is either free hydrogen, or free oxygen, 
or free nitrogen, or free chlorine, or free fluorine.” 

This process of combination wiU lead to most useful in- 
ferences when the qualifying adjective combined with both 
sides of the proposition is a negative of one or more alter- 
natives. Since chlorine is a coloured gas, we may infer 
that “ a colourless gaseous element is either (colourless) 
hydrogen, oxygen, nitrogen, or fluorine.” The alternative 
chlorine disappears because colourless chlorine does not 
exist. Again, since “ a tooth is either an incisor, canine, 
bicuspid, or molar,” it follows that “ a not-incisor tooth is 
either canine, bicuspid, or molar.” The general rule is that 
from the denial of any of the alternatives the affirmation 
of the remainder can be inferred. Now this result clearly 
follows from our process of substitution ; for if we have 
the proposition 

A = B.|.C.|.D, 

and we insert this expression for A on one side of the self- 
evident identity 

Ah = Ah, 

we obtain Ah = AB6 -j- A6C •[ A6D ; 
and, as the first of the three alternatives is self-contra- 
dictory, we strike it out according to the law of contra- 
diction : there remains 

A& = A&0.|.A6D. 

Thus our system fully includes and explains that mood of 
the Disjunctive Syllogism technically called the modus 
toUendo poneus. 

But the reader must carefully observe that the Disjunc- 
tive Syllogism of the mood ponendo tollens, which affirms 
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OB8 alternative, and thence infers the denial of the rest, 
cannot be held true in this system. If 1 say, indeed, that 
Water is either salt or fresh water, 
it seems evident that “ water which is salt is not fresh.’* 
But this inference really proceeds from our knowledge that 
water cannot be at once salt and fresh. This inconsistency 
of the alternatives, as I have fully shown, will not always 
hold. Thus, if I say 

Gems are either rare stones or beautiful stones, (i) 
it will obviously not follow that 

A rare gem is not a beautiful stone, (2) 

nor that 

A beautiful gem-is not a rare stone. (3) 

Our symbolic method gives only true conclusions ; for if 
we take 

A = gem 
B = rare stone 
C = beautiful stone, 
the proposition (i) is of the form 
A == B •!* C 

hence AB = B -I- BO 
and AC = BC + C; 

but these inferences are not equivalent to the false ones 
(2) and (3). 

We can readily represent disjunctive reasoning by the 
modus 'ponmdo ioUtms, when it is valid, by expressing the 
inconsistency of the alternatives explicitly. Thus if we 
resort to our instance of 

Water is either salt or fresh, 

and take 

A = Water B = salt C = fresh, 
then the premise is apparently of the form 
A = AB.|.AC; 

but in reality there is an unexpressed condition that " what 
is salt is not fresh,” from which follows, by a process of 
inference to be afterwards described, that ‘‘ what is fresh 
is not salt.” We have then, in letter-terms, the two pro- 
positions 

B = Bc 
C = &C. 

If we substitute these descriptions in the original pro- 
position, we obtain 
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A = ABc + A60 ; 
uniting B to each side we infer 

AB - ABc + ABJO 
or AB AB(j ; 

that is, 

Water which is salt is water salt and not fresh. 

I should weary the reader if I attempted to illustrate 
the multitude of forms which disjunctive reasoning may 
take; and £is in the next chapter we shall be constantly 
treating the subject, I must here restrict myself to a single 
instance. A very common process of reasoning consists in 
the determination of the name of a thing by the successive 
exclusion of alternatives, a process called by the old name 
ahscissio infiniti. Take the case : 

Eed-coloured metal is either copper or gold (i) 

Copper is dissolved by nitric acid (2) 

This specimen is red-coloured metal (3) 

This specimen is not dissolved by nitric acid (4) 
Therefore, this specimen consists of gold (S) 

Let us assign the letter-symbols thus — 

A = this specimen D = gold 

B = red-coloured metal E = dissolved by nitric acid. 
C = copper 

Assuming that the alternatives copper or gold are 
intended to be exclusive, as just explained in the case of 
fresh and salt water, the premises may be stated in the 
forms 


B = BCrf-|-BcD 

(I) 

C = CE 

. (2) 

A = AB 

(3) 

A = Ae 

(4) 


Substituting for C in (i) by means of (2) we get 
B = BC(fE.!. BcD 

From (3) and (4) we may infer likewise 
A = ABe 

and if in this we substitute for B its equivalent just 
stated, it follows that 

A = ABCtffle 4 ABcDe 

The first of the alternatives being contradictory the result 
is 


A = ABcDa 
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which contains a full description of “ this specimen,” as 
furnished in the premises, but by ellipsis asserts that it is 
gold. It will be observed that in the symbolic expression 
(l) I have explicitly stated what is certainly implied, that 
copper is not gold, and gold not copper, without which 
condition the inference would not hold good. 




CHAPTER VI. 

THE INDIRECT METHOD OF INFERENCE. 

The forms of deductive reasoning as yet considered, ar^e 
mostly cases of Direct Deduction as distinguished from 
those which we are now about to treat. The method of 
Indirect Deduction may be described as that which pofcts 
out what a thing is, by showing that it cannot be anything 
else. We can define a certain space upon a map, either by 
colouring that space, or by colouring all except the space ; 
the first mode is positive, the second negative. The 
diflerenoe, it will be readily seen, is exactly analogous to 
that between the direct and indirect modes of proof in 
geometry. Euclid often shows that two lines are equal, by 
showing that they cannot be unequal, and the proof rests 
upon tlie known number of alternatives, greater, equal or 
less, which are alone conceivable. In other cases, as for 
instance in the seventh proposition of the firs-t book, he 
shows that two lines must meet in a particular point, by 
showing that they cannot meet elsewhere. 

In logic we can always define with certainty the utmost 
number of alternatives which are conceivable. The Law 
of Duality (pp. 6, 74) enables us always to assert that any 
quality or circumstance whatsoever is either present or 
absent. Whatever may he the meaning of the terms A 
and B it is certainly true that 

A = AB.|.A& 

B = AB + aB. 

These are universal tacit premises which may be em- 
ployed in the solution of every problem, and which are 
such invariable and necessary conditions of all thought, 

a 
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that they need not be specially laid down. The Law of 
CoDtradiction is a further condition of all thought and of 
all logical symbols ; it enables, and in fact obliges, us to 
reject from further consideration all terms which imply the 
presence and absence of the same quality. Now, when- 
ever we bring both these Laws of Thought into explicit 
action by the method of substitution, we employ the 
Indirect Method of Inference. It will be found that we 
can treat not only those arguments already exhibited 
according to the direct method, but we can include an 
iuhnite multitude of other arguments which are incapable 
of solution by any other means. 

Some philosophers, especially those of France, have held 
that the Indirect Method of Proof has a certain inferiority 
to the direct method, which should prevent our using it 
except when obliged. But there are many truths which 
we can prove only indirectly. We can prove that a 
number is a prime only by the purely indirect method of 
showing that it is not any of the numbers which have 
divisors, and tlie remarkable process known as Eratos- 
thenes’ Sieve is the only mode by which we can select the 
]>rime numbers.^ It bears a strong analogy to the indirect 
method here to be described. We can prove that the side 
and diameter of a square are incommensurable, but only in 
the negative or indirect manner, by showing that the con- 
trary supposition inevitably leads to contradiction.^ Many 
other demonstrations in various branches of the mathe- 
matical sciences proceed upon a like method. Now, if 
there is only one important truth which must be, and can 
only be, proved indirectly, we may say that the process is a 
necessary and sufficient one, and the question of its com- 
parative excellence or usefulness is not worth discussion. 
As a matter of fact I believe that nearly half our logical 
conclusions rest upon its employment. 

1 See Horsley, Philosophical Transactions y 1772 ; vol. Ixii. p. 327. 
Montucla, Histoire des Mathematiq^ues, vol. i. p. 239. Penny 
Cyclopcediay article “ Eratostheneg," 

« Euclid, Book x. Prop. 117. 
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Simple IllmtroUiona. 

In tracing out the powers and results of this method, we 
will begin with the simplest possible instance. Let us 
take a proposition of the common form, A = AB, say, 

A Metal is an Element^ 

and let us investigate its full meaning. Any person who 
has had the least logical training, is aware that we can 
draw from the above proposition an apparently different 
one, namely, 

A Not-element is a NoUmctal, 

While some logicians, as for. instance De Morgan,^ have 
considered the relation of these two propositions to be 
purely self-evident, and neither needing nor allowing 
analysis, a great many more persons, as I have observed 
while teaching logic, are at first unable to perceive the 
close connection between them. I believe that a true and 
complete system of logic will furnish a clear analysis of 
this process, which has been called OorUrapositive Con- 
version ; the full process is as follows : — 

Firstly, by the Law of Duality we know that 
Not-element is either Metal or Not-metal, 

If it be metal, we know that it is by the premise an 
element; we should thus be supposing that the same thing 
is an element and a not-eleraent, which is in opposition 
to the Law of Contradiction. According to the only 
other alternative, then, the not-element must be a not- 
metal. 

To represent this process of inference symbolically we 
take the premise in the form 

A = AB. (I) 

We observe that by the Law of Duality the term not-B is 
thus described 

I = AZ> a6. ( 2 ) 

For A in this proposition we substitute its description as 
given in (i), obtaining 

I = AB& ah . . 

But rY3<Jording to the Law of Contradiction the term 
ABb must be excluded from thought, or . 


^ Philosophical Mamzine, December 1862 ; Fourth Series, vol. iv. 
p. 435 , ** On Indirect Demonstration.'^ 
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AB6 = o. 

Hence it results that h is either nothing at all, or it is ah ; 
and the conclusion is 

* h = ah. 

As it will often he necessary to refer to a conclusion of 
this kind I shall call it, as is usual, the Contrapositive 
Proposition of the original. The reader need hardly be 
cautioned to observe that from all A’s are B*s it does not 
follow that all not-A’s are not-B’s. For by the Law of 
Duality we have 

a = <xB 'I* ahy 

and it will not be found possible to inake any substitution 
in this by our original premise A = AB. It still remains 
doubtful, therefore, whether not-metal is element or not- 
element. 

The proof of the Contrapositive Proposition given above 
is exactly the same as that which Euclid applies in the 
case of geometrical notions. De Morgan describes Euclid's 
process as follows ^ “ From every not-B is not*A he pro- 
duces Every A is B, thus ; If it be possible, let this A be 
not-B, but every not-B is not- A, therefore this A is not-A, 
which is absurd : whence every A is B." Now De Morgan 
thinks that this proof is entirely needless, because common 
logic gives the inference without the use of any geo- 
metrical reasoning. I conceive however that logic gives 
the inference only by an indirect process. De Morgan 
claims " to see identity in Every A is B and every not-B 
is not-A, by a process of thought prior to syllogism.” 
Whether prior to syllogism or not, I claim that it is not 
prior to the laws of thought and the process of substitutive 
inference, by which it may be undoubtedly demonstrated. 

Employment of the Contrapositive Proposition, 

We can frequently employ the contrapositive form of a 
proposition by the method of substitution; and certain 
moods of the ancient syllogism, which we have hitherto 
passed over, may thus be satisfactorily comprehended in 
our system. Take for instance the following syllogism in 
the mood Gamestres : — 

* Philosojphical 1852 ; p. 437, 
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“ Whales are not true fish; for they do not respire water, 
whereas true fish do respire water.” 

Let us take 

A = whale 
B = true fish 
C = respiring water 
The premises are of the forms 

A Ac (i) 

B = BC (2) 

Now, by the process of contraposition we obtain from 
the second premise 

c = he 

and we can substitute this expression for c in (i), ob- 
taining 

A = Ahc 

or Whales are not true fish, not respiring water.” 

The mood Cesare does not really differ from Camestres 
except in the order of the premises, and it could be ex- 
hibited in an exactly similar manner. 

The mood Baroko gave much trouble to the old logicians, 
who could not reduce it to the first figure in the same 
manner as the other moods, and were obliged to invent, 
specially for it and for Bokardo, a method of Indirect 
Reduction closely analogous to the indirect pro9f of Euclid. 
Now these moods reqiiire no exceptional treatment in this 
system. Let us take as an instance of Baroko, the argu 
merit 

All heated solids give continuous spectra (i) 

Some iiebulre do not give continuous spectra . (2) 

Therefore, some nebulae are not heated solids (3) 
Treating the little word some as an indeterminate adjec- 
tive of selection, to which Ave assign a symbol like any 
other adjective, let 

A = some 
B = nebulae 

C = giving continuous spectra 
D = heated solids 
The premises then become 

D = DO (i) 

AB = ABc (2) 

Now from (i) we obtain by tire indirect method the con- 
trapositive proposition 
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cd 

and if we substitute this expression for c in (2) we have 
AB = AJ&cd 

the full meaning of which is that “ some nebulse do not 
give continuous spectra and are not heated solids.” 

We might similarly apply the contrapositive in many 
other instances. Take the argument, ‘‘ All fixed stars are 
self-luminous ; but some of the heavenly bodies are not 
self-luminous, and are therefore not fixed stars.” Taking 
our terms 

A = fixed stars 
B = self-luminous 
C = some 

D = heavenly bodies 
we have the premises 

A = AB, (1) 

CD = ^CD ( 2 ) 

Now from (i) we can draw the coutrapositive 
h = ab 

and substituting this expression for &iii (2) we obtain 
CD = abCD 

which expresses the conclusion of the argument that some 
heavenly bodies are not fixed stars. 

Contrapositice of a Simple Identity. 

The reader should carefully note tliat wlien we apply 
the process of Indirect Inference to a simple identity of 
the form 

A = B 

>ve may obtain further results. If we wisli to know what 
is the term not-B, we have as before, by the Law of Duality, 
b = Ah -I- ab 

and substituting for A we obtain 

2 ? = B& -I* ah = ab. 

But we may now also draw a second contrapositive ; for 
we have 

a = aB -I* ab, 

and substituting for B its equivalent A we have 
a = aA -I- ab = ah. 

Hence from the single identity A = B we can draw 
the twp propositions 
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u ^ ah 
h = ab, 

and oijserving that these propesitioiis have a common term 
ah we can make a new snhstitution, getting 

a 

This result is in strict accordance with the fundamental 
principles of inference, and it may be a question whether 
it is not a self-evident result, independent of the steps of 
deduction by which we have reached it. For where two 
classes are coincident like A and B, whatever is true of 
the one is true of the other ; what is excluded from the one 
must be excluded from the other similarly. Now as a 
bears to A exactly the same relation that b bears to B, the 
identity of either pair follows from the identity of the 
other pair. In every identity, equality, or similarity, we 
may argue from the negative of the one side to the nega- 
tive of the other. Thus at ordinary temperatures 
Mercury = liquid-metal, 
hence obviously 

Not-mercury = not liquid-metal ; 

or since 

Sirius = brightest fixed star, 

it follows that whatever star is not the brightest is not 
Sirius, and vice versd. Every correct definition is of the 
form A = B, and may often require to be applied in the 
equivalent negative form. 

Let us take as an illustration of the mode of using this 
result the argument following : 

Vowels are letters which can be sounded alone, (i) 
The letter w cannot be sounded alone ; (2) 

Therefore the letter lo is not a vowel. (3) 

Here w^e have a definition (i), and a comparison of a 
thing with that definition (2), leading to exclusion of the 
thing from the class defined. 

Taking the terms 
A = vowel, 

B = letter which can be sounded alone, 

= letter w, 

the premises are plainly of the forms 

A = B, (I) 

C = JO. (2) 
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Now by the Indirect method we obtain from 
Contrapositive 

& « a, 

and inserting in (2) the equivalent for 6 we have 
C = aC, 

or the letter w is not a vowel/' 

Miscellamous Examples of the Method. 

We can apply the Indirect Method of Inference however 
many may be the terms involved or the premises con- 
taining those terms. As the working of the method is 
best learnt from examples, I will take a case of two 
premises forming the syllogism Barbara : thus 

Iron is metal (i) 

Metal is element. (2) 

If we want to ascertain what inference is possible concern- 
ing the term Iron, we develop the term by the Law of 
Duality. Iron must be either metal or not-metal; iron 
which is metal must be either element or not-element ; 
and similarly iron which is not-metal must be either 
element or not-element. There are then altogether four 
alternatives among which the description of iron must be 
contained ; thus 

Iron, metal, element, (a) 

Iron, metal, not-element, (/ 3 ) 

Iron, not-metal, element, (7) 

Iron, not-metal, not-element. (8) 

Our first premise informs us that iron is a metal, and if 
we substitute this description in (7) and (S) we shall have 
self-contradictory combinations. Our second premise like- 
wise informs us that metal is element, and applying this 
description to (yS) we again have self-contradiction, so that 
there remains only (a) as a description of iron — our 
inference is 

Iron = iron, metal, element. 

To represent this process of reasoning in general symbols, 
let 

A = iron 
B = metal 
C =!= element, 

The premises of the problem take the forms 


(i) the 

( 3 ) 
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A = AB (r) 

B = BC. (2) 

By the Law of Duality we have 

A = AB.|.A& (3) 

A = AC.|.Ac. ^ (4), 

Now, if we insert for A in the second side of (3) its 
description in (4), we obtain what I shall call the develop- 
ment of A with respect to B and C, namely 

A ABC .| ABc .|. A6C 4 Ale. ^ (5) 

Wherever the letters A or B appear in the second side of 
(5) substitute their equivalents given in (i) and (2), and 
the results stated at full length are 

A = ABC .|. ABCc + ABIC -I- AB&Cc. 

The last three alternatives break the Law of Contradiction, 
so that 

A = ABC I- o 4 o * 1 * o = ABC. 

This conclusion is, indeed, no more than we could obtain 
by the direct process of substitution, that is by substituting 
for B in (1), its description in (2) as in p. 55 ; it is the 
characteristic of the Indirect process that it gives all 
possible logical conclusions, both those which we have 
previously obtained, and an immense number of others or 
which the ancient logic took little or no account. From 
the same premises, for instance, we can obtain a description 
of the class not-element or c. By the Law of Duality we can 
develop c into four alternatives, thus 

c = ABc -I* Abe -I* aBe -I* ale. 

If we substitute for A and B as before, we get 
c = ABCc ABlc 4 aBGc ale, 
and, striking out the terms which break the Law of 
Contradiction, there remains 

c = alCy 

or what is not element is also not iron and not metal 
This Indirect Method of Inference thus furnishes a 
complete solution of the following problem — Oiven any 
nnmber of logical premises or corditions^ required the 
description of any doss of objects^ or of any ierm^ as 
governed by those conditions. 

The*steps of the process of inference may -thus be 
concisely stated — 

I. By the Law of Duality develop the utmost, number 
of alternatives which may exist in the description of the 
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required class or term as regards the terms involved in the 
premises. 

2. For each term in these alternatives substitute its 
description as given in the premises. 

3. Strike out every alternative which is then found to 
break the Law of Contradiction. 

4. The remaining terms may be equated to tiie term in 
question as the desired description. 


Mr. VenrHs Prohlem. 

The need of some logical method more powerful and 
comprehensive than the old logic of Aristotle is strikingly 
illustrated by Mr. Venn in his most interesting and able 
article on Boole’s logic.^ An easy example, originally got, 
as he says, by the aid of my method as simply described 
in the Plementart/ Lessons in Logic, was proposed in 
examination and lecture-rooms to some hundred and fifty 
students as a problem in ordinary logic. It was answered 
by, at most, five or six of them. It was afterwards set, 
as an example on Boole’s method, to a small class who 
had attended a few lectures on the nature of these 
symbolic methods. It was readily answered by half or 
more of their number. 

The problem was as follows : — The members of a board 
were all of them either bondholders, or sliareholders, but 
not both ; and the bondholders as it happened, were all on 
the board. What conclusion can be drawn ? ” The con- 
clusion wanted is, ** No shareholders are bondholders.” 
Now, as Mr. Venn says, nothing can look simpler than the 
following reasoning, when stated : — “ There can be no 
bondholders who are shareholders ; for if there were they 
must be either on the board, or off it. But they are not 
on it, by the first of the given statements ; nor off it, by 
the second.” Yet from the want of any systematic mode 
of treating such a question only five or six of some 
hundred and fifty students could succeed in so simple a 
problem.. 


1 Mmd ; a Quarterly Review of Psychology and Philosophy ; 
October, 1876, vol. i. p. 487. 
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By symbolic statement the problem is instantly solved. 
Taking 

A = member of board 
B = bondholder 
0 = shareholder 
the premises are evidently 

A = ABcfA6C 
B = AB. 

The class C or shareholders may in respect of A and B be 
developed into four alternatives, 

C = ABC A6C + aBC -I- alC, 

But substituting for A in the first and for B in the third 
alternative we get 

C = ABCc + ABJC -I* AbC aABG -I- a&C. 

The first, second, and fourth alternatives in the above are 
self-contradictory combinations, and only these; striking 
them out there remain 

C==A&C.|a60-&C, 

the required answer. This symbolic reasoning is, I believe, 
the exact equivalent of Mr. Venn’s reasoning, and I do 
not believe that the result can be attained in a simpler 
manner. Mr. Venn adds that he could adduce other 
similar instances, that is, instances showing the necessity 
of a better logical method. 

Abbreviation of the Process. 

Before proceeding to further illustrations of the use of 
this method, I must point out how much its- practical 
employment can be simplified, and how much more easy 
it is than would appear from the description. When we 
want to efiect at all a thorough solution of a logical 
problem it is best to form, in the first place, a complete 
series of all the combinations of terms involved in it. If 
there be two terms A and B, the utmost variety of 
combinations in which they can appear are 
AB aB 

Ab ab. . 

The tejm A appears in the first and second ; B in the first 
and third; cl in the third and fourth; and h in the second 
and fourth. Now if we have any premise, say 

A =B, 
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we must ascertain which of these combinations will be 
rendered self-contradictory by substitution ; the second 
and third will have to be struck out, and there will remain 
only AB 

ha. 

Hence we draw the following inferences 

A = AB, B = AB, a = 6 = ah. 

Exactly the same method must be followed when a 
question involves a greater number of terms. Thus by the 
Law of Duality the three terms A, B, C, give rise to eight 
conceivable combinations, namely 


ABC ' 

(«) 

flBC 

(«) 

ABc 

68) 

aBc 

(?) 

A60 

( 7 ) 

abC 

Iv) 

Abe 

(«) 

ahc. 

(0) 


The development of the term A is formed by tlie first four 
of these ; for B we must select (a), (^), (e), (f) ; 0 
consists of (a), (7), (e), (^) ; h of (7), (S), (?;), (C), and so on. 

Now if we want to investigate completely the meaning 
of the premises A = AB (i) 

B = BC ( 2 ) 

we examine each of the eight combinations as regards each 
premise; (7) and (S) are contradicted by (i), and (/S) and 
(?) ( 2 ); there remain only 


ABC 

(«) 

aBC 

(6) 

abC 

(v) 

dbc. 

(8) 


To describe any term under the conditions of the premises 
(i) and ( 2 ), we have simply to draw out the proper com- 
binations from this list; thus, A is represented only by 
ABC, that is to say 

A = ABC, 

similarly c = ahc. 

For B we have two alternatives thus stated, 

B=: ABC*|.aBO; 

and for h we have 

h = ahC -I* ahe. 

When we have a problem involving four distinct terms 
we need to double the number of combinations, and as 
we add each new term the combinations become twice 
as numerous. Thus 
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A,B 
A, B, C, 

A, B, 0, D 
A, B, 0, D, E 
A, B, 0, D, E, E 


produce four combinations 
>, eight 

y, sixteen ,, 

„ thirty-two „ 

„ sixty-four „ 


and so on. 

I propose to call any such series of combinations the 
Logical Alphabet It holds in logical science a position 
the importance of which cannot be exaggerated, and as 
we proceed from logical to mathematical considerations, it 
will become apparent that there is a close connection 
between these combinations and the fundamental theorems 
of mathematical science. For the convenience of the 
reader who may wish to employ the Alphabet in logical 
questions, I have had printed on the next page a complete 
series of the combinations up to those of ^ terms. At 
the very commencement, in the lirst coluhin, is placed a 
single letter X, which might seem to be superfluous. This 
letter serves to denote that it is always some higher class 
which is divided up. Thus the combination AB really 
means ABX, or that part of some larger class, say X, 
which has the qualities of A and B present. The letter 
X is omitted in the greater part of the table merely for the 
sake of brevity and clearness. In a later chapter on Com- 
binations it will become apparent that the introduction of 
this unit class is requisite in order to complete the 
analogy with the Arithmetical Triangle there described. 

The reader ought to bear in mind that though the Logical 
Alphabet seems to give mere lists of combinations, these 
combinations are intended in every case to constitute the 
development of a term of a proposition. Thus the four 
combinations AB, A6, aB, ah really mean that any class X 
is described by the following proposition, 

X = XAB + XA6 .|. XaB + Xa6. 

If we select the A's, we obtain the following proposition 
AX = XAB.|.XA6. 

Thus whatever group of combinations we treat must be 
conceived as part of a higher class, mmmum gentis or 
universe symbolised in the term X ; but, bearing this in 
mind, it is needless to complicate our formulae by always 
introducing the letter. All inference consists in passing 
from propositions to propositions, and combinations per se 
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have no meaning. They are consequently to be regarded 
in all cases as forming parts of propositions. 

The Logical Alphabet. 


HI 

IV. 

V. 

VI. 

VII. 

A B 

ABC 

A BCD 

ABC DE 

A BC DEP 

A b 

A fi c 

A B Cd 

A BC De 

ABODE/ 

a B 

A b C 

AB c D 

A BCdE 

ABCDeF 

a b 

Abe 

A B c d 

A B C d c 

AB C D «/ 


a B C 

Ab C D 

A BcD E 

A BCdEF 


a B c 

A b C d 

A B c D e 

ABC d E/ 


a b C 

A b c D 

A B c d E 

A BC d e P 


a b e 

Abed 

A B c d e 

A B C d e/ 



aBC D 

AbC D B 

A Be DB P 



a B C d 

A b C D e 

ABC D E / 



a B c D 

A b G d E 

ABcDeF 



a B c d 

A b C d e 

A B c D c/ 



a b C D 

A b c D E 

A B c d E P 



a b G d 

A b c D c 

A B c d E / 



a b c D 

A b c d E 

A B c d e F 



abed 

A b c d e 

A B c d c / 




a B C D B 

AbCDE F 




a B C D e 

A b C D B / 




a B C d E 

A bO D e P 




a B C d e 

A b C D c / 




a B c D E 

A b C d E F 




a B c D e 

A b C d E/ 




a B c d E 

A b C d c F 




a B c d c 

A b C d c / 




o b C D E 

A b c D E P 




a b C D c 

A b c 1) E / 




a b C d E 

A b c D > F 




a b C d e 

A b c D c / 




a b c D E 

A b c d E F 




a b c D e 

A b c d IC / 




abed 

A b e d e F 




a t c d e 

Abed e / 
a B C D E F 


a B C D E / 
a B C D e F 
a B C D e / 
a B C d E F 
a B C <2 E/ 
aBCdeV 
ah C d e f 
a B c D E P 
o B c D E / 
tt B c D e P 
a B c D c / 
a B c d E F 
a B c d E / 
a B c d e F 
o B c d e / 
aftCD E P 
ah CD Kf 
a b C D e F 
a b C D c / 
abC d K P 
« b C d E/ 
a b C d e P 
a b C d e / 
a b c I) E F 
a b *0 D E / 
a b c D e F 
a b c D e f 
a b c d E F 
abed E / 
a b e d e F 
a b e d e f 
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In a theoretical point of view we may conceive that 
the Logical Alphabet is infinitely extended Every new 
quality or circumstance which can belong to an object, 
subdivides each combination or class, so that the number 
of such combinations, when unrestricted by logical 
conditions, is represented by an infinitely high power of 
two. The extremely rapid increase in the number of 
subdivisions obliges us to confine our attention to a 
few qualities at a time. 

When contemplating the properties of this Alphabet I 
am often inclined to think that Pythagoras perceived the 
deep logical importance of duality; for while unity was 
the symbol of identity and harmony, he described the 
number two as the origin of contrasts, or the symbol of 
diversity, division and separation. The number four, or 
the Tdractys, was also regarded by him as one of the chief 
elements of existence, for it represented the generating 
virtue whence come all combinations. In one of the 
golden verses ascribed to Pythagoras, he conjures his 
pupil to be virtuous : ^ 

By him who stampt The Four upon the Mind, 

The Four, the fount of Nature^s endless stream.” 

Now four and the higher powers of duality do represent 
in this logical system the numbers of combinations which 
can be generated in the absence of logical restrictions. 
The followers of Pythagoras may have shrouded their 
master’s doctrines in mysterious and superstitious notions, 
but in many points these doctrines seem to have some 
basis in logical philosox>hy. 

The Logical Slate. 

To a person who has once comprehended the extreme 
significance and utility of the Logical Alphabet the 
indirect process of inference becomes reduced to the 
repetition of a few uniform operations of classification, 
selection, and elimination of contradictories. Logical 
deduction, even in tlie most complicated questions, 
becomes a matter of mere routine, and the amount of 

* Whewell, History of the Inductive Sciences, vol. i. p. 222. 
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labour required ia the only impediment, when once the 
meaning of the premises is rendered clear. But the 
amount of labour is often found to be considerable. The 
mere writing down of sixty-four combinations of six 
letters each is no small task, and, if we had a problem of 
five premises, each of the sixty-four combinations would 
have to be examined in connection with each premise. 
The requisite comparison is often of a very tedious 
character, and considerable chance of error intervenes. 

I have given much attention, therefore, to lessening both 
the manual and mental labour of the process, and I shall 
describe several devices which may be adopted for saving 
trouble and risk of mistake. 

In the first place, as the same sets of combinations occur 
over and over again in different problems, we may avoid 
the labour of writing them out by having the sets of 
letters ready printed upon small sheets of writing-paper. 
It has also been suggested by a correspondent that, if any 
one series of combinations were marked upon the margin 
of a sheet of paper, and a slit cut between each pair of 
combinations, it would be easy to fold down any particular 
combination, and thus strike it out of view. The com- 
binations consistent with the premises would then remain 
in a broken series. This method answers suflBciently well 
for occasional use. 

A more convenient mode, however, is to have the series 
of letters shown on p. 94, engraved upon a common school 
writing slate, of such a size, that the letters may occupy 
only about a third of the space on the left hand side of 
the slate. The conditions of the problem can then be 
written down on the unoccupied part of the slate, and the 
proper series of combinations being chosen, the contra- 
dictory combinations can be struck out with the pencil. 
I have used a slate of this kind, whiok I call a Logical 
Slate, for more than twelve years, and it has saved me 
much trouble. It is hardly possible to apply this 
process to problems of more than six terms, owing to 
the large number of combinations which would require 
examination. 
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Ahstradtwi of Indifferent Circumstance, 


There is a simple but highly important process of 
inference which enables .us to abstract, eliminate or dis- 
regard all circumstances iridillerently present and absent. 
’J^'hus if 1 were to state that “ a triangle is a three-sided 
rectilinear figure, either large or not large,” these two 
alternatives would be superfluous, because, by the Law of 
Duality, I know that everything must be either large or 
not large. To add the qualification gives no new know- 
ledge, since the existence of the two alternatives will be 
understood in the absence of any information to the 
contrary. Accordingly, when two alternatives differ only 
as regards a single component term which is positive in 
one and negative in the other, we may reduce them to one 
term by striking out their indifferent part. It is really a 
process of substitution which enables us to do this ; for 
having any proposition of the form 

A = ABO .|. ABc, (l) 

we know by the Law of Duality that 

AB=ABC -I- ABc, (2) 

As the second member of this is identical with the second 
member of (i) we may substitute, obtaining 
A = AB. 


' This process of reducing useless alternatives may be 
-applied acain and again ; for it is plain that 

A = AB (CD .|. Cd .|; cD .|. cd) 
communicates no more information than that A is B. 
Abstraction of indifferent terms is in fact the converse 
process to that of development described in p. 89 ; and 
it is one of the most important operations in the whole 
sphere of reasoning. 

The reader should observe that in the proposition 
AC = BO 

we cannot abstract C and infer 
A = B; 

but from 


AC 'I* Ac = BC 'I* Be 
we may Abstract all reference to the term C. 

It ought to be carefully remarked, however, that alter- 
natives which seem to be without meaning often imply 
important knowledge. Thus if I say that a triangle is a 


u 
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three-sided rectilinear figure, with or without three equal 
angles,*^ the last alternatives really express a property of 
triangles, namely, that some triangles have three equal 
angles, and some do not have them. If we put P « 
Some,” meaning by the indefinite adjective Some,” one 
or more of the undefined properties of triangles with three 
equal angles, and take 
A = triangle 

, B = three-sided rectilinear figure, 

0 = with three equal angles, 

then the knowledge implied is expressed in the two 
propositions 

PA = PEG 
pA. = 

These may also be thrown into the form of one pro- 
position, namely, 

A = PEG *1* j?Ec ; 

but these alternatives cannot be reduced, and the propo- 
sition is quite different from 

A = BG + Be. 


Illustrations of the Indirect Method, 

A great variety of arguments and logical problems 
might be introduced here to show the comprehensive 
character and powers of the Indirect Method. We can 
treat either a single premise or a series of premises. 

Take in the first place a simple definition, such as "^a 
triangle is a three-sided rectilinear figure.” Let 
A = triangle 
B = three-sided 
G = rectilinear figure ; 
then the definition is of the form 
A = BG. 

If we take the series of eight coriibinations of three 
letters in the Logical Alphabet (p. 94) and strike out 
those which are inconsistent with the definition, we have 
the following result : — ABG 

a^c 

abO 

abc. 



Ti.] THE INDIEECT METHOD OF INFERENCE. 


D9 


For the description of the class 0 we have 
C-ABO + dbG, 

that is, " a rectilinear figure is either a triangle and three- 
sided, or not a triangle and not three-sided.” 

For the class h we have 

h = a&C ahe. 

To the second side of this we may apply the process of 
simplification by abstraction described in the last section ; 
for by the Law of Duality 

db = alG ahc ; 

and as we have two propositions identical in the second 
side of each we may substitute, getting 

J == 

or what is not three-sided is not a triangle (whether it be 
rectilinear or not). 


Second Example. 

Let us treat by this metliod the following argument : — 
“ Blende is not an elementary substance ; elementary 
substances are those which are undecomposable ; 
. blende, therefore, is decomposable.” 

Taking our letters thus — 

A = blende, 

B = elementary substance, 

0 = undecomposable, 
the premises are of the forms 

A A&, (I) 

B = a (2) 

No immediate substitution can be made ; but if we take 
the contrapositive of ( 2 ) (see p. 86), namely 

2^ = ^, (3) 

we can substitute in (i) obtaining the conclusion . 

A = Ac. 

But the same result may be obtained by taking the eight 
combinations of A, B, C, of the Logical Alphabet ; it will 
oe found that only three combinations, namely, 

A&c 
aBO 
oJc, - 

are consistent with the premises, whence it results that 
A = Aic, 
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or by the process of Ellipsis before described (p. 57) 

A = Ac. 

Third Example. 

As a somewhat more complex example I take the 
argument thus stated, one which could not be thrown into 
the syllogistic form : — 

“All metals except gold and silver are opaque ; there- 
fore what is not opaque is either gold or silver or 
is not-metal.” 

There is more implied in this statement than is dis- 
tinctly asserted, the full meaning being as follows : 

All metals not gold or silver are opaque, (i) 

Gold is not opaque but is a metal, (2) 

Silver is not opaque but is a metal, (3) 

Gold is not silver. (4) 

Taking our letters thus — 

A = metal C = silver 

B = gold J) = opaque, 

we may state the premises in the forms 

Ahc = AhcD (i) 

B = Am (2) 

0 = AGd (3) 

B = Be. (4) 

To obtain a complete solution of the question we take 
the sixteen combinations of A, B, C, D, and striking out 
those which are inconsistent with the premises, there remain 
only 

ABcd 

AbCd 

AheJ) 

ahcD 

abed. 

The expression for not-opaque things consists of the 
three combinations containing d, thus 

d = ABcd AbCd abed, 
or d *= Ad (Be bC) -J* abed. 

In ordinar)^ language, what is not-opaque is eittier metal 
which is gold, and then not-silver, or silver and then not 
gold, or else it is not-metal and neither gold nor silver. 
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Fourth Example. 

A good example for the illustration of the Indirect 
Method is to be found in De Morgan's Formal Logic (p. 
123), the premises being substantially as follows: — 

From A follows B, and from 0 follows D ; but B and D 
are inconsistent with each other ; therefore A and 0 are 
inconsistent. 

The meaning no doubt is that where A is, B will be 
found, or that every A is a B, and similarly every C is a D ; 
but B and D cannot occur together. The premises there- 
fore appear to be of the forms 


A = AB. 

(I) 

C = CD, 

( 2 ) 

B = Brf. 

(3) 


On examining the series of sixteen combinations, only 
five are found to be consistent with the above conditions, 
namely, 

ABceZ 

dBcd 

ahOD 

dbcD 

abed. 

In these combinations the only A which appears is joined 
to c, and similarly C is- joined to a, or A is inconsistent 
with C. 


Fifth Emmple. 

A more complex argument, also given by De Morgan,^ 
contains five terms, and is as stated below, except that 
the letters are altered. 

Every A is one only of the two B or C ; D is both B 
and C, except when B is E, and then it is 
neither ; therefore no A is D. 

The meaning of the above premises is difficult to 
to be capable of expression in the 


] Formal Logic, p. 124. As Professor Groom Robertson baa 
pointed out to me, the second and third premises may be thrown 
into a single proposition, D « DeBO DE60. 


interpret, but seems 
following symbolic fc 
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A = ABc A 60 , (i) 

Be = DeBC, (2) 

DE = DE&c. (3) 

As five terms enter into these premises it is requisite to 
treat their thirty-two combinations, and it will be found 
that fourteen of them remain consistent with the premises, 
namely 


ABctJE 

aBCDe 

a&CrfE 

A&cde 

aBCc^E 

dbCde 

AJCdE 

aBGde 

a&cDE 

A&Cde 

aBcdB 

abcdE 


aBcde 

abcde. 


If we examine the first four combinations, all of which 
contain A, we find that they none of them contain D ; or 
again, if we select those which contain D, we have only 
two, thus — 

D = aBCDe o6cDE. 

Hence it is clear that no A is D, and vice versd no B is A. 
We might draw many other conclusions from the same 
premises ; for instance — 

DE — aJcDE, 

or D and E never meet but in the absence of A, B, and C. 

Fallacies analysed by the Indirect Method, 

It has been sufficiently shown, perhaps, that we can by 
the Indirect Method of Inference extract the whole truth 
from a series of propositions, and exhibit it anew in any 
required form of conclusion. But it may also need to be 
shown by examples that so long as we follow conectly 
the almost mechanical rules of the method, we cannot fall 
into any of the fallacies or paralogisms which are often 
committed in ordinary discussion. Let us take the example 
of a fallacious argument, previously treated by the Method 
of Direct Inference (p. 62), 

Granite is not a sedimentaiy rock, (l) 

Basalt is not a sedimentary rock, (2) 

and let us ascertain whether any precise conclusion can be 
drawn concerning the relation of granite and basalt. 
Taking as before 

A « granite, 

B sedimentaiy rock, 

C « basalt^ 
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the premises become A « A J, (i) 

0 = C6. (2) 

Of the eight conceivable combinations of A, B, C, five 
agree with these conditions, namely 

A 60 dBc 

Ahc ahO 

dbc. 

Selecting the combinations which contain A, we find the 
description of granite to be 

A-AJC + AJc = AJ(C + c\ 
that is, granite is not a sedimentary rock, and is either 
basalt or not-basalt. If we want a description of basalt the 
answer is of like form 


0 = AJC .|* a 5 C = SC(A + a), 
that is basalt is not a sedimentary rock, and is either 
granite or not-granite. As it is already perfectly evident 
that basalt must be either granite or not, and vice versA, 
the premises fail to give us any information on the point, 
that is to say the Method of Indirect Inference saves us 
from falling into any •fallacious conclusions. This 
example sufficiently illustrates both the fallacy of 
Negative premises and that of Undistributed ^Middle of 
the old logic. 

The fallacy called the Illicit Process of the Major Term 
is also incapable of commission in following the rules of 
the method. Our example was (p. 65) 

All planets are subject to gravity, (i) 

Fixed stars are not planets. (2) 

The false conclusion is that “ fixed stars are not subject to 
gi’avity.^' The terms are 

A = planet 

B = fixed star 

C = subject to gravity. 

And the premises are A = AC, (i) 

B = aB. (2; 

The combinations which remain uncontradicted on com* 
parison with these premises are 

A^C cL^o 

aBC alG 

For fixed star we have the description 
B = aBO dBCj, 
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that is, ^ a fixed star is not a planet, but is either subject 
or not, as the case may be, to gravity.” Here we have no 
conclusion concerning the connection of fixed stars and 
gravity. 


The Logical Abacus, 

The Indirect Method of Inference has now been suffi- 
ciently described, and a careful examination of its powers 
will show that it is capable of giving a full analysis and 
solution of every question involving only logical relations. 
The chief difficulty of the method consists in the great 
number of combinations which may have to be examined ; 
not only may the requisite labour become formidable, but 
a considerable chance of mistake arises. I have therefore 
given much attention to modes of facilitating the work, 
and have succeeded in reducing the method to an almost 
mechanical form. It soon appeared obvious that if the 
conceivable combinations of the Logical Alphabet, for any 
number of letters, instead of being printed in fixed order 
on a piece of paper or slate, were marked upon light 
movable pieces of wood, mechanical arrangements could 
readily be Revised for selecting any required class of the 
combinations. The labour of comparison and rejection 
might thus be immensely reduced. This idea was first 
carried out in the Logical Abacus, which I have found 
useful in the lecture-room for exhibiting the complete 
solution of logical problems. A minute description of the 
construction and use of the Abacus, together with figures 
of the parts, has already been given in my essay called 
The 8ub4itution of Similars^ and I will here give only 
a general description. 

The Logical Abacus consists of a common school black- 
board placed in a sloping position and furnished with four 
horizontal and equi-distant ledges. The combinations 
of the letters shown in the first four columns of the 
Logical Alphabet are printed in somewhat large type, 
so that each letter is about an inch from the neighbour- 
ing one, but the letters are placed one above the other 
instead of being in horizontal lines as in p. 94 ."" Each 
combination of letters is separately fixed to the surface of 

^ Pp* 55— 59> Bi— 86. 
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a thin slip of wood one inch broad and about one-eighth 
inch thick. Short steel pins are then driven in an inclined 
position into the wood. When a letter is a large capital 
representing a positive term, the pin is fixed in the upper 
part of its space ; when the letter is a small italic repre- 
senting a negative term, the pin is fixed in the lower part 
of the space. Now, if one of the series of combinations 
be ranged upon a ledge of the black-board, the sharp edge 
of a flat rule can be inserted beneath the pins belonging to 
any one letter — say A, so that all the combinations marked 
A can be lifted out and placed upon a separate ledge. 
Thus we have represented the act of thought which 
separates the class A from what is not- A. The operation 
can be repeated ; out of the A’s we can in like manner 
select those which are B*s, obtaining the AB's ; and in like 
manner we may select any other classes such as the aB’s, 
the a&’s, or the a&c’s. 

If now we take the series of eight combinations of the 
letters A, B, C, a, &, c, and wish to analyse the argument 
anciently called Barbara, having the premises 

A = AB (I) 

B = BC, ^ (2) 

we proceed as follows — We raise the combinations marked 
a, leaving the A’s behind ; out of these A’s we move to a 
lower ledge such as are &s, and to the i*emaining AB's 
we join the a's which have been raised. The result is that 
we have divided all the combinations into two classes, 
namely, the A5’s which are incapable of existing consist- 
ently with premise (i), and the combinations which are 
consistent with the premise. Turning now to the second 
premise, we raise out of those which agree with (i) the &’s, 
then we lower the Bc’s ; lastly we join the 5’s to the EC’s. 
We now find our combinations arranged as below. 



The lower line contains all the combinations which are 
inconsistent with either premise ; we have carried out in a 
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mechanical manner that exclusion of self-contradictories 
which was formerly done upon the slate or upon paper. 
Accordingly, from the combinations remaining in the upper 
line we can draw any inference which the premises yield. 
If we raise the A*s we find only one, and that is C, so 
tW A must be 0 . If we select the c’s we again find only 
one, which is a and also h ; thus we prove that not-C is 
not-A and not-B, 

When a disjunctive proposition occurs among the 
premises the requisite movements become rather more 
complicated. Take the disjunctive argument 
A is either B or 0 or D, 

A is not C and not D, 

Therefore A is B. 

The premises are represented accurately as follows : — 

A- AB + AC + AD (I) 

A = Ac ( 2 ) 

A = Ad, (3) 

As there are four terms, we choose the series of sixteen 
combinations and place them on the highest ledge of the 
board but one. We raise the a's and out of the As, which 
remain, we lower the Vs, But we are not to reject all the 
A6’s as contradictory, because by the first premise A’s 
may be either B's or C*s or D’s. Accordingly out of the 
A6’s we must select the c’s, and out of these again the d*s, 
so that only Abed will remain to be rejected finally. 
Joining all the other fifteen combinations together again, 
and proceeding to premise (2), we raise the a's and lower 
the AC’s, and thus reject the combinations inconsistent 
with (2) ; similarly we reject the AD’s which are incon- 
sistent with (3). It will be found that there remain, in 
addition to all the eight combinations containing a, only 
one containing A, namely 

ABcd, 

whence it is apparent that A must be B, the ordinary 
conclusion of the argument. 

In my Substitution of Similars ” (pp. 56 — 59) I have 
described the working upon the Abacus of two other 
logical problems^ which it would be tedious to repeat in 
tMs place. 
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The Logical Machine. 

Although the Logical Abacus considerably reduced the 
labour of using the Indirect Method, it was not free from 
the possibility of error. I thought moreover that it would 
afford a conspicuous proof of the generality and power of 
the method if I could reduce it to a purely mechanical 
form. Logicians had long been accustomed to speak of 
Logic as an Organon or Instrument, and even Lord Bacon, 
while he rejected the old syllogistic logic, had insisted, in 
the second aphorisin of his " New Instrument,'' that the 
mind required some kind of systematic aid. In the 
kindred science of mathematics mechanical assistance of 
one kind or another had long been employed. Orreries, 
globes, mechanical clocks, and such Uke instruments, 
are really aids to calculation and are of considerable 
antiquity. The Arithmetical Abacus is still in common 
use in Eussia and China. The calculating machine of 
Pascal is more than two centuries old, having been con- 
structed in 1642-45. M. Thomas of Colmar manufactures 
an arithmetical machine on Pascal's principles which is 
employed by engineers and others who need frequently 
to multiply or divide. To Babbage and Scheutz is due 
the merit of embodying the Calculus of Differences in a 
machine, which thus became capable of calculating the 
most complicated tables of figures. It seemed strange 
that ill the more intricate science of quantity mechanism 
should be applicable, whereas in the simple science of 
qualitative reasoning, the ayllogism was only called an 
instrument by a figure of speech. It is true that Swift 
satirically described the Professors of Laputa as in pos- 
session of a thinking machine, and in 1851 Mr. Alfred 
Smee actually proposed the construction of a Eelational 
machine and a Differential machine, the first of which 
would be a mechanical dictionary and the second a mode 
of comparing ideas; but with these exceptions I have 
not yet met with so much as a suggestion of a reasoning 
machine. It may be added that Mr. Smee's designs, though 
highly •ingenious, appear to be impracticable, and in any 
case they do not attemptthe performanceof logicalinference.^ 

' See his work called The Proem of Thov^ht edapted io Words and 
Language^ together toith a Description of the Eelational and Differ* 
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The Lojijical Abacus soon suggested the notion of a 
Logical Machine, which, after two unsuccessful attempts, 
I succeeded in constructing in a comparatively simple and 
eflfective form. The details of the Logical Machine have 
been fully described by the aid of plates in the Philo- 
sophical Transactions,^ and it would be needless to repeat 
the account of the. somewhat intricate movements of the 
machine in this place. 

The general appearance of the machine is shown in a 
plate facing the title-page of this volume. It somewhat 
resembles a very small upright piano or organ, and has a 
keyboard containing- twenty-one keys. These keys are of 
two kinds, sixteen of them representing the terms or 
letters A, a, B, 6, C, c, D, d, which have so often been 
employed in our logical notation. When letters occur on 
the left-hand side of a proposition, formerly called the 
subject, each is represented by a key on the left-hand half 
of the keyboard ; but when they occur on the right-hand 
side, or as it used to be called the predicate of the pro- 
position, the letter-keys on the right-hand side of the 
keyboard are the proper representatives. The five other 
keys may be called operation keys, to distinguish them 
from the letter or term keys. They stand for the stops, 
copula, and . disjunctive conjunctions of a proposition. 
The middle key of all is the copula, to be pressed when 
the verb is or the sign = is met. The key to the extreme 
right-hand is called the Full Stop, because it should be 
pressed when a proposition is completed, in fact in the 
proper place of the full stop. The key to the extreme 
left-hand is used to terminate an argument or to restore 
the machine to its initial condition ; it is called the Finis 
key. The last keys but one on the right and left com- 
plete the whole series, and represent the conjunction or in 
its unexclusive meaning, or the sign -I* which I have 
employed, according as it occurs in the right or left hand 
side of the proposition. The whole keyboard is arranged 
as shown on the next page — 

miial Machines, Also Philosophical Transactions, [1870] voL 160, 
p. 518. 

i Philosophical Transactions yo\, 160, p. 497. Proceedings 
of the Jdoyai Society, vol, xvUi. p. 166, Jan. 20 1870. Natwre, vol. i. 
P* -343. 
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To work the machine it is only requisite to press the 
keys in succession as indicated by the letters and signs of 
a symbolical proposition. All the premises of an argu- 
ment are supposed to be reduced to the simple notation 
which has been employed in the previous pages. Taking 
then such a simple proposition as 
A = AB, 

we press the keys A (left), copula, A (right), B (right), and 
full stop. 

If there be a second premise, for instance 
B = BC, 

we press in like manner the keys — 

B (left), copula, B (right), C (right), full stop. 

The process is exactly the same however numerous the 
premises may be. When they are completed the operator 
will see indicated on the face of tlie machine the exact 
combinations of letters which are consistent with the 
premises according to the principles of thought. 

As shown in the figure opposite the title-page, the 
machine exhibits in front a Logical Alphabet of sixteen 
combinations, exactly like that of the Abacus, except 
that the letters of each combination are separated by a 
certain interval. After the above problem has been 
worked upon the machine the Logical Alphabet will have 
been modified so as to present the following appearance — 
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The operator will readily collect the various conclusions 
in the manner described in previous pages, as, for in- 
stance that A is always C, that not-0 is not-B and not- 
A ; and not-B is not-A but either 0 or not-0. The results 
are thus to be read off exactly as in the case of the 
Logical Slate, or the Logical Abacus. 

Disjunctive propositions are to be treated in an exactly 
similar manner. Thus, to work the premises 
A = AB .|.AC 
B + C = BD -I* CD, 

it is only necessary to press in succession the keys 
A (left), copula, A (right), B, -I*, A,C, full stop. 

B (left), -I* , C, copula, B (right), D, *1* , C,D, full stop. 
The combinations then remaining will be as follows 
ABCD oBCD abcD 

ABcD aBcD abed. 

A6CD ahCB 

On pressing the left-hand key A, all the possible com- 
binations which do not contain A will disappear, and the 
description of A may be gathered from what remain, 
namely that it is always D. The full-stop key restores all 
combinations consistent with the premises and any other 
selection may be made, as say not-D, which will be found 
to be always not-A, not-B, and not-C. 

At the end of every problem, when no further questions 
need be addressed to the machine, we press the Finis 
key, which has the effect of bringing into view the whole 
of the conceivable combinations of the alphabet. This 
key in fact obliterates the conditions impressed upon the 
machine by moving back into their ordinary places those 
combinations which had been rejected as inconsistent with 
the premises. Before beginning any new problem it is 
requisite to observe that tlie whole sixteen combinations 
are visible. After the Finis key has been used the machine 
represents a mind endowed with powers of thought, but 
wholly devoid of knowledge. It would not in that con- 
dition give any answer but such as would consist in the 
primary laws of thought themselves. But when any pro- 
position is worked upon the keys, the machine analyses 
and digests the meaning of it and becomes charged with 
the knowledge embodied in that proposition. Accordingly 
it is able to return as an answer any description of a term 
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or class so far as furnished by that proposition in accordance 
with the Laws of Thought The machine is thus the em- 
bodiment of a true logical system. The combinations are 
classified, selected or rejected, just as they should be by a 
reasoning mind, so that at each step in a problem, the 
Logical Alphabet represents the proper condition of a mind 
exempt from mistake. It cannot be asserted indeed that 
the machine entirely supersedes the agency of conscious 
thought; mental labour is required in interpreting the 
meaning of gi'ammatical expressions, and in correctly im- 
pressing that meaning on the machine ; it is further required 
in gathering the conclusion from the remaining combina- 
tions. Nevertheless the true process of logical inference 
is really accomplished in a purely mechanical manner. 

It is worthy of remark that the machine can detect any- 
self-contradiction existing between the premises presented 
to it ; should the premises be self-contradictory it will be 
found that one or more of the letter-terms disappears 
entirely from the Logical Alphabet. Thus if we work the 
two propositions, A is B, and A is not-B, and then inquire 
for a description of A, the machine will refuse to give it 
by exhibiting no combination at all containing A. This 
result is in agreement with the law, which I have ex- 
plained, that every term must have its negative (p. 74). 
Accordingly, whenever any one of the letters A, B, 0 , D, a, 
6, c, d, wholly disappears from the alphabet, it may be 
safely inferred that some act of self-contradiction has been 
committed. 

It ought to be carefully observed that the logical 
machine cannot receive a simple identity of the form 
A = B except in the double form of A = B and B = A. 
To work the proposition A = B, it is therefore necessary to 
press the keys — 

A (left), copula, B (right), full stop ; 

B (left), copula, A (right), full stop. 

The same double operation will be necessary whenever the 
proposition is not of the kind called a partial identity 
(p. 40). Thus AB = CD, AB = AC,’ A = B 4 C, A 4 B 
= C ®, all require to be read from both ends separately. 

The proper rule for using the machine may in fact be 
given in the following way : — (i) Bead each proposition as 
it stands, and play the corresponding keys : (2) Convert tlve 
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proposition and road and play ike keys again in the trans^ 
posed order of the terras. So long as this rule is observed 
the true result must always be obtained. There can be no 
mistake. But it will be found that in the case of partial 
identities, and some other similar forms of propositions, 
the transposed reading has no effect upon the combinations 
of the Logical Alphabet. One reading is in such cases all 
that is practically needful After some experience has 
been gained in the use of the machine, the worker naturally 
saves himself the trouble of the second reading when 
possible. 

It is no doubt a remarkable fact that a simple identity 
cannot be impressed upon the machine except in the form 
of two partial identities, and this may be thought by some 
logicians to militate against the equational mode of repre- 
senting propositions. 

Before leaving the subject I may remark that these 
mechanical devices are not likely to possess much 
practical utility. We do not require in commou life to be 
constantly solving complex logical questions. Even in 
mathematical calculation the ordinary rules of arithmetic 
ai*e generally sufficient, and a calculating machine can only 
be used with advantage in peculiar cases. But the machine 
and abacus have nevertheless two important uses. 

In the first place I hope that the time is not very far 
distant when the predominance of the ancient Aristotelian 
Logic will be a matter of history only, and when the 
teaching of logic will be placed on a footing more worthy 
of its supreme importance. It will then be found that the 
solution of logical questions is an exercise of mind at least 
as valuable and necessary as mathematical calculation. I 
believe that these mechanical devices, or something of the 
same kind, will then become useful for exhibiting to a 
class of students a clear and visible analysis of logical 
problems of any degree of complexity, the nature of each 
step being rendered plain to the eyes of the students. I 
often used the machine or abacus for this purpose in 
my class lectures while I was Professor of Logic at 
Owens College. « 

Secondly, the more immediate importance of the machine 
seems to consist in the unquestionable proof which it 
affords that correct views of the fundamental principles of 
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reasoning have now been attained, although they were 
unknown to Aristotle and his followers. The time must 
come, when the inevitable results of the admirable 
investigations of the late Dr. Boole must be recognised 
at their true value, and the plain and palpable form in 
which the machine presents those results will, I hope, hasten 
the time. Undoubtedly Boole’s life marks an era in the 
science of human reason. It may seem strange that it had 
remained for him first to set forth in its full extent the 
problem of logic, but I am not aware that anyone before 
liim had treated logic as a symbolic method for evolving 
from any premises the description of any class whatsoever 
as defined by those premises. In spite of several serious 
errors into which he fell, it will probably be allowed that 
Boole discovered the true and general form of logic, and 
put the science substantially into the form which it must 
hold for evermore. He thus effected a reform with which 
there is hardly anything comparable in the history of logic 
between his time and the remote age of Aristotle. 

Nevertheless, Boole’s quasi-mathematical system could 
hardly be regarded as a final and unexceptionable solution 
of the problem. Not only did it require the manipulation 
of mathematical symbols in a very intricate and perplexing 
manner, but the results when obtained were devoid of 
demonstrative force, because they turned upon the employ- 
ment of unintelligible symbols, acquiring meaning only by 
analogy. I have also pointed out that he imported into 
his system a condition concerning the exclusive nature of 
alternatives (p. 70), which is not necessarily true of logical 
terms, I shall have to show in the next chapter that logic 
is really the basis of the whole science of mathematical 
reasoning, so that Boole inverted the true order of proof 
when he proposed to infer logical truths by algebraic 
processes. It is wonderful evidence of his mental power 
that by methods fundamentally false he should have 
succeeded in reaching true conclusions and widening the 
sphere of reason. 

The mechanical performance of logical inference affords 
a demonstration both of the truth of Boole’s results and 
of the mistaken nature of his mode of deducing them. 
Conclusions which he could obtain only by pages of intri- 
cate calculation, are exhibited by the machine after one or 

1 
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two minutes of manipulation. And not only are those 
conclusions easily reached, but they are demonstratively 
true, because every step of the process involves nothing 
more obscure than the three fundamental Laws of Thought. 

jf%e Order of Premises, 

Before quitting the subject of deductive reasoning, I 
may remark that the order in which the premises of an 
argument are placed is a matter of logical indifference. 
Much discussion has taken place at various times con- 
cerning the arrangement of the premises of a syllogism ; 
and it has been generally held, in accordance with the 
opinion of Aristotle, that the so-called major premise, 
containing the major term, or the predicate of the con- 
clusion, should stand first. This distinction however falls 
to the ground in our system, since the proposition is 
reduced to an identical form, in which there is no distinc- 
tion of subject and predicate. In a strictly logical point 
of view the order of statement is wholly devoid of 
significance. The premises are simultaneously coexistent, 
and are not related to each other according to the properties 
of space and time. Just as the qualities of the same 
object are neither before nor after each other in nature 
(p. 33), and are only thought of in some one order owing 
to the limited capacity of mind, so the premises of an 
argument are neither before nor after each other, and are 
only thought of in succession because the mind cannot 
grasp many ideas at once. The combinations of the 
logical alphabet are exactly the same in whatever order 
the premises be treated on the logical slate or machine. 
Some difference may doubtless exist as regards convenience 
to human memory. The mind may take in the results 
of an argument more easily in one mode of statement 
than another, although there is no real difference in the 
logical results. But in tliis point of view I think that 
Aristotle Aid the old logicians were clearly wrong. It is 
more easy to gather the conclusion that aU A's are C’s ” 
f^m "all As are B's and all B's are C’s,'* thanofrom the 
skme propositions in inverted order, " all B’s are C’s and 
all A’s are B’s,” 
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The EqyiivaUnjee of Propositions 

One great advantage which arises from the study of 
this Indirect Method of Inference consists in the clear 
notion which we gain of the Equivalence of Propositions. 
The older logicians showed how from certain simple 
premises we might draw an inference, but they failed to 
point out whether that inference contained the whole, or 
only a part, of the information embodied in the premises. 
Any one proposition or group of propositions may be 
classed with respect to another proposition or group of 
propositions, as 

1. Equivalent, 

2. Inferrible, 

3. Consistent, 

4. Contradictory. 

Taking the proposition ‘"All men are mortals” as the 
original, then “ All immortals are not men ” is its equiva- 
lent ; ‘‘ Some mortals are men ” is inferrible, or capable of 
inference, but is not equivalent; “All not-men are not 
mortals” cannot be inferred, but is consistent, that is, 
may be true at the same time ; “ All men are immortals ” 
is of course contradictory. 

One sufficient test of equivalence is capability of mutual 
inference. Thus from 

All electrics = all non-conductors, 

I can infer 

All non-electrics = all conductors, 
and vice versd from the latter I can pass back to the 
former. In short, A = B is equivalent to a = 6. Again, 
from the union of the two propositions, A = AB and 
B = AB, I get A = B, and from this I might as easily 
deduce the two with which I started. In this case one 
proposition is equivalent to two other propositions. There 
are in fact no less than four modes in which we may 
express the identity of two classes A and B, n^ely, 

FIRST MODE. SECOND MODE. THIRD MODE. FOURTH MODE. 

A T> ^ - 7; = AB -1 a = ab) 

A-:^ a-6 B = ABJ A = aJJ 

The Indirect Method of Inference furnishes a universal 
and clear criterion as to the relationship of propositions. 
The import of a statement is always to be measured by 

I 2 
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the combinations of terms which it destroys. Hence two 
propositions are equivalent when they remove the same 
combinations from the Logical Alphabet, and neither more 
nor less. A proposition is inferrible but not equivalent to 
another when it removes some but not all the combinations 
which the other removes, and none except what this 
. other removes. Again, propositions are consistent provided 
that they jointly allow each term and the negative of 
each term to remain somewhere in the Logical Alphabet. 
If after all the combinations inconsistent with two propo- 
sitions are struck out, there still appears each of the letters 
A, a, B, C, c, D, d, which were there before, then no 
inconsistency between the propositions exists, although 
they may not be equivalent or even inferrible. Finally, 
contradictory propositions are those which taken together 
remove any one or more letter-terms from the Logical 
Alphabet. 

What is true of single propositions applies also to groups 
of propositions, however large or complicated ; that is to 
say, one group may be equivalent, inferrible, consistent, 
or contradictory as regards another, and we may similarly 
compare one proposition with a group of propositions. 

To give in this place illustrations of all the four kinds 
of relation would require much space : as the examples 
given in previous sections or chapters may serve more or 
less to explain the relations of inference, consistency, and 
contradiction, I will only add a few instances of equivalent 
propositions or groups. 

In the following list each proposition or group of pro- 
positions is exactly equivalent in meaning to the corre- 
sponding one in the other column, and the truth of this 
statement may be tested by working out the combinations 
of the alphabet, which ought to be found exactly the same 
in the case of each pair of equivalents. 

A ~ A6 B = aB 

A = 6 . . • • . a = B 

A ~ BC a = J •[• c 

A = AB + AC. . . J-ai + AJC 
A*1-B = C.|.D . ... ob^cd 
A-l- c = Bid . . , . aO « &D 

A.A& + ASO 
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A = B1 fA = B 

B = Cj " • • tA = C 

A = AB \ r A = AC 

B = BCj • • • t B=: A + aBO 

Although in these and many other cases the equivalents 
of certain propositions can readily be given, yet I believe 
that no uniform and infallible process can be pointed out 
by which the exact equivalents of premises can be 
ascertained. Ordinary deductive inference usually gives 
us only a portion of the contained information. It is 
true that the combinations consistent with a set of 
premises may always be thrown into the form of a 
proposition which must be logically equivalent to those 
premises ; but the difficulty consists in detecting the other 
iorms of propositions which will be equivalent to the 
premises. The task is here of a different character from 
any which we have yet attempted. It is in reality an 
inverse process, and is just as much more troublesome and 
uncertain than the direct process, as seeking is compared 
with hiding. Not only may several different answers 
equally apply, but there is no method of discovering any 
of those answers except by repeated trial. The problem 
which we have here met is really that of induction, the 
inverse of deduction ; and, as I shall soon show, induction 
is always tentative, and, unless conducted with peculiar 
skill and insight, must be exceedingly laborious in cases 
of complexity. 

De Morgan was unfortunately led by this equivalence of 
propositions into the most serious error of his ingenious 
system of Logic. He held that because the proposition 
All As are all B's,” is but another expression for the 
two propositions ‘‘ All A’s are B’s ” and “ All B's are As, 
it must be a composite and not really an elementary form 
of proposition.^ But on taking a general view of the 
equivalence of propositions such an objection seems to 
have no weight. Logicians have, with few^xceptions, 
persistently upheld the original error of Jffiistotle in 
rejecting from their science the one simple relation of 
identity •n which all more complex logical relations must 
really rest, 

^ Syllabus of a^propostd system of Logic, §§ 57, 12 1, &c. Formal 
Logic, p. 66. 
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The Nature of Inference, 

The question, What is Inference ? is involved, even to 
the present day, in as much uncertainty as that ancient 
question, What is Truth ? I shall in more than one part 
of this work endeavour to show that inference never does 
more than explicate, unfold, or develop the information 
contained in certain premises or facts. Neither in deduc- 
tive nor inductive reasoning can we add a tittle to our 
implicit knowledge, which is like that contained in an 
unread book or a sealed letter. Sir W. Hamilton has well 
said, “Eeasoning is the showing out explicitly that a 
proposition not granted or supposed, is implicitly contained 
in something different, which is granted or supposed.” ^ 

Professor Bowen has explained^ with much clearness 
that the conclusion of an argument states explicitly what is 
virtually or implicitly thought. “ The process of reasoning 
is not so much a mode of evolving a new truth, as it is of 
establishing or proving an old one, by showing how much 
was admitted in the concession of the two premises taken 
together.” It is true that the whole meaning of these 
statements rests upon that of such words as explicit,” 
implicit,” " virtual.” That is implicit which is wrapped 
up, and we render it explicit when we unfold it. Just as 
the conception of a circle involves a hundred important 
geometrical properties, all following from what we know, 
if we have acuteness to unfold the results, so every fact 
and statement involves more meaning than seems at first 
sight. Eeasoning explicates or brings to conscious posses- 
sion what was before unconscious. It does not create, nor 
does it destroy, but it transmutes and throws the same 
matter into a new form. 

The difficult question still remains. Where does novelty 
of form begin? Is it a case of inference when we pass 
from “ Sincerity is the parent of truth ” to The parent of 
truth is sincerity?” The old logicians would have called 
this change conversion, one case of immediate inference. But 
as all identity is necessarily reciprocal, and t^he very 
meaning of such a proposition is that the two terms are 

^ Lectures on Metaphysics, vol. iv. p. 369. 

* Bowen, Treatise on Logic, Cambridge, IJ.S., 1866 ; p. 362. 
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identical in their signification, I fail to see any difference 
between the statements whatever. As well might we say 
that y and y ^ x are different equations. 

Another point of difficulty is to decide when a change 
is merely grammatical and when it involves a real logical 
transformation. Between a table of wood and a wooden 
table there is no logical difference (p. 31 ), the adjective 
being merely a convenient substitute for the prepositional 
phrase. But it is uncertain to my mind whether the 
change from " All men are mortal ” to No men are not 
mortal” is purely grammatical. Logical change may 
perhaps be best described as consisting in the determination 
of a relation between certain classes of objects from a 
relation between certain other classes. Thus I consider 
it a truly logical inference when we pass from “ All men 
are mortal” to ‘'All immortals are not-men,’* because the 
classes immortals and not-men are different from mortals 
and meny and yet the propositions contain at the bottom the 
very same truth, as shown in the combinations of the 
Logical Alphabet. 

The passage from the qualitative to the quantitative 
mode of expressing a proposition is another kind of change 
which we must discriminate from true logical inference. 
We state the same truth when we say that “mortality 
belongs to all men/’ as when we assert that “ all men are 
mortals.” Here we do not pass from class to class, but 
from one kind of term, the abstract, to another kind, the 
concrete. But inference probably enters when we pass 
from either of the above propositions to the assertion that 
the class of immortal men is zero, or contains no objects. 

It is of course a question of words to what processes we 
shall or shall not apply the name “ inference,” and I have 
no wish to continue the trifling discussions which have 
already taken place upon the subject. What we need to 
do is to define accurately the sense in which we use the 
word “inference,” and to distinguish the relation of in- 
ferrible propositions from other possible relations. It 
seems to be sufficient to recognise four modes in which 
two apparently different propositions may be related. 
Thus two propositions may be — 

I. Tautologoii^ ox identicaly the same relation 

between the same terms and classes, and only differing in 
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the order of statement ; thus Victoria is the Queen of 
England ” is tautologous with " The Queen of England is 
Victoria.” 

2. QramrmticaXly related, when the classes or objects 
are the same and similarly related, and the only difference 
is in the words ; thus “ Victoria is the Queen of England ” 
is grammatically equivalent to “Victoria is England’s 
Queen.” 

3. Equivalents in qualitative and quantitative form, the 
classes being the same, but viewed in a different manner. 

4. Logically infernlle, one from the other, or it may be 
equivalent, when the classes and relations are different, but 
involve the same knowledge of the possible combinations. 



CHAPTEE VIL 

INDUCTION. 

We enter in this chapter upon the second great de- 
partment of logical method, that of Induction or the 
Inference of general from particular truths. It cannot 
be said that the Inductive process is of greater importance 
than the Deductive process already- considered, because the 
latter process is absolutely essential to the existence of 
the former. Each is the complement and counterpart of 
the other. The principles of thought and existence which 
underlie them are at the bottom the same, just as subtrac- 
tion of numbers necessarily rests upon the same principles 
as addition. Induction is, in fact, the inverse operation 
of deduction, and cannot be conceived to exist without 
the corresponding operation, so that the question of re- 
lative importance cannot arise. Who thinks of asking 
whether addition or subtraction is the more important 
process in arithmetic? But at the same time much 
difference in difficulty may exist between a direct and 
inverse operation; the integral calculus, for instance, is 
infinitely more difficult than the differential calculus of 
which it is the inverse. Similarly, it must be allowed 
that inductive investigations are of a far higher degree of 
difficulty and complexity than any questions of deduction ; 
and it is this fact no doubt which led some logicians, such 
as Francis Bacon, Locke, and J. S. Mill, to erroneous 
opinions*concerning the exclusive importance of induction. 

Hitherto we have been engaged in considering how from 
certain conditions, laws, or identities governing the com- 
binations of qualities, we may deduce the nature of the 
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combinations agreeing with those conditions. Our work 
has been to unfold the results of what is contained in any 
statements, and the process has been one of Synthesis, 
The terms or combinations of which the character has 
been determined have usually, though by no means always, 
involved more qualities, and therefore, by the relation of 
extension and intension, fewer objects than the terms in 
which they were described. The truths inferred were thus 
usually less general than the truths from which they were 
inferred. 

In induction all is inverted. The truths to be ascer- 
tained are more general than the data from which they 
are drawn. The process by which they are reached is 
analytical, and consists in separating the complex com- 
binations in which natural phenomena are presented to 
us, and determining the relations of separate qualities. 
Given events obeying certain unknown laws, we have to 
discover the laws obeyed. Instead of the comparatively 
easy task of finding what eifects will follow from a given 
law, the effects are now given and the law is required. 
We have to interpret the will by which the conditions 
of creation were laid down. 

Induction an Inverse Operation 

I have already asserted that induction is the inverse 
operation of deduction, but the difference is one of such 
great importance that I must dwell upon it. There are 
many cases in which we can easily and infallibly do a 
certmn thing but may have much trouble in undoing it. 
A person may walk into the most complicated labyrinth 
or the most extensive catacombs, and turn hither and thither 
at his will ; it is when he wishes to return that doubt and 
difficulty commence. In entering, any path served him ; 
in leaving, he must select certain definite paths, and in this 
selection he must either trust to memory of the way he 
entered or else make an exhaustive trial of all possible 
ways. The explorer entering a new country makes sure 
his line of return by barking the trees. 

The same difficulty arises in many scientific processes. 
Given any two numbers, we may by a simple and infallible 
process obtain their product; but when a large number 
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is given it is quite another matter to determine its factors. 
Can the reader say what two numbers multiplied together 
will produce the number 8,616,460,799? I think it 
unlikely that anyone but myself will ever know; for 
they are two large prime numbers, and can only be re- 
discovered by trying in succession a long series of prime 
divisors until the right one be fallen upon. The work 
would probably occupy a good computer for many weeks, 
but it did not occupy me many minutes to multiply the 
two factors together. Similarly there is no direct process 
for discovering whether any number is a prime or not ; it 
is only by exhaustively trying all inferior numbers which 
could be divisors, that we can show there is none, and the 
labour of the process would be intolerable were it not per- 
formed systematically once for all in the process known as 
the Sieve of Eratosthenes, the results being registered in 
tables of prime numbers. 

The immense difficulties which are encountered in the 
solution of algebraic equations afford another illustration. 
Given any algebraic factors, we can easily and infallibly 
arrive at the product ; but given a product it is a matter 
of infinite difficulty to resolve it into factors. Given any 
series of quantities however numerous, there is very little 
trouble in making an equation which shall have those 
quantities as roots. Let a, &, c, d, &c., be the quantities ; 

then (x — a) (a? — b) (x — c) (x - d) = o 

is the equation required, and we only need to multiply out 
the expression on the left hand by ordinary rules. But 
having given a complex algebraic expression equated to 
zero, it is a matter of exceeding difficulty to discover all 
the roots. Mathematicians have exhausted their highest 
powers in carrying the complete solution up to the fourth 
degree. In every other mathematical operation the inverse 
process is far more difficult than the direct process, sub- 
traction than addition, division than multiplication, evo- 
lution than involution ; but the difficulty increases vastly 
as the process becomes more complex. Differentiation, 
the direct process, is always capable bf performance by 
fixed rifles, but as these rules produce considerable variety 
of results, the inverse process of integration presents im- 
mense difficulties, and in an infinite majority of cases 
surpasses the present resources of mathematicians. There. 
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are no infallible and general rules for its accomplishment ; 
it must be done by trial, by guesswork, or by remembering 
the results of differentiation, and using them as a guide. 

Coming more nearly to our own immediate subject, 
exactly the same difficulty exists in determining the law 
which certain things obey. Given a general mathematical 
expression, we can infallibly ascertain its value for any 
required value of the variable. But I am not aware that 
mathematicians have ever attempted to lay down the rules 
of a process by which, having given certain numbers, one 
might discover a rational or precise formula from which 
they proceed. The reader may test his power of detecting 
a law, by contemplation of its results, if he, not being a 
mathematician, will attempt to point out the law obeyed 
by the following numbers : 

i i. JL i. i. i21 1 ^3867 . 

6 ’ 30’ 42’ 30’ 66’ 9730’ 6’ 510 ’ 798 ’ 

These numbers are sometimes in low terms, but un- 
expectedly spring up to high terms ; in absolute magnitude 
they are very variable. They seem to set all regularity 
and method at defiance, and it is hardly to be supposed 
that anyone could, from contemplation of the numbers, 
have detected the relations between them. Yet they are 
derived from the most regular and symmetrical laws of 
relation, and are of the highest importance in mathematical 
analysis, being known as the numbers of Bernoulli. 

Compare again the difficulty of decyphering with that 
of cyphering. Anyone can invent a secret language, and 
with a little steady labour can translate the longest letter 
into the character. But to decypher the letter, having no 
key to the signs adopted, is a wholly different matter. 
As the possible modes of secret writing are infinite in 
number and exceedingly various in kind, there is no direct 
mode of discovery whatever. Bepeated trial, guided more 
or less by knowledge of the customary form of cypher, and 
resting entirely on the principles of probability and logical 
induction, is the only resource. A peculiar tact or skill is 
requisite for the process, and a few men, such as YTallis or 
Wheatstone, have attained great success. 

Induction is the decyphering of the hidden meaning of 
\natural phenomena. Given events which happen in certain 
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definite combinations, we are required to point out tbe 
laws which govern those combinations. Any laws being 
supposed, we can, with ease and certainty, decide whether 
the phenomena obey those laws. But the laws which may 
exist are infinite in variety, so that the chances are im- 
mensely against mere random guessing. The difiiculty is 
much increased by the fact that several laws will usually 
be in operation at the same time, the effects of which 
are complicated together. The only modes of discovery 
consist either in exhaustively trying a great number of 
supposed laws, a process which is exhaustive in more 
senses than one, or else in carefully contemplating the 
effects, endeavouring to remember cases in which like 
effects followed from known laws. In whatever manner 
we accomplish the discovery, it must be done by the more 
or less conscious application of the direct process of, 
deduction. 

The Logical Alphabet illustrates induction as well as 
, deduction. In considering the Indirect Process of Inference 
I we found that from certain propositions we could infallibly 
I determine the combinations of terms agreeing with those 
^premises. The inductive problem is just the inverse. 
Having given certauu combinations of terms, we need to 
ascertain the propositions with which the combinations are 
consistent, and from which they may have proceeded. 
Now, if the reader contemplates the following combina- 
tions, 

ABC abG 

aBG abc, 

he will probably remember at once that they belong to the 
premises A = AB, B = BC (p. 92). If not, he will require 
a few trials before he meets with the right answer, and 
every trial will consist in assuming certain laws and 
observing whether the deduced results agree with the data. 
To test the facility with which he can solve this inductive 
problem, let him casually strike out any of the combina- 
tions of the fourth column of the Logical Alphabet, (p. 94), 
and say what laws the remaining combinations obey, 
observing that every one of the letter-terms and their 
negatives ought to appear in order to avoid self-contradic- 
tion in the premises (pp. 74, iii). Let him say, for 
instance, what laws are embodied in the combinations 
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ABC aBC 

Ahc a&C. 

The difficulty becomes much greater when more terms 
enter into the combinations. It would require some little 
examination to ascertain the complete conditions fulfilled 
in the combinations 

ACe ahCe 

oRGe aicE. 

aRcdE 

The reader may discover easily enough that the principal 
laws are 0 = e, and A = Ae ; but he would hardly discover 
without some trouble the remaining law, namely, that 
BD = BDg. 

The difi&culties encountered in the inductive investigations 
of nature, are of an exactly similar kind. We seldom 
observe any law in uninterrupted and undisguised opera- 
tion. The acuteness of Aristotle and the ancient Greeks 
did not enable them to detect that all terrestrial bodies 
tend to fall towards the centre of the earth. A few nights 
of observation might have convinced an astronomer 
viewing the solar system from its centre, that the planets 
travelled round the sun ; but the fact that our place of 
observation -is one of the travelling planets, so complicates 
the apparent motions of the other bodies, that it required 
all the sagacity of Copernicus to prove the real simplicity 
of the planetary system. . It is the same throughout 
nature; the laws may be simple, but their combined 
effects are not simple, and we have no clue to guide us 
through their intricacies. “ It is the glory of God,” said 
Solomon, to conceal a thing, but the glory of a king to 
search it out.” The laws of nature are the invaluable 
secrets which God has hidden, and it is the kingly pre- 
rogative of the philosopher to search them out by industry 
and sagacity. 

Inductive Problems for Solution by the Reader, 

In the first edition (vol. ii. p. 370) I gave a logical 
problem involving six terms, and requested readers to 
discover the laws governing the combinations given. I 
received satisfactory replies from readera both in the 
United States and in England. I formed the combina- 



Til.] 


INDUCTION. 


127 


tions deductively from four laws of oorrectiou, but luy 
correspondents found that three simpler laws, equivalent 
to the four more complex ones, were the best answer ; these 
laws are as follows : a — ac, & = cdy d^'Ef. 

In case other readers should like to test their skill in the 
inductive or inverse problem, I give below several series 
of combinations forming problems of graduated difficulty. 


Problem x. 


A B c 
A 6 C 
a B C 


Problem it. 

ARC 
A ft C 
« R C 
a B c 


Problem hi. 

ABC 
A ft C 
a B C 
a B c 
a b 0 


Problem iv 

ABCD 
A ft c T) 
a B c d 
a b C d 


Problem t. 

ABCD 
A B G d 
A B c d 


A ftCD 
A ft c D 
a B C D 
a B c D 
a B c d 
a ft G d 


Problem vi. 

ABCDE 
A B C d e 
AB cD E 
A B c d e 
AftCDE 
a B C D E 
a B C d e 
a ft C D B 
a ft 6 d e 


Problem vxi. 

A ft c D e 
aBC d B 
a ft C d £ 


Problem viii. 

ABCDE 
ABC De 
A B C d e 
A B c d e 
AftCDE 
A ft c d E 
Abode 
a B C D e 
a B C d e 
a B c D e 


a ft C D e 
a ft G d E 
a b c J) e 
a b c d E 


Problem it. 


ABcDEF 
A B e D e F 
A ft C D e/ 
Aft c D B / 
A ft c D e / 
A ft c d E F 
A ft c d e F 
a B c D E F 
a B c D e F 
a B c d E F 
a ftC D E F 
a ft C D e F 
a ft C D e / 
a b c B e f 
o ft c D E y 
a ft c d e F 


Problem x. 


ABC DeF 
ABC D B/ 
AftCDEF 
AftC Dc F 
A ft c D e F 
aBC D E ^ 
a B c D B/ 
a ft C D e F 
a ft G d c F 
o ft c D e / 
abode/ 


Induction of Simjple Identities. 

Many important laws of nature are expressible in the 
form of simple identities, and I can at once adduce them 
as examples to illustrate what I have said of the difficulty 
of the inverse process of induction. Two phenomena are 
conjoined. Thus all gravitating matter is exactly co- 
incident with all matter possessing inertia; where one 
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property appears, the other likewise appears. ' All crystals 
of the cubical system, are all the crystals which do not 
doubly refract light. AU exogenous plants are, with some 
exceptions, those which have two cotyledons or seed-leaves. 

A little reflection will show that there is no direct and 
infallible process by which such complete coincidences 
may be discovered. Natural objects are aggregates of 
many qualities, and any one of those qualities may prove 
to be in close connection with some others. If each of a 
numerous group of objects is endowed with a hundred 
distinct physical or chemical qualities, there will be no 
less than J (lOO X 99) or 4950 pairs of qualities, which 
may be connected, and it wiU evidently be a matter of 
great intricacy and labour . to ascertain exactly which 
qualities are connected by any simple law. 

One principal source of difficulty is that the finite powers 
of the human mind are not sufficient to compare by a 
single act any large group of objects with another large 
group. We cannot hold in the conscious possession of the 
mind at any one moment more than five or six different 
ideas. Hence we must treat any more complex group by 
successive acts of attention. The reader will perceive by 
an almost individual act of comparison that the words 
Eoma and Mora contain the same letters. He may 
perhaps see at a glance whether the same is true of 
Causal and Casual, and of Logica and Caligo, To assure 
himself that the letters in Astronomers make No more 
stars, that Serjpens in almleo is an anagram of Joannes 
Keplerus, or Great gun do us a sum an anagram of Au- 
gustus de Morgan, it will certainly be necessary to break 
up the act of comparison into several successive acts. The 
process will acquire a double character, and will consist in 
ascertaining that each letter of the first group is among 
the letters of the second group, and vice versd, that each 
letter of the second is among those of the first group. 
In the same way we can only prove that two long lists of 
names are identical, by showing that each name in one 
list occurs in the other, and vice versd. 

This process of comparison really consists in establishing 
two partial identities, which are, as already shown (p. 58), 
equivalent in conjunction to one simple identity. We 
first ascertain the truth of the two propositions A = AB, 
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B » AB, and we then rise by substitution to the single 
law A = B. 

There is another process, it is true, by which we may 
get to exactly the same result ; for the two propositions 
A = AB, a = ah are also equivalent to the simple identity 
A = B. If then we can show that all objects included 
under A are included under B, and also that all objects 
not included under A are not included under B, our pur- 
pose is effected. By this process we should usually com- 
pare two lists if we are allowed to mark them. For each 
name in the first list we should strike off one in the second, 
and if, when the first list is exhausted, the second list is 
also exhausted, it follows that all names absent from the 
first must be absent from the second, and the coincidence 
must be complete. 

These two modes of proving an identity are so closely 
allied that it is doubtful how far we can detect any differ- 
ence in their powers and instances of application. The 
first method is perhaps more convenient when the pheno- 
mena to be compared are rare. Thus we prove that all 
the musical concoids coincide with all the more simple 
numerical ratios, by showing that each concord arises from 
a simple ratio of undulations, and then showing that each 
simple ratio gives rise to one of the concords. To examine 
all the possible cases of discord or complex ratio of 
undulation would be impossible. By a happy stroke of 
induction Sir John Herschel discovered that all crystals 
of quartz which cause the plane of polarization of light 
to rotate are precisely those crystals which Lave plagi- 
hedral faces, that is, oblique faces on the corners of the 
prism unsymmetrical with the ordinary faces. This 
singular relation would be proved by observing that all 
plagihedral crystals possessed the power of rotation, and 
vice versd all crystals possessing this power were plagi- 
liedraL But it might at the same time be noticed that 
all ordinary crystals were devoid of the power. There is 
no reason why we should not detect any of the four pro- 
positions A = AB, B = AB, a — ah, & = ah, aU of which 
follow frdhi A = B (p. 1 1 s). 

Sometimes the terms of the identity may be singular 
objects ; thus wq observe that diamond is a combustible gem, 
and being unable to discover any other that is, we affirm — 

K 
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Diamond = combustible gem. 

In a similar manner we ascertain that 

Mercury == metal liquid at ordinary temperatures, 
Substance of least density = substance of least atomic 
weight. 

Two or three objects may occasionally enter into the 
induction, as when we learn that 

Sodium -I- potassium = metal of less density than 
water, 

Venus Mercury -I* Mars = major planet devoid of 
satellites. 

Induction of Partial Identities, 

We found in the last section that the complete identity 
of two classes is almost always discovered not by direct 
observation of the fact, but by first establishing two 
partial identities. There are also a multitude of cases in 
which the jjartial identity of one class with another is the 
only relation to be discovered. Thus the most common of 
all inductive inferences consists in establishing the fact 
that all objects having the properties of A have also those 
of B, or that A = AB. To ascertain the truth of a pro- 
position of this kind it is merely necessary to assemble 
together, mentally or physically, all the objects included 
under A, and then observe whether B is present in each 
of them, or, which is the same, whether it would be im- 
possible to select from among them any not-B. Thus, if 
we mentally assemble together all the heavenly bodies 
which move with apparent rapidity, that is to say, the 
planets, we find that they all possess the property of not 
scintillating. We cannot analyse any vegetable substance 
without discovering that it contains carbon and hydrogen, 
but it is not true that all substances containing carbon 
and hydrogen are vegetable substances. 

The great mass of scientific tmths consists of propo- 
sitions of this form A = AB. Thus in astronomy we learn 
that all the planets are spheroidal bodies ; that they all 
revolve in one direction round the sun ; that they all shine 
by reflected light ; that they all obey the law of gravi- 
tation. But of course it is not to be asserted that all 
bodies obeying the law of gravitation, or shining by 
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reflected light, or revolving in a particular direction, or 
being spheroidal in form, are planets. In other sciences 
we have immense numbers of prapositions of the same 
form, as, for instance, all substances in becoming gaseous • 
absorb heat ; all metals are elements ; they are all good 
conductors of heat and electricity ; all the alkaline metals 
are monad elements ; all foraminifera are marine organ- 
isms ; all parasitic animals are non-mammalian ; lightning 
never issues from stratous clouds ; pumice never occurs 
where only Labrador felspar is present ; milkmaids do 
not suffer from small-pox ; and, in the works of Darwin, 
scientilic importance may attach even to such an appa- 
rently trifling observation as that “ white tom-cats having 
^lue eyes are deaf.” 

The process of inference by which all such truths are 
obtained may readily be exhibited in a precise symbolic 
form. We must have one premise specifying in a dis- 
junctive form all the possible individuals which belong 
to a class ; we resolve the class, in short, into its con- 
stituents. We then need a number of propositions, each 
of which aflii ms that one of the individuals possesses a 
certain property. Thus the premises must be of the 
forms 

A = B -I- C D + P .|. Q 

B = BX 
C = CX 


Q = QX. 

Now, if we substitute for each alternative of the first 
premise its description as found among the succeeding 
premises, we obtain 

A = BX .|. CX .|. i PX .|. QX 

or 

A==(B i C + .|. Q)X 

But for the aggregate of alternatives we may now 
substitute their ecpiivalent as given in the first premise, 
namely A, so that we get the required result : 

• A AX. 

We should have reached the same result if the first 
premise had been of the form 

A = AB «|. AC + 


•I* AQ. 
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We can always prove a proposition, if we find it more 
convenient, by proving its equivalent. To assert that all 
not-B's are not-A’s, is exactly the same as to assert that all 
A's are B*s. Accordingly we may ascertain that A = AB by 
first ascertaining that b « al. If we observe, for instance, 
that all substances which are not solids are also not capable 
of double refraction, it follows necessarily that all double 
refracting substances are solids. We may convince our- 
selves that all electric substances are nonconductors of 
electricity, by reflecting that all good conductors do not, 
and in fact cannot, retain electric excitation. When we 
come to questions of. probability it will be found desirable 
to prove, as far as possible, both the original proposition 
and its equivalent, as there is then an increased area of 
observation. 

,The number of alternatives which may arise in the 
division of a class varies greatly, and may be any number 
from two upwards. Thus it is probable that every sub- 
stance is either magnetic or diamagnetic, and no substance 
can be both at the same time. The division then must be 
made in the form 

A = ABc + AJC. 

If now we can prove that all magnetic substances are 
capable of polarity, say B = BD, and also that all dia- 
magnetic substances are capable of polarity, C = CD, it 
follows by substitution that all substances are capable of 
polarity, or A = AD. We commonly divide the class sub- 
stance into the three subclasses, solid, liquid, and gas ; and 
if we can show that in each of these forms it obeys Carnot's 
thermodynamic law, it follows that all substances obey 
that law. Similarly we may show that all vertebrate 
animals possess red blood, if we can show separately that 
fish, reptiles, birds, marsupials, and mammals possess red 
blood, there being, as far as is known, only five principal 
subclasses of vertebrata. 

Our inductions will often be embarrassed by exceptions, 
real or apparent. We might affirm that all gems are in- 
combustible were not diamonds undoubtedly combustible. 
Nothing seems more evident than that all the lAetals are 
opaque until we examine them in fine films, when gold and 
Sliver are found to be transparent. All plants absorb 
carbonic acid except certain fungi ; all the bodies of the 
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planetary system have a progressive motion from west to 
east, except the satellites of Uranus and Neptune. Even 
some of the profoundest laws of matter are not quite 
universal ; all solids expand by heat except india-rubber, 
and possibly a few other substances ; all liquids which have 
been tested expand by heat except water below 4 ° 0 . and 
fused bismuth; all gases have a coefficient of expansion 
increasing with the temperature, except hydrogen. In 
a later chapter I shall consider how such anomalous 
cases may be regarded and classitied ; here we have only to 
express them in a consistent manner by our notation. 

Let us take the case of the transparency of metals, and 
assign the terms thus : — 

A = metal D = iron 

B = gold E, E, &c. = copper, lead, &c. 

C = silver X = opaque. 

Our premises will be 

A = B 4 0 + D i;&c. 

B = Bx 
C = Caj 

E = EX, 

and so on for the rest of the metals. Now evidently 

A/;c = (X) E .|.F 4 )hc, 

and by substitution as before we shall obtain 
Abe = AbeX, 

or in words, “ All metals not gold nor silver are opaque 
at the same time w^e have 

A(B .|. C) = AB X AC = ABic 4 ACa; = A(B..|* G)x, 
or Metals which are either gold or silver are not opaque.'* 
In some cases the problem of induction assumes a much 
higher degree of complexity. If we examine the properties 
of crystallized substances we may find some properties 
which are common to all, as cleavage or fracture in definite 
planes ; but it would soon become requisite to break up 
the class into several minor ones. We should divide 
crystals according to the seven accepted systems — and we 
should then find that crystals of each system possess 
many edmmon properties. Thus crystals of the Eegular 
or Cubical system expand equally by heat, conduct heat 
and electricity with uniform rapidity, and are of like 
elasticity in all directions ; they have but one index of 
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refraction for light ; and every facet is repeated in like 
relation to each of the three axes. Crystals of the system 
having one principal axis will be found to possess the 
various^ physical powers of conduction, refraction, elas- 
ticity, &c., uniformly in directions perpendicular to the 
principal axis ; in other directions their properties vary 
according to complicated laws. The remaining systems 
in which the crystals possess three unequal axes, or have 
inclined axes, exhibit still more complicated results, the 
effects of the crystal upon light, heat, electricity, &c., 
varying in all directions. But when we pursue induction 
into the intricacies of its application to nature we really 
enter upon the subject of classification, which we must 
take up again in a later part of this work. 

Solution of the Inverse or Inductive Problem, involving 
Two Classes. 

It is now plain that Indiiction consists in passing back 
from a series of combinations to the laws by which such 
combinations are governed. The natural law that all 
metals are conductors of electricity really means that in 
nature we find three classes of objects, namely — 

1. Metals, conductors ; 

2. Not-nietals, conductors ; 

3. Not-metals, not- conductors. 

It comes to the same thing if we say that it excludes the 
existence of the class, “metals not-conductors.” In the 
same way every other law or group of laws will really 
mean the exclusion from existence of certain combinations 
of the things, circumstances or phenomena governed by 
those laws. Now in logic, strictly speaking, we treat not 
the phenomena, nor the laws, but the general forms of the 
law’s ; and a little consideration will show that for a finite 
number of things the possible number of forms or kinds 
pf law governing them must also be finite. Using general 
terms, we know that A and B can be present or absent in 
four ways and no more — thus : 

AB, AJ, aB, ah ; 

therefore every possible law which can exist concerning 
the relation of A and B must be marked by the exclusion 
of one or more of the above combinations. The number 
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of possible laws then cannot exceed the number of selec- 
tions which we can make from these four combinations. 
Since each combination may be present or absent, the 
number of cases to be considered is 2 x 2 x 2 x 2, or sixteen ; 
and these cases are all shown in the following table, in 
which the sign o indicates absence or non-existence of the 
combination shown at the left-hand column in the same 
line, and the mark i its presence : — 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 
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* 
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AB 
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0 

0 
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0 
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0 
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X 

X 

X 

t 

K 
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X 

Ab 

0 

0 

0 

0 

X 

X 

1 

X 

0 

0 

0 

0 

X ' 

' K 

X 

X 

aB 

0 

0 

I 1 

X 

0 

0 

X 

X 

0 

0 

* 

X 

0 1 

0 

X 

X 

ab 

0 

X 1 
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X 

1 

1 * , 

0 

X 

0 

I 

1 ® 

X 

0 

X I 

0 

* 


Thus ill column sixteen we find that all the conceivable 
combinations are present, which means that there are no 
special laws in existence in such a case, and that the 
combinations are governed only by the universal I^ws of 
Identity and Difference. The example of metals and 
conductors of electricity would be represented by tlie 
twelfth column ; and every other mode in which two 
things or qualities might pi>esent themselves is shown in 
one or other of the columns. More than half the cases 
may indeed be at once rejected, because they involve the 
entire absence of a term or its negative. It has been 
shown to be a logical principle that every term must have 
its negative (p, 1 1 1), and when this is not the case, incon- 
sistency between the conditions of combination must exist. 
Thus if we laid down the two following propositions, 
Graphite conducts electricity,” and “ Graphite does not 
conduct electricity,” it would amount to asserting the 
impossibility of graphite existing at all ; or in general 
terms, A is B and A is not B result in destroying alto- 
gether the combinations containing A, a case shown in the 
fourth wlumn of the above table. We therefore restrict 
our attention to those cases which may be represented in 
natural phenomena when at least two combinations are 
present, and which correspond to those columns of tlie 
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table in which each of A, a, B, h appears. These cases 
are shown in the columns marked with an asterisk. 

We find that seven cases remain for examination, thus 
characterised — 

Four cases exhibiting three combinations. 

Two cases exhibiting two combinations, 

One case exhibiting four combinations. 

It has already been pointed out that a proposition of the 
form A = AB destroys one combination, Ah, so that this is 
the form of law applying to the twelfth column. But by 
changing one or more of the terms in A = AB into its 
negative, or by interchanging A and B, a and h, we obtain 
no less than eight different varieties of the one form ; thus — 

X2th case. 8th case. 15th case. 14th case. 

A = AB A = Ah a = aB ah 

h = ah B = aB b Ah B = AB 
The reader of the preceding sections will see that each 
proposition in the lower line is logically equivalent to, and 
is in fact the contrapositive of, that above it (p. 83). Thus 
the propositions A — Ah and B = aB both give the same 
combinations, shown in the eighth column of the table, 
and trial shows that the twelfth, eighth, fifteenth and 
fourteenth columns are thus accounted for. We come to 
this conclusion then — The gemral form of proposition 
A = AB admits of four logically distinct varieties, each 
capable of expression in two modes. 

In two columns of the table, namely the seventh and 
tenth, we observe that two combinations are missing. 
Now a simple identity A = B renders impossible both Ah 
and aB, accounting for the tenth case ; and if we change 
B into h the identity A = & accounts for the seventh case. 
There may indeed be two other varieties of the simple 
identity, namely a = & and a -- B ; but it has already 
been shown repeatedly that these are equivalent respec- 
tively to A = B and A == 5 (p. 115). As the sixteenth 
column has already been accounted for as governed 
by no special conditions, we come to the following general 
conclusion : — The laws governing the combinations of two 
terms must be capable of expression either in a partial 
identity or a simple identity ; the partial identity is capable 
of only four logically distinct varieties, and the simple 
identity of two. Every logical relation between two terms 
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must be expressed in one of these six forms of law, or 
must be logically equivalent to one of them. 

In short, we may conclude that in treating of partial 
and complete identity, we have exhaustively treated the 
inodes in which two terms or classes of objects can be 
related. Of any two classes it can be said that one must 
either be included in the other, or must be identical with 
it, or a like relation must exist between one class and the 
negative of the other. We have thus completely solved 
the inverse logical problem concerning two terms.^ 

The Inverse Logical Problem involving Three Classes. 

No sooner do we introduce into the problem a third term 
C, than the investigation assumes a far more complex 
character, so that some readers may prefer to pass over 
this section. Three terms and their negatives may be 
combined, as we have frequently seen, in eight different 
combinations, and the effect of laws or logical conditions 
is to dest]’oy .any one or more of these combinations. Now 
we may make selections from eight things in 2® or 256 
ways; so that we have no less than 256 different cases to 
treat, and the complete solution is at least fifty times as 
troublesome as with two terms. Many series of com- 
binations, indeed, are contradictory, as in the simpler 
problem, and may be passed over, the test of consistency 
being that each of the letters A, B, C, a, b, c, shall appear 
somewhere in the series of combinations. 

My mode of solving the problem was as follows : — 
Having written out the whole of the 256 series of com- 
binations, I examined them separately and struck out such 
as did not fulfil the test of consistency. I then chose 
some form of proposition involving two or three terms, 
and varied it in every possible manner, both by the 
circular interchange of letters (A, B, C into B, C, A and 
then into C, A, B), and by the substitution for any one or 
more of the terms of the corresponding negative terms. 

^ The contents of this and the following section nearly corresfwnd 
with those of a paper read before the Manchester Literary and 
Philosophical Society on December 26th, 1871. See Proceedings of 
the Society, vol. xi. pp. 65—68, and Memoirs, Third Series, vol. v. 
pp. 1 19 -130, 
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For instance, the proposition AB = ABO can be first 
varied by circular interchange so as to give BC = BOA and 
then CA = CAB. Each of these three can then be thrown 
into eight varieties by negative change. Thus AB ~ ABC 
gives aB = aBC, Ab = A&C, AB = ABc, ah = ahG, and 
so on. Thus there may possibly exist no less than twenty- 
four varieties of the law having the general form 
AB = ABC, meaning that whatever has the properties of 
A and B has those also of C. It by no means follows 
that some of the varieties may not be equivalent to others ; 
and trial shows, in fact, that AB = ABC is exactly the 
same in meaning as Ac = Abe or Be = Bm, Thus the law 
in question has but eight varieties of distinct logical mean- 
ing. I now ascertain by actual deductive reasoning which 
of the 256 series of combinations result from each of these 
distinct laws, and mark them off as soon as found. I then 
proceed to some other form of law, for instance A = ABC, 
meaning that whatever has the qualities of A has those 
also of B and C. I find that it admits of twenty-four 
variations, all of which are found to be logically distinct ; 
the combinations being worked out, I am able to mark off 
twenty-four more of the list of 256 series. I proceed in 
this way to work out the results of every form of law 
which I can find or invent. If in the course of this work 
I obtain any series of combinations which had been pre- 
viously marked off, I learn at once that the law giving 
these combinations is logically equivalent to some law 
previously treated. It may be safely inferred that every 
variety of the apparently new law will coincide in meaning 
with some variety of the former expression of the same 
law. I have sufficiently verified this assumption in some 
cases, and have never found it lead to error. Thus as 
AB = ABC is equivalent to Ac -- A&c, so we find that 
cih = ahG is equivalent to ac = acB. 

Among the laws treated were the two A = AB and 
A = B which involve only two terms, because it may of 
course happen that among three things two only are in 
special logical relation, and the third independent; and 
the series of combinations representing such cases of re- 
lation are sure to occur in the complete enumeration. All 
single propositions which I could invent having been 
treated, pairs of propositions were next investigated. Thus 
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we have the relations, “ All A's are B’s and all B’s are 
C’s,” of which the old logical syllogism is the development. 
We may also have “ a]l A’s are all B’s, and all B’s are C’s,” 
or even all A’s are all B’s, and all B’s are all C’s.” All 
such premises admit of variations, greater or less in 
number, the logical distinctness of which can only be 
determined by trial in detail. Disjunctive propositions 
either singly or in pairs were also treated, but were often 
found to be equivalent to other propositions of a simpler 
form ; thus A = ABC -I- Abe is exactly the same in meaning 
as AB = AC. 

This inode of exhaustive trial bears some analogy to 
that ancient mathematical process called the Sieve of 
Eratosthenes. Having taken a long series of the natural 
numbers, Eratosthenes is said to have calculated out in 
succession all the multiples of every number, and to 
have marked them off, so that at last the prime numbers 
alone remained, and the factors of every number were 
exhaustively discovered. My problem of 256 series of 
combinations is the logical analogue, the chief points of 
difference being that there is a limit to the number of cases, 
and that prime numbers have no analogue in logic, since 
every series of combinations corresponds to a law or group 
of conditions. But the analogy is perfect in the point that 
they are both inverse processes. There is no mode of 
ascertaining that a number is prime but by showing that 
it is not the product of any assignable factors. So there 
is no mode of ascertaining what laws are embodied in any 
s(^ries of combinations but trying exhaustively the laws 
which would give them. Just as the results of Erato- 
sthenes’ method have been worked out to a great extent 
and registered in tables for the convenience of other 
mathematicians, I have endeavoured to work out the 
inverse logical problem to the utmost extent which is at 
present practicable or useful. 

I have thus found that there are altogether fifteen con- 
ditions or series of conditions which may govern the com- 
binations of three terms, forming the premises of fifteen 
essenti^y different kinds of arguments. The following 
table contains a statement of these conditions, together 
with the numbers of combinations which are contradicted 
or destroyed by each, and the numbers of logically distinct 
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variations of which the law is capable. There might be 
also added, as a sixteenth case, that case where no special 
logical condition exists, so that all the eight combinations 
remain. 


Reference 

Number. 

Propo.sitiona expressing the geneial 
type of the logical couditious. 

Number of dis- 
tin(;t logical 
variations. 

Number of 
combinations 
contradicted 
by each. 

I. 

' 

A = B 

6 

4 

II. 

A = AB 

la 

2 

nr. 

A = B, B = C 

4 

6 

IV. 

A = B, B = BC 

24 

5 

V. 

A = AB, B = BC 

24 

4 

VI. 

A=: BC 

24 

4 

VII. 

A = ABC 

24 

3 

Vllt. 

AB = ABC 

8 

X 

IX. 

A = AB, aB = aBc 

24 

3 

x. 

A ■= ABC, ab =* ahG 

8 

4 

xt. 

AB = ABC, ab = abc 

4 

2 

XII. 

AB = AC 

X 2 

2 

XIII. 

A = BC -I* A6c 

8 

3 

XIV. 

A = BC •(• he 

2 

4 

XV. 

A = ABC, a = Be .|. hC 

8 

5 


There are sixty-three series of combinations derived from 
self-contradictory premises, which with 192, the sum of 
the numbers of distinct logical variations stated in the 
third column of the table, and with the one case where 
there are no conditions or laws at all, make up the whole 
conceivable number of 256 series. 

We learn from this table, for instance, that two pro- 
positions of the form A = AB, B = BC, which are such 
as constitute the premises of the old syllogism Barbara, 
exclude as impossible four of the eight combinations in 
which three terms may be united, and that these proposi- 
tions are capable of taking twenty-four variations by trans- 
positions of the terms or the introduction of negatives. 
This table then presents the results of a complete analysis 
of all the possible logical relations arising in the case of 
three terms, and the old syllogism forms but one out of 
fifteen typical forms. Generally speaking, every form can 
be converted into apparently different propositions ; thus 
the fourth type A == B, B = BC may appear in the form 
A = ABO, a = ahy or again in the form of three proposi- 
tions A = AB, B = BC, aB = aBc ; but all these sets of 
premises yield identically the same series of combinations. 
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and are therefore of equivalent logical meaning. The fifth 
type, or Barbara, can also be thrown into the equivalent 
forms A = ABC, aB = aBC and A = AC, B = A aBC. 
In other cases I have obtained the very same logical 
conditions in four modes of statements. As regards mere 
appearance and form of statement, the number of possible 
premises would be very great, and difficult to exhibit 
exhaustively. 

The most remarkable of all the types of logical condition 
is the fourteenth, namely, A = BC * 1 * he. It is that which 
expresses the division of a genus into two doubly marked 
species, and might be illustrated by the example — “ Com- 
ponent of the physical universe = matter, gravitating, or 
not-matter (ether), not-gravitating.” It is capable of only 
two distinct logical variations, namely, A = BC he and 
A = Be *|- hG. By transposition or negative change of the 
letters we can indeed obtain six different expressions of 
each of these propositions ; but when their meanings are 
analysed, by working out the combinations, they are found 
to be logically equivalent to one or other of the above two. 
Thus the proposition A = BC •)* he can be written in any 
of the following five other modes, 

a = bG *(• Be, B = CA ca, J = cA •(• Ca, 

C = AB .|. ab, e = aB i Ah 

I do not think it needful to publish at present the com- 
plete table of 193 series of combinations and the premises 
corresponding to each. Such a table enables us by mere 
inspection to learn the laws obeyed by any set of com- 
binations of three things, and is to logic what a table of 
factors and prime numbers is to the theory of numbers, or 
a table of integrals to the higher mathematics. The table 
already given (p. 140) would enable a person with but little 
labour to discover the law of any combinations. If there 
be seven combinations (one contradicted) the law must be 
of the eighth type, and the proper variety will be apparent. 
If there be six combinations (two contradicted), either the 
second, eleventh, or twelfth type applies, and a certain 
number of trials will disclose the proper type and variety. 
If there 1)6 but two combinations the law must be of the 
third type, and so on. 

The above investigations are complete as regards the 
possible logical relations of two or three terms. But 
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when we attempt to apply the same kind of method to 
the relations of four or more terms, the labour becomes 
impracticably great. Four terms give sixteen combinations 
compatible with the laws of thought, and the number of 
possible selections of combinations is no less than 2^® or 
65,536. The following table shows the extraordinary 
manner in which the number of possible logical relations 
increases with the number of terms involved. 


Number of 
terms. 

Number of 
possible com- 
binations. 

Number of possible selections of combinationa 
corrcRponding to consistent or incousistent 
logical relations. 

3 

4 

16 

3 

8 

256 

4 

t6 

<55.53® 

s 

32 

4,294,967,296 

6 

64 

18,446,744,073,709,551,616 


Some years of continuous labour would be required to 
ascertain the types of laws which may govern the com- 
binations of only four things, and but a small part of such 
laws would be exemplified or capable of practical appli- 
cation in science. The purely logical inverse problem, 
whereby we pass from combinations to their laws, is 
solved in the preceding pages, as far as it is likely to be 
for a long time to come ; and it is almost impossible that 
it should ever be carried more than a single step 
further. 

In the first edition, vol i. p. 158, I stated that I had not 
been able to discover any mode of calculating the number 
of cases in which inconsistency would be implied in the 
selection of combinations from the Logical Alphabet. The 
logical complexity of the problem appeared to be so great 
that the ordinary modes of calculating numbers of com- 
binations failed, in my opinion, to give any aid, and 
exhaustive examination of the combinations in detail 
seemed to be the only method applicable. This opinion, 
however, was mistaken, for both Mr. R. B. Hayward, of 
Harrow, and Mr. W. H. Brewer have calculated the 
numbers of inconsistent cases both for three and for four 
terms, without much difficulty. In the case of lour 
terms they find that there are 1761 inconsistent selections 
and 63,774 consistent, which with one case where no 
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condition exists, make up the total of 65,536 possible 
selections. 

The inconsistent cases are distributed in the manner 
shown in the following table ; — 


Number of 
Combinations 
remaining. 

01 934567891^ &e. 

Number of 
Inconsistent 
Cases. 

X x6 ZZ2 353 536 448 S24 64 8 0 0, &c. 


When more than eight combinations of the Logical 
Alphabet (p. 94, column V.) remain unexcluded, there cannot 
be inconsistency. The whole numbers of ways of selecting 
o, 1,2, &c., combinations out of 16 are given in the 17th 
line of tlie Arithmetical Triangle given further on in the 
Chapter on Combinations and Permutations, the sum of 
the numbers in that line being 65,536. 

Professor Clifford on the Types of Compound Statement 
^ involving Four Classes. 

Ill the first edition (vol. i. p. 163), I asserted that some 
years of labour would be required to ascertain even the 
precise number of types «of law governing the combinations 
of four classes of things. Though I still believe that some 
years’ labour would be required to work out the types 
themselves, it is clearly a mistake to suppose that the 
members of such types cannot be calculated with a reason- 
able amount of labour. Professor W. K. Clifford having 
actually accomplished the task. His solution of the 
numerical problem involves the use of a complete new 
system of nomenclature and is far too intricate to be fully 
described here. I can only give a brief abstract of the 
results, and refer readers, w^ho wish to follow out the 
reasoning, to the Proceedings of the Literary and Philo- 
sophical Society of Manchester, for the* 9th January, 1877, 
vol. xvi.* p. 88, where Professor Cliffo'rd’s paper is printed 
in fuU. 

By a simple statement Professor Clifford means the denial 
of the existence of any single combination or crosa- 
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division, of the classes, as in ABCD = o, or AiCd == o. 
The denial of two or more such combinations is called a 
compound statement, and is further said to be twofold, 
threefold, &c., according to the number denied. Thus 
ABC = o is a twofold compound statement in regard to 
four classes, because it involves both ABCD = o and 
ABC<Z = o. When two compound statements can 
converted into one another by interchange of the classes,. 
A, B, C, D, with each other or with their complementary 
classes, a, h, c, d, they are called similar, and all similar 
statements are said to belong to the same type. 

Two statements are called complementary when they 
deny between them all the sixteen combinations without 
both denying any one ; or, which is the same thing, when 
each denies just those combinations which the other 
permits to exist. It is obvious that when two statements 
are similar, the complementary statements will also be 
similar, and consequently for every type of Ti-fold statement, 
there is a complementary type of (i6 — ^O-fold statement. 
It follows that we need only enumerate the types as far as 
the eighth order; for the types of more-than -eight-fold 
statement will already have been given as complementary 
to types of lower orders. 

One combination, ABCD, may be converted into another 
A^C^i by interchanging one or more of the classes with 
the complementary classes. The number of such changes 
is called the distance, which in the above case is 2. In 
two similar compound statements the distances of the 
combinations denied must be the same ; but it does not 
follow that when all the distances are the same, the state- 
ments are similar. There is, however, only one example 
of two dissimilar statements having the same distances. 
When the distance is 4, the two combinations are said to 
be obverse to one another, and the statements denying them 
are called obverse statements, as in ABCD = o and abed = o 
or again AbQ>d = o and aBcD = o. When any one com- 
bination is given, called the origin, all the others may be 
grouped in respect of their relations to it as follows ; — Four 
are at distance one from it, and may be called proximates; 
six are at distance Uvo, and may be called mediates; four 
are at distanee three, and may be called uUimates; finally 
the obverse is at distance four. 
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Origin snd 
four piQximates. 


Six 

mediates. 

a&CD 

AhcD\ I /AllCd 


Obverse and 
four ultimates. 


ABC^^~ABCD— A5CD 


it will be ^een that the four proximates are respectively 
obverse tg, the four ultimates, and that the mediates form 
three pairs of obverses. Every proximate or ultimate is 
distant i and 3 respectively from such a pair of mediates. 

Aided by this system of nomenclature Professor Clifford 
proceeds to an exhaustive enumetation of types, in which 
it is impossible to follow him. The results are as follows : — 


I -fold statements 


I type 
4 types 


8-fold statements 78 „ 

Now as each seven-fold or less-than-seven-fold statement 


is complementary to a nine-fold or more-than-nine-fold 
statement, it follows that the complete number of types 
will be 159 X 2 4- 78 == 396. 

It appears then that the types of statement concerning 
four classes are only about 26 times as numerous as those 
concerning three classes, fifteen in number, although the 
number of possible combinations is 256 times as great. 

Professor Clifibrd informs me that the knowledge of the 
possible groupings of subdivisions of classes which he 
obtained by this inquiry has been of service tcf him in 
some applications of hyper-elliptic functions to which he 
has subsequently been led. Professor Cayley has since 
expressed his opinion that this line of investigation should 
be followed out, owing to the bearing of the theory of 
compound combinations upon the higher geometry.^* It 
seems liksely that many unexpected points of connection 


^ Proceedings of the Manchester Literary and Philosophical Societyt 
6th February, 1877, vol. xvi., p. 113. 


L 
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will in time be disclosed between the ‘sciences of logic 
and mathematics. 

Distinction hetwcen Perfect and Imperfect Induction. 

We canpot proceed" with advantage before noticing the 
extreme difference which exists between cases of perfect 
and those of imperfect induction. We call an induction 
perfect when all the objects or events which can possibly 
come under the class treated have been examined. But 
in the majority of cases it is impossible to collect together, 
or in any way to investigate, the properties of all portions 
of a substancS or of all the individuals of a race. The 
number of objects would often be practically infinite, and 
the greater part of them might be beyond our reach, in 
the interior of the earth, or in the most distant parts of 
the Universe. In all such cases induction is imperfect ^ 
and is affected by more or less uncertainty. As some 
writers have fallen into much error concerning the func- 
tiolis and relative importance of these two branches of 
reasoning, I shall have to point out that— 

1. Perfect Induction is a process absolutely requisite, 

both in the performance of imperfect induction and 
in the treatment of large bodies of facts of which 
our knowledge is complete. 

2. Imperfect Induction is fouijded on Perfect Induction, 

but involves another process of inference of a 
widely different character. 

It is certain that if I can draw any inference at all 
concerning objects not examined, it must be done on the 
data afforded by the objects which have been examined. 
If I judge that a distant star obeys the law of gravity, 
it must be because all other material objects sufficiently 
known to me obey that law. If I venture to assert that 
all ruminant animals have cloven hoofs, it is because all 
ruminant animals which have come under my notice have 
cloven hoofs. On the other hand, I cannot safely say 
tliat all cryptogamous plants possess a purely cellular 
structure, because some cryptogamous plants, which have 
been examined by botanists, have a partially vascular 
structure. The probability that a new cryptogam will be 
cellular only can be estimated, if at all, on the ground of 
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the comparative numbers of known cryptogams which 
are and are riot cellular. Thus the first step in every 
induction will consist in accurately summing up the 
number of instances of a particular phenomenon which 
have fallen under our observation. Adams and Leverrier, 
for instance, must have inferred that the undiscovered 
planet Neptune would obey Bode's la#, because all the 
planets known at that time obeyed it On what principles 
the passage from the known to the apparently unknown 
is warranted, must be carefully discussed in the next sec- 
tion, and in various parts of this work. 

It would be a great mistake, however, to suppose that 
Perfect Induction is in itself useless. . Ii? 7 en when the 
enumeration of objects belonging to any class is complete, 
and admits of no inference to unexamined objects, the 
statement of our knowledge in a general proposition is a 
process of so much importance that we may consider it 
necessary. In many cases we may render our investiga- 
tions exhaustive ; all the teeth or bones of an animal ; all 
the cells in a minute vegetable organ ; all the caves in a 
mountain side ; all the strata in a geological section ; all 
the coins in a newly found hoard, may be so completely 
scrutinized that we may make some general assertion 
concerning them without fear of mistake. Every bone 
might be proved to contain phosphate of lime ; every cell 
to enclose a nucleus ; every cave to hide remains of extinct 
animals ; every stratum to exhibit signs of marine origin ; 
every coin to be of Eoman manufacture. These are cases 
where our investigation is limited to a definite portion of 
matter, or a definite area on the earth’s surface. 

There is another class :»f eases where induction is 
naturally and necessarily limitea to a definite number of 
alternatives. Of the regular solids we can say without the 
least doubt that no one has more than twenty faces, thirty 
edges, and twenty corners ; for by the principles of geometry 
we learn that there cannot exist more than five regular 
solids, of each of which we easily observe that the above 
statements are true. In the theory of numbers, an endless 
variety o^ perfect inductions might be made ; we can show 
that no number less than sixty possesses so many divisors, 
and the like is true of 360 ; for it does not require a great 
amount of labour to ascertain and count all the divisors 
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of numbers up to sixty or 360. I can alssert that between 
60,041 and 60,077 no prime number occurs, because the 
exhaustive examination of those who have constructed 
tables of prime numbers proves it to be so. 

In matters of human appointment or history, we can 
frequently have a complete limitation of the number of 
instances to be included in an induction. We might show 
that the propositions of the third book of Euclid treat only 
of circles ; that no part of the works of Galen mentions the 
fourth figure of the syllogism ; that none of the other kings 
of England reigned so long as George III.; that Magna 
Charta has not been repealed by any subsequent statute ; 
that the price of corn in England has never been so high 
since 1 847 as it was in that year ; that the price of the 
English funds has never been lower than it was on the 
23rd of January, 1798, when it fell to 47 J. 

It has been urged against this process of Perfect Induc- 
tion that it gives no new Information, and is merely a 
summing up in a brief form of a multitude of particulars. 
But mere abbreviation of mental labour is one of the most 
important aids we can enjoy in the acquisition of knowledge. 
The powers of the human mind are so limited that multi- 
plicity of detail is alone sufficient to prevent its progress 
in many directions. Thought would be practically impos- 
sible if every separate fact had to be separately thought 
and treated. Economy of mental power may be considered 
one of the main conditions on which our elevated intellectual 
position depends. Mathematical processes are for the most 
part but abbreviations of the simpler acts of addition and 
subtraction. The invention of logarithms was one of the 
most strildng additions ever made to human power : yet it 
was a mere abbreviation of operations which could have 
been done before had a sufficient amount of labour been 
available. Similar additions to our power will, it is hoped, 
be made from time to time ; for the number of mathematical 
problems hitherto solved is but an indefinitely small 
fraction of those which await solution, because the labour 
they have hitherto demanded renders them impracticable. 
So it is throughout all regions of thought. The amount 
of our knowledge depends upon our power of bringing it 
within practicable compass. Unless we arrange and 
classify facts and condense them into general truths, they 
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soon surpass our powers of memory, and serve but to 
confuse. Hence Perfect Induction, even as a process of 
abbreviation, is absolutely essential to any high degree of 
mental achievement. 

Transition from Perfect to Imjperfect Induction, 

It is a question of profound difiSculty on what grounds 
we are v'arranted in inferring the future from the present, 
or the nature of undiscovered objects from those which we 
have examined with our senses. We pass from Perfect to 
Imperfect Induction when once we allow our conclusion to 
apply, at all events apparently, beyond the data on which 
it was founded. In making such a step we seem to gain a 
net addition to our knowledge ; for we learn the nature of 
what was unknown. We reap where we have never sown. 
We appear to possess the divine power of creating know- 
ledge, and reaching with our mental arms far beyond the 
sphere of our own observation. I shall have, indeed, to 
point out certain methods of reasoning in which we do 
pass altogether beyond the sphere of the senses, and 
acquire accurate knowledge which observation could 
never have given ; but it is not imperfect induction that 
accomplishes such a task. Of imperfect induction itself, 
I venture to assert that it never makes any real addition 
to our knowledge, in the meaning of the expression some- 
times accepted. As in other cases of inference, it merely 
unfolds the information contained in past observations; 
it merely renders explicit v/hat was implicit in previous 
experience. It transmutes, but certainly does not create 
knowledge. 

There is no fact which I shall more constantly keep 
before the reader's mind in the following pages than that 
the results of imperfect induction, however well authen- 
ticated and verified, are never more than probable. Wi^ 
never can be sure that the future will be as the present. 
We hang ever upon the will of the Creator : and it is 
only so far as He has created two things alike, or maintains 
the framework of the world unchanged from moment to 
moment, that our most careful inferences can be fulfilled. 
All predictions, all inferences which reach beyond their 
data, are purely hypothetical, and proceed on the assump- 
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tion that new events will conform to the conditions detected 
in our observation of past events. No experience of finite 
duration can give an exhaustive knowledge of the forces 
which are in operation. There is thus a double uncertainty ; 
even supposing the Universe as a whole to proceed un- 
changed, we do not really know the Universe as a whole. 
We know only a point in its infinite extent, and a moment 
in its infinite duration. We cannot be sure, then, that our 
observations have not escaped some fact, which will cause 
the future to be apparently different from the past ; nor 
can we be sure that the future really will be the outcome 
of the past. We proceed then in all our inferences to 
unexamined objects and times on the assumptions — 

1 . That our past observation gives us a complete know- 

ledge of what exists. 

2. That the conditions of things which did exist 

will continue to be the conditions which will 
exist. 

We shall often need to illustrate the character of our 
knowledge of nature by the simile of a ballot-box, so often 
employed by mathematical writers in the theory of proba- 
bility. Nature is to us like an infinite ballot-box, the 
contents of which are being continually drawn, ball after 
ball, and exhibited to us. Science is but the careful 
observation of the succession in which balls of various 
ch'aracter present themselves; we register the combina- 
tions, notice those which seem to be excluded from occur- 
rence, and from the proportional frequency of those which 
appear we infer the probable character of future drawings. 
But under such circumstances certainty of prediction 
depends on two conditions: — 

1. That we acquire a perfect knowledge of the com- 

parative numbers of balls of each kind within 
the box. 

2. That the contents of the ballot-box remain unchanged. 

Of the latter assumption, or rather that concerning the 

constitution of the world which it illustrates, the logician 
or physicist can have nothing to say. As the Creation of 
the Universe is necessarily an act passing all experience 
and all conception, so any change in that Universe, br, it 
may be, a termination of it, must likewise be infinitely be- 
yond the bounds of our mental faculties. No science no 
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reasoning upon the subject, can have any validity; for 
•without experience we are without the basis and materials 
of knowledge. It ia?the fundamental postulate accordingly 
of all inference concerning the future, that there shall be 
no arbitrary change in the subject of inference ; of the pro- 
bability or improbability of such a change I conceive that 
our faculties can give no estimate. 

The other condition of inductive inference — that we 
acquire an approximately complete knowledge of the com- 
binations in which events do occur, is in some degree 
within our power. There are branches of science in which 
phenomena seem to be governed by conditions of a most 
fixed and general character. We have ground in such 
cases for believing that the future occurrence of such 
phenomena can be calculated and predicted. But the 
whole question now becomes one of probability and im- 
probability. We seem to leave the region of logic to enter 
one in which the number of events is the ground of in- 
ference. We do not really leave the region of logic ; we 
only leave that where certainty, affirmative or negative, is 
the result, and the agreement or disagreement of qualities 
the means of inference. For the future, number and 
quantity will commonly enter into our processes of reason- 
ing ; but then I hold that number and quantity are but 
portions of the great logical domain. I venture to assert 
that number is wholly logical, both in its fundamental 
nature and in its developments. Quantity in all its forms 
is but a development of number. That which is mathe- 
matical is not the less logical ; if anything it is more 
logical, in the sense that it presents logical results in a 
higher degree of complexity and variety. 

Before proceeding then from Perfect to Imperfect In- 
duction I must devote a portion of this work to treating 
the logical conditions of number. I shall then employ 
number to estimate the variety of combinations in which 
natural phenomena may present themselves, and the pro- 
bability or improbability of their occurrence imder definite 
circumstances. It is in later parts of the work that I must 
endeavcwr to establish the notions which I have set forth 
upon the subject of Imperfect Induction, as applied in the 
investigation of Nature, which notions may be thus briefly 
stated ; — 
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1. Imperfect Induction entirely rests upon Perfect In- 

duction for its materials. 

2. The logical process by which we seem to pass directly 

from examined to unexamined cases consists in an 
inverse application of deductive inference, so that 
all reasoning may be said to be either directly or 
inversely deductive. 

3. The result is always of a h3^othetical character, and 

is never more than probable. 

4. No net addition is ever made to our knowledge by 

reasoning ; what we know of future events or un- 
examined objects is only the unfolded contents of 
our previous knowledge, and it becomes less pro- 
bable as it is more boldly extended to remote 
cases. 
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NUMBER, VARIETY, AND PROBABILITY. 


CHAPTER VIIL 

PRINCIPLES OP NUMBER. 

Not without reason did Pythagoras represent the world 
as ruled by number. Into almost all our acts of thought 
number enters, and in proportion as we can define numeri- 
cally we enjoy exact and useful knowledge of the Universe. 
The science of numbers, too, has hitherto presented the 
•widest and most practicable training in logic. So free and 
energetic has been the study of mathematical forms, com- 
pared with the forms of logic,- that mathematicians have 
passed far in advance of pure logicians. Occasionally, in 
recent times, they have condescended to apply their 
algebraic instrument to a reflex treatment of the primary 
ilogical science. It is thus that we owe to profound mathe- 
maticians, such as John Herschel, Whewell, De Morgan, or 
*Boole, the regeneration of logic in the present century, I 
entertain no doubt that it is in maintaining a close alliance 
with quantitative reasoning that we must look for further 
progress in our comprehension of qualitative inference. 

I camnot assent, indeed, to the common notion that 
certainty begins and ends with numerical determination. 
Nothing is more certain than logical truth. The laws of 
identity and difference are the tests of all' that is certain 
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throughout the range of thought, and mathematidal reason- 
ing is cogent only when it conforms to these conditions, of 
which logic is the first development. And if it be 
erro neous to suppose that all certainty i s mat^matical, it 
is equally^an errdr_§I]jnagiheThar which is mathe- 
matical is ~cerfalnr Many processes of mathematical 
reasoning are of most doubtful validity. There are points 
of mathematical doctrine which must long remain matter 
of opinion ; for instance, the best form of the defi mtion a nd 
flYinm concerning parallfti Iitips, or the true natu^eToi* a 
lii^. In the use of symbolic reasoning questions occur on 
which the best mathematicians may differ, as Bernoulli 
and Leibnitz differed irreconcileably concerning the exis- 
tence of the logarithm s of negative quantities.^ In fact we 
no sooner leave the simple logical conditions of number, 
than we find ourselves involved in a mazy and mysterious 
science of symbols. 

Mathematical science- enjoys no monopoly, and not even 
a supremacy, in certainty of results. It is the boundless 
extent and variety of quantitative questions that delights 
the mathematical student. When simple logic can give 
hut a bare answer Yes or No, the algebraist raises a score 
of subtle questions, and brings out a crowd of curious 
results. The flower and the fruit, all that is attractive 
and delightfuj, fall to theisheffeiof the mathematician, who 
top Gften despieOSDthu plaiai but necessary stem from which 
all has of thought can a reasoner 

cast himself prior conditions of logical cor- 

rectness. Tbente#hemMician is only strong an4itrue as 
long as he is'legicab and if n umber rules the world, it is 
logic whichat^lea-«iHam 

Nearly all writers have hitherto been strangely content 
to look upon numerical reasoning as something apart from 
logical inference. A long divorce has fisted between 
quality and quantity, and it has not been uncommon to 
treat them as contrasted in nature and restricted to 
independent branches of thought. For my own part, I 
believe that all the sciences meet somewhere; No part ol 
knowledge can stand wholly disconnected from other parts 
of the universe of thought ; it is incredible, above all, that 

^ Montucla, Histoire des MatMmatiqueSf vol. iii. p. 373. 
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the two great branches of abstract science, interlacing and 
eo-operating in every discourse, should rest upon totally 
distinct foundations. I assume that a connection exists, 
and care only to inquire, What is ilB nature ? Does the 
science of quantity rest upon that of quality; or, vice 
versd, does the science of quality rest upon that of 
quantity ? Tiiere might conceivably be a third view, 
that they both rest upon some still deeper set of prin- 
ciples. 

It is generally supposed that Boole adopted the second 
view, and treated logic as a ii app licati on of algebra, a 
special case of analytical reasoning which admits only* two 
quantities, unity and zero. It is not easy to ascertain 
clearly which of these views really was accepted by Boole. 
In his interesting biographical sketch of Boole/ the Eev. 
E. Harley protests against the statement that Boole’s 
logical calculus imported the conditions of number and 
quantity into logic. He says : Logic is never identified 
or confounded with mathematics; the two systems of 
thought are kept perfectly distinct, each being subject to 
its own laws and. conditions. The symbols are the same 
for both systems, but they have not the same interpre- 
tation.” The Eev. J. Venn, again, in his review of Boole’s 
logical systeni,^ holds that Boole’s processes are at bottom 
logical, not mathematical, though stated in a highly gener- 
alized form and with a mathematical dress. But it is 
quite likely that readers of Boole should be misled. Hot 
only have liis logical w^orks an entirely mathematical 
appearance, but I find on p. 12 of his Laws of Thought 
the following unequivocal statement: “That logic, as a 
science, is susceptible of very wide applications is 
admitted; but it is equally certain that its ultimate 
forms and processes are mathematical.” A few lines 
below he adds, “ It is not of the essence of mathematics 
to be conversant with the ideas of number and quantity.” 

The solution of the difficulty is that Boole used the 
term mathematics in a wider sense than that usually 
attributed to it. He probably adopted the third view, so 
that his mathematical Laws of Thought are the common 

^ British Quarterly Review, No. Ixxxvii, July i866, 

2 Mind; October 1876, vol, i. p. 484. 
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basis both of logic and of quantitative mathematics. But 
I do not care to pursue the subject because I thinly that 
in either case Boole was wrong. In my opinion logic is 
the superior sciencefithe general basis of mathematics as 
well as of all other sciences. Number is but logical dis- 
crimination, and algebra a highly developed logic. Thus 
it is easy to understand the deep analogy which Boole 
pointed’ out between the forms of algebraic and logical 
deduction. Logic resembles algebra as the mouldj 
resembles that which is cast in it. Boole mistook thel 
cast for the mould. Considering that logic imposes itsJ 
own laws upon every branch of mathematical science, it 
is no wonder that we constantly meet with the traces of 
logical laws in mathematical processes. 

The Nature of Number. 

Number is but another name for diversity. Exact iden- 
\ tity is unity, and with difference arises plurality. An 
i abstract notion, as was pointed’ out (p. 28), possesses a 
certain oneness. The quality of justice^ for instance, is one 
and the same in whatever just acts it is manifested. In 
justice itself there are no marks of difference by which to 
discriminate justice from justice. But one just act can be 
discriminated from another just act by circumstances of 
time and place, and we can count many 'acts thus discri- 
minated each from each. In like manner pure gold is 
simply pure gold, and is so far one and the same through- 
out. But besides its intrinsic qualities, gold * occupies 
space and must have shape and size. Portions of gold 
are always mutually exclusive and capable of discrimina- 
tion, in respect that they mnst be each without the other. 
Hence they may be numbered. 

Plurality arises when and only when 'vw detect differ- 
ence. For instance, in counting a number of gold coins 
I must count each coin once, and not more than once. 
Let C denote a coin, and the mark above it the order of 
counting. Then I must count the coins 

C' + C" + G'" + C"" -f , 

If I were to count them as follows 

C' + C" + C"' + O'" + + . . ., 

I should make the third coin into two, and should imply 
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the existence of difference where there is no difference.^ 
C'" And C'" are but the names of one coin named twice 
over. But according to one of the conditions of logical 
symbols, which I have called the 5 )|w of Unity (p. 72), 
the same name repeated has no effect, and 
A -I- A .= A. 

We must apply the Law of Unity, and must reduce all 
identical alternatives before we can count with certainty 
and use the processes of numerical calculation. Identiccd 
alternatives are harmless in logic, but are wholly inad- 
missible in number. Thus logical science ascertains the 
nature of the mathematical unit, and the definition may 
be given in these terms — A unit is any object of thought 
which can he discriminated from every other object treated as 
a unit in the same problem'. 

It has often been said that units are units in respect of 
being perfectly similar to each other ; but though they 
may be perfectly similar in some respects, they must be 
difierent in at least one point, otherwise they would be 
incapable of plurality. If t hree S fllus were so similar that 
they occupied the same” space at the same time, they 
would not be three coins, but one coin. It is a property 
of space til at every point is discriminable from every other 
point, and in time every moment is necessarily distinct 
from any other moment before or after. Hence we 
frequently count in space or time, and Locke, with some 
other philosophers, has held that number arises from 
repetition in time. Beats of a . pendu lum may be so 
perfectly similar that we can discover no difference. except 
that one beat is before and another after. Time alone is 
here the ground of difference and is a sufficient foundation 
for the discrimination of plurality ; but it is by no means 
the only foundation. Three coins are three coins, whether 
we count the^a successively or regard them all simul- 
taneously. In many cases neither time nor space is the 
ground of difference, but pure quality alone enters. We 
can discriminate the weight, inertia, and hardness of gold 
as three qualities, though none of these, is before nor after 
the other, neither in space nor time. Every means of 
discrimination may be a source of plurality. 


^ Fure Logic, Appendix, p. 82, § 192 
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Oiir logical notation may be used to express the rise of 
number. The symbol A stands for one thing or one class, 
and in itself must be regarded as a unit, because no 
difference is specified^ But the combinations AB and Ah 
are necesssarily twOy because they cannot logically coalesce, 
and there is a mark B which distinguishes one from the 
other. A logical, definition of the number /o?^r is given in 
the combinations ABC, ABc, A6C, A6c, where there is a 
double difference. As Puck says — 

" Yet hut three ? Come one more ; 

Two of both kinds makes up four.” 

I conceive that all numbers might be represented as 
arising out of the combinations of the Logical Alphabet, 
more or less of each series being struck out 1)y various 
logical conditions. The number three, for instance, arises 
from the condition that A must be either B or C, so that 
the combinations are ABC, ABc, A6C. 

Of Numerical Ahsiraciion, 

There will now be little difficulty in forming a clear 
notion of the nature of numerical abstraction. It consists! 
in abstracting the character of the difference from whiclij 
plurality arises, retaining merely the foot. When I speak 
of three linen I need not at once specify the marks by which 
each may be known from each. Tliose marks mnst exist 
if they are really three men and not one and the same, and 
in speaking of tliem as many 1 irnxjly the existence of the 
requisite differences. Abstract number, then, is the empty \ 
form of difference ; the abstract number three asserts the ex- ' 
istence of marks without specifying their kind. 

Numerical abstraction is thus seen to be a dif- 
ferent process from logical abstraction (p. 27), for in the 
latter process we drop out of notice the very existence of 
difference and plurality. In forming the abstract notion 
hardness, we ignore entirely the diverse circumstances in 
which the quality may appear. It is the concrete notion 
three hard objects, which asserts the existence of hardness 
along with sufficient other undefined qualities, to mark out 
three such objects. Numerical thought is indeed closely 
interwoven with logical thought. We cannot use a con- 
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Crete term in the plural, as merif without implying that 
there are marks of difference. But when we use an 
abstract term, we deal with unity. 

The origin of the great generality of number is now 
apparent. Three sounds differ from three colours, or three 
riders from three horses ; but they agree in respect of the 
variety of marks by which they can be discriminated. The 
symbols i+i+i are thus the empty marks asserting the 
existence of discrimination. But in dropping out of sight 
.the character of the differences we give rise to new 
agreements^ on which mathematical reasoning is founded. 
Numerical abstraction is so far from being incompatible 
with logical abstraction that it is the origin of our widest 
acts of generalization. 

Concrete and Abstract Number, 

The common distinction between concrete and abstract 
number can now be easily stated. In proportion as we 
specify the logical characters of the things numbered, we 
render them concrete. (In the abstract number three 
there is no statement of the points in which the three 
objects agree ; but in three coins, three men, or three horses, 
not only are the objects numbered but tlieir nature is re- 
stricted.; Concrete number thus implies the same con- 
sciousness of difference as abstract number, but it is 
mingled with a groundwork of similarity expressed in the 
logical terms. There is identity so far as logical terms 
enter j difference so far as the terms are merely numerical. 

The reason of the important Law of Homogeneity will 
now be apparent. This law asserts that in every arith- 
metical calculation the logi cal nature of the things nnm- 
bered ^mnst — r^mi^in nnalWed The specified logical 
agreement of the things must not be affected by the un- 
specified numerical differences. (A calculation would be, 
palpably absurd which, after commencing with length, 
gave a result in hours. It is equally absurd, in a purely 
arithmetical point of view, to deduce areas from the 
calculation of lejigths, masses from £he combination of 
volume and density, or momenta from mass and velocity. 
It must remain for subsequent consideration to decide in 
what sense we may truly say that two linear feet multi- 
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plied by two linear feet give four superficial feet ; arith- 
metically it is absurd, because there is a change of unit.) 

I As a general rule we treat in each calculation only 
objects of one nature. We do not, and cannot properly 
add, in the same sum yards of cloth and pounds of sugar. 
We cannot even conceive the result of adding area to 
velocity, or length to density, or weight to value. The 
units added must have a basis of homogeneity,^ or must be 
reducible to som e commo n denominator. Nevertheless it 
is possible, aniirrnTact common, to treat in one complex, 
calculation the most heterogeneous quantities, on the; 
condition that each kind of object is kept distinct, and 
treated numerically only in conjunction with its own kind. 
Different units, so far as their lo^al differences are speci- 
fied, must never be substituted oimor the other. (Chemists 
continually use equations which assert the equivalence of 
groups of atoms. Ordinary fermentation is represented 
by the formula 

C« 0 « = 2C^ WO + 2 C 0 \ 

Thr ee kinds of u nits, the atoms respectively of carbon, 
hydrogen, and oxygen, are here int ermin gled, but there is 
really a separate equation in regard to each kind. Mathe- 
maticians also employ compound equations of the same 
kind ; for in, a + b ^ i == c d — I, it is impossible 
by ordinary addition to add a to h — i. Hence we 
really have the separate equations a = &, and c fsj — i d 
^ — I. Similarly an equation between two quaternions is 
equivalent to four equations between ordinary quantities, 
whence indeed the name quaternion. 

Analogy of Logical and Numerical Terms, 

If my assertion is correct that number arises out of 
logical conditions, we ought to find number obeying all the 
laws of logic. It is almost superfluous to point out that 
this is the case with the fundamental laws of identity and 
difference, and it only remains to show that mathematical 
symbols do really obey the special conditions of logical 
symbols which were formerly pointed out (p. 32). Thus 
the Law of Commutativeness, is equally true of quality and 
quantity. As in logic we have 

AB = BA,’ 

80 in mathematics it is familiarly known that 
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2 X 3 — 3 X 2 , or xxy^yxx. 

The properties of space are as indifferent in multiplication 
as we found them in pure logical thought. 

Similarly, as in logic 

triangle or square = square or triangle, 
or generally A -I- B = B A, 
so in quantity 2 + 3 = 34-2, 

or generally a; + 2^ = y + a;. 

The symbol is not identical with +, but it is thus far 
analogous. 

How far, now, is it true that mathematical symbols obey 
the Law of Simplicity expressed in the form 
AA = A, 

or the example 

Bound wund = round ? 

Apparently there are but two numbers which obey this 
law ; for it is certain that 

X X X — X 

is true only in the two cases when a: = i, or a; = o. 

In reality all numbers obey the law, for 2 x 2 = 2 is not 
really analogous to AA = A. According to the definition 
of a unit already given, each unit is discriminated from 
each other in the same problem, so that in 2' x 2", .the 
‘ first two involves a different discrimination from the second 
two. I get four kinds of things, for instance, if I first dis- 
criminate “heavy and light” and then “cubical and 
spherical,” for we now have the following classes — 
heavy, cubical. light, cubical, 

heavy, spherical. light, spherical. 

But suppose that my two classes are in both cases dis- 
criminated by the same difference of light and heavy, then 
we have 

heavy heavy = heavy, 
heavy light = o, 
light heavy = o, 
light light = light. 

Thus, (heavy or light) x (heavy or light) = (heavy or light). 

In short, twice two is two unless we take care that the 
second two has a different meaning from the first. But 
under similar circumstances logical terms give the like 
result, and it is not true that A' A" = A', when A" is 
different in meaning from A'. 

M 
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In a similar manner it may be shown that the Law of 
Unity A + A = A. 

holds true alike of logical and mathematical terms. It is 
absurd indeed to say that 

x + X = X 

except in the one case when x = absolute zero. But this 
contradiction x + x = x arises from the fact that we have 
already defined the units in one x as differing from those in 
the other. Under such circumstances the Law of Unity 
does not apply. For if in 

A' + A" = A' 

we mean that A" is in any way different from A' the 
assertion of identity is evidently false. 

The contrast then which seems to exist between logical 
and mathematical symbols is only apparent. It is because 
the Laws of Simplicity and Unity must always be observed 
in the operation of counting that those laws seem no further 
to apply. This is the understood condition under which 
we use all numerical symbols. Whenever I write the 
symbol 5 I really mean 

I + I 4 I 4- I + I, 

and it is perfectly understood that each of these units is 
distinct from each other. If requisite I might mark them 
thus 

i' 4- i" 4- i'" 4- i"" 4- i'"". 

Were this not the case and were the units really 
i' 4- i" 4- i" 4- i'" + i"", 

the Law of Unity would, as before remarked, apply, and 
i" 4- i" = i". 

Mathematical symbols then obey all the laws of logical 
symbols, but two of these laws seem to be inapplicable 
simply because they are presupposed in the definition of 
the mathematical unit. Logic thus lays down the con- 
ditions of number, and the science of arithmetic developed 
as it is into all the wondrous branches of mathematical 
calculus is but an outgrowth of logical discrimination. * 

Principle of Mathematical Inference, 

The universal principle of all reasoning, as I have 
asserted, is that which allows us to s ubstitute like -fexLlike. 

I have now to point out how in the mathematicalllcie^ 
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this principle is involved in each step of reasoning. It is 
in these sciences indeed that we meet with the clearest 
cases of substitution, and it is the simplicity with which 
the principle can be applied which probably led to the 
comparatively early perfection of the sciences of geometry 
and arithmetic. Euclid, and the Greek mathematicians 
from the first, recognised equality as the fundamental 
relation of quantitative thought, but Aristotle rejected the 
exactly analogous, but far more general relation of identity, 
and thus crippled the formal science of logic as it has 
descended to the present day. 

Geometrical reasoning starts from the axiom that 
things fiq iifll to thfi sanie thing are equal to eac h other.'* 
Two equalities enable us to infer a third equality ; and thi^ 
is true not only of lines and angles, but of areas, volumes, 
numbers, intervals of time, forces, velocities, degrees of 
intensity, or, in short, anything which is capable of being 
equal or unequal. Two stars equally bright with the same 
star must be equally bright with each other, and two forces 
equally intense with a third force are equally intense with 
each other. It is remarkable that Euclid has not explicitly 
stated two other axioms, the truth of which is necessarily 
implied. The second axiom should be that Two things of 
which one is equal and the other unequal to a third com- 
mon thing, are unequal to each other.” An equality and 
inequality, in short, give an inequality, and this is equally 
true with the first axiom of all kinds of quantity. If 
Venus, for instance, agrees with Mars in density, but Mars 
differs from Jupiter, then Venus differs from Jupitet. A 
third axiom must exist to the effect that Things unequal 
to the same thing may or may not be equal to each 
other.” Two ineq'iMilitus give no ground of inference what- 
ever. If we only know, for instance, that Mercury and 
Jupiter differ in density from Mars, we cannot say whether 
or not they agree between themselves. As a fact they do 
not agree ; but Venus and Mars on the other hand both 
differ from Jupiter and yet closely agree with each other. 
The force of the axioms can be most clearly illustrated by 
drawing e*qual and unequal lines.^ 

^ JElementa/ry Lessons in Logic (Macmillan), p. 123. It is pointed 
out in the preface to this Second Edition, that the views here given 
were partiallj stated by Leibnitz. 

M 2 
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The general concliisidn then must be that "where there 
k equality there may be inference, but where there is not 
equ^Jity there cannot be inference. A plain induction 
will lead us to believe that equal ity is the conditio iv of 
inference concerning quantity. All the three axioms may 
In facTbe^sumnieci up in one, to the effect, that ‘'m. 
whatever relation one quantity stands to another, it stands 
in the same relation to the equal of that other,** 

The active power is always the substitution of equals, 
and it is an accident that in a pair of equalities we can 
make the substitution in two ways. From a = 6 = c we 
can infer a = c, either by substituting in a = 6 the value 
of 6 as given in ft = c, or else by substituting in & c the 
value of 6 as given in a = h. In a = 6 ci we can make 
but the one substitution of a for 6. In e ^ ^ we can 
make no substitution and get no inference. 

In mathematics the relations in which terms may stand 
to each other are far more varied than in pure logic, yet 
our principle of substitution always holds true. We may 
say in ;the most general manner that In whatever relation 
one quantity stands to another, it stands in the same relation 
to the equal of that other. In this axiom we sum up ag 
number of axioms which have been stated in more or lessP 
detail by algebraists. Thus, ‘‘ If equal quantities be added 
to equal quantities, the sums will be equal.” To explain 
this, let 

a = h, c = d. 

Now a + c, whatever it means, must be identical with 
itself, so that 

a -f c = a + c. 

In one side of this equation substitute for the quantities 
their equivalents, and we have the axiom proved 
a c h d. 

The similar axiom concerning subtraction is dually evi- 
dent, for whatever a — c may mean it is equal to a — c, 
and therefore by substitution to h — d. Again, '' if equal 
quantities be multiplied by the same or equal quantities, 
the products will be equal.” For evidently 
ac = ac, 

and if for c in one side we substitute its equal d, we have 

ac = ad, 

and a second similar substitution gives us 
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We might prove a like axiom concerning division in an 
exactly similar mmner. I mifflit even extend the list of 
a3^onis and, say that ‘‘ Equal powers of equal numbers are 
equal” Eor certainly, whatever a yc a y. a may mean, it 
is equal to a y a x a; hence by our usual substitution it 
is equal to 6 x hy 6. The same- will be true of roots of 
numbers and XJa = ijb provided that the roots are so 
taken that the root of a shall really be related to a as 
the root of h is to S. The ambiguity of meaning of an 
an operation thus fails in any way to shake the universality 
of the principle. We may go further and assert that, not 
only the above common relations, but all other known or 
conceivable mathematical relations obey the same prin- 
ciple. Let Qa denote in the most general manner that we 
do something with the quantity a ; then if a = 6 it follows 
that 

Qflb = Q6. 

The reader will also remember that one of the most 
frequent operations in mathematical reasoning is to sub- 
stitute for a quantity its equal, as known either by assumed, 
natural, or self-evident conditions. Whenever a quantity 
appears twice over in a problem, we may apply what we 
learn of its relations in one place to its relations in the 
other. All reasoning in mathematics, as in other branches 
of science, thus involves the principle of treating equals 
equally, or similars similarly. In whatever way we 
employ quantitative reasoning in the remaining parts of 
this work, we never can desert the simple principle on 
which we first set out. 

Reoisoning by Inequalities, 

I have stated that all the processips of mathematical 
reasoning may be deduced from the principle of substi- 
tution. Except ions to this assertio n may s eem to exist 
in the u sg of ^equa lities] TTEe greaferoflT greater is 
undoubtedly a greater, and what is less than a less is 
certainly *less. Snowdon is higher than the Wrekin, and 
Ben Nevis than Snowdon ; therefore Ben Nevis is higher 
than the Wrekin. But a little consideration discloses 
sufficient reason for believing that even in such cases, 
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where equality does not apparently enter, the force of the 
reasoning entirely depends upon underlying and implied 
equalities. 

In the first place, two statements of mere difference do 
bot give any ground of inference. We learn nothing 
concerning the comparative heights of St. Paul’s and 
Westminster Abbey from the assertions that they both 
differ in height from St. Peter’s at Eome. We need some- 
thing more than inequality; we require one identity in 
addition, namely the identity in Erection of the two 
differences. Thus we cannot employ inequalities in the 
simple way in which we do equalities, and, w^hen we try 
to express what other conditions are requisite, we find 
ourselves lapsing into the use of equalities or identities. 

In the second place, every argument by inequalities 
Imay be represented in the form of equalities. We express 
that a is greater than B by the equation 

^ (I) 

where <p is an intrinsically positive quantity, denoting the 
difference of a and B. Similarly we express that B is 
greater than c by the equation 

& = ^ + ( 2 ) 

and substituting for B in (i) its value in (2) we have 

a = (j + S' + (3) 

Now as p and q are both positive, it follows that a is 
greater than c, and we have the exact amount of excess 
specified. It will be easily seen that the reasoning con- 
cerning that which is less than a less will result in an 
equation of the form 

c = a - r - 5. 

Every argument by inequalities may them be thrown 
'into the form of an equality ; but the converse is not true. 
We cannot possibly prove that two quantities are equal 
by merely asserting that they are both greater or both less 
than another quantity. From e >/ and ^ >/, or e <f 
and g <f,'we can infer no relation between e and g. And 
if the reader take the equations a? = y = 3 and attempt to 
prove that therefore aj = 3, by throwing them into in- 
equalities, he will find it impossible to do so. 

From these considerations I gather that reasoning in 
arithmetic or algebra by so-called inequalities, is only an 
imperfectly expressed reasoning by equalities, and when 
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we want to exl^ibit exactly and clearly the conditions of 
reasoning, we are obliged to use equalities explicitly. Just 
as in pure logic a negative pinposition, as expressing mere 
difference, cannot be the means of inference, so inequality 
can never really be the true ground of inferenca I do 
not deny that affirmation and negation, agreement and 
difference, equality and inequality, are pairs of equally 
fundamental relations, but I assert that inference is pos- 
sible only where affirmation, agreement, or equality, some 
species of identity in fact, is present, explicitly or implicitly. 

Arithmetical Bccisoning, 

It may seem somewhat inconsistent that I assert number! 
to arise out of difference or discrimination, and yet hold) 
that no reasoning can be grounded on difference. Number, 
of course, opens a most wide sphere for inference, and a 
little consideration shows that this is due to the unlimited 
series of identities which spring up out of numerical 
abstraction. If six people are sitting on six chairs, there 
is no resemblance between the chairs and the people in 
logical character. But if we overlook all the qualities 
both of a chair and a person and merely remember that 
there are marks by wliich each of six chairs may be 
discriminated from the others, and similarly with the 
people, then there arises a resemblance between the chairs 
and the people, and this resemblance in number may be 
the ground of inference. If on another occasion the chairs 
are filled by people again, we may infer that these people 
resemble the others in number though they need not 
resemble thenr in any other points. 

Groups of units are what we really treat in arithmetic. 
The number Jive is really i + i + i + i + i, but for the 
sake of conciseness we substitute the more compact sign 
S, or the name Jive. These names being arbitrarily im- 
posed in any one manner, an infinite variety of relations 
spring up between them which are not in the least 
arbitrary. If we define four as i -|-,i -f l -h i, and Jive 
as i + i-fi + i + i, then of course it follows that 
Jive ^ four + i ; but it would be equally possible to take 
this latter equality as a definition, in which case one of 
the former equalities would become an inference. It is 
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hardly requisite to decide how we define the names of 
numbers, provided we remember that out of the infinitely 
numerous relations of one number to others, some one 
> relation expressed in an equality must be a definition of 
the number in question and the other relations imme- 
diately become necessary inferences. 

In the science of number the variety ofi classes which 
can be formed is altogether infinite, and statements of 
perfect generality may he made subject only to difficulty 
or exception at the lower end of the scale. Every existing 
number for instance belongs to the class m + 7 ; that is, 
every number must be the sum of another number and 
seven, except of course the first six or seven numbers, 
negative quantities not being here taken into account. 
Every number is the half of some other, and so on. The 
subject of generalization, as exhibited in mathematical 
truths, is an infinitely wide one. In number we are only 
at the first step of an extensive series of generalizations. 
As number is general compared with the particular things 
numbered, so we have general symbols for numbers, and 
general symbols for relations between undetermined 
numbers. There is an unlimited hierarchy of successive 
generalizations. - 

Numerically Definite Reasoning, 

It was first discovered by De Morgan that many argu- 
ments are valid which combine logical and numerical 
reasoning, although they cannot be included in the 
ancient logical formulas. He developed the doctrine of 
the '' Nuiaerically Definite Syllogism,*’ fully explained in 
his Formal Logic (pp. 141 — 170), Boole also devoted 
considerable attention to the determination of what he 
called " Statistical Conditions,” meaning the numerical 
conditions of logical classes. In a paper published among 
the Memoirs of the Manchester Literary and Philosophical 
Society, Third Series, vol. IV. p. 330 (Session 1869 — 70), 
I have pointed out that we can apply arithmetical calcula- 
tion to the Logical Alphabet. Having given certain logical 
conditions and the numbers of objects in certain classes, 
we can either determine the numbers of objects in other 
classes governed by those conditions, or can show what 
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further data are required to determine theim As an 
example of the kind of questions treated in numerical 
logic, and the mode of treatment, I give the following 
problem suggested by De Morgan, with my mode of, 
representing its solution. 

For every man in the house there is a person who is 
aged; some of the men are not aged. It follows that 
some persons in the house are not men.”^ 

Now let A = person in house, 

B = male, 

C = aged. 

By enclosing a logical symbol in brackets, let us denote 
the number of objects belonging to the class indicated by 
the symbol. Thus let 

(A) = number of persons in house, 

(AB) = number of male persons in house, 

(ABC) «= number of aged male persons in house, 
and so on. Now if we use w and w' to denote unknown 
numbers, the conditions of the problem may be thus stated 
according to my interpretation of the words — 

(AB) = (AC) - ^ 4 ;, (I) 

that is to say, the number of persons in the house who are 
aged is at least equal to, and may exceed, the number of 
male persons in the house ; 

(ABc) = w\ (2) 

that is to say, the number of male persons in the house 
who are not aged is some unknown positive quantity. 

If we develop the terms in (i) by the Law of Duality 
(pp. 74, 81, 89), we obtain 

^ (ABC) + (ABc) = (ABC) + (A6C) - w. 
Subtracting the common term (ABC) from each side and 
substituting for (ABc) its value as given in (2), we get at 
once 

(A6C) 

and adding (A&c) to each side, we have 
(A6) = (Abe) + ic + 

The meaning of this result is that the number of persons 
in the house who are not men is at least equal to 14; + 
and exceeds it by the number of persons in the house who 
are neither men nor aged (A&c). 


A Syllabus of a Proposed System of Logic, p. 29. 
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It should be understood that this solution applies only 
to tibe terms of the example quoted above, and not to the 
general problem for which De Morgan intended it to serve 
,as an illustration. 

As a second instance, let us take the following ques- 
tion : — The whole number of voters in a borough is a ; 
the number against whom objections have been lodged by 
liberals is &; and the num^r against whom objections 
have been lodged by conservatives is c; required the 
number, if any, who have been objected to on both sides. 
Taking 

A = voter, 

B = objected to by liberals, 

C = objected to by conservatives, 
then we require the value of (ABC). Now the following 
equation is identically true — 

(ABC) = (AB) + (AC) + {AJbc) - (A). (i) 

For if we develop all the terms on the second side we 
obtain 

(ABC) = (ABC) + (ABc) + (ABC) + (A6C) + {AJbc) 

- (ABC) - (ABc) - (A&C) - (A&c) ; 
and striking out the corresponding positive and negative 
terms, we have left only (ABC) = (ABC). Since then 
(i) is necessarily true, we have only to insert the known 
values, and we have 

(ABC) = 6 + c - a + (A&c). 

Hence the number who have received objections from both 
sides is equal to the excess, if any, of the whole number 
of objections over the number of voters together with the 
number of voters who have received no objection (A&c). 

The following problem illustrates the expression for 
the common part of any three classes: — The number of 
paupers who are blind males, is equal to the excess, if 
any, of the sum of the whole number of blind persons, 
added to the whole number of male persons, added to the 
number of those who being paupers are neither blind nor 
males, above the sum of the whole number of paupers 
added to the number of those who, not being paupers, 
are blind, and to the number of those who, dbt being 
paupers, are male. 

The reader is requested to prove the truth of the above 
statement, (i) by his own unaided common sense; ( 2 ) by 



PEINOIPLBS OP NUMBER. 


171 


the Aristotelian Logic; (3) by the method of numerical 
logic just expounded ; and then to decide which method 
is most satisfactory. 

Nv/rmrical meaning of Logical Conditiom, 

In many cases classes of objects may exist under spe- 
cial logical conditions, and we must consider how these 
conditions can be interpreted numerically. Every logical 
proposition gives rise to a corresponding numerical 
equation. Sameness of qualities occasions sameness of 
numbers. Hence if 

A = B 

denotes the identity of the qualities of A and B, we may 
conclude that 

(A) = (B). 

It is evident that exactly those objects, and those objects 
only, which are comprehended under A must be compre- 
hended under B. It follows that wherever we can draw 
an equation of qualities, we can draw a similar equation 
of numbers. Thus, from 

A = B = C 

we infer 

A = C; 

and similarly from 

(A) = (B) = (C). 

meaning that the numbers of A’s and C’s are equal to the 
number of B’s, we can infer 

(A) = (C). 

But, curiously enough, this does not apply to negative 
propositions and inequalities. For if 
A = B - D 

means that A is identical with B, which differs from D, it 
does not follow that 

(A) = (B) -- (D). 

Two classed of objects may differ in qualities, and yet they 
may agree in number. This point strongly confirms me 
in the opiiiioii which I have already expressed, that all 
inference really depends upon equations, not differences. 

The Logical Alphabet thus enables us to make a com- 
plete analysis of any numerical problem, and though the 
symbolical statement may sometimes seem prolix, I con- 
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ceive that it really represents the course which the mind 
must follow in solving the question. Although thought 
may outstrip the rapidity with which the symbols can 
be written down, yet the mind does not really follow a 
diflFerent course from that indicated by the symbols. For 
a fuller explanation of this natural system of Numerically 
Definite Reasoning, with more abundant illustrations 
and an analysis of De Morgan's Numerically Definite 
Syllogism, I must refer the reader to the paper^ in the 
Memoirs of the Manchester Literary and Philosophical 
Society, already mentioned, portions of which, however, 
have been embodied in the present section. 

The reader may be referred, also, to Boole's writings 
upon the subject in the Laws of Thought, chap. xix. 
p. 295, and in a paper on '"Propositions Numerically 
Definite,” communicated by De Morgan, in 1868, to the 
Cambridge Philosophical Society, and printed in their 
Transactionsf vol. xi. part ii. 

1 It has been pointed out to me by Mr. C. J. Monroe, that section 14 
(p. 339) of this paper is erroneous, and ought to be cancelled. The 
problem concerning the number of paupers illustrates the answer 
which should have been obtained. Mr. A. J. Ellis, F.R.S., had 
previously observed that my solution in the paper of De Morgan’s 
problem about " men in the house ” did not answer the conditions 
intended by De Morgan, and I therefore give in the text a more 
satisfactory solution. 



CHAPTER IX. 

THE VARIETY OF NATURE, OR THE DOCTRINE OF 
COMBINATIONS AND PERMUTATIONS. 

Nature may be said to be evolved from the monotony j 
of non-existence by the creation of diversity. It is plan - 1 
sibly asserted that we are conscious only so far as we 
experience difference. Life is change, and perfectly uni- 
lorm existence would be no better than non-existence. 
Certain it is that life demands incessant novelty, and that 
nature, though it probably never fails to obey the same 
fixed laws, yet presents to us an apparently unlimited 
series of varied combinations of events. It is the work of 
science to observe and record the kinds and comparative 
numbers of such combinations of phenomena, occurring 
spontaneously or produced by our ink .rence. Patient 
and skilful examination of the records may then disclose 
the laws imposed on matter at its creation, and enable us 
more or less successfully to predict, or even to regulate, 
the future occurrence of any particular combination. 

The Laws of Thought are the first and most important 
of all the laws which govern the combinations of pheno- 
mena, and, though they be binding on the mind, they 
may also be regarded as verified in the external world. 
The Logical Alphabet develops the utmost variety of 
things and events which may occur, and it is evident that 
as each new quality is introduced, the number of combi- 
nations IS doubled. Thus four qualities may occur in i6 
combinations ; five qualities in 32 ; six qualities in 64 ; 
and so on. In general language, if n be the number of 
qualities, 2" is the number of varieties of things which 
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may be formed from them, if there be no conditions but 
those of logic. This number, it need hardly be said, 
increases after the first few terms, in an extraordinary 
manner, so that it would require 302 figures to express 
the number of combinations in which 1,000 qualities 
might conceivably present themselves. 

If all the combinations allowed by the Laws of Thought 
occurred indifferently in nature, then science would begin 
and end with those laws. To observe nature would give 
us no additional knowledge, because no two qualities 
would in the long run be oftener associated than any 
other two. We could never predict events with more 
certainty than we now predict the throws of dice, and 
experience would be without use. But the universe, as 
actually created, presents a far different and much more 
interesting problem. The most superficial observation 
shows that some things are constantly associated with 
other things. The more mature our examination, the 
more we become convinced that each event depends 
upon the prior occurrence of some other series of events. 
Action and reaction are gradually discovered to underlie 
the whole scene, and an independent or casual occurrence 
does not exist except in appearance. Even dice as they 
fall are surely determined in their course by prior con- 
ditions and fixed laws. Thus the combinations of events 
which can really occur are found to be comparatively 
restricted, and it is the work of science to detect these 
restricting conditions. 

In the English alphabet, for instance, we have twenty- 
six letters. Were the combinations of such letters per- 
fectly free, so that any letter could be indifferently 
sounded with any other, the number of words which 
could be formed without any repetition would be 2^^ — i, 
or 67,108,863, equal in number to the combinations of 
the twenty-seventh column of the Logical Alphabet, 
excluding one for the case in which all the letters 
would be absent. But the formation of our vocal 
organs prevents us from using the far greater part of 
these conjunctions of letters. At least one vowel must be 
present in each word ; more than two consonants cannot 
usually be brought together ; and to produce words capable 
of smooth utterance a number of other rules must be 
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obsesrved. To determine exactly how many words might 
exist in the English language under these circumstances, 
would be an exceedingly complex problem, the solution of 
which has never been attempted. The number of existing 
English words may perhaps be said not to exceed one 
hundred thousand, and it is only by investigating the com- 
binations presented in the dictionary, that we can learn the 
Laws of Euphony or calculate the possible number of 
words. In this example we have an epitome of the work 
and method of science. The combinations of natural 
phenomena are limited by a great number of conditions 
which are in no way brought to our knowledge except so 
far as they are disclosed in the examination of nature. 

It is often a very difficult matter to determine the num- 
bers of permutations or combinations which may exist 
under Various restrictions. Many learned men puzzled 
themselves in former centuries over what were called 
Protean verses, or verses admitting many variations in 
accordance with the Laws of Metre. The most celebrated 
of these verses was that invented by Bernard Bauhusius, 
as follows : ^ — 

** Tot tibi sunt dotes, Virgo, quot sidera ccdIo.^' 

One author, Ericius Puteanus, filled forty-eight pages of a 
work in reckoning up . its possible transpositions, making 
them only 1022. Other calculators gave 2196, 3276, 2580 
as their results. Wallis assigned 3096, but without much 
confidence in the accuracy of his result.^ It required the , 
skill of James Bernoulli to decide that the number of 
transpositions was 3312, under the condition that the sense 
and metre of the verse shall be perfectly preserved. 

In approaching the consideration of the great Inductive 
problem, it is very necessary that we should acquire correct 
notions as to the comparative numbers of combinations 
which may exist under different circumstances. The 
doctrine of combinations is that part of mathematical 
science which applies numerical calculation to determine 
the numbers of combinations under .various conditions. 
It is a part of the science which really lies at the base not 
only of other sciences, but of other branches of mathe- 

1 Mpntucla, HUtovre, &c., vol. iii. p. 388. 

* Wallis, Of ComhmatioTis, &c., p. 119. 
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matics. The forms of algebraical expressions are deter- 
mined by the principles <rf combination, and Hindenburg 
recognised this fact in his Combinatorial Analysis. The 
greatest mathematicians have, during the last three cen- 
turies, given their best powers to the treatment of this 
subject ; it was the favoi^rite study of Pascal ; it early 
attracted the attention of Leibnitz, who wrote his curious 
essay. Be Arte Cmnhinatoria^ at twenty years of age ; James 
Bernoulli, one of the very profoundest mathematicians, 
devoted no small part of his life to the investigation of the 
subject, as connected with that of Probability ; and in his 
celebrated work, Be Arte Gonjectandi, he has so finely 
described the importance of the doctrine of combinations, 
that I need offer no excuse for quoting his remarks at full 
length. 

“ It is easy to perceive that the prodigious variety which 
appears both in the works of nature and in the actions of 
men, and which constitutes the greatest part of the beauty 
of the universe, is owing to the multitude of different ways 
in which its several parts are mixed with, or placed near, 
each other. But, because the number of causes that concur 
in producing a given event, or effect, is oftentimes so im- 
mensely great, and the causes themselves are so different 
one from another, that it is extremely difficult to reckon up 
all the different ways in which they may be arranged or 
combined together, it often happens that men, even of the 
best understandings and greatest circumspection, are guilty 
of that fault in reasoning which the writers on logic call 
the insufficient or imperfect enumeration of parts or cases : 
insomuch that I will venture to assert, that this is the 
chief, and almost the only, source of the vast number of 
erroneous opinions, and those too very often in matters 
of great importance, which we are apt to form on all the 
subjects we reflect upon, whether they relate to the know- 
ledge of nature, or the merits and motives of human 
actions. 

It must therefore be acknowledged, that that art which 
affords a cure to this weakness, or defect, of our under- 
standings, and teaches us so to enumerate all the possible 
ways in which a given number of things may be mixed 
and combined together, that we may be certain that we 
have not omitted any one arrangement of them that can 
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lead to the object of our inquiry, deserves to be considered 
as most eminently useful and worthy of our highest esteem 
and attention. And this is the business of the art or 
doctrine of combinations. Nor is this art or doctrine to be 
considered merely as a branch of the mathematical sciences. 
For it has a relation to almost every species of useful know- 
ledge that the mind of man can be employed upon. It 
proceeds indeed upon mathematical principles, in calculat- 
' ing the number of the combinations of the things proposed : 
but by the conclusions that are obtained by it, the sagacity 
of the natural philosopher, the exactness of the historian, 
the skill and judgment of the physician, and the prudence 
and foresight of the politician may be assisted ; because 
the business of all these important professions is but to 
form reasonable conjectures concerning the several objects 
which engage their attention, and all wise conjectures are 
the results of a just and careful examination of the several 
different effects that may possibly arise from the causes 
that are capable of producing them.” ^ 

Distinction of Combinations and Permutations. 

We must first consider the deep difference which exists 
between Combinations and Permutations, a difference in- 
volving important logical principles, and influencing the 
form of mathematical expressions. In permutation we re- 
cognise varieties of order, treating AB as a different group 
from BA. In combination we take notice only of the 
presence or absence of a certain thing, and pay no regard 
to its place in ordeiL of time or space. Thus the four 
letters a, e, m, n can form but one combination, but they 
occur in language in several permutations, as namCy amen, 
meany mane. 

We have hitherto been dealing with purely logical ques- 
tions, involving only combination of qualities. I have 
fully pointed out in more than one place that, though our 
symbols could not but be written in order of place and read 
in order of time, the relations expressed* had no regard to 
place or time (pp. 33, 1 14). The Law of Commutativeness, 
in fact, expresses the condition that in logic we deal with 

^ James Bernoulli, De Arte Gonjectmdi^ translated by Baron 
Maseres. London, 1795, pp. 35, 36. 
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conibinations^ and the same law is true of all the processes 
of algebra. In some cases, order may be a matter of 
indifferenoe ; it makes no difference, for instance, whether 
gnnpowder is a mixture of sulphur, carbon, and nitre, or 
carbon, nitre, and sulphur, or nitre, sulphur, and carbon, 
provided that the substances are present in proper propor- 
tions and well mixed. But this indifference of order does 
not usually extend to the events of physical science or the 
operations of art. The change of mechanical energy into 
heat is not exactly the same as the change from heat into 
mechanical energy ; thunder does not indifferently precede 
and follow lightning ; it is a mattgr of some importance 
that we load, cap, present, and fire a rifle in this precise 
order. Time is the condition of all our thoughts, space of 
all OUT actions, and therefore both in art and science we 
are to a great extent concerned with permutations. 
Language, for instance, treats different permutations of 
letters as having different meanings. 

Permutations of things are far more numerous than 
combinations of those things, for the obvious reason that 
each distinct thing is regarded differently according to 
its place. Thus the letters A, B, C, will make different 
permutations according as A stands first, second, or third ; 
having decided the place of A, there are two places 
between which we may choose for B; and then there 
remains but one place for 0 . Accordingly the permuta- 
tions of these letters will be altogether 3x2x1 or 6 in 
* number. With four things or letters, A, B, C, D, we 
shall have four choices of place for the first letter, three 
for the second, two for the third, and .one for the fourth, 
so that there will be altogether, 4X3x2xi, or 24 
permutations. The same simple rule applies in all cases ; 
beginning with the whole number of things we multiply 
at each step by a number decreased by a unit. In general 
language, if n be the number of things in a combination, 
the number of permutations is 

(71 — i) — 2) 4 . 3 . 2 . I. 

If we were to re-arrange the names of the days of 
the week, the possible arrangements out of v^ich we 
should have to choose the new order, would be no less 
than 7 . 6 . 5 . 4 . 3 . 2 . I, or 5040, or, excluding the 
existing order, 5039, 
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The reader see that the numbers which we reach in 
questions of permutation, increase in a more extrtoordinary 
manner even than in combination. Each new object or 
term doubles the number of combinations, but increases 
the permutations by a factor continually growing. Instead 

of 2X2X2X2X we have 2X3X4XSX 

and the products of the latter expression immensely 

exceed those of the former. These products of increasing 
factors are frequently employed, as we shall see, in ques- 
tions both of permutation and combination. They are 
technically called factorials, that is to say, the product of 
all integer numbers, from unity up to any number n is the 
factorial of n, and is often indicated symbolically by [». 
I give below the factorials up to that of twelve ; — 

^ 24 = I . 2 . 3 . 4 

120 = I . 2. ... 5 
720 = I . 2 .... 6 
5,040 = Lt. 

40,320 = li 
362,880 = L9 
3,628,800 [10 

39,916,800 = [11 
479,001,600 = [12 

The factorials up to [36 are given in Eees's " Cyclopaedia,* 
art. Cipher, and the logarithms of factorials up to [265 
are to be found at the end of the table of logarithms 
published under the superintendence of the Society for 
the Diffusion of Useful Knowledge (p. 215). To express 
the factorial [265 would require 529 places of figures. 

Many writers have from time to time remarked upon 
the extraordinary magnitude of the numbers with which 
we deal in this subject. Tacquet calculated^ that the 
twenty-four letters of the alphabet may be arranged in 
more than 620 thousand trillions of orders ; and Schott 
estimated ^ that if a thousand millions of men were em- 
ployed for the same number of years in writing out these 
arrangements, and each man filled each day forty pages 
with forty arrangements in each, jihey would not have 
accomplished the task, as they would have written only 
584 thousand trillions instead of 620 thousand trillions. ' 

^ Arithmetics Theoria, Ed. Amsterd. 1704.. p 517. 

* E^eS'S Cyclopcediaf art. Cipher. 

K 2 
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Ib some questions the number of permutations may be 
rejrtricted' and reduced by various conditions. Some 
things in a group may be undistinguishable from others, 
so that change of order will produce no difference. Thus 
if we were to permutate the letters of the name Ann, 
according to our previous rule, we should obtain 3x2x1, 
or 6 orders; but half of these arrangements would be 
identical with the other half, because the interchange of 
the two n's has no effect. The really different orders will 

therefore be - - ^ - or 3, namely Ann, Nan, Nna, In 

the word utility there are two i *8 and two i^’s, in respect 
of both of which pairs the numbers of permutations must 

be halved. Thus we obtain ^ } or 1260, as 

I • 2 • I • 2 

the number of permutations. The simple’ rule evidently 
is — when some things or letters are undistinguished, 
proceed in the first place to calculate all the possible 
permutations as if all were different, and then divide by 
the numbers of possible permutations of those series of 
things which are not distinguished, and of which the 
permutations have therefore been counted in excess. 
Thus since the word Utilitarianism contains fourteen 


letters, of which four are t's, two a's, and two ^'s, the 
number of distinct arrangements will be found by 
dividing the factorial of 14, by the factorials of 4, 2, 
and 2, the result being 9o8,io7,2cx>. From the letters 
of the word Mississijppi we can get in like manner 

x\2 34^650 permutations, which is not the one- 

thousandth part of what we should obtain were all the 
letters different. 


Calculation of Number of Combinations, 

Although in many questions both of art and science 
we need to calculate the number of permutations on 
account of their own interest, it far more frequently 
happens in scientific subjects that they possess but an 
indirect interest. As I have already pointed out, we 
almost always deal in the logical and mathematical 
sciences with combinations, and variety of order enters 
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only through the inherent imperfections of our symbols 
and modes of calculation. Signs must be used in some 
order, and we must withdraw our attention from this order 
before the signs correctly represent the relations of thin^^ 
which exist neither before nor after each other. Now, it 
often happens that we cannot choose all the combinations 
of things, without first choosing them subject to the 
accidental variety of order, and we must then divide by 
the number of possible variations of order, that we may 
get to the true number off pure combinations. 

Suppose that we wish to determine the number of ways 
in which we can select a group of three letters out of the 
alphabet, without allowing the same letter to be repeated. 
At the first choice we can take any one of 26 letters ; at 
the next step there remain 25 letters, any one of which 
may be joined with that already taken ; at the third step 
there will be 24 choices, so that apparently the whole 
number of ways of choosing is 26 x 25 x 24. But the 
fact that one choice succeed^ another has caused us to 
obtain the same combinations of letters in different orders; 
we should get, for instance, a, p, r at one time, and jp, r, a at 
another, and every three distinct letters will appear six 
times over, because three things can be arranged in six 
permutations. To get the number of combinations, then, 
we must divide the whole number of ways of choosing, 
by six, the number of permutations of three things, 

obtaining 2,600. 

It is apparent that we need the doctrine of combina- 
tions in order that we may in many question# counteract 
the exaggerating effect of successive selection. If out of 
a senate of 30 persons we have to choose a committee of 5, 
we may choose any of 30 first, any of 29 next, and so on, 
in fact there will be 30 x 29 x 28 x 27 x 26 selections; 
but as the actual character of the members of the committee 
will not be affected by the accidental order of their selec- 
tion, we divide byi X2X3X4X5, and the possible 
number of different committees will be 142,506. Similarly 
if we want to calculate the number of ways in which the 
eight major planets may come into conjunction, it is evi- 
dent that they may meet either two at a time or three at 
a time, or four or more at a time, and as nothing is said as to 
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the udative order or place in tiie conjunction, we require 
iAm number of combinations. Now a selection of 2 out of 8 

is possible in or 28 ways; of 3 out of 8 in 

or 56 ways ; of 4 out of 8 in ox 70 ways ; and it 

may be similarly shown that for 5, 6, 7, and 8 planets, 
meeting at one time, the numbers of ways are 56, 28, 8, 
and I. Thus we have solved the whole question of the 
variety of conjunctions of eight planets ; and adding all the 
numbers together, we find that 247 is the utmost possible 
number of modes of meeting. 

In general algebraic language, we may say that a group 
of m things may be chosen out of a total number of n 
things, in a number of combinations denoted by the 
formula 

n . (n~ i) (n~2) (n>— 3) .... (n— m + i ) 

1.2 . 3.4.... m 

The extreme importance and significance of this formula 
seems to have been first adequately recognised by Pascal, 
although its discovery is attributed by him to a friend, M. 
de Gani^res.^ We shall find it perpetually recurring in 
questions both of combinations and probability, and 
throughout the formulas of mathematical analysis traces 
of its influence may be noticed. 

The Arithmetical Triangle, 

The Arithmetical Triangle is a name long since given to 
a series of Remarkable numbers connected with the subject 
we are treeing. According to Montucla * this triangle is 
in the theory of combinations and changes of order, almost 
what the table of Pythagoras is in ordinary arithmetic, that 
is to say, it places at once under the eyes the numbers re- 
quired in a multitude of cases of this theory.” As early 
as 1544 Stifels had noticed the remarkable properties of 
these numbers and the mode of their evolution. Briggs, 
the inventor of the common system of logaritlims, was so 
struck with their importance that he called them the 

1 CEuvres Computes de Pascal (1865), vol. iii. p. 302. Montucla 
states the name as De Grui^es, Histoire des MaAiematigues, vol, iiL 

^ ^ histoire ies MalMimtiques, vol. iii. p. 378. 
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Abacus Panchrestus. Pascal, however, was the first who 
wrote a distinct treatise on these numbers, and gave them 
the name by which they are still known. But Pascal did 
not by any means exhaust the subject, and it remained for 
James Bernoulli to demonstrate fully the importance of 
the figurate nvmhers, as they are also called. In his 
treatise De Arte Conjectandi, he points out their applica- 
tion in the theory of combinations and probabilitie^i, and 
remarks of the Arithmetical Triangle, It not only con- 
tains the clue to the mysterious doctrine of combinations, 
but it is also the ground or foundation of most of the im- 
portant and abstruse discoveries that have been made in 
the other branches of the mathematics.” ^ 

The numbers of the triangle can be calculated in a 
very easy manner by successive additions. We commence 
with unity at the apex ; in the next line we place a second 
unit to the right of this ; to obtain the third line of figures 
we move the previous line one place to the right, and add 
them to the same figures as they were before removal ; we 
can then repeat the same process ad infinitum. The 
fourth line of figures, for instance, contains i, 3, 3, i ; 
moving them one place and adding as directed we obtain : — 

Fourth line ... i 

Fifth line .... i 

Sixth line .... i 

Carrying out this simple process through ten more steps 
we obtain the first seventeen lines of the Arithmetical 
Triangle as printed on the next page. Theoretically 
speaking the Triangle must be regarded as infinite in 
extent, but the numbers increase so rapidly that it soon 
becomes impracticable to continue the table. The longest 
table of the numbers which I have found is in Fortia’s 
" Trait6 des Progressions ” (p. 8o), where they are given up 
to the fortieth line and the ninth column. 

^ Bernoulli, De Arte Conjectandi, translated by Francis Maserea. 
London, 1795, p. 75. 
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Examining these numbers, we find that they are con- 
nected by an unlimited series of relations, a few of the 
more simple of which may be noticed. Each vertical 
column of numbers exactly corresponds with an oblique 
series descending from left to right, so that the triangle is 
perfectly symmetrical in its contents. The first column 
contains only units; the second column contains the 
natural nurnbers, i, 2, 3, &c. ; the third column contains 
a remarkable series of numbers, i, 3, 6, 10, 15, &c., which 
have long been called tlie triangular numbers, because they 
correspond with the numbers of balls whic!jj^ may be 
arranged in a triangular form, thus — 

o 

o 00 

o 00 000 

o 00 000 0000 

o 00 000 0000 00000 

The fourth column contains the •pyramidal numbers, so 
called because they correspond to the numbers of equal 
balls which can be piled in regular triangular pyramids. 
Their differences are the triangular numbers. The numbers 
of the fifth column have the pyramidal numbers for their 
differences, but as there is no regular figure of which they 
express the contents, they have been arbitrarily called the 
trianguli-triangular numbers. The succeeding colunms 
have, in a similar manner, been said to contain the 
trmnguli-pyramidal, the pyramidi-pyramidal numbers, 
and so on.^ 

From the mode of formation of the table, it follows that 
the differences of the numbers in each column* will be 
found in the preceding column to the left. Hence the 
second differences, or the differences of differences^ will be 
in the second column to the left of any given column, the 
third differences in the third column, and so on. Thus 
we may say that unity which appears in the first column 
is the first difference of the numbers in the second column ; 
the second dfference of those in the third column ; the third 
difference of those in the fourth, and so on. The triangle 
is seen ^ to be a complete classification of all numbers 
according as they have unity for any of their differences. 

Since each line is formed by adding the previous line 

^ Wallis’s Algebra, Discourse of Combinations, &c., p. 109.^ 
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to itself, it is evident that the sum of the numbers in each 
horizontal line must be double the sum of the numbers^in 
the line next above. Hence we know, without making 
the additions, that the successive sums must be i, 2, 4, 
S, 16, 32, 64, &c., the same as the numbers of combinations 
in the Logical Alphabet. Speaking generally, the sum of 
the numbers in the nth line will be 2*^\ 

Again, if the whole of the numbers down to any line be 
added together, we shall obtain a number less by unity 
than some power of 2 ; thus,, the first line gives i or 
21 — I ; the first two lines give 3 or 2 ^ — i ; the first three 
lines 7 or 2^ — i ; the first six lines give 63 or 2® — i ; or, 
speaking in general language, the sura of the first n lines 
is 2“ — I. It follows that the sum of the numbers in any 
one line is equal to the sum of those in all the preceding 
lines increased by a unit. For the sum of the nth. line is, 
as already shown, 2””^, and the sum of the first n — i lines 
is 2*^^ — I, or less by a unit. 

This account of the properties of the figurate numbers 
does not approach completeness ; a considerable, probably 
an unlimited, number of less simple and obvious relations 
might be traced out. Pascal, after giving many of the 
properties, exclaims^: “Mais j'en laisse bien plus que je 
n'en donne ; c’est une chose Strange combien U est fertile 
en propri^tes ! Chacun pent s’y exercer.” The arith- 
metical triangle may be considered a natural classification 
of numbers, exhibiting, in the most complete manner, 
their evolution and relations in a certain point of view. 
It is obvious that in an unlimited extension of the 
triangle, each number, with the single exception of the 
number two, has at least two places. 

Though the properties above explained are highly 
curious, the greatest value of the triangle arises from the 
fact that it contains a complete statement of the values of 
the formula (p. 182), for the numbers of combinations of m 
things out of n, for all possible values of m and n. Out 
of seven things one may be chosen in seven ways, and 
seven occurs in the eighth line of the second column. The 
combinations of two things chosen out of seven are 

- / - - or 21, which is the third number in the eighth 
1x2 

J (Euvres Competes, voL iii. p. 251 . 
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Mae. The eombin^ions of three thiags oat o$ seveii are 
t V ^ SS* appears fourth in the eighth Une. 

In a similar manner, in the fifth, sixth, sevenii, and eighth 
columns of the eighth line I find it stated in how many 
ways I can select combinations of 4, 5, 6, and 7 things out 
of 7. Proceeding to the ninth line, I find in succession 
the number of ways in which I can select i, 2, 3, 4, 5, 6, 
7, and 8 things, out of 8 things. In general language, if 
I wish to know in ho^^ many ways m things can be 
selected in combinations out of n things, I must look in 
the n + line, and take the m + i*** number, as the 
answer. In how many ways, for instance, can a sub- 
committee of five be chosen out of a committee of nine. 
The answer is 126, and is the sixth number in the tenth 

line: it will be found equal to ^ ^ : 7 . which 
our formula (p. 182) gives. 

The fuU utility of the figurate numbers will be more 
apparent when we reach the subject of probabilities, but I 
may give an illustration or two in this place. In how 
many ways can we arrange four pennies as regards head 
and tail ? The question amounts to asking in how many 
ways we can select o, i, 2, 3, or 4 heads, out of 4 heads, 
and the Jifih line of the triangle gives us the complete 
answer, thus — 

We can select l^o head and 4 tails in i way. 

„ I head and 3 tails in 4 ways. 

„ 2 heads and 2 tails in 6 ways. • 

„ 3 heads and i tail in 4 ways, 

„ 4 heads and o tail in i way. 

The total number of different cases is 16, or 2 \ and 
when we come to the next chapter, it will be foun(| that 
these numbers give us the respective probabilities 41 all 
throws with four pennies. 

I gave in p. 181 a calculation of the number of ways in 
which eight planets can meet in conjunction ; the reader 
will find all the numbers detailed in the ninth line of the 
arithmetical triangle. The sum of the whole line is 2* or 
256; but we must subtract a unit for the case where no 
planet appears, and 8 for the 8 cases in whiirh only one 
planet appears ; so that the total number of 'Conjunctions 
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ifl 2® — I — 8 or 247. If an organ has eleven stops we 
find in the twelfth line the numbers of ways in which we 
can draw them, i, 2, 3, or more at a time. Thus there are 
462 ways of drawing five stops at once, and as many of 
drawing six stops. The total number of ways of varying 
the sound is 2048, including the single case in which no 
stop at all is drawn. 

One of the most important scientific uses of the arith- 
metical triangle consists in the information which it gives 
concerning the comparative |jrequency of divergencies 
from an average. Suppose, for the sake of argument, that 
all persons were naturally of the equal stature of five feet, 
but enjoyed during youth seven independent chances of 
growing one inch in addition. Of these seven chances, 
one, two, three, or more, may happen favourably to any 
individual ; but, as it does not matter what the chances 
are, so that the inch is gained, the question really turns 
upon the number of combinations of o, i, 2, 3, &c., things 
out of seven. Hence the eighth line of the triangle gives 
us a complete answer to the question, as follows : — 

Out of every 128 people — 


One person would have the stature of 

Feet 

5 

Inches. 

0 

7 persons 


99 

5 

I 

21 persons 

>9 

99 

S 

2 

35 persons 

99 

99 

5 

3 

35 persons 

99 

99 

5 

4 

21 persons 

99 

99 

5 ■ 

5 

7 persons 

99 

99 

5 

6 

I person 

99 

99 

S 

7 


By taking a proper line of the triangle, an answer may 
be had under any more natural supposition. This theory 
of comparative frequency of divergence from an average, 
was first adequately noticed by Quetelet, and has lately 
been employed in a very interesting and bold manner 
by Mr. Francis Galton,^ in his remarkable work on 
Hereditary Genius.” We shall afterwards find that the 
theory of error, to which is made the ultimate appeal in 
cases of quantitative investigation, is founded upon the 

^ See also Galton's Lecture at the Koyal Institution, 27th February, 
1874 ; Catalogue of the Special Loan Collection of Scientific Instru-, 
ments, South Kensington, Nos. 48, 49 ; and Galton, FhiloBoj^hical 
Magazine^ Januaiy 1875. 
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oomparative numbers of combinations as displayed in tbe 
triangle. 

Connection "betwetn the Arithmetical Triangle and the 
Logical Alphabet 

There exists a close connection between the arithmetical 
triangle described in the last section, and the series of 
combinations of letters called the Logical Alphabet. The 
one is to mathematical <|ence what the other is to 
logical science. In fact the figurate numbers, or those 
exhibited in the triangle, are obtained by summing up the 
logical combinations. Accordingly, just as the total of the 
numbers in each line of the triangle is twice as great as 
that for the preceding line (p. i86), so each column of the 
Alphabet (p. 94) contains twice as many combinations as 
the preceding one. The like correspondence also exists 
between the sums of all the lines of figures down to any 
particular line, and of the combinations down to any 
particular column. 

By examining any column of the Logical Alphabet we 
find that the combinations naturally group themselves 
according to the figurate numbers. Take the combinations 
of the letters A, B, C, D ; they consist of all the ways in 
which I can choose four, three, two, one, or none of the 
four letters, filling up the vacant spaces with negative 
terms. 

There is one combination, ABOD, in which all the 
positive letters are present ; there are four combinations in 
each of which three positive letters are present; six in 
which two are present ; four in which only one is present ; 
and, finally, there is the single case, .abed, in which all 
positive letters are absent. These numbers, i, 4, 6, 4, i, 
are those of the fifth line of the arithmetical triangle, and 
a like correspondence will be found to exist in each 
column of the Logical Alphabet. 

Numerical abstraction, it has been asserted, consists in 
overlooking the kind of difference, and retaining only a 
consciousness of its existence (p. 158). While in logic, 
then, we have to deal with each combination as a separate 
kind of thing, in arithmetic we distinguish only the classes 
which depend upon more or less positive terms being 
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and the numbers of these classes immediatefy 
produce the numbers of the arithmetical triangle. 

It may here be pointed out that there are two modes in 
which we can calculate the whole number of combinations 
of certain tilings. Either we may take the whole number 
at once as shown in the Logical Alphabet, in which case 
the number will be some power of two, or else we may 
calculate successively, by aid of permutations, the number 
of combinations of none, one, two, three things, and so 
on. Hence we arrive at a neceiaary identity between two 
series of numbers. In the case of four things we shall 
have 


2 


I + Y “1" 


4 « 3 

I . 2 



3 . 2 4 » 3 ■ 2 . I 

2 . 3 I . 2 . 3 . 4* 


In a general form of expression we shall have 


3 ^ I + !L+ ("-g ) + &c, 

I 1.2 1 . 2.3 

the terms being continued until they cease to have any 
value. Thus we’ arrive at a proof of simple cases of the 
Binomial Theorem, of which each column of the Logical 
Alphabet is an exemplification. It may be shown that all 
other mathematical expansions likewise arise out of simple 
processes of combination, but the more complete considera- 
tion of this subject must be deferred to another work. 


Possible Variety of Nature and Art, 

We cannot adequately understand the difficulties 
which beset us in certain branches of science, unless we 
have some clear idea of the vast numbers of combinations 
or permutations which may be possible under certain con- 
ditions. Thus only can we learn how hopeless it would 
be to attempt to treat nature in detail, and exhaust the 
whole number of events which might arise. It is instruc- 
tive to consider, in the first place, how immensely great 
are the numbers of combinations with which we deal in 
many arts and amusements. 

In dealing a pack of cards, the number of hands, of 
thidieen cards each, which can be produced is evidently 
52 X 5 1 X SO X .. . X 40 divided by i x 2 x 3 . . x 13. 
or 635,013,559,600. But in whist four hands are simul- 
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taneousljr held, and the number of distinct deals becomes 
so vast that it would require twenty-eight figures to express 
it. If the whole population of the world, say one thousand 
millions of persons, were to deal cards day and night, for 
a hundred million of years, they would not in that time 
have exhausted one hundred-thousandth part of the pos- 
sible deals. Even with the same hands of cards the play 
may be almost infinitely varied, so that the complete 
variety of games at whist which may exist is almost 
incalculably great. It is in the highest degree improbable 
that any one game of whist was ever exacfly like another, 
except it were intentionally so. 

The end of novelty in art might well be dreaded, did 
we not find that nature at least has placed no attainable 
limit, and that the deficiency will lie in our inventive 
faculties. It would be a cheerless time indeed when aU 
possible varieties of melody were exhausted, but it is 
readily shown that if a peal of twenty-four bells had been 
rung continuously from the so-called beginning of the 
world to the present day, no approach could have been 
made to the completion of the possible changes. Nay> 
had every single minute been prolonged to io,ocx> years, 
still the task would have been unaccomplished.^ As 
regards ordinary melodies, the eight notes of a single 
octave give more than 40,000 permutations, and two 
octaves more than a million millions. If we were to take 
into account the semitones, it would become apparent that 
it is impossible to exhaust the variety of inusic. "Wlien 
the late Mr. J. S MiU, in a depressed state of mind, feared 
the approaching exhaustion of musical melodies, he had 
certainly not bestowed sufficient study on the subject of 
permutatio&s. 

Similar considerations apply to the possible number of 
natural substances, though 'we cannot always give precise 
numerical results. It was recommended by Hatchett * 
that a systematic examination of all alloys of metals 
should be carried out, proceeding from the binary ones to 
more complicated ternary or quaternaiy ones. He can 
hardly h&ve been aware of the extent of his proposed 

^ Wallis, Of Comkinations, p. 116, quoting Voasius. 

* PhiloBophical Transactvms (1803), vol. xdiL p. 193. 
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iaqiiiry. If we operate only upon thirty of the known 
metals, the number of binary alloys wsitild be 435, of 
ternary alloys 4060, of quaternary 27,405, without paying 
regard to the varying proportions of the metals, and only 
regarding the kind of metal. If we varied all the ternary 
alloys by quantities not less than one per cent., the 
number of these alloys would be 11,445,060. An ex- 
haustive investigation of the subject is therefore out of 
the question, and unless some laws connecting the proper- 
ties of the alloy and its components can be discovered, it 
is not apparent how our knowledge of them can ever be 
more than fragmentary. 

The possible variety of definite chemical compounds, 
again, is enormously great. Chemists have already ex- 
amined many thousands of inorganic substances, and a 
still greater number of organic compounds ; ^ they have 
nevertheless made no appreciable impression on the 
number which may exist. Taking the number of ele- 
ments at sixty-one, the number of compounds contain- 
ing different selections of four elements each would 
be more than half a million (521,855). As the same 
elements often combine in many different proportions, 
and some of them, especially carbon, have the power of 
forming ah almost endless number of compounds, it 
would hardly be possible to assign any limit to the 
number of chemical compounds which may be formed. 
There are branches of physical science, therefore, of which 
it is unlikely that scientific men, with all their industry, 
can ever obtain a knowledge in any appreciable degree 
approaching to completeness. 

Higher Orders of Variety, 

The consideration of the facts already given in this 
chapter will not produce an adequate notion of the pos- 
sible variety of existence, unless we consider the com- 
parative numbers of combinations of different orders. By 
a combination of a higher order, I mean a combination 
of groups, which are themselves groups. The immense 
numbers of compounds of carbon, hydrogen, and oxygen, 

• 

^ Hofmann’s Introduction to Chemistry^ p. 36. 
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described in organic chemistry, are combinations of a 
second order, ifor the atoms are groups of groups. The 
wave of sound produced by a musical instrument may be 
regarded as a combination of motions ; the body of sound 
proceeding from a large orchestra is therefore a complex 
aggregate of sounds, each in itself a complex combination 
of movements. All literature may be said to be developed 
out of the difference of white paper and black ink. From 
the unlimited number of marfe which might be chosen we 
select twenty-six conventional letters. The pronounceable 
combinations of letters are probably some trillions in 
number. Now, as a sentence is a selection of words, the 
possible sentences must be inconceivably more numerous 
than the words of which it may be composed. A book is 
a combination of sentences, and a library is a combination 
of books. A library, therefore, may be regarded as a com- 
bination of the fifth order, and the powers of numerical 
expression would be severely tasked in attempting to 
express the number of distinct libraries which might be 
constructed. The calculation, of course, would not be 
possible, because the union of letters in words, of words 
in sentences, and of sentences in books, is governed by 
conditions so complex as to defy analysis. I wish only to 
point out that the infinite variety of literature, existing or 
possible, is all developed out of one fundamental differ- 
ence. Galileo remarked that all truth is contained in the 
compass of the alphabet. He ought to have said that it 
is all contained in the difference of ink and paper. 

One consequence of successive combination is that the 
simplest marks will suffice to express any information. 
Francis Bacon proposed for secret writing a biliteral 
cipher, which resolves all letters of the alphabet into 
permutations of the two letters a and 6. Thus A was 
aaaaa, B aaadb, X labab, and so on.^ In a similar way, 
as Bacon clearly saw;, any one difference can be made the 
ground of a code of signals ; we can express, as he says, 
omnia •per omnia. The Morse alphabet uses only a 
succession of long and short marks, aAd other systems 
of telegraphic language employ right and left strokes. 
A single lamp obscured at various intervals, long or 

^ Works, edited by Sljaw, voL i. pp. 141 — 145, quoted in Rees’ 
^rv<yyclopcedia, art. Cipher. 
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short, may be made to spell out any words, and with 
two lamps, distinguished by colour, position, or any 
other circumstance, we could at once represent Bacon’s 
biliteral alphabet. Babbage ingeniously suggested that 
every lighthouse in the world should be made to spell 
out its own name or number perpetually, by flashes or 
obscurations of various duration and succession. A 
system like that of Babbage is now being applied to 
lighthouses in the United Kingdom by Sir W. Thomson 
and Dr. John Hopkinson. 

Let us calculate the numbers of combinations of dif- 
ferent orders which may arise out of the presence or 
absence of a single mark, say A. In these figures 

rnxi I TTi I I [ 

we have four distinct varieties. Form them into a group 
of a higher order, and consider in how many ways we 
may vary that group by omitting one or more of the 
component parts. Now, as there are four parts, and any 
one may be present or absent, the possible varieties will 
be 2 X 2 X 2 X 2, or 1 6 in number. Form these into a new 
whole, and proceed again to create variety by omitting 
any one or more of the sixteen. The number of pos- 
sible changes will now be 2.2.2.2.2.2.2.2.2.2.2.2.2.2.2.2, or 
2^*, and we can repeat the process again and again. We 
are imagining the creation of objects, whose numbers are 
represented by the successive orders of the powers of two. 

At the first step we have 2 ; at the next 2^, or 4 ; 

2 

at the third 2 ^ , or 16, numbers of very moderate amount. 

2 

2 

Let the reader calculate the next term, 2^ , and he will be 
surprised to find it leap up to 65,536. But at the next 
step he has to calculate the value of 65,536 twd^ multiplied 
together, and it is so great that we could not possibly 
compute it, the mere expression of the result requiring 
1 9^729 places of figures. But go one step more and we 
pass the bounds of all reason. The sixth order of the 
powers of two becomes so great, that we could not even 
express the number of figures required in writing it down, 
without using about 19,729 figures for the purpose. The 
successive orders of the powers of two have then the 
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following values so far as we can succeed in describing 
* them : — 

First order .... 2 

Second order .... 4 

Third order • . . • 16 

Fourth order .... 65,536 

Fifth order, number expressed by 19,729 figures. 
Sixth order, number expressed by 
figures, to express the number 
of which figures would require 
about . . .. . 19,729 figures. 

It meij give us some notion of infinity to remember 
that at this sixth step, having long surpassed all bounds 
of intuitive conception, we make no approach to a limit. 
Nay, were we to make a hundred such steps, we should be 
as far away as ever from actual infinity. 

It is well worth observing that our powers of expression 
rapidly overcome the possible multitude of finite objects 
which may exist in any assignable space. Archimedes 
showed long ago, in one of the most remarkable writings 
of antiquity, the Ziber de Arerm Numero, that the grains of 
sand in the world could be numbered, or rather, that if 
numbered, the result could readily be expressed in arith- 
metical notation. Let us extend his problem, and ascertain 
whether we could express the number of atoms which could 
exist in the visible universe. The most distant stars which 
can now be seen by telescopes — those of the sixteenth 
magnitude — are supposed to have a distance of about 
33,900,000,000,000,0x00 miles. Sir W. Thomson has 
shown reasons for supposing that there do not exist 
more than from 3 x 10^ to 10^® molecules in a cubic 
centimetre of a solid or liquid substance.^ Assuming 
these data to be true, for the sake of argument, a simple 
calculation enables us to show that the almost inconceivably 
vast sphere of our stellar system if entirely filled with 
solid matter, would not contain more than about 68 x 10®® 
atoms, that is to say, a number requiring for its expression 
92 places of figures. Now, this number would be im- 
mensely less than the fifth order of the powers of two. 

In the variety of logical relations, which may exist 

0 2 


1 Nature, vol. i. p. 553. 
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between a certain number of logical terms, we also meet 
a case of higher combinations. We have seen (p. 142) that 
with only six terms the number of possible selections of 
combinations is 18446,744,073,709,551,616. Considering 
that it is the most common thing in the world to use an 
argument involving six objects or terms, it may excite 
some surprise that the complete investigation of the 
relations in which six such terms may stand to . each 
other, should involve an almost inconceivable number 
of cases. Yet these numbers of possible logical relations 
belong onlv to the second order of combinations. 



CHAPTEE X 


THE THEORY OP PROBABILITY. 

The subject upon which we now enter must not be 
regarded as an isolated and curious branch of speculation. 
It is the necessary basis of the judgments we make in the 
prosecution of science, or the decisions we come to in the 
conduct of ordinary affairs. As Butler truly said, " Pro- 
bability is the very guide of life.” Had the science of 
numbers been studied for no other purpose, it must have 
been developed for the calculation of probabilities. All 
our inferences concerning the future are merely probable, 
and a due appreciation of the degree of probability depends 
upon a comprehension of the principles of the subject. I 
am convinced that it is impossible to expound the methods 
of induction in a sound manner, without resting them upon 
the theory of probability. Perfect knowledge alone can 
give certainty, and in nature perfect knowledge would be 
infinite knowledge, which is clearly beyond our capacities. 
We have, therefore, to content ourselves with partial 
knowledge— knowledge mingled with ignorance, producing 
doubt. 

A great difficulty in this subject consists in acquiring a 
precise notion of the matter treated. What is it that we 
number, and measure, and calculate in the theory of pro- 
babilities ? Is it belief, or opinion, or doubt, or knowledge, 
or chance, or necessity, or want of art ? • Does probability 
exist in the things which are probable, or in the mind which 
regards them as such ? The etymology of the name lends 
us no assistance : for, curiously enough, joroftaWe is ultimately 
the same word as 'provable, a good instance of one word 
becoming differentiated to two opposite meanings. 
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Chance cannot be the subject of the theory, because 
there is really no such thing as chance, regarded as pro- 
ducing and governing events. The word chance signifies 
falling, and the notion of falling is continually used as a 
simile to express uncertainty, because we can seldom pre- 
dict how a die, a coin, or a leaf will fall, or when a bullet 
will hit the mark. But everyone sees, after a little 
reflection, that it is in our knowledge the deficiency lies, 
not in the certainty of nature’s laws. There is no doubt in 
lightning as to the point it shall strike; in the greatest 
storm there is nothing capricious ; not a grain of sand lies 
upon the beach, but infinite knowledge would account for 
its lying there; and the course of every falling leaf is 
guided by the principles of mechanics which rule the 
motions of the heavenly bodies. 

Chance then exists not in nature, and cannot coexist 
with knowledge ; it is merely an expression, as Laplace 
remarked, for our ignorance of the causes in action, and 
our consequent inability to predict the result, or to bring 
it about infallibly. In nature the happening of an event 
has been pre-determined from the first fashioning of the 
universe. Prohalility helongs wholly to the mind. This is 
proved by the fact that different minds may regard the 
very same event at the same time with widely different 
degrees of probability. A steam-vessel, for instance, is 
missing and some persons believe that she has sunk in 
mid-ocean; others think differently. In the event itself 
there can be no such uncertainty ; the steam-vessel either 
has sunk or has not sunk, and no subsequent discussion of 
the probable nature of the event can alter the fact. Yet 
the probability of the event wHl really vary from day to 
day, and from mind to mind, according as the slightest 
information is gained regarding the vessels met at sea, the 
weather prevailing there, the signs of wreck picked up, 
or the previous condition of the vessel. Probability thus 
belongs to ^pur mental condition, to the light in which we 
regard events, the occurrence or non-occurrence of which 
is certain in themselves. Many writers accordingly have 
asserted that^ probability is concerned with degree or 
quantify of belief. De Morgan says,^ “ By degree of proba- 


^ Formal Logic, p. 172. 
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bility we really mean or ought to mean degree of belief.” 
The late Professor Donkin expressed the meaning of 
probability as quantity of belief ; ” but I have never felt 
satisfied with such definitions of probability. The nature 
of helief is not more clear to my mind than the notion 
which it is used to define. But an all-sufficient objection 
is, that the theory does not measure what the helief is, but 
what it ought to he. Few minds think in close accordance 
with the theory, and there are many cases of evidence in 
which the belief existing is habitually different from what 
it ought to be. Even if the state of belief in any mind 
could be measured and expressed in figures, the results 
would be worthless. The value of the theory consists in 
correcting and guiding our belief, and rendering our states 
of mind and consequent actions harmonious with our 
knowledge of exterior conditions. 

This objection has been clearly perceived by some of 
those who still used quantity of belief as a definition of 
probability. Thus De Morgan adds — ‘‘Belief is but 
another name for imperfect knowledge.” Donkin has 
well said that the quantity of belief is “ always relative 
to a particular state of knowledge or ignorance; but it 
must be observed that it is absolute in the sense of not 
being relative to any individual mind; since, the same 
information being presupposed, all minds ought to dis- 
tribute their belief in the same way.” ^ Boole seemed to 
entertain a like view, when he described the theory as 
engaged with “the equal distribution of ignorance;*'^ 
but we may just as well say that it is engaged with the 
equal distribution of knowledge. 

I prefer to dispense altogether with this obscure word 
belief, and to say that the theory of probability deals with 
quantity of knowledge, an expression of which a precise* 
explanation and measure can presently be given. An 
event is only probable when our knowledge of it is 
diluted with ignorance, and exact calculation is needed 
to discriminate how much we do and do not know. The 
theory has been described by some writers as professing to 
evolve knowledge out of ignorance ; but as Donkin admirably 
remarked, it is really “ a method of avoiding the erection 

^ PhUosophiccU Magazine, 4th Series, vol. i. p. 355. 

* Trcmactions of the Royal Society of Edvnmrgk, vol. xxi. part 4, 
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of belief upon ignorance.” It defines rational expectation 
by measuring the comparative amounts of knowledge and 
ignorance, and teaches us to regulate our actions with 
regard to future events in a way which will, in the long 
run, lead to the least disappointment. It is, as Laplace 
happily said, good sense reduced to calculation. This theory 
appears to me the noblest creation of intellect, and it 
passes my conception how two such men as Auguste Comte 
and J, S. Mill could be found depreciating it and vainly 
questioning its validity. To eulogise the theory ought to 
be as needless as to eulogise reason itself. 

Fundamental Principles of the Theory, 

The calculation of probabilities is really founded, as I 
conceive, upon the principle of reasoning set forth in pre- 
ceding chapters. We must treat equals equally, and what 
we know of one case may be affirmed of every case 
resembling it in the necessary circumstances. The theory 
consists in putting similar cases on a par, and distributing 
equally among them whatever knowledge we possess. 
Throw a penny into the air, and consider what we know 
with regard to its way of falling. We know that it will 
ceiptainly fall upon a side, so that either head or tail will 
be uppermost ; but as to whether it will be head or tail, 
our knowledge is equally divided. Whatever we know 
concerning head, we know also concerning tail, so that we 
have no reason for expecting one more than the other. 
The least predominance of belief to either side would be 
irrational; it would consist in treating unequally things 
of which our knowledge is equal. 

The theory does not require, as some writers have 
erroneously supposed, that we should first ascertain by 
experiment the equal facility of the events we are con- 
sidering. So far as we can examine and measure the 
causes in operation, events are removed out of the sphere 
of probability. The theory comes into play where ignor- 
ance begins, and the knowledge we possess requires to be 
distributed over many cases. Nor does the theory show 
that the coin will fall as often on the one side as the other. 
It is almost impossible that this should happen, because 
some inequality in the form of the coin, or some uniform 
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manner in throwing it np, is almost sure to occasion a 
slight preponderance in one direction. But as we do not 
previously know in which way a preponderance will exist, 
we have no reason for expecting head more than tail. Our 
state of knowledge will be changed should we throw up 
the coin many times and register the results. Every throw 
gives us some slight information as to the probable 
tendency of the coin, and in subsequent calculations we 
must take this into account. In other cases experience 
might show that we had been entirely mistaken ; we might 
expect that a die would fall as often on each of the six 
sides as on each other side in the long run ; trial might show 
that the die was a loaded one, and falls most often on a 
particular face. The theory would not have misled us : it 
treated correctly the information we had, which is all that 
any theory can do. 

It may be asked, as Mill asks, Why spend so much 
trouble in calculating from imperfect data, when a little 
trouble would enable us to render a conclusion certain by 
actual trial ? Why calculate the probability of a measure- 
men}; being correct, when we can try whether it is correct ? 
But I shall fully point out in later parts of this work that 
in measurement we never can attain perfect coincidence. 
Two measurements of the same base line in a survey may 
show a difference of some inches, and there may be no 
means of knowing which is the better result. A third 
measurement would probably agree with neither. To 
select any one of the measurements, would imply that 
we knew it to be the most nearly coiTect one, which we 
do not. In this state of ignorance, the only guide is the 
theory of probability, which proves that in the long run 
the mean of divergent results will come most nearly to 
the truth. In all other scientific operations whatsoever, 
perfect knowledge is impossible, and when* we have ex- 
hausted all our instrumental means in the attainment of 
truth, there is a margin of error which can only be safely 
treated by the principles of probability. 

The method which we employ in the. theory consists in 
calculatifig the number of all the cases or events concerning 
which our knowledge is equal. If we have the slightest 
reason for suspecting that one event is more likely to 
occur than another, we should take this knowledge into 
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account. This being done, we must determine the whole 
number of events which are, so far as we know, equally 
likely. Thus, if we have no reason for supposing that a 
penny will fall more often one way than another, there are 
two cases, head and tail, equally likely. But if from trial 
or otherwise we know, or think we know, that of lOO 
throws 55 will give tail, then the probability is measured 
by the ratio of 55 to 100. 

The mathematical formulae of the theory are exactly the 
same as those of the theory of combinations. In this 
latter theory we determine in how many ways events may 
be joined together, and we now proceed to use this know- 
ledge in calculating the number of ways in which a certain 
event may come about. It is the comparative numbers of 
ways in which events can happen which measure their 
comparative probabilities. If we throw three pennies 
into the air, what is the probability that two of them 
will fall tail uppermost ? This amounts to asking in how 
many possible ways can we select two tails out of three, 
compared with the whole number of ways in which the 
coins can be placed. Now, the fourth line of the Arith- 
metical Triangle (p. 184) gives us the answer. The whole 
number of ways in which we can select or leave three things 
is eight, and the possible combinations of two things at a 
time is three; hence the probability of two tails is the 
ratio of three to eight. From the numbers in the triangle 
we may similarly draw all the following probabilities : — 

« One combination gives o tail. Probability 

Three combinations gives i tail. Probability f. 

Three combinations give 2 tails. Probability f. 

One combination gives 3 tails. Probability J. 

We can apply the same considerations to the imaginary 
causes of the difference of stature, the combinations of 
which were shown in p. 188. There are altogether 128 
ways in which seven causes can be present or absent. 
Now, twenty-one of these combinations give an addition 
of two inches, so that the probability of a person under 
the circumstances being five feet two inches is -j^. The 
probability of five feet three inches is ; of five feet 
one inch ylr; o{ five feet and so on. Thus the 
eighth line of the Arithmetical Triangle gives all the 
probabilities arising out of the combinations of seven causes. 
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Rules for the Galculatiori of Probahilities. 

I will now explain as simply as possible the rules 
for calculating probabilities. The principal rule is as 
follows : — 

Calculate the number of events which may happen 
independently of each other, and which, as far as is 
known, are equally probable. Make this number the 
denominator of a fraction, and take for the numerator 
the number of such events as imply or constitute the 
happening of the event, whose probability is required. 

Thus, if the letters of the word Roma be thrown down 
casually in a row, what is the probability that they will 
form a significant Latin word ? The possible arrange- 
ments of four letters are 4 X 3 x 2 x i, or 24 in number 
(p. 178), and if all the arrangements be examined, seven 
of these will be found to have meaning, namely Eoma, 
ramo, oram, mora, maro, armo, and amor. Hence the 
probability of a significant result is 

We must distinguish comparative from absolute pro- 
babilities. In drawing a card casually from a pack, there 
is no reason to expect any one card more than any other. 
Now, there are four kings and four queens in a pack, so 
that there are just as many ways of drawing one as the 
other, and the probabilities aie equal. But there are 
thirteen diamonds, so that the probability of a king is to 
that of a diamond as four to thirteen. Thus the probabiji- 
ties of each are proportional to their respective numberst^ 
of ways of happening. Again, I can draw a king in four 
ways, and not draw one in forty-eight, so that the pro- 
babilities are in this proportion, or, as is commonly said, 
the odds against drawing a king are forty-eight to four. 
The odds are seven to seventeen in favour, or seventeen to 
seven against the letters R,o,m,a, accidentally forming a 
significant word. The odds are five to three against two 
tails appearing in three throws of a penny. Conversely, 
when the odds of an event are given, and the probability is 
required^ take the odds in favour of the event for numerator^ 
and the sum of the odds for denominator. 

It is obvious that an event is cert£iin when all the com- 
binations of causes which can take place produce that 
event If we represent the probability of such event 
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according to our rule, it gives the ratio of some numl/er to 
itself, or unity. An event is certain not to happen when 
no possible combination of causes gives the event, and the 
ratio by the same rule becomes that of o to some number. 
Hence it follows that in the theory of probability certainty 
is expressed by i, and impossibility by o ; but no mystical 
meaning should be attached to these symbols, as they 
merely express the fact that all or m possible combinations 
give the event. 

By a compound events we mean an event which may be 
decomposed into two or more simpler events. Thus the 
firing of a gun may be decomposed into pulling the 
trigger, the fall of the hammer, the explosion of the 
cap, &c. In this example the simple events are not 
iifidependent, because if the trigger is pulled, the other 
events will under proper conditions necessarily follow, and 
their probabilities are therefore the same as that of the 
first event. Events are independent when the happening 
of one does not render the other either more or less 
probable than before. Thus the death of a person is 
neither more nor less probable because the planet Mars 
happens to be visible. When the component events are 
independent, a simple rule can be given for calculating 
the probability of the compound event, thus — Midtiply 
together the fractions expressing the probabilities of the 
independent component events. 

The probability of throwing tail twice with a penny is 
^ X I, or J ; the probability of throwing it three times 
running is J x J x or ^ ; a result agreeing with that 
obtained in an apparently different manner (p. 202). In 
fact, when we multiply together the denominators, we 
get the whole number of ways of happening of the com- 
pound event, and when we multiply the numerators, we 
get the number of ways favourable to the required event. 

Probabilities may be added to or subtracted from each 
other under the important condition that the events in 
question are exclusive of each other, so that not more than 
one of them can happen. It might be argued that, since 
the probability of throwing head at the first trial is and 
at the second trial also the probability of throwing it 
in the first two throws is J + J, or certainty. Not oilly is 
this result evident! v absurd, but a repetition of . the process 
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would load us to a probability of or of any greater 
mmber, results which could have no meaning whatever. 
The probability we wish to calculate is that of one head in 
two throws, but in our addition we have included the case 
in which two heads appear. The true result is J + J* x 4- 
or I , or the probability of head at the first throw, added to 
the exclusive probability that if it does not come at the 
first, it will come at the second. The greatest difficulties 
of the theory arise from the confusion of exclusive and 
unexclusive alternatives. I may remind the reader that 
the possibility of unexclusive alternatives was a point 
previously discussed (p. 68), and to the reasons then given 
for considering alternation as logically unexclusive, may 
be added the existence of these difficulties in the theory of 
probability. The erroneous result explained above really 
arose from overlooking the fact that the expression “ head 
first throw or head second throw ” might include the case 
of head at both throws. 

The Logical Alphabet in questions of Probability. 

When the probabilities of certain simple events are 
given, and it is required to deduce the probabilities of 
compound events, the Logical Alphabet may give assist- 
ance, provided that there are no special logical conditions 
so that all the combinations are possible. Thus, if there be 
three events, A, B, C, of which the probabilities are, a, 

7 , then the negatives of those events, expiessing the absence 
of the events, will have the probabilities l — a, i — 1 — 7 . 

We have only to insert these values for the letters of the 
combinations and multiply, and we obtain the probability 
of each combination. Thus the probability of ABC is 
a/ 37 ; of A&c, a(i — yS)(i — 7 ). 

We can now clearly (hstinguish between the probabilities 
of exclusive and unexclusive events. Thus, if A and B 
are events which may happen together like rain and high 
tide, or an earthquake and a storm, the probability of A or 
B» happening is not the sum of their separate probabilities. 
For by &e Laws of Thought we develop A *1* B into 
AB -I- *A6 aB, and substituting a and )8, the probabili- 
ties of A and B respectively, we obtain a.)8 + a.(l — /3) -f 
(i — a)./8 or a + y9 — a.^S. But if events are incompossiUe 
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or incapable of happening together, like a clear sky and 
rain, or a new moon and a full moon, then the events are 
not really A or B, but A not-B, or B not- A, or in symbols 
A6 dB. Now if we take = probability of Ab and 
V = probability of aB, then we may add simply, and the 
probability of Ah aB is /a -f v. 

Let the reader carefully observe that if the combi- 
nation AB cannot exist, the probability of Ah is not the 
product of the probabilities of A and h. When certain 
combinations arei logically impossible, it is no longer 
allowable to substitute the probability of each term for 
the term, because the multiplication of probabilities pre- 
supposes the independence of the events. A large part of 
Boole’s Laws of Thought is devoted to an attempt to 
overcome this difficulty and to produce a General Method 
in Probabilities by which from certain logical conditions 
and certain given probabilities it would be possible to 
deduce the probability of any other combinations of 
events under those conditions. Boole pursued his task 
with wonderful ingenuity knd power, but after spending 
much study on his work, I am compelled to adopt the 
conclusion that his method is fundamentally erroneous. 
As pointed out by Mr. Wilbraham,^ Boole obtained his 
results by an arbitrary assumption, which is only the most 
probable, and not the only possible assumption. The 
answer obtained is therefore not the real probability, 
which is usually indeterminate, but only, as it were, the 
most probable probability. Certain problems solved by 
Boole are free from logical conditions and therefore may 
admit of valid answers. These, as I have shown,® may be 
solved by the combinations of the Logical Alphabet, but 
the rest of the problems do not admit of a determinate 
answer, at least by Boole’s method. 

Comparison of the Theory with Experience, 

The Laws of Probability rest upon the fundamental prin- 
ciples of reasoning, and cannot be really negatived by any 

* Philosophical Magazine, 4th Series, vol. vii, p, 465 ; vol. viii. 
p. 91. 

^ Memoirs of the Mcmchester Literary and Philosophical Society, 
3rd Series, vol. iv. p. 347. 
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possible experience. It might happen that ^ person 
should always throw a coin head uppermost, and appear 
incapable of getting tail by chance. The theory would 
not be falsified, because it contemplates the possibility of 
the most extreme runs of luck. Our actu^ experience 
might be counter to all that is probable ; the whole 
course of events might seem to be in complete contra- 
diction to what we should expect, and yet a casual con- 
junction of events might be the real explanation. It is 
just possible that some regular coincidences, which we 
attribute to fixed laws of nature, are due to the accidental 
conjunction of phenomena in the cases to which our 
attention is directed. All that we can learn from finite 
experience is capable, according to the theory of probabili- 
ties, of misleading us, and it is only infinite experience 
that could assure us of any inductive truths. 

At the same time, the probability that any extreme 
runs of luck will occur is so excessively slight, that it 
would be absurd seriously to expect their occurrence. It 
is almost impossible, for instance, that any whist player 
should have played in any two games where the distri- 
bution of the cards was exactly the same, by pure accident 
(p. 191). Such a thing as a person always losing at 
a game of pure chance, is wholly unknown. Coincidences 
of this kind are not impossible, as I have said, but they 
are so unlikely that the lifetime of any person, or indeed 
the whole duration of history, does not give any appreciable 
probability of their being encountered. Whenever we 
make any extensive series of trials of chance results, as in 
throwing a die or coin, the probability is great that the 
results will agree nearly with the predictions yielded by 
theory. Precise agreement must not be expected, for that, 
as the theory shows, is highly improbable. Several 
attempts have been made to test, in this way, the accord- 
ance of theory and experience. Bufifon caused the first 
trial to be made by a young child who threw a coin many 
times in succession, and he obtained 1992 tails to 2048 
heads. A pupil of De Morgan repeated the trial for hk 
own satisfaction, and obtained 2044 tails* to 2048 heads. In 
both cases the coincidence with theory is as close as could 
be expected, and the details may be found in De Morgan’s 
" Formal Logic/’ p. 185. 
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Quetelet also tested the theory in a rather more com- 
plete manner, by placing 20 black and 20 white balls in an 
urn and drawing a baU out time after time in an indifferent 
manner, each ball being replaced before a new drawing was 
made. He found, as might be expected, that the greater 
the number of drawings made, the more nearly were the 
white and black balls equal in number. At the ter- 
mination of the experiment he had registered 2066 white 
and 2030 black balls, the ratio being i 02.1 

I have made a series of experiments in a third manner, 
which seemed to me even more interesting, and capable 
of more extensive trial Taking a handful of ten coins, 
usually shillings, 1 threw them up time after time, and 
registered the numbers of heads which appeared each 
time. Now the probability of obtaining 10, 9, 8, 7, &c., 
heads is proportional to the number of combinations of 
10, 9, 8, 7, &c., things out of 10 things. Consequently 
the results ought to approximate to the numbers in the 
eleventh line of the Arithmetical Triangle. I made 
altogether 2048 throws, in two sets of 1024 throws each, 
and the numbers obtained are given in the following 
table : — 


Character of Throw. 

Theoretical 

Numbers. 

First 

Series. 

Second 

Series. 

Average. 

Divergence. 

zo 

Heads o Tail 

z 

3 

z 

2 

■■■ 

2 


X 

9» 

zo 

Z2 

»3 

17J 


8 


2 

»> 

45 

57 

73 

65 


7 


3 

99 

X20 

129 

123 

126 


6 


4 

99 

210 

xSi 

190 

185^ 

— 25 

5 


5 

ty 

252 

257 

232 

244 i 

— 7 i 

4 


6 


210 

201 

X97 


— XI 

3 


7 

99 

X30 

XIZ 

Z19 

115 

— 5 

3 


8 

99 

45 

52 

50 

51 

+ 6 

z 


9 

»» 

zo 

21 

IS 

x8 

+ 8 . 

0 


zo 

99 

T 

0 

I 

i 

- i 

Totals 

1024 

1024 

1024 

1024 

— 1 


0 The whole number of single throws of coins amounted 
to 10 X 2048, or 20,480 in all, one half of ^s^hich or 
10,240 should theoretically give head. The total number 

^ Letters on the Theory of Probabilities, translated by Downes, 1849, 
37 - 
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pt heads obtained was actually 10,353, or 5222 in the 
'first series, and 5131 in the second. The coincidence 
with theory is pretty close, but considering the large 
number of throws there is some reason to suspect a 
tendency in favour of heads. 

The special interest of this trial consists in the ex- 
hibition, in a practical form, of the results of Bernoulli's 
theorem, and the law of error or divergence from the 
mean to be afterwards more fully considered. It illus- 
trates the connection between combinations and permu- 
tations, which is exhibited in the Arithmetical Triangle, 
and which underlies many important theorems of science. 

FrdbahU JDzductive Arguments, 

With the aid of the theory of probabilities, we may 
extend the sphere of deductive argument. Hitherto we 
have treated propositions as certain, and on the hypo- 
thesis of certainty have deduced conclusions equally 
certain. But the information on which we reason in 
ordinary life is seldom or never certain, and almost all 
reasoning is really a question of probability. We ought 
therefore to be fully aware of the mode and degree in 
which deductive reasoning is affected by the theory of 
probability, and many persons may be surprised at the 
results which must be admitted. Some controversial 
writers appear to consider, as De Morgan remarked,^ that 
an inference from several equally probable premises is 
itself as probable as any of them, but the true result is 
very different. If an argument involves many proposi- 
tions, and each of them is uncertain, the conclusion will 
be of very little force. 

The validity of a conclusion may be regarded as a com- 
pound event, depending upon the premises happening 
to be true ; thus, to obtain the probability of the conclusion. 
We must multiply together the fractions expressing the 
probabilities of the premises. If the prgbability is | that ^ 
A is B, and also J that B is C, the conclusion that A is C, ’ 
on the grotind of these premises, is J x ^ or J. Similarly if 
there be any number of premises requisite to the establish- 

^ Encyclopcedia MetropoUtana, art. Prohahitities, p. 396. 

P 
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HBfcent of a conclusion and thseir probabilities be p, q, r, &c., 
tbe probability of the conclusion on the ground of these 

premises isj?xg^xrx This product has but a small 

value, unless each of the quantities p, q, &c., be nearly 
unity. 

But it is particularly to be noticed that the probability 
thus calculated is not the whole probability of the con- 
clusion, but that only which it derives from the premises 
in question. Whately’s ^ remarks on this subject might 
mislead the reader into supposing that the calculation is 
completed by multiplying together the probabilities of the 
premises. But it has been fully explained by De Morgan ^ 
that we must take into account the antecedent probability 
of the conclusion ; A may be C for other reasons besides 
its being B, and as he remarks, ‘‘ It is difficult, if not 
impossible, to produce a chain of argument of which the 
reasoner can rest the result on those arguments only.” 
The failure of one argument does not, except under special 
circumstances, disprove the truth of the conclusion it is 
intended to uphold, otherwise there are few truths which 
could survive the ill-considered arguments adduced in their 
favour. As a rope does not necessarily break because one 
or two strands in it fail, so a conclusion may depend upon 
an endless number of considerations besides those imme- 
diately in view. Even when we have no other informa- 
tion we must not consider a statement as devoid of all 
probability. The true expression of complete doubt is a 
ratio of equality between the chances in favour of and 
against it, and this ratio is expressed in the probability 

Now if A and C are wholly unknown things, we have 
no reason to believe that A is C rather than A is not C. 
The antecedent probability is then If we also have the 
probabilities that A is B, ^ and that B is C, J we have no 
right to suppose that the probability of A being C is re- 
duced by the argument in its favour. If the conclusion is 
true on its own grounds, the failure of the argument does 
not affect it ; thus its total probability is its antecedent 
probability, added to the probability that this failing, the 
new argument in question establishes it. There is a pro- 

^ Elements of Logic^ Book III. sections ii and i8. 

2 Encycloptmia Metropolitana, art. Probabilities, p. 400. 
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^bability ^ that we shall not require the special ailment; 
a probability ^ that we shall, and a probability J that the 
argument does in that case establish it. Thus the com- 
plete result is i -h ^ X J, or In general language, if a 
be the probability founded on a particular argument, and 
c the antecedent probability of the event, the general result 
is I - (i - a) (i - c), or a + c - cm;. 

We may put it still more generally in this way :-^Let 
a, c, &C. be the probabilities of a conclusion grounded 
on various arguments. It is only when all the arguments 
fail that our conclusion proves finally untrue ; the proba- 
bilities of each failing are respectively, i — a, i — ft, i — c, 
&c. ; the probability that they will aU fail is (i — a)(i — 6) 
(I — c)... ; therefore the probability that the conclusion 
win not fail is i — (i — a)(i — ft)(i — c)... &c. It follows 
that every argument in favour of a conclusion, however 
fiimsy and slight, adds probability to it. When it is 
unknown whether an overdue vessel has foundered or not, 
every slight indication of a lost vessel will add some proba- 
bility to the belief of its loss, and the disproof of any 
particular evidence will not disprove the event. 

We must apply these principles of evidence with great 
care, and observe that in a great proportion of cases the 
adducing of a weak argument does tend to the disproof 
of its conclusion. The assertion may have in itself great 
inherent improbability as being opposed to other evidence 
or to the supposed law of nature, and every reasoner may 
be assumed to be dealing plainly, and putting forward the 
whole force of evidence which he possesses in its favour. 
If he brings but one argument, and its probability a is 
small, then in the formula i — (i— a)(i — c) both a and c 
are small, and the whole expression has but little value. 
The whole effect of an argument thus turns upon the 
question whether other arguments remain, so that we can 
introduce other factors (i — ft), (i — d), &c., into the above 
expression. In a court of justice, in a publication having 
an express purpose, and in many other cases, it is doubtless 
right to assume that the whole evidence considered to 
have any •value as regards the conclusion asserted, is put 
forward. 

To assign the antecedent probability of any proposition, 
may be a matter of difficulty or impossibility, and one 

p 2 
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witii which logic and the theory of probability have little 
concern. From the general body of science in our posses- 
sion, we must in each case make the best judgment we 
can. But in the absence of all knowledge the probability 
should be considered = for if we make it less than this 
we incline to believe it false rather than true. Thus, before 
we possessed any means of estimating the magnitudes of 
the fixed stars, the statement that Sirius was greater than 
the sun had a probability of exactly | ; it was as likely that 
it would be greater as that it would be smaller ; and so 
of any other star. This was the assumption which Michell 
made in his admirable speculations.^ It might seem, 
indeed, that as every proposition expresses an agreement, 
and the agreements or resemblances between phenomena 
are infinitely fewer than the differences (p. 44), every pro- 
position should in the absence of other information be 
infinitely improbable. But in our logical system every 
term may be indifferently positive or negative, so that we 
express under the same form as many difierences as agree- 
ments. It is impossible therefore that we should have 
any reason to disbelieve rather than to believe a statement 
about things of which we know nothing. We can hardly 
indeed invent a proposition concerning the truth of which 
we are absolutely ignorant, except when we are entirely 
ignorant of the terms used. If I ask the reader to assign 
the odds that a Platythliptic CoefiScient is positive ” he 
wiU hardly see his way to doing so, unless he regard them 
as even. 

The assumption that complete doubt is properly ex- 
pressed by I has been called in question by Bishop Terrot,^ 
who proposes instead the indefinite symbol and he 
considers that ''the d priori probability derived from 
absolute ignorance has no eSect upon the force of a 
subsequently admitted probability.” But if we grant that 
the probability may have any value between o and i, and 
that every separate value is equally likely, then n and 
I — ^ are equally likely, and the average is always J. Or 
we may take p . dp express the probability that our 

^ Phihsophical Transactions {1767), Abridg. vol. xii. p. 435. 

Trcmactions of ike Pdinbmgh Philosophical Society^ voL xxi. 
P. 375. 
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estimate concerning any proposition should lie beween 
p and p + dp. The complete probability of the proposition 
is then the integral taken between the limits i and o, or 
again 


Difficulties of the Theory. 

The theory of probability, though undoubtedly true, 
requires very careful application. Ifot only is it a branch 
of mathematics in which oversights are frequently com- 
mitted, but it is a matter of great difficulty in many cases, 
to be sure that the formula correctly represents the data 
of the problem. These difficulties often arise from the 
logical complexity of the conditions, which might be, 
perhaps, to some extent cleared up by constantly bearing 
in mind the system of combinations as developed in the 
Indirect Logical Method. In the study of probabilities, 
mathematicians had unconsciously employed logical pro- 
cesses far in advance of those in possession of logicians, 
and the Indirect Method is but the full statement of these 
processes. 

It is very curious how often the most acute and power- 
ful intellects have gone astray in the calculation of 
probabilities. Seldom was Pascal mistaken, yet he in- 
augurated the science with a mistaken solution.^ Leibnitz 
fell into the extraordinary blunder of thinking that the 
number twelve was as probable a result in the throwing 
of two dice as the number eleven.^ In not a few cases the 
false solution first obtained seems more plausible to the 
present day than the correct one since demonstrated. 
James Bernoulli candidly records two false solutions of a 
problem which he at first thought self-evident ; and he 
adds a warning against the risk of error, especially when 
we attempt to reason on this subject without a rigid 
adherence to methodical rules and symbols. Montmort 
was not free from similar mistakes. D'Alembert con- 
stantly fell into blunders, and could not perceive, for 
instance, that the probabilities would be the same when 

^ Montucla, Histoire des MatJcematiqueSy vol. iii. p. 386. 

* Leibnitz Opera, Dutens^ Edition, vol. vi part i. p. 217. Tod- 
hunter’s History of the Theory of Frohahility^ p. 48, To the latter 
work I am indebted for many of the statements in the text. 
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<5omB are thrown suocessively as when thrown simul- 
taneously. Some men of great reputation, such as 
Ancillon, Moses Mendelssohn, Garve, Auguste Comte, ^ 
Poinsot, and J. S. Mill,« have so far misapprehended the 
theory, as to question its value or even to dispute its 
validity. The erroneous statements about the theory given 
in the earlier editions of Mill’s System of Logic were par- 
tially withdrawn in the later editions. 

Many persons have a fallacious tendency to believe that 
when a chance event has happened several times together 
in an unusual conjunction, it is less likely to happen 
again. D’Alembert seriously held that if head was thrown 
three times running with a coin, tail would more probably 
appear at the next trial.® Bequelin adopted the same 
opinion, and yet there is no reason for it whatever. If 
the event be really casual, what has gone before cannot in 
the slightest degree influence it. As a matter of fact, the 
more often a casual event takes place the more likely it is 
to happen again ; because there is some slight empirical 
evidence of a tendency. The source of the fallacy is to be 
found entirely in the feelings of surprise with which we 
'witness an event happening by chance, in a manner which 
seems to proceed from design. 

Misapprehension may also arise from overlooking the 
difference between permutations and combinations. To 
throw ten heads in succession with a coin is no more 
unlikely than to throw any other particular succession 
of heads and tails, but it is much less likely than five 
heads and five tails without regard to their order, be- 
cause there are no less than 252 different particular 
throws which will give this result, when we abstract 
the difference of order. 

Difficulties arise in the application of the theory from 
our habitual disregard of slight probabilities. We are 
obliged practically to accept truths as certain which are 
nearly so, because it ceases to be worth while to calculate 
the difference. No punishment could be inflicted if 
absolutely certain evidence of guilt were required, and as 

' Fositwe Philosophy, translated by Martineau, vol. ii. p. 12a 

• System of Logic, bk. iii. chap. 18, 5th Ed. vol. ii. p. 6i. 

• Montucla, HistoirC, vol. iii p, 405 ; Todhunter, p. 263. 
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Locke remarks, that will not etir till he infallibly 
knows the business he goes about will succeed, will 
have but little else to do but to sit still and perish”^ 
There is not a moment of our lives when we do not lie 
under a slight danger of death, or some most terrible fate. 
There is not a single action of eating, drinking, sitting 
down, or standing up, which has not proved fatal to some 
person. Several philosophers have tried to assign the 
limit of the probabilities which we regard as zero ; BufiFon 
named because it is the probability, practically 

disregarded, that a man of 56 years of age will die the next 
day. Pascal remarked that a man would be esteemed a 
fool for hesitating to accept death when three dice gave 
sixes twenty times running, if his reward in case of a 
different result was to be a crown ; but as the chance of 
death in question is only i -f- 6 ^, or unity divided by 
a number of 47 places of figures, we may be said to incur 
greater risks every day for less motives. There is far 
greater risk of death, for instance, in a game of cricket or 
a visit to the rink. 

Nothing is more requisite than to distinguish carefully 
between the truth of a theory and the truthful application 
of the theory to actual circumstances. As a general rule, 
events in nature and art will present a complexity of 
relations exceeding our powers of treatment. The intricate 
action of the mind often intervenes and renders complete 
analysis hopeless. If, for instance, the probability that 
a marksman shall hit the target in a single shot be i in 
10, we might seem to have no difficulty in calculating 
the probability of any sucession of hits ; thus the proba- 
bility of three successive hits would be one in a thousand. 
But, in reality, the confidence and experience derived from 
the first successful shot would render a second success 
more probable. The events are not really independent, 
and there would generally be a far greater preponderance 
of runs of apparent luck, than a simple calculation of 
probabilities could account for. In some persons, however, 
a remarkable series of successes will produce a degree of 
excitement rendering continued success almost impossible. 

Attempts to apply the theory of probability to the 


1 Essay eonceming Human Understanding^ bk. iv. ch. 14. § i. 
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results of judicial proceedings have proved of little value, 
simply because the conditions are far too intricate. As 
Laplace said, Tant de passions, d*int^r§ts divers et de 
circonstances compliquent les questions relatives i ces 
objets, qu'elles sont presque toujours insolubles.” Men 
acting on a jury, or giving evidence before a court, are 
subject to so many complex influences that no mathema- 
tical formulas can be framed to express the real conditions. 
Jurymen or even judges on the bench cannot be regarded 
as acting independently, with a definite probability in 
favour of each delivering a* correct judgment. Each man 
of the jury is more or less influenced by the opinion of the 
others, and there are subtle effects of character and manner 
and strength of mind which defy analysis. Even in 
physical science we can in comparatively few cases apply 
the theory in a definite manner, because the data required 
are too complicated and difficult to obtain. But such failures 
in no way diminish the truth and beauty of the theory 
itself ; in reality there is no branch of science in which our 
symbols can cope with the complexity of Nature. As 
Donkin said, — 

“ I do not see on what ground it can be doubted that 
every definite state of belief concerning a proposed hypo- 
thesis, is in itself capable of being represented by a nume- 
rical expression, however difficult or impracticable it may 
be to ascertain its actual value. It would be very difficult • 
to estimate in numbers the vis viva of all the particles of 
a human body at any instant ; but no one doubts that it is 
capable of numerical expression.” ^ 

The difficulty, in short, is merely relative to our know- 
ledge and skill, and is not absolute or inherent in the 
subject. We must distinguish between what is theo- 
retically conceivable and what is practicable with our 
present mental resources. Provided that our aspirations 
are pointed in a right direction, we must not allow them 
to be damped by the consideration that they pass beyond 
what can now be turned to immediate use. In spite of 
its immense difficulties of application, and the aspersions 
which have been mistakenly cast upon it, the theory of 
probabilities, I repeat, is the noblest, as it will in course 


1 Philosophical Magazine^ 4th Series, vol. i. p. 354. 
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of time prove, perhaps the most fruitful branch of mathe- 
matical science. It is the very guide of life, and hardly 
can we take a step or make a decision of any kind without 
correctly or incorrectly making an estimation of proba- 
bilities. In the next chapter we proceed to consider how 
the whole cogency of inductive reasoning rests upon pro- 
babilities. The truth or untruth of a natural law, when 
carefully investigated, resolves itself into a high or low 
degree of probability, and this is the case whether or not 
we are capable of producing precise numerical data. 



CHAPTER XI. 

PHILOSOPHY OF INDUCTIVE INFERENCE. 

We have inquired into the nature of perfect induction, 
whereby we pass backwards from certain observed com- 
binations of events, to the logical conditions governing 
such combinations. We have also investigated the grounds 
of that theory of probability, which must be our guide when 
we leave certainty behind, and dilute knowledge with 
ignorance. There is now before us the difficult task of 
endeavouring to decide how, by the aid of that theory, we 
can ascend from the facts to the laws of nature ; and may 
then -jith more or less success anticipate the future 
course of events. All our knowledge of natural objects 
must be ultimately derived from observation, and tlie 
difficult question arises — How can we ever know anything 
which we have not directly observed through one of our 
senses, the apertures of the mind ? The utility of reason- 
ing is to assure ourselves that, at a determinate time and 
place, or under specified conditions, a certain phenomenon 
will be observed. When we can use our senses and per- 
ceive that the phenomenon does occur, reasoning is super- 
fluous. If the senses cannot be used, because the event 
is in the future, or out of reach, how can reasoning take 
their place ? Apparently, at least, we must infer the un- 
known from the known, and the mind must itself create 
an addition to the sum of knowledge. But I hold that it 
is quite impossible to make any real additions to the con- 
tents of our knowledge, except through new impressionb 
upon the senses, or upon some seat of feeling. I shall 
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attempt to show that infeireiace, whether iMuctive or 
deductive, is never more than aa unfolding of the contents 
of our experieittce, arid that it always proceeds upon the 
assumption that the future and the unperceived will be 
governed by the same conditions as the past and the 
perceived, an assumption which will often prove to be 
mistaken. 

In inductive as in deductive reasoning the conclusion 
never passes beyond the premises. Reasoning adds no 
more to the implicit contents of our knowledge, than the 
arrangement of the specimens in a museum adds to the 
number of those specimens. Arrangement adds to our 
knowledge in a certain sense : it allows us to perceive the 
similarities and peculiarities of the specimens, and on the 
assumption that the museum is an adequate representation 
of nature, it enables us to judge of the prevailing forms of 
natural objects. Bacon’s first aphorism holds perfectly 
true, that man knows nothing but what he has observed, 
provided that w^e include his whole sources of experience, 
and the whole implicit contents of his knowledge. In- 
ference but unfolds the hidden meaning of our observations, 
and tiu theory of 'probability shows how far we go beyond 
anr data in assuming that new specimens will resemble the 
old oncSy or that the future may be regarded as proceeding 
uniformly with the past. 

Various Classes of Inductive Trutli^. 

It will be desirable, in the first place, to distinguish 
between the several kinds of truths which we endeavour 
to establish by induction. Although there is a certain 
common and universal element in aU our processes of 
reasoning, yet diversity arises in their application. 
Similarity of condition between the events from which 
we argue, and those to which we argue, must always be 
the ground of inference ; but this similarity may have 
regard either to time or place, or tfie simple logical 
combination of events, or to any conceivable junction of 
circumstances involving quality, time, and place. Having 
met with many pieces of substance possessing ductility 
and a bright yellow colour, and having discovered, by 
perfect induction, that they all possess a high specific 
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gravity, and a freedom from the corrosive action of acids, 
we are led to expect that every piece of substance, possess- 
ing like ductility and a similar yeUow colour, will have an 
equally high specific gravity, and a like freedom from 
corrosion by acids. This is a case of the coexistence of 
qualities ; for the character of the specimens examined 
alters not with time nor place. 

In a second class of cases, time will enter as a prin- 
cipal ground of similarity. When we hear a clock 
pendulum beat time after time, at equal intervals, and 
with a uniform sound, we confidently expect that the stroke 
will continue to be repeated uniformly. A comet having 
appeared several times at nearly equal intervals, we infer 
that it will probably appear again at the end of another 
like interval. A man who has returned home evening 
after evening for many years, and found his house stand- 
ing, may, on like grounds, expect that it will be standing 
the next evening, and on many succeeding evenings. Even 
the continuous existence of an object in an unaltered state, 
or the finding again of that which we have hidden, is but 
a matter of inference depending on experience. 

A stiU larger and more complex class of cases involves 
the relations of space, in addition to those of time and 
quality. Having observed that every triangle drawn upon 
the diameter of a circle, with its apex upon the circum- 
ference, apparently contains a right angle, we may 
ascertain that all triangles in similar circumstances will 
contain right angles. This is a case of pure space reason- 
ing, apart from circumstances of time or quality, and it 
seems to be governed by different principles of reasoning. 
I shall endeavour to show, however, that geometrical 
reasoning differs but in degree from that which applies 
to other natural relations. 

The Relation of Cause and Effect. 

In a very feirge part of the scientific investigations 
which must be considered, we deal with events which 
follow from previous events, or with existences which 
succeed existences. Science, indeed, might arise even were 
.material nature a fixed and changeless whole. Endow 
mind with the power to travel about, and compare part 
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with part, and it could certainly draw inferences concern- 
ing the similarity of forms, the coexistence of qualities, 
or the preponderance of a particular kind of matter in 
a changeless world. A solid universe, in at least approxi- 
mate equilibrium, is not inconceivable, and then the rela- 
tion of cause and effect would evidently be no more than 
the relation of before and after. As nature exists, how- 
ever, it is a progressive existence, ever moving and 
changing as time, the great independent variable, pro- 
ceeds. Hence it arises that we must continually compare 
what is happening now with what happened a moment 
before, and a moment before that moment, and so on, 
until we reach indefinite periods of past time. A comet 
is seen moving in the sky, or its constituent particles 
illumine the heavens with their tails of fire. We cannot 
explain the present movements of such a body without 
supposing its prior existence, with a definite amount 
of energy and a definite direction of motion ; nor can we 
validly suppose that our task is concluded when we find 
that it came wandering to our solar system through the 
unmeasured vastness of surrounding space. Every event 
must have a cause, and that cause again a cause, until 
we are lost in the obscurity of the past, and are driven to 
the belief in one First Cause, by whom the course of 
nature was determined. 

Fallacious Use of the Term Cause. 

The words Cause and Causation have given rise to infinite 
trouble and obscurity, and have in no slight degree retarded 
the progress of science. From the time of Aristotle, the 
work of philosophy has been described as the discovery of 
the causes of things, and Francis Bacon adopted the notion 
when he said “ vere scire esse per causas scire.'' Even now 
4t is not uncommonly supposed that the knowledge of 
causes is something different from other knowledge, and 
consists, as it were, in getting possession,, of the keys of 
nature. A singje word may thus act as a spell, and throw 
the clearest intellect into confusion, as I have often thought 
that Locke was thrown into confusion when endeavouring 
to find a meaning for the word power} In Mill's System of 

^ Essay concerning Ewnan Understanding, bk. ii. chap. xxi. 
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Logie the term cause seems to have re-asserted its old 
noxious power. Not only does Mill treat the Laws of 
Causation as almost coextensive with science, but he so 
uses the expression as to imply that when once we pass 
within the circle of causation we deal with certainties. 

The philosophical danger which attaches to the use of 
this word may be thus described. A cause is defined as 
the necessary or invariable antecedent of an event, so 
that when the cause exists the effect will also exist or 
soon follow. If then we know the cause of an event, we 
know what will certainly happen; and as it is implied 
that science, by a proper experimental method, may attain 
to a knowledge of causes, it follows that experience may 
give us a certain knowledge of future events. But nothing 
is more unquestionable than that finite experience can 
never give us certain knowledge of the future, so that 
either a cause is not an invariable antecedent, or else we 
can never gain certain knowledge of causes. The first 
horn of this dilemma is hardly to be accepted. Doubtless 
there is in nature some invariably acting mechanism, such 
that from certain fixed conditions an invariable result 
always emerges. But we, witli our finite minds and 
short experience, can never penetrate the mystery of 
those existences which embody the Will of the Creator, 
and evolve it throughout time. We are in the position 
of spectators who witness the productions of a compli- 
cated machine, but are not allowed to examine its inti- 
mate structure. We learn what does happen and what 
does appear, but if we ask for the reason, the answer 
would involve an infinite depth of mystery. The simplest 
bit of matter, or the most trivial incident, such as the 
stroke of two billiard balls, offers infinitely more to learn 
than ever the human intellect can fathom. The word 
cause covers just as much untold meaning as any of the 
words substance^ matter^ thougM, existence. 


Confusion of Two Questions, 

The subject is much complicated, too, by the confusion 
of two distinct questions. An event having happened, we 
may ask — 



XI.] PHILOSOPHY OF INDUCTIVE INFEEENCE. m 


(1) Is there any cause for the event ? 

(2) Of what kind is that cause ? 

No one would assert that the mind possesses any 
faculty capable of inferring, prior to experience, that the 
occurrence of a sudden noise with flame and smoke indi- 
cates the combustion of a black powder, formed by the 
mixture of black, white, and yellow powders. The greatest 
upholder of d priori doctrines will allow that the parti- 
cular aspect, shape, size, colour, texture, and other 
qualities of a cause must be gathered through the senses* 

The question whether there is any cause at all for an 
event, is of a totally different kind. If an explosion could 
happen without any prior existing conditions, it must be 
a new creation — a distinct addition to the universe. It 
may be plausibly held that we can imagine neither the 
creation nor annihilation of anything. As regards matter, 
this has long been held true ; as regards force, it is now 
almost universally assumed as an axiom that energy can 
neither come into nor go out of existence without distinct 
acts of Creative Will. That there exists any instinctive 
belief to this effect, indeed, seems doubtful. We find 
Lucretius, a philosopher of the utmost intellectual power 
and cultivation, gravely assuming that his raining atoms 
could turn aside from their straight paths in a self-deter- 
mining manner, and by this spontaneous origination of 
energy determine the form of the universe.^ Sir George 
Airy, too, seriously discussed the mathematical conditions 
under which a perpetual motion, that is, a perpetual 
source of self-created energy, might exist.^ The larger 
part of the philosophic world has long held that in mental 
acts there is free will — in short, self-causation. It is in 
vain to attempt to reconcile this doctrine with that of an 
intuitive belief in causation, as Sir W. Hamilton candidly 
allowed. 

It is obvious, moreover, that to assert the existence 
of a cause for every event cannot do more than remove 
into the indefinite past the inconceivable fact and mystery 
of creation At any given moment matter and energy 

' De Rerum Natura, bk. ii. IL 216-293. 

® Cambridge Philosophical Transactions (1830), vol. iii, pp, 
369—372. 
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were equal to what they are at present, or they were 
not ; if equal, we may make the same inquiry concerning 
any other moment, however long prior, and we are thus 
obliged to accept one horn of the dilemma — existence 
from infinity, or creation at some moment. This is but 
one of the many cases in which we are compelled to believe 
in one or other of two alternatives, both inconceivable. 
My present purpose, however, is to point out that we must 
not confuse this supremely difficult question with that 
into which inductive science inquires on the foundation of 
facts. By induction we gain no certain knowledge ; but 
by observation, and the inverse use of deductive reasoning, 
we estimate the probability that an event which has 
occurred was preceded by conditions of specified character, 
or that such conditions will be followed by the event. 

Definition of the Term Cause. 

Clear definitions of the word cause have been given by 
several philosophers. Hobbes has said, A cause is the 
sum or aggregate of all such accidents, both in the agents 
and the patients, as concur in the producing of the effect 
propounded ; all which existing together, it cannot be 
understood but that the effect existeth with them; or 
that it can possibly exist if any of them be absent.” 
Brown, in his Essay on Causation, gave a nearly corre- 
sponding statement. ‘‘A cause,” he says,^ ‘'may be 
defined to be the object or event which immediately 
precedes any change, and which existing again in similar 
circumstances will be always immediately followed by a 
similar change.” Of the kindred word pcmer, he like- 
wise says : ^ “ Power is nothing more than that invariable- 
ness of antecedence which is implied in the belief of 
causation.” 

These definitions may be accepted with the qualifica- 
tion that our knowledge of causes in such a sense can be 
probable only. The work of science consists in ascertaining 
the combinations in which phenomena present themselves. 

* Obs&rvations on the Nature and Tendency of the Doctrine of 
Mr. Hume, concerning the Relation of Cause and Effect. Second ed. 
p. 44* * Ibid. p. 97 . 
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Concerning every event we shall have to determine its 
probable conditions, or the group of antecedents from which 
it probably follows. An antecedent is anything which 
exists prior to an event ; a consequent is anything which 
exists subsequently to an antecedent. It will not usually 
happen that there is any probable connection between an 
antecedent and consequent. Thus nitrogen is an antece- 
dent to the lighting of a common fire ; but it is so far from 
being a cause of the lighting, that it renders the combustion 
less active. Daylight is an antecedent to all fires lighted 
during the day, but it probably has no appreciable effect 
upon their burning. But in the case of any given event it 
is usually possible to discover a certain number of ante- 
cedents which seem to be always present, and with more 
or less probability we conclude that when they exist the 
event will follow. 

Let it be observed that the utmost latitude is at present 
enjoyed in the use of the term caune. Not only may a 
cause be an existent thing endowed with powers, as 
oxygen is the cause of combustion, gunpowder the cause 
of explosion, but the very absence or removal of a thing 
may also be a cause. It is quite correct to speak of the 
dryness of the Egyptian atmosphere, or the absence of 
moisture, as- being the cause of the preservation of 
mummies, and other remains of antiquity. The cause of 
a mountain elevation, Ingleborough for instance, is the 
excavation of the surrounding valleys by denudation. It 
is not so usual to speak of the existence of a thing at* one 
moment as the cause of its existence at the next, but to 
me it seems the commonest case of causation which can 
occur. The cause of motion of a billiard ball may be the 
stroke of another ball ; and recent philosophy leads us to 
look upon all motions and changes, as but so many mani^ 
festatiohs of prior existing energy. In all probability 
there is no creation of energy and no destruction, so that 
as regards both mechanical and molecular changes, the 
cause is really the manifestation of existing energy. In 
the same way I see not why the prior existence of matter 
is not alsd a cause as regards its subsequent existence. All 
science tends to show us that the existence of the universe 
in a particular state at one moment, is the condition of its 
existence at the next moment, in an apparently different 

Q 
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state. When we analyse the meaning which we can 
attribute to the word cavse, it amounts to the existence of 
suitable portions of matter endowed with suitable quan- 
tities of energy. If we jciay accept Horne Tooke*s asser- 
tion, cause has etymologicaUy the meaning of thing before. 
Though, indeed, the origin of the word is very obscure, -its 
derivatives, the Italian cosa, and the French chose, mean 
simply thing. In the German equivalent ursache, we have 
plainly the original meaning of thing before, the sache 
denoting "interesting or important object,'' the English 
sake, and ur being the equivalent of the English ere, 
before. We abandon, then, both etymology and philo- 
sophy, when we attribute to the laws of causation any 
meaning beyond that of the conditions under which an 
event may be expected to happen, according to our 
observation of tlie previous course of nature. 

I have no objection to use the words cause and 
causation, provided they are never allowed to lead us to 
imagine that our knowledge of nature can attain to cer- 
tainty. I repeat that if a cause is an invariable and 
necessary condition of an event, we can never know 
certainly whether the cause exists or not. To us, then, a 
cause is not to be distinguished from the group of positive 
or negative conditions which, with more or less probability, 
precede an event. In this sense, there is no particular 
difference between knowledge of causes and our geneial 
knowledge of the succession of combinations, in which the 
phenomena of nature are presented to us, or found to 
occur in experimental inquiry. 

Distinction of Inductive artd Deductive Results, 

We must carefully avoid confusing together inductive 
investigations which terminate in the establishment of 
general laws, and those which seem to lead directly to 
the knowledge of future particular events. That process 
only can be called induction which gives general laws, 
and it is by the subsequent employment of deduction that 
we anticipate particular events. If the observation of a 
number of cases shows that alloys of metals fuse at lower 
temperatures than their constituent metals, I may with 
more or less probability draw a general inference to that 



XI.] PHILOSOPHY OF INDUCTIVE INPEEENOB. 227 


effect, and may thence deductively ascertain the proba- 
bility that the next alloy examined will fuse at a lower 
temperature than its constituents. It has been asserted, 
indeed, by Mill,^ and partially a^itted by Mr. Fowler,^ 
that we can argue directly from case to case, so that what 
is true of some alloys will be true of the next. Professor 
Bain has adopted the same view of reasoning. He thinks 
that Mill has extricated us from the dead lock of the 
syllogism and effected a total revolution in logic. He 
holds that reasoning from particulars to particulars is not 
only the usual, the most obvious and the most ready 
method, but that it is the type of reasoning which best 
discloses the real process,^ Doubtless, this is the usual 
result of our reasoning, regard being had to degrees o} 
probability ; but these logicians fail entirely to give any 
explanation of the process by which we get from case 
to case. 

It may be allowed that the knowledge of future par- 
ticular events is the main purpose of our investigations, 
and if there were any process of thought by which we 
could pass directly from event to event without ascending 
into general truths, this method would be sufficient, and 
certainly the briefest. It is true, also, that the laws of 
mental association lead the mind always to expect the like 
again in apparently like circumstances, and even animals 
of very low intelligence must have some trace of such 
powers of association, serving to guide them more or less 
correctly, in the absence of true reasoning faculties. But 
it is the purpose of logic, according to Mill, to ascertain 
whether inferences have been correctly drawn, rather than 
to discover them.^ Even if we can, then, by habit, 
association, or any rude process of inference, infer the 
future directly from the past, it is the work of logic to 
analyse the conditions on which the correctness of this 
inference depends. Even Mill would admit that such 
analysis involves the consideration of general truths/ and 

* System of LogiCf bk. IL chap. iii. 

* Inwuetive Logics pp. 13, 14. 

^ Bain, Deductive Logic, pp. 208, 209. 

* System of Logic. Intr<>luction, § 4. Fifth ed. pp, 8, 9. 

^ Ibid. bk. II. ^ap. ui. § 5, pp. 225, &c. 




THE PRINCIPLES OF SCIENCE. 


[chap, 


in this, as* in several other important points, we might 
controvert Mill's own views by his own statements. It 
seems to me undesirable in a systematic work like this to 
enter into controversy a^any length, or to attempt to refute 
the views of other logicians. But I shall feel bound to 
state, in a separate publication, my very deliberate opinion 
that many of Mill's innovations in logical science, and 
especially his doctrine of reasoning from particulars to 
particulars, are entirely groundless and false. 

The Grounds of Inductive Inference, 

I hold that in all cases of inductive inference we must 
invent hypotheses, until we fall upon some hypothesis 
which yields deductive results in accordance with experi- 
ence. Such accordance renders the chosen hypothesis 
more or less probable, and we may then deduce, with some 
degree of likelihood, the nature of our future experience, 
on the assumption that no arbitrary change takes place in 
the conditions of nature. We can only argue from the 
past to the future, on the general principle set forth in this 
work, that what is true of a thing will be true of the like. 
So far then as one object or event differs from another, all 
inference is impossible, particulars as particulars can no 
more make an inference than grains of sand can make a 
rope. We must always rise to something wlxich is general 
or same in the cases, and assuming that sameness to be 
extended to new cases we learn their nature. Hearing a 
clock tick five thousand times without exception or varia- 
tion, we adopt the very probable hypothesis that there is 
some invariably acting machine which produces those uni- 
form sounds, and which will, in the absence of change, go 
on producing them. Meeting twenty times with a bright 
yellow ductile substance, and finding* it always to be very 
heavy and incorrodible, I infer that there was some natural 
condition which tended in the creation of things to asso- 
ciate these properties together, and I expect to find them 
, associated in the next instance. But there always is the 
possibility that some unknown change may take place 
between past and future cases. The clock may run down, 
or be subject to a hundred accidents altering its condition. 
There is no reason in the nature of things, so far as known 
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to us, why yellow colour, ductility, high specific gravity, 
and incorrodibility, should always be associated together, 
and in other cases, if not in this, men-s expectations 
have been deceived. Our inferinces, therefore, always 
retain more or less of a hypothetical character, and are so 
far open to doubt. Only in proportion as our induction 
approximates to the character of perfect induction, does 
it approximate to certainty. The amount of uncertainty 
corresponds to the probability that other objects than 
those examined may exist and falsify our inferences ; the 
amount of probability corresponds to the amount of infor- 
mation yielded by our examination ; and the theory of 
probability will be needed to prevent us from over-esti- 
mating or under- estimating the knowledge we possess. 

Illustrations of the Inductive Process. 

To illustrate the passage from the known to the ap- 
parently unknown, let us suppose that the phenomena 
under investigation consist of numbers, and that the 
following six numbers being exhibited to us, we are 
required to infer the character of the next in the 
series : — 

S. IS. 35. 45. 6s, 95- 

The question first of all arises, How may we describe this 
series of numbers ? What is uniformly true of them ? 
The reader cannot fail to perceive at the first glance that 
they all end in five, and the problem is, from the proper- 
ties of these six numbers, to infer the properties of the 
next number ending in five. If we test their properties 
by the process of perfect induction, we soon perceive that 
they have another common property, namely that of being 
divisible hy five without remainder. May we then assert that 
the next number ending in five is also divisible by five, 
and, if so, upon what grounds ? Or extending the question, 
Is every number ending in five divisible by five ? Does it 
follow that because six numbers obey a supposed law, 
therefore 376,685,975 or any other number, however large, 
obeys the law ? I answer certainly not. The law in ques- 
tion is undoubtedly true; but its truth is not proved by 
any finite number of examples. All that these six numbers 
can do is to suggest to my mind the possible existence ot 
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such a law ; and I then ascertain its truth, by proving 
deductively from the rules of decimal numeration, that any 
number ending in five must be made up of multiples of 
five, and must therefore^e itself a multiple. 

To make this more plain, let the reader now examine 
the numbers — 

7 . 17, 37 , 47 , 67, 97 - 

They all end in 7 instead of 5, and though not at equal 
interv^s, the intervals are the same as in the previous 
case. After consideration, the reader will perceive that 
these numbers all agree in being prime numherSy or mul- 
tiples of unity only. May we then infer that the next, or 
any other number ending in 7, is a prime number? 
Clearly not, for on trial we find that 27, 57, 117 are not 
primes. Six instances, then, treated empirically, lead us 
to a true and universal law in one case, and mislead us in 
another case. We ought, in fact, to have no confidence in 
any law until we have treated it deductively, and have 
shown that from the conditions supposed the results ex- 
pected must ensue. No one can show from the principles 
of number, that numbers ending in 7 should be primes. 

From the history of the theory of numbers some good 
examples of false induction can be adduced. Taking the 
following series of prime numbers, 

41, 43, 47, 53, 61, 71, 83, 97, 113, 131, 151, &c., 
it will be found that they all agree in being values of 
the general expression a;* + a? + 41, putting for a? in succes- 
sion the values, o, i, 2, 3, 4, &c. We seem always to 
obtain a prime number, and the induction is apparently 
strong, to the effect that this expression always will 
give primes. Yet a few more trials disprove this false con- 
clusion. Put X = 40, and we obtain 40 x 40 + 40 + 41, 
or 41 X 41. Such a failure could never have happened, 
had we shown any deductive reason why 53^+05 + 41 
should give primes. 

There can be no doubt that what here happens with 
forty instances, might happen with forty thousand or 
forty million instances. An apparent law never once 
failing up to a certain point may then suddenly break 
down, so that inductive reasoning, as it has been described 
by some writers, can give no sure knowledge of what is to 
come. Babbage pointed out, in his Ninth Bridgewater 
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Treatise, that a machine could be constructed to give a 
perfectly regular series of numbers through a vast series 
of steps, and yet to break the law of progression suddenly 
at any required point. No number of particular cases as 
particulars enables us to pass by inference to any new case. 
It is hardly needful to inquire here what can be inferred 
from an infinite series of facts, because they are never 
practically within our power ; but we may unhesitatingly 
accept the conclusion, that no finite number of instances 
can ever prove a general law, or can give us certain know- 
ledge of even one other instance. 

General mathematical theorems have indeed been dis- 
covered by the observation of particular cases, and may 
again be so discovered. We have Newton*s own state- 
ment, to the effect that he was thus led to the aU-impor- 
tant Binomial Theorem, the basis of the whole structure 
of mathematical analysis. Speaking of a certain series of 
terms, expressing the area of a circle or hyperbola, he says : 
“ I reflected that the denominators were* in arithmetical 
progression; so that only the numerical co-eflflcients of 
the numerators remained to be investigated. But these, 
in the alternate areas, were the figures of the powers of 
the number eleven, namely ii®, ii^ ii®, li^; that is, 
in the first i ; in the second i, i ; in the third i, 2, i ; in 
the fourth i, 3, 3, i ; in the fifth i, 4, 6, 4, i.^ I inquired, 
therefore, in what manner all the remaining figures could 
be found from the first two ; and I found that if the first 
figure be called m, all the rest could be found by the 
continual multiplication of the terms of the formula 


^-Q V V V ^-3 y 

I ^ 2 ^ 3 ^ 4 ^ 


&c.”s 


It is pretty evident, from this most interesting statement, 
that Newton, having simply observed the succession of the 
numbers, tried various formulae until he found one which 
agreed with them all. He was so little satisfied with this 
process, however, that he verified particular results of his 
new theorem by comparison with the results of common 


^ These are the fignrate numbers considered in pages 183, 187, &c. 
* Commereiym MistoUcvm, Mpistola ad Oldenhurgttm, Oct 24, 
1676. Horsley's Worh of Newton, vol. iv. p. 541. See De Morgan 
in Penny Cyclopaedia, art. ** Binomial Theorem,” p. 412. 
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multiplication, and the rule for the extraction of the 
square root. Newton, in fact, gave no demonstration 
of his theorem ; and the greatest mathematicians of the 
last century, James Bernoulli, Maclaurin, Landen, Euler, 
Lagrange, &c., occupied themselves with discovering a con- 
clusive method of deductive proof. 

There can be no doubt that in geometry also discoveries 
have been suggested by direct observation. Many of the 
now trivial propositions of Euclid^s Elements were pro- 
bably thus discovered, by the ancient Greek geometers ; 
and we have pretty clear evidence of this in the Commen- 
taries of Proclus.^ Galileo was the first to examine the 
remarkable properties of the cycloid, the curve described by 
a point in the circumference of a wheel rolling on a plane. 
By direct observation he ascertained that the area of the 
curve is apparently three times that of the generating circle 
or wheel, but he was unable to prove this exactly, or to 
verify it by strict geometrical reasoning. Sir George Airy 
has recorded a curious case, in which he fell accidentally by 
trial on a new geometrical property of the sphere.^ But 
discovery in such cases means nothing more than sugges- 
tion, and it is always by pure deduction that the general 
law is really established. As Proclus puts it, we must 
'pass from sense to consideration. 




Given, for instance, the series of figures in the accom- 
panying diagram, measurement will show that the curved 
lines approximate to semicircles, and the rectilinear figures 
to right-angled triangles. These figures may seem to 
suggest to the mind the general law that angles inscribed 

^ Bk. ii. chap. iv.« 

2 Philosophical Transactions (i866), vol. 146, p. 334. 
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in semicircles are right angles ; but no number of instances, 
and no possible accuracy of measurement would really 
establish the truth of that general law. Availing ourselves 
of the suggestion furnished by the figures, we can only 
investigate deductively the consequences which flow from 
the definition of a circle, until we discover among them the 
property of containing right angles. Pei*sons have thought 
that they had discovered a method of trisecting angles by 
plane geometrical construction, because a certain complex 
arrangement of lines and circles had appeared to trisect an 
angle in every case tried by them, and they inferred, by a 
supposed act of induction, that it would succeed in all 
other cases. De Morgan has recorded a proposed mode of 
trisecting the angle which could not be discriminated by 
the senses from a true general solution, except when it was 
applied to very obtuse angles.^ In all such cases, it has 
always turned out either that the angle was not trisected 
at all, or that only certain particular angles could be thus 
trisected. The trisectors were misled by some apparent or 
special coincidence, and only deductive proof could es- 
tablish the truth and generality of the result. In this par- 
ticular case, deductive proof shows that the problem 
attempted is impossible, and that angles generally cannot 
be trisected by common geometrical methods. 

Geometrical Reasoning, 

This view of the matter is strongly supported by the 
further consideration of geometrical reasoning. No skill 
and care could ever enable us to verify absolutely any one 
geometrical proposition. Eousseau, in his Emile, tells us 
that we should teach a child geometry by causing him to 
measure and compare figures by superposition. While a 
child was yet incapable of general reasoning, this would 
doubtless be an instructive exercise ; but it never could 
teach geometry, nor prove the truth of any one proposition. 
All our figures are rude approximations, and they may 
happen to seem unequal when they should be equal, 
and equal when they should be unequal Moreover 
figures may from chance be equal in case after case, and 


1 Bvdget of Paradoxes, p. 257 . 
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yet there may be no general reason why they should be 
so. The results of deductive geometrical reasoning are 
absolutely certain, and are either exactly true or capable 
of being carried to any required 'degree of approximation. 
In a perfect triangle, the angles must be equal to one half- 
revolution precisely ; even an infinitesimal divergence 
would be impossible ; and I believe with equal confidence, 
that however many are the angles of a figure, provided 
there are no re-entrant angles, the sum of the angles will 
be precisely and absolutely equal to twice as many right- 
angles as the figure has sides, less by four right-angles. 
In such cases, the deductive proof is absolute and com- 
plete ; empirical verification can at the most guard against 
accidental oversights. 

There is a second class of geometrical truths which can 
only be proved by approximation ; but, as the mind sees 
no reason why that approximation should not always go 
on, we arrive at complete conviction. We thus learn that 
the surface of a sphere is equal exactly to two-thirds of 
the whole surface of the circumscribing cylinder, or to four 
times the area of the generating ^circle. The area of a 
parabola is exactly two- thirds of that of the circumscribing 
parallelogram. The area of the cycloid is exactly three 
times that of the generating circle. These are truths that 
we could never ascertain, nor even verify by observation ; 
for any finite amount of difference, less than what the 
senses can discern, would falsify them. 

There are geometrical relations again which we cannot 
assign exactly, but can carry to any desirable degree of ap- 
proximation. The ratio of the circumference to the dia- 
meter of a circle is that of 3*14159265358979323846. . . . 
to I, and the approximation may be carried to any ex- 
tent by the expenditure of sufficient labour. Mr. W. 
Shanks has given the value of this natural constant, known 
as TT, to the extent of 707 places of decimals.^ Some years 
since, I amused myself by trying how near I could get to 
this ratio, by the careful use of compasses, and I did not 
come nearer than i part in 540. We might imagine mea- 
surements so accurately executed as to give us eight or 
ten places correctly. But the power of the hands and 

^ Proceedings of the Royal Society (1872-3), voL xxi. p. 319, 
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senses must soon stop, whereas the mental powers of de- 
ductive reasoning can proceed to an unlimited degree of ap- 
proximation. Geometrical truths, then, are incapable of 
verification ; and, if so, they cannot even be learnt by 
observation. How can I have learnt by observation a pro- 
position of which I cannot even prove the truth by obser- 
vation, when I am in possession of it ? All that observa- 
tion or empirical trial can do is to suggest propositions, of 
which the truth may afterwards be proved deductively. 

If Viviani’s story is to be believed, Galileo endeavoured 
to satisfy himself about the area of the cycloid by cutting 
out several large cycloids in pasteboard, and then compar- 
ing the areas of the curve and the generating circle by 
weighing them. In every trial the curve seemed to be 
rather less than three times the circle, so that Galileo, we 
are told, began to suspect that the ratio was not precisely 
3 to I. It is quite clear, however, that no process of 
weighing or measuring could ever prove truths like these, 
and it remained for Torricelli to show what his master 
Galileo had only guessed at.^ 

Much has been said about the peculiar certainty of 
mathematical reasoning, but it is only certainty of deduc- 
tive reasoning, and equal certainty attaches to all correct 
logical deduction. If a triangle be right-angled, the 
square on the hypothenuse will undoubtedly equal the 
sum of the two squares on the other sides ; but I can 
never be sure that a triangle is right-angled ; so I can be 
certain that nitric acid will not dissolve gold, provided I 
know that the substances employed really correspond to 
those on which I tried the experiment previously. Here 
is like certainty of inference, and like doubt as to the 
facts. 


DiscrimiTiation of Certainty and Probahility, 

We can never recur too often to the truth that our 
knowledge of the laws and future events of the external 
world is only probable. The mind itself is quite capable 
of possessing certain knowledge, and it is well to discri- 
minate carefully between what we can and cannot know 

^ Life of Galileo^ Society for the Diffusion of Useful Knowledge, 
p. 102. 
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'with certainty. In the first place, whatever feeling is 
actually present to the mind is certainly known to that 
mind. If I see blue sky, I may be quite sure that I 
do experience the sensation of blueness. Whatever I do 
feel, I do feel beyond all doubt. We are indeed very 
likely to confuse what we really feel with what we are 
inclined to associate with it, or infer inductively from 
it; but the whole of our consciousness, as far as it is 
the result of pure intuition and free from inference, is 
certain knowledge beyond all doubt. 

In the second place, we may have certainty of inference ; 
the fundamental laws of thought, and the rule of substitution 
(p. 9), aiyj certainly true ; and if my senses could inform me 
that A was indistinguishable in colour from B, and B from 
C, then I should be equally certain that A was indistinguish- 
able from C. In short, whatever truth there is in the 
premises, I can certainly embody in their correct logical 
result. But the certainty generally assumes a hypothetical 
character. I never can be quite sure that two colours 
are exactly alike, that two magnitudes are exactly equal, 
or that two bodies whatsoever are identical even in their 
apparent qualities. Almost all our judgments involve 
quantitative relations, and, as will be shown in succeeding 
chapters, we can never attain exactness and certainty 
where continuous quantity enters. Judgments concerning 
discontinuous quantity or numbers, however, allow of cer- 
tainty ; I may establish beyond doubt, for instance, that 
the difference of the squares of 17 and 13 is the product 
of 17+13 and 17— 13, and is therefore 30 x 4, or 120. 

Inferences which we draw concerning natural objects 
are never certain except in a hypothetical point of 
view. It might seem to be certain that iron is magnetic, 
or that gold is incapable of solution in nitric acid ; but, 
if we carefully investigate the meanings of these state- 
ments, they will be found to involve no certainty but 
that of consciousness and that of hypothetical inference. 
Tor what do I mean by iron or gold? If I choose a 
remarkable piece of yellow substance, call it gold, and 
then immerse it in a liquid which I call nitric Hcid, and 
find that there is no change called solution, then conscious- 
ness has certainly informed me that, with my meaning of 
the terms, Gold is insoluble in nitric acid.” I may further 
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be certain of something else; for if this gold and nitric 
acid remain what they were, I may be sure there will be 
no solution on again trying the experiment. If I take other 
portions of gold and nitric acid, and am sure that they really 
are identical in properties with the former portions, I can 
be certain that there will be no solution. But at this point 
my knowledge becomes purely hypothetical ; for how can I 
be sure without trial that the gold and acid are really 
identical in nature with what I formerly called gold and 
nitric acid. How do I know gold when I see it ? If I 
judge by the apparent qualities — colour, ductility, specific 
gravity, &c., I may be misled, because there may always 
exist a substance which to the colour, ductility, specific 
gravity, and other specified qualities, joins others which we 
do not expect. Similarly, if iron is magnetic, as shown by 
an experiment with objects answering to those names, then 
all iron is magnetic, meaning all pieces of matter identical 
with my assumed piece. But in trying to identify iron, I 
am always open to mistake. Nor is this liability to mis- 
take a matter of speculation only.^ 

The history of chemistry shows that the most confident 
inferences may have been falsified by the confusion of one 
substance with another. Thus strontia was never discri- 
minated from baryta until Klaproth and Haiiy detected 
differences between some of their properties. Accordingly 
chemists must often have inferred concerning strontia 
what was only true of baryta, and vice versd. There is 
now no doubt that the recently discovered substances, 
caBsium and rubidium, were long mistaken for potassium.^ 
Other elements have often been confused together — for 
instance, tantalum and niobium ; sulphur and selenium ; 
cerium, lanthanum, and didymium ; yttrium and erbium. 

Even the best known laws of physical science do 
not exclude false inference. No law of nature has been 
better established than that of universal gravitation, and 
we believe with the utmost confidence that any body 
capable of affecting the senses will attract other bodies, 
and fall to the earth if not prevented. Euler remarks 

• Professor Uowen las excellently stated this view. Treatise on 
Logic, Cambridge, U.S. A., 1866, p. 354, 

^ Roscoe’s JSpectrum Analysis^ ist edit., p. 98. 
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that, although he had never made trial of the stones 
which compose the church of Magdeburg, yet he had 
not the least doubt that aU of them were heavy, and 
would fall if unsupported. But he adds, that it would 
be extremely difficult to give any satisfactory explanation 
of this confident belief.^ The fact is, that the belief ought 
not to amount to certainty until the experiment has been 
tried, and in the meantime a slight amount of uncer- 
tainty enters, because we cannot be sure that the stones of 
the Magdeburg Church resemble other stones in all their 
properties. 

In like manner, not one of the inductive truths which 
men have established, or think they have established, is 
really safe from exception or reversal. Lavoisier, when 
laying the foundations of chemistry, met with so many 
instances tending to show the existence of oxygen in 
all acids, that he adopted a general conclusion to that 
eflFect, and devised the name oxygen accordingly. He 
entertained no appreciable doiibt that the acid existing 
in sea salt also contained oxygen yet subsequent ex- 
perience falsified his expectations. This instance refers 
to a science in its infancy, speaking relatively to the 
possible achievements of men. But all sciences are and 
ever will remain in their infancy, relatively to the extent 
and complexity of the universe which they undertake to 
investigate. Euler expresses no more than the truth when 
he says that it would be impossible to fix on any one thing 
really existing, of which we could have so perfect a know- 
ledge as to put us beyond the reach of mistake.* We may 
be quite certain that a comet will go on moving in a 
similar path if all circumstances remain the same as 
before ; Ifut if we leave out this extensive qualification, 
our predictions will always be subject to the chance of 
falsification by some unexpected event, such as the division 
of Biela’s comet or the interference of an unknown gravi- 
tating body. 


* Euler’s Letters to a German FrincesSy translated by Hunter. 
2 nd ed., vol. ii. pp. 17, 18. 

2 Lavoisier’s VhemistTy, translated by Kerr. 3rd ed., pp. 114, 
121, 123. 

^ Euler’s Letters^ vol. ii p. 2i. 
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Inductive inference might attain to certainty if our 
knowledge of the agents existing throughout the universe 
were complete, and if we were at the same time certain 
that the same Power which created the universe would 
allow it to proceed without arbitrary change. There is 
always a possibility of causes being in existence without 
our knowledge, and these may at any moment produce 
an unexpected effect. Even when by the theory of pro- 
babilities we succeed in forming some notion of the com- 
parative confidence with which we should receive in- 
ductive results, it yet appears to me that we must make 
an assumption. Events come out like balls from the vast 
ballot-box of nature, and close observation will enable us 
to form some notion, as we shall see in the next chapter, 
of the contents of that ballot-box. But we must still 
assume that, between the time of an observation and that 
to which our inferences relate, no change in the ballot-box 
has been made. 




CHAPTEE XII. 

THE INDUCTIVE OR INVERSE APPLICATION OF THE 
THEORY OP PROBABILITY. 

We have hitherto considered the theory of probability 
only in its simple deductive employment, in which it 
enables ns to determine from given conditions the probable 
character of events happening under those conditions. 
But as deductive reasoning when inversely applied con- 
stitutes the process of induction, so the calculation of 
probabilities may be inversely applied ; from the known 
character of certain events we may argue backwards to 
the probability of a certain law or condition governing 
those events. Having satisfactorily accomplished this 
work, we may indeed calculate forwards to the probable 
character of future events happening under the same con- 
ditions ; but this part of the process is a direct use of 
deductive reasoning (p. 226). 

Now ^ is highly instructive to find that whether the 
theory m probability be deductively or inductively ap- 
plied, the calculation is always performed according to 
the principles and rules of deduction. The probability 
that an event has a particular condition entirely depends 
upon the probability that if the condition existed the 
event would follow. If we take up a pack of common 
playing cards, and observe that they are arranged in per- 
fect numerical order, we conclude beyond all reasonable 
doubt that they have been thus intentionally arranged 
by some person acquainted with the usual order of 
sequence. This conclusion is quite irresistible, and rightly 
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so ; for there are but two suppositions which we can make 
as to the reason of the cards being in that particular 
order : — 

1. They may have been intentionally arranged by some 
one who would probably prefer the numerical order. 

2. They may have fallen into that order by chance, that 
is, by some series of conditions which, being unknown to 
us, cannot be known to lead by preference to the particular 
order in question. 

The latter supposition is by no means absurd, for any 
one order is as likely as any other when there is no prepon- 
derating tendency. But we can readily calculate by the 
doctrine of permutations the probability that fifty-two 
objects would fall by chance into any one particular order. 
Fifty-two objects can be arranged in 52 xSlx.. X3 
X 2 X I or about 8o66 x (lo)®^ possible orders, the 
number obtained requiring 68 places of figures for its 
full expression. Hence it is excessively unlikely that \ 
anyone should ever meet with a pack of cards arranged \ 
in perfect order by accident. If we do meet with a | 
pack so arranged, we inevitably adopt the other supposi- . 
tion, that some person, having reasons for preferring that i 
special order, has thus put them together. 

We know that of the immense number of possible 
orders the numerical order is the most remarkable ; it is 
useful as proving the perfect constitution of the pack, and 
it is the intentional result of certain games. At any rate, 
the probability that intention should produce that order is I 
incomparably greater than the probability that chancel 
should produce it ; and as a certain pack exists in that' 
order, we rightly prefer the supposition which nqpst pro- 
bably leads to the observed, result. 

By a similar mode of reasoning we every day arrive, 
and validly arrive, at conclusions approximating to cer- 
tainty. Whenever we observe a perfect resemblance 
between two objects, as, for instance, two printed pages, 
two engravings, two coins, two foot-prints, we are war- 
ranted in asserting that they proceed from the same type, 
the same plate, the same pair of dies, or the same boot. 
And why ? Because it is almost impossible that with 
different types, plates, dies, or boots some apparent dis- 
tinction of form should not be produced. It is impossible 

K 



S43 


THE PRINOIPOJS OP SOTENCE. 


fCHAF 


for tTie hand of the most skilful artist to make two objects 
alike, so that mechanical repetition is the only probable 
explanation of exact similarity. 

We can often establish with extreme probability that 
one document is copied from another. Suppose that each 
document contains 10,000 words, and that the same word 
is incorrectly spelt in each. There is then a probability of 
less than i in 10,000 that the same mistake should be 
made in each. If we meet with a second error occurring 
in each document, the probability is less than i in 10,000 
X 9999, that two such coincidences should occur by chance, 
and the numbers grow with extreme rapidity for more 
numerous coincidences. We cannot make any precise 
calculations without taking into account the character of 
the errors committed, concerning the conditions of which 
we have no accurate means of estimating probabilities. 
Nevertheless, abundant evidence may thus be obtained 
as to the derivation of documents from each other. In 
the examination of many sets of logarithmic tables, six 
remarkable errors were found to be present in all but 
two, and it was proved that tables printed at Paris, Berlin, 
Florence, Avignon, and even in China, besides thirteen 
sets printed in England between the years 1633 and 1822, 
were derived directly or indirectly from some common 
source.^ With a certain amount of labour, it is possible 
to establish beyond reasonable doubt the relationship or 
genealogy of any number of copies of one document, pro- 
ceeding possibly from parent copies now lost. The rela- 
tions between the manuscripts of the New Testament have 
been elaborately investigated in this manner, and the same 
work has been performed for many classical writings, 
especially by German scholars. 

Principle of (he Inverse Method, 

The inverse application of the rules of probability 
entirely depends upon a proposition which may be thus 
stated, nearly in the words of Laplace.® If an event can 

1 Lardner, Mdinburgh Review, July 1834, p. 277. . 

• Mimoires par divers Savons, tom. vi. ; quoted by Todhunter in 
1|6 History of the Theory of FrobajbiUby, p. 458. 
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ie produced hy any one of a certain number of different 
causes, all equally prohahle d priori, the prohahilities of the 
existence of these causes as inferred from the event, are pro-- 
portional to the prdbaTnlities of the event as derived from these 
causes. In other words, the most probable cause of an 
event which has happened is that which would most pro- 
bably lead to the event supposing the cause to exist; but 
all other possible causes are also to be taken into account 
with probabilities proportional to the probability that the 
event would happen if the cause existed. Suppose, to fix 
our ideas clearly, that E is the event, and Cj Cg Cg are the 
three only conceivable causes. If C exist, the probability 
is jpi that E would follow ; if Cg or Cg exist, the like pro- 
babilities are respectively p^ and p^. Then as p^ is to p^, 
so is the probability of Cj being the actual cause to the 
probability of Cg being it ; and, similarly, as p^ is to pg, so 
is the probability of Cg being the actual cause to the 
probability of Cg being it. By a simple mathematical pro- 
cess we arrive at the conclusion that the actual probability 
of Cl being the cause is 

Sx 

Vi + JPa + ' 

and the similar probabilities of the existence of Cg and 
Cg are. 


The sum of these three fractions amounts to unity, which 
correctly expresses the certainty that one cause of other 
must be in operation. 

We may thus state the result in general language. 
If it is certain that one or other of the supposed causes 
exists, the probability that any one does exist is the proba- 
bility that if it exists the event happens, divided by the sum 
of all the similar probabilities. There may seem to be an 
intricacy in this subject which may prove distasteful to 
some readers ; but this intricacy is essential to the subject 
in hand. No one can possibly understand the principles 
of inductive reasoning, unless he will take the trouble to 
master the meaning of this rule, by which we recede from 
an event to the probability of each of its possible causes. 

This rule or principle of the indirect method is that 
which common sense leads us to adopt almost instinctively, 

B 2 
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before we have any comprehension of the principle in its 
general form. It is easy to see, too, that it is the rule 
which will, out of a great multitude of cases, lead us most 
often to the truth, since the most probable cause of an 
event really means that cause which in the greatest 
number of cases produces the event. Donkin and Boole 
have given demonstrations of this principle, but the one 
most easy to comprehend is that of Poisson. He imagines 
each possible cause of an event to be represented by a 
distinct baUot-box, containing black and white balls, in 
such a ratio that the probability of a white ball being 
drawn is equal to that of the event happening. He further 
supposes that each box, as is possible, contains the same 
total number of balls, black and white ; then, mixing all 
the contents of the boxes together, he shows that if a 
white ball be drawn from the aggregate ballot-box thus 
formed, the probability that it proceeded from any par- 
ticular ballot-box is represented by the number of white 
balls in that particular box, divided by the total number 
of white balls in all the boxes. This result corresponds to 
that given by the principle in question.^ 

Thus, if there be three boxes, each containing ten balls 
in all, and respectively containing seven, four, and three 
white balls, then on mixing all the balls together we have 
fourteen white ones ; and if we draw a white ball, that is 
if the event happens, the probability that it came out of 

T 

the first box is ^ ; which is exactly equal to ^ ^ > 
the fraction given by the rule of the Inverse Method. 

Simple Applications of the Inverse Method. 

In many cases of scientific induction we may apply the 
principle of the inverse method in a simple manner. If 
only two, or at the most a few hypotheses, may be made 
as to the origin of certain phenomena, we may sometimes 
easily calculate the respective probabilities. It was thus 
that Bunsen dnd Kirchhofif established, with a probability 
little short of certainty, that iron exists in the sun. On 
comparing the spectra of sunlight and of the light proceed- 

^ Poissoiii Becherches sur la Probability des Jugmmts, Paris^ 18371 

pp. 82, 83. 
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ing from the incandescent vapour of iron, it became appa* 
rent that at least sixty bright lines in the spectrum of iron 
coincided with dark lines in the sun’s spectrum. Such coin- 
cidences could never be observed with certainty, because, 
even if the lines only closely approached, the instrumental 
imperfections of the spectroscope would make them appa- 
rently coincident, and if one line came within half a milli- 
metre of another, on the map of the spectra, they could not 
be pronounced distinct. Now the average distance of the 
solar lines on Kirchhoff’s map is 2 mm., and if we throw 
down a line, as it were, by pure chance on such a map, 
the probability is about one-half that the new line will fall 
within ^ mm. on one side or the other of some one of the 
solar lines. To put it in another way, we may suppose 
that each solar line, either on account of its real breadth, 
or the defects of the instrument, possesses a breadth of 
^ mm., and that each line in the iron spectrum has a like 
breadth. The probability then is just one-half that the 
centre of each iron line will come by chance within i mm. 
of the centre of a solar line, so as to appear to coincide 
with it. The probability of casual coincidence of each 
iron line with a solar line is in like manner Coinci- 
dence in the case of each of the sixty iron lines is a very 
unlikely event if it arises casually, for it would have a 
probability of only or less than i in a trillion. The 
odds, in short, are more than a million million millions 
to unity against such casual coincidence.^ But pn the 
other hypothesis, that iron exists in the sun, it is highly 
probable that such coincidences would be observed ; it is 
immensely more probable that sixty coincidences would be 
observed if iron existed in the sun, than that they should 
arise from chance. Hence by our principle it is immensely 
probable that iron does exist in the sun. 

All the other interesting results, given by the comparison 
of spectra, rest upon the same principle of probability. 
The almost complete coincidence between the spectra of 
solar, lunar, and planetary light renders it practically 
certain tl^it the light is all of solar origin, and is reflected 
from the surfaces of the moon and planets, suffering only 

* Kirchhoff^s Besearches on the Solar Spectrum, First part, trans- 
lated by Roscoe, pp. i8, 19. 
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slight alteration from the atmospheres of some of the 
planets. A fresh confirmation of the truth of the Coper- 
nican theory is thus furnished. 

Herschel proved in this way the connection between the 
direction of the oblique faces of quartz crystals, and 
the direction in which the same crystals rotate the 
plane of polarisation of light. For if it is found in a 
second crystal that the relation is the same os in the first, 
the probability of this happening by chance is ^ ; the 
probability that in another crystal also the direction 
will be the same is and so on. The probability that 
in 71 . 4* I crystals there would be casual agreement of direc- 
tion is the nth power of Thus, if in examining fourteen 
crystals the same relation of the two phenomena is dis- 
covered in each, the odds that it proceeds from uniform 
conditions are more than 8ooo to i.^ Since the first 
observations on this subject were made in 1820, no excep- 
tions have been observed, so that the probability of in- 
variable connection is incalculably great. 

It is exceedingly probable that the ancient Egyptians 
bad exactly recorded the eclipses occurring during long 
periods of time, for Diogenes Laertius mentions that 373 
solar and 832 lunar eclipses had been observed, and the 
ratio between these numbers exactly expresses that which 
would hold true of the eclipses of any long period, of 
say 1200 or 1300 years, as estimated on astronomical 
grounds. It is evident that an agreement between small 
numbers, or customary numbers, such as seven, one 
hundred, a myriad, &c., is much more likely to happen from 
chance, and therefore gives much less presumption of de- 
pendence. If two ancient writers spoke of the sacrifice of 
oxen, they would in all probability describe it as a heca- 
tomb, and there would be nothing remarkable in the coin- 
cidence. But it is impossible to point out any special 
reason why an old writer should select such numbers as 
373 and 832, unless they had been the results of observa- 
tion. 

On similar grounds, we must inevitably believe in the 

* Minhurgh JRevieWf No. 185, rolxcii. July 1850, p. 32 ; Herschers 
Essays, p. 421 ; Transactions of the Cambridge FIdlosophical Society f 
voL i. p. 43. 
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human origin of the flint flakes so copiously discovered of 
late years. For though the accidental stroke of one stone 
against another may often produce flakes, such as are 
occasionally found on the sea-shore, yet when several 
flakes are found in close company, and each one bears 
evidence, nob of a single blow only, but of Several suc- 
cessive blows, all conducing to form a symmetrical knife- 
like form, the probability of a natural and accidental 
origin becomes incredibly small, and the contrary suppo- 
sition, that they are the work of intelligent beings, 
approximately certain.^ 

The Theory of Probability in Astronomy, 

The science of astronomy, occupied with the simple 
relations of distance, magnitude, and motion of the 
heavenly bodies, admits more easily than almost any 
other science of interesting conclusions founded on the 
theory of probability. More than a century ago, in 
1767, Michell showed the extreme probability of bonds 
connecting together systems of stars. He was struck 
by the unexpected number of fixed stars which have 
companions close to them. Such a conjunction might 
happen casually by one star, although possibly at a 
great distance from the other, happening to lie on a 
straight line passing near the earth. But the probabilities 
are so greatly against such an optical union happening 
often in the expanse of the heavens, that Michell asserted 
the existence of some connection between most * of the 
double stars. It has since been estimated by Struve, 
that the odds are 9570 to i against any two stars of not 
less than the seventh magnitude falling within the appa- 
rent distance of four seconds of each other by chance, and 
yet ninety-one such cases were known when the estimation 
was made, and many more cases have since been discovered. 
There were also four known triple stars, and yet the odds 
against the appearance of any one such conjunction are 
173,524 to 1.2 The conclusions of Michell have been 

^ Evans^ Ancient Stone Implements of Great Britain. London, 
1872 (Longmans). 

2 Herschel, Outlines of Astronomy, 1849, p. 565 ; but Todhunter, 
in his History of the Theory of Probability, p. 335, states that the 
calculations do not agree with those published by Struve, 
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entirely verified by the discovery that many double stars 
axe connected by gravitation. 

Michell also investigated the probability that the six 
brightest stars in the Pleiades should have come by 
accidents into such striking proximity. Estimating the 
number of stars of equal or greater brightness at 1500, he 
found the odds to be nearly 500,000 to i against casual 
conjunction. Extending the same kind of argument to 
other clusters, such as that of Prsesepe, the nebula in the 
hilt of Perseus* sword, he says : ^ We may with the 
highest probability conclude, the odds against the contrary 
opinion being many million millions to one, that the stars 
are really collected together in clusters iu some places, 
where they form a kind of system, while in others there 
are either few or none of them, to whatever cause this may 
be owing, whether to their mutual gravitation, or to some 
other law or appointment of the Creator.** 

The calculations of Michell have been called in question 
by the late James D. Forbes, 2 and Mr. Todliunter vaguely 
countenances his objections,® otherwise I should not have 
thought them of much weight. Certainly Laplace accepts 
Michell’s views,^ and if Michell be in error it is in the 
methods of calculation, not in the general validity of his 
reasoning and conclusions. 

Similar calculations might no doubt be applied to the 
peculiar drifting motions which have been detected by 
Mr. R. A. Proctor in some of the constellations.® The odds 
are very greatly against any numerous group of stars mov- 
ing together in any one direction by chance. On like 
grounds, there can be no doubt that the sun has a con- 
siderable proper motion because on the average the fixed 
stars show a tendency to move apparently from one point 
of the heavens towards that diametrically opposite. The 
sun*s motion in the contrary direction would explain this 
tendency, otherwise we must believe that thousands of 
stars accidentally agree in their direction of motion, or are 

1 Fhilosophical Transactions, 1767, vol. Ivii. p. 431. 

2 Philosophical Magazine, 3rd Series, vol. xxxvii. p. 401', December 
1850 ; also August 1849. 

* History, &c., p. 334, * Bssai Philosophique, p. 57. 

Proceedings of the Eoy<d Society; 20 January, 1870 ; Philosophical 
Magazine, 4th Series, vol xxxix. p. 381. 
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urged by some common force from which the stin is 
exempt. It may be said that the rotation of the earth is 
proved in like manner, because it is immensely more pro- 
bable that one body would revolve than that the sun, 
moon, planets, comets, and the whole of the stars of the 
heavens should be whirled round the earth daily, with a 
uniform motion superadded to their own peculiar motions. 
This appears to be mainly the reason which led Gilbert, 
one of the earliest English Copernicans, and in every way 
an admirable physicist, to admit the rotation of the earth, 
while Francis Bacon denied it, 

In contemplating the planetary system, we are struck 
with the similarity in direction of nearly all its movements. 
Newton remarked upon the regularity and uniformity of 
these motions, and contrasted them with the eccentricity 
and irregularity of the cometary orbits.^ Could we, in 
fact, look down upon the system from the northern side, 
we should see all the planets moving round from west to 
east, the satellites moving round their primaries, and the 
sun, planets, and satellites rotating in the same direction, 
with some exceptions on the verge of the system. In the 
time of Laplace eleven planets were known, and the direc- 
tions of rotation were known for the sun, six planets, the 
satellites of Jupiter, Saturn’s ring, and one of his satellites. 
Thus there were altogether 43 motions all concurring, 
namely ; — 

Orbital motions of eleven planets , .11 

Orbital motions of eighteen satellites . .18 

Axial rotations 14 

43 

The probability that 43 motions independent of each 
other would coincide by chance is the 42nd power of so 
that the odds are about 4,400,ocx),ooo,ooo to i in favour of 
some common cause for the uniformity of direction. This 
probability, as Laplace observes, ^ is higher than that of 
many historical events which we undoubtingly believe. In 
the present day, the probability is much increased by the 
discovery of additional planets, and the rotation of other 

1 Principia, bk. ii. General scholium. 

* Essai Fhilosophiquey p. 55 . Laplace appears to count the rings of 
Saturn as giving two independent movements. 
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satellites, and it is only slightly weakened by the fact that 
some of the outlying satellites are exceptional in direction, 
there being considerable evidence of an accidental dis- 
turbance in the more distant parts of the system. 

Hardly less remarkable than the uniform direction of 
motion is the near approximation of the orbits of the 
planets to a common plane. Daniel Bernoulli roughly 
estimated the probability of such an agreement arising 
from accident as i -f- (12)® the greatest inclination of any 
orbit to the sun’s equator being i-i2th part of a quadrant. 
Laplace devoted to this subject some of his most ingenious 
investigations. He found the probability tliat the sum of 
the inclinations of the planetary orbits would not exceed 
by accident the actual amount (•914187 of aright angle 
for the ten planets known in 1801) to be (*914187),^® 
or about *00000011235. This probability may be com- 
bined with that derived from the direction of motion, and 
it then becomes immensely probable that the constitution 
of the planetary system arose out of uniform conditions, 
or, as we say, from some common cause.^ 

If the same kind of calculation be applied to the orbits 
of comets, the result is very different.^ Of the orbits 
which have been determined 48*9 per cent, only are direct 
or in the same direction as the planetary motions.® Hence 
it becomes apparent that comets do not properly belong 
to the solar system, and it is probable that they are stray 
portions of nebulous matter which have accidentally become 
attached to the system by the attractive powers of the 
sun or Jupiter. 


T/ie General Inverse Problem, 

In the instances described in the preceding sections, 
we have been occupied in receding from the occurrence 
of certain similar events to the probability that there 

^ Lubbock, Essa/y m Probability, p. 14, De Morgan, Encyc, 
Metrop, art. Prohalklity, p. 412. Tod hunter’s History of the Theory 
of Prohahilityy p. 543. Concerning the objections rai&ed to these 
conclusions by Boole, see the Philosophical Magazine, 4th Series, 
vol. ii. p. 98. Boole’s Laws of Thought, pp. 364-37J, 

2 Laplace, Essai Philosophigue, pp. 55, 56. 

^ Chambers’ Astronomy, 2na ed. pp. 346-49* 
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must have been a condition ot cause for such events. We 
have found that the theory of probability, although never 
yielding a certain result, often enables us to establish an 
hypothesis beyond the reach of reasonable doubt. There 
is, however, another method of applying the theory, 
which possesses for us even greater interest, because it 
illustrates, in the most complete manner, the theory of 
inference adopted in this work, which theory indeed it 
suggested. The problem to be solved is as follows : — 

An event having happened a certain number of time$y 
and failed a certain number of times, required the pro- 
bahility that it will happen any given number of times 
in the future under the same circumstances. 

All the larger planets hitherto discovered move in one 
direction round the sun ; what is the probability that, if a 
new planet exterior to Neptune be discovered, it will move 
in the same direction ? All known permanent gases, ex- 
cept chlorine, are colourless ; what is the probability that, 
if some new permanent gas should be discovered, it will 
be colourless ? In the general solution of this problem, we 
wish to infer the future happening of any event from the 
number of times that it has already been observed to 
happen. Now, it is very instructive to find that there is 
no known process by which we can pass directly from the 
data to the conclusion. It is always requisite to recede 
from the data to the probability of some hypothesis, and 
to make that hypothesis the ground of our inference 
concerning future events. Mathematicians, in fact, make 
every hypothesis which is applicable to the question in 
hand; they then calculate, by the inverse method, the 
probability of every such hypothesis according to the 
data, and the probability that if each hypothesis be true, 
the requh’ed future event will happen. The total pro- 
bability that the event will happen is the sum of the 
separate probabilities contributed by each distinct hypo- 
thesis. 

To illustrate more precisely the method of solving the 
problem,^ it is desirable to adopt some concrete mode of 
representation, and the ballot-box, so often employed by 
mathematicians, will best serve our purpose. Let thd 
happening of any event be represented by the drawing ofj 
a white ball from a ballot-box, while the failure of an 
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\ event is represented by the drawing of a black ball. Now, 
^in the inductive problem we are supposed to be i^orant 
of the contents of the ballot-box, and are required to 
ground all our inferences on our experience of those con- 
tents as shown in sucbesaive drawings. Rude common 
sense would guide us nearly to a true conclusion. Thus, 
if we had drawn twenty balls one after another, replacing 
the ball after each drawing, and the ball had in each case 
, proved to be white, we should believe that there was a 
, considerable preponderance of white balls in the urn, and 
i a probability in favour of drawing a white ball on the next 
occasion. Though we had drawn white balls for 
thousands of times without fail, it would still be possible 
that some black balls lurked in the urn and would at last 
appear, so that our inferences could never be certain. On 
the other hand, if black balls came at intervals, we should 
expect that after a certain number of trials the black balls 
would appear again from time to time with somewhat the 
same frequency. 

The mathematical solution of the question consists in 
little more than a close analysis of the mode in which our 
common sense proceeds. If twenty white balls have been 
drawn and no black ball, my common sense tells me that 
any hypothesis which makes the black balls in the um 
considerable compared with the white ones is improbable ; 
a preponderance of white balls is a more probable hypo- 
thesis, and as a deduction from this more probable hypo- 
thesis, I expect a recurrence of white balls. The mathe- 
matician merely reduces this process of thought to exact 
numbers. Taking, for instance, the hypothesis that there 
are 99 white and one black ball in the urn, he can calcu- 
late the probability that 20 white balls would be drawn 
in succession in those circumstances; he thus forms a 
definite estimate of the probability of this hypothesis, and 
knowing at the same time the probability of a white ball 
reappearing if such be the contents of the urn, he com- 
bines these probabilities, and obtains an exact estimate 
that a white ball will recur in consequence of this hypo- 
thesis. But as this hypothesis is only one out of many 
possible ones, since the ratio of white and black balls may 
be 98 to 2, or 97 to 3, or 96 to 4, and so on, he has to 
repeat the estira^tn for every such possible hypothesis. 
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To make the method of solving the problem perfectly 
evident, I will describe in the next section a very simple 
case of the problem, originally devised for the purpose by 
Condorcet, which was also adopted by Lacroix,^ and has 
passed into the works of De Morgan, Lubbock, and others. 

Simple Illustration of the Inverse Problem. 

Suppose it to be known that a ballot-box contains only 
four black or white balls, the ratio of black and white balls 
being unknown. Four drawings having been made with 
replacement, and a white ball having appeared on each 
occasion but one, it is required to determine the proba- 
bility that a white ball will appear next time. Now the 
hypotheses which can be made as to the. contents of the 
urn are very limited in number, and are at most the 
following five : — 

4 white and o black balls 
» ^ » » 

n ^ 9* 99 

99 3 99 99 

99 4 99 99 

The actual occurrence of black and white balls in the 

drawings puts the first and last hypothesis out of the 
question, so that we have only three left to consider. 

If the box contains three white and one black, the 
probability of drawing a white each time is J, and a black 
J ; so that the compound event observed, namely, three 
white and one black, has the probability i X f X f X by 
the rule already given (p. 204). But as it is indifferent 
in what order the balls are drawn, and the black ball 
might come first, second, third, or fourth, we must multi- 
ply by four, to obtain the probability of three white and 
one black in any order, thus getting 

Taking the next hypothesis of two white and two 
black balls in the urn, we obtain for the same proba- 
bility the quantity J x ^ x | x J x 4, or and from the 
third hypothesis of one white and three black we deduce 
likewise i*x ^ x i x f x 4, or According, then, as we 

^ Tra/it^ iUmentaire du Calcul de$ Probabilit^s, 3rd ed. (1833), 
p. 148. 
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adopt the first, second, or third hypothesis, the proha- 
bility that the result actually noticed would follow is 
and Now it is certain that one or other of these 

hypotheses must be the true one, and their absolute 
probabilities are proportional to the probabilities that the 
observed events would follow from them (pp. 242, 243). AU 
we have to do, then, in order to obtain the absolute pro- 
bability of each hypothesis, is to alter these fractions in 
a uniform ratio, so that their sum shall be unity, the 
expression of certainty. Now, since 27 -f- 16 + 3 = 46, 
this will be effected by dividing each fraction by 46, and 
multiplying by 64. Thus the probabilities of the first, 
second, and third hypotheses are respectively — 

27 16 2 

46’ 46* 46* 


The inductive part of the problem is completed, since we 
have found that the um most likely contains three white 
and one black ball, and have assigned the exact probability 
of each possible supposition. But we are now in a position 
to resume deductive reasoning, and infer the probability 
that the next drawing will yield, say a white ball. For if 
the box contains three white and one black ball, the pro- 
bability of drawing a white one is certainly f ; and as the 
probability of the box being so constituted is com- 

pound probability that the box will be so filled and will 
give a white ball at the next trial, is 




Again, the probability is ^ that the box contains two 
white and two black, and under those conditions the 
probability is ^ that a white ball will appear ; hence the 
probability that a white ball will appear in consequence 
of that condition, is 


y i or il. 
46 2 184 


From the third supposition we get in like manner the 
probability 

i ^ 1 " A’ 


Since one and not more than one hypothesis can be tnu^ 
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we may add together these separate probabilities, and we 
find that 


I 32 . 3 ^^116 

184 184 184 ^ 184 

is the complete probability that a white ball will be next 
drawn under the conditions and data supposed. 


General Solution of the Inverse ProUem, 

In the instance of the inverse method described in the 
last section, the balls supposed to be in the ballot-box 
were few, for the purpose of simplifying the calculation. 
In order that our solution may apply to natural phe- 
nomena, we must render our hypotheses as little arbitrary 
as possible. Having no d priori knowledge of the conr- 
ditions of the phenomena in question, there is no limit 
to the variety of hypotheses which might be suggested. 
Mathematicians have therefore had recourse to the most 
extensive suppositions which can be made, namely, that 
the ballot-box contains an infinite number of balls ; they 
have then varied the proportion of white to black balls 
continuously, from the smallest to the greatest possible 
proportion, and estimated the aggregate probability which 
results from this comprehensive supposition. 

To explain their procedure, let us imagine that, instead 
of an infinite number, the ballot-box contains a large 
finite number of balls, say 1000. Then the number of 
white balls might be i or 2 or 3 or 4, and so on, up to 
999. Supposing that three white and one black ball 
have been drawn from the urn as before, there is a certain 
very small probability that this would have occurred in 
the case of a box containing one white and 999 black 
balls ; there is also a small probability that from such a 
box the next ball would be white. Compound these 
probabilities, and we have the probability that the next 
ball really will be white, in consequence of the existence 
of that proportion of balls. If there be two white and 998 
black balls in the box, the probability is greater and will 
increase until the balls are supposed to be in the propor- 
tion of those drawn. Now 999 different hypotheses are 
possible, and the calculation is to be made for each of 
these, and their aggregate taken as the final result. It is 
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apparent that as the number of balls in the box is increased, 
the absolute probability of any one hypothesis concerning 
the exact proportion of balls is decreased, but the aggregate 
results of all the hypotheses will assume the character of 
a wider average. 

When we take the step of supposing the balls within 
the urn to be infinite in number, the possible proportions 
of white and black balls also become infinite, and the 
probability of any one proportion actually existing is 
infinitely small. Hence the final result that the next ball 
drawn will be white is really the sum of an infinite 
number of infinitely small quantities. It might seem 
impossible to calculate out a problem having an infinite 
number of hypotheses, but the wonderful resources of the 
integral calculus enable this to be done with far greater 
facility than if we supposed any large finite number of 
balls, and then actually computed the results. I will not 
attempt to describe the processes by which Laplace finally 
accomplished the complete solution of the problem. They 
are to be found described in several English works, espe- 
cially De Morgan’s Treatise on FrohaUlities, in the Ency- 
clopcedia Metropolitanay and Mr. Todhunter’s History of 
the Theory of Prohalility. The abbreviating power of 
mathematical analysis was never more strikingly shown. 
But I may add that though the integral calculus is 
employed as a means of summing infinitely numerous 
results, we in no way abandon the principles of com 
binations already treated. We calculate the values of 
infinitely numerous factorials, not, however, obtaining 
their actual products, which would lead to an infinite- 
number of figures, but obtaining the final answer to the 
problem by devices which can only be comprehended 
after study of the integral calculus. 

It must be allowed that the hypothesis adopted by 
Laplace is in some degree arbitrary, so that there was some 
opening for the doubt which Boole has cast upon it.^ 
But it may be replied, (i) that the supposition of an 
infinite number of balls treated in the manner of Laplace 
is less arbitrary apd more comprehensive than *any other 
that can be sugg^ted. (2) The result does not differ 

* Lams of Thought^ pp. 368-375. 
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much from that which would be obtained on the hypothesis 
of any large finite number of balls. (3) The supposition 
leads to a series of simple formulas which can be applied 
with ease in many cases, and which bear all the appearance 
of Jtruth so far as it can be independently judged by a 
sound and practiced understanding. 

Rules of the Inverse Method, 

By the solution of the problem, as described in the last 
section, we obtain the following series of simple rules. 

1. To find the prohability that an eveM which has not 
hitherto been observed to fait vnll happen once more, 
divide the number of times the event has been observed 
increased by one, bt the same number increased by two. 

If there have been m occasions on which a certain event 
might have been observed to happen, and it has happened 
on all those occasions, then the probability that it will 

happen on the next occasion of the same kind is ^ "j" — 

For instance, we may say that there are nine places in 
the planetary system where planets might exist obeying 
Bode's law of distance, and in every }>lace there is a 
planet obeying the law more or less exactly, although 
no reason is known for the coincidence. Hence the 
probability that th^ next planet beyond Neptune will 
conform to the law is 

2. To find the probability that an event which has not 
hitherto failed will not fail for 0, certain number of new 
occasions, divide the number of times the event has hap^ 
pened increased by one, by the same nuraber increased by 
one and the number of times it is to happen. . 

An event having happened m times without fail, the 

probability that it will happen n more times is 

Thus the probability that three new planets would obey 
Bode’s law is but it must be allowed that this, as well 
as the previous result, would be much weakened by^ the 
fact that Nfeptune can barely be said to obey the law. 

3. An event having happened and failed a certain 
number of times, to find the probability that it will happen 
the neod time, divide the number of times the event has 

8 
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houppened iricreased hy one^ hy the whole nvmiher of timee 
the event has happened or failed increased by two. 

If an event has happened m times and failed n times, 
the probability that it will happen on the next occasion is 

— — . Thus, if w'e assume that of the elements dis- 
m H- w 2 

covered up to the year 1873, 50 are metallic and 14 non- 
metallic, then the probability that the next element dis- 
covered will be metallic is Ajo^ain, since of 37 metals 
which have been sufficiently examined only four, namely, 
sodium, potassium, lanthanum, and lithium, are of less 
density than water, the probalDility that the next metal 
examined or discovered will be less dense than water is 

4+1 5 

' V — or — • 

37 + 2 39 

We may state the results of the method in a more 
general manner thus,^ — If under given circumstances cer- 
tain events A, B, C, &c., have happened respectively m, n, 
7), &c., times, and one or other of these events must 
happen, then the probabilities of these events are propor- 
tional to m + I, n + 1, p + I, &c.,so that the probability 

of A will be . , 

events may happen in addition to those which have been 
observed, we must assign unity for the probability of such 
new event. The odds then become i for a new event, 
m + I for A, 71 4- I for B, and so on, and the absolute 

probability of A is —7 — — — — 

It is interesting to trace out the variations of probability 
according to these rules. The first time a casual event 
happens it is 2 to i that it will happen again ; if it does 
happen it is 3*to i that it will happen a third time ; and 
on successive occasions of the like kind the odds become 
4, 5, 6, &c., to I. The odds of course will be discriminated 
from the probabilities which are successively f , f, 4, &c. 
Thus on the first occasion on which a person sees a shark, 
and notices that it is accompanied by a little pilot fish, 
the odds are 2 to i, or the probability f, tha^ the next 
shark will be so accompanied. 


^ 5® Moigan’s Ussay on FrohahiUHeSy Cabinet Cyclopaedip. p. 67. 
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When an event has happened a very great number of 
times, its happening once again approaches nearly to cer- 
tainty. If we suppose the sun to have risen one thousand 
million times, the probability that it will rise again, on 

the ground of this knowledge merely, is - j * 

But then the probability that it will continue to rise for as 
long a period in the future is only i" . - or almost 

exactly The probability that it will continue so rising a 
thousand times as long is only about y^rinr* lesson which 
we may draw from these figures is quite that which we 
should adopt on other grounds, namely, that experience 
never affords certain knowledge, and that it is exceedingly 
improbable that events will always happen as we observe 
them. Inferences pushed far beyond their data soon lose 
any considerable probability. De Morgan has said,i " No 
finite experience whatsoever can justify us in saying that 
the future shall coincide with the past in all time to come, 
or that there is any probability for such a conclusion.'' On 
the other hand, we gain the assurance that experience 
sufficiently extended and prolonged will give us the 
knowledge of future events with an unlimited degree of 
probability, provided indeed that those events are not 
subject to arbitrary interference. 

It must be clearly understood that these probabilities are 
only such as arise from the mere happening of the events, 
irrespective of any knowledge derived from other sources 
concerning those events or the general laws of nature. 
All our knowledge of nature is indeed founded in like 
manner upon observation, and is therefore only probable. 
The law of gravitation itself is only probably true. But 
when a number of different facts, observed under the most 
diverse circumstances, are found to be harmonized under a 
supposed law of nature, the probability of the law approxi- 
mates closely to certainty. Each science rests upon so 
many observed facts, and derives so much support from 
analogies or connections with other sciences, that there 
are compaj^atively few cases where our judgment of the 
probability of an event depends entirely upon a few ante- 


s 2 


1 Emy on FrdbahilUieB^ p. 128. 
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cedent events, disconnected from the general body of 
physical science. 

Events, again, may often exhibit a regularity of suc- 
cession or preponderance of character, which the simple 
formula will not take into account. For instance, the 
majority of the elements recently discovered are metals, 
so that the probability of the. next discovery being that of 
a metal, is doubtless greater than we calculated (p. 258). 
At the more distant parts of the planetary system, there 
are symptoms of disturbance which would prevent our 
placing much reliance on any inference from the prevailing 
order of the known planets to those undiscovered ones 
which may possibly exist at great distances. These and 
all like complications in no way invalidate the theoretic 
truth of the formulas, but render their sound application 
much more difficult. 

Erroneous objections have been raised to the theory of 
probability, on the ground that we ought not to trust to 
our d 'priori conceptions of what is likely to happen, but 
should always endeavour to obtain precise experimental 
data to guide us.^ This course, however, is perfectly in 
accordance with the theory, which is our best and only 
guide, whatever data we possess. We ought to be always 
applying the inverse method of probabilities so as to take 
into account all additional information. When we throw 
up a coin for the first time, we are probably quite ignorant 
whether it tends more to fall head or tail upwards, and 
we must therefore assume the probability of each event 
.as But if it shows head in the first throw, we now 
have very slight experimental evidence in favour of a 
tendency to show head. The chance of two heads is 
now slightly greater than which it appeared to be at 
first, and as we go on throwing the coin time after time, 
the probability of head appearing next time constmtly 
varies in a slight degree according to the character of our 
previous experience. As Laplace remarks, we ought 
always to have regard to such considerations in common 
life. Events when closely scrutinized will hardly ever 
prove to be quite independent, and the slightest pre- 

1 J. S. Mill, System of Logic^ 5th edition, bk. iii chap, xviii § 3. 

ffi Mistoryy up. 472, jgS 
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ponderance one way or the other is some evidence of 
connection, and in the absence of better evidence should 
be taken into account. 

The grand object of seeking to estimate the probability 
of future events from past experience, seems to have been 
entertained by James Bernoulli and De Moivre, at least 
such was the opinion of Condorcet ; and Bernoulli may be 
said to have solved one case of the problem.^ The English 
writers Bayes and Price are, however, undoubtedly the 
first who put forward any distinct rules on the subject.^ 
Condorcet and several other eminent mathematicians ad- 
vanced the mathematical theory of the subject ; but it was 
reserved to the immortal Laplace to bring to the subject 
the full power of his genius, and carry the solution of the 
problem almost to perfection. It is instructive to observe 
that a theory which arose from petty games of chance, the 
rules and the very names of which are forgotten, gradually 
advanced, until it embraced the most sublime problems of 
science, and finally undertook to measure the value and 
certainty of all our inductions. 

Fortuitous Coincidences, 

We should have studied the theory of probability to 
very little purpose, if we thought that it would furnish 
us with an infallible guide. The theory itself points 
out the approximate certainty, that we shall sofnetimes 
be deceived by extraordinary fortuitous coincidences. 
There is no run of luck so extreme that it may not 
happen, and it may happen to us, or in our time, as 
well as to other persons or in other times. We may be 
forced by correct calculation to refer such coincidences 
to a necessary cause, and yet we may be deceived. All 
that* the calculus of probability pretends to give, is the 
result in the long run, as it is called, and this really means 
in an infinity of cases. During any finite experience, 
however long, chances may be against us. Nevertheless 
the theory is the best guide we can have. If we always 
think ana act according to its well-interpreted indications, 

^ Todhunter^s History, pp. 37^ 379. 

* Philosophical Transactions, [1763], vol. 2iii. p. 370, .aud [1764I 
vol. liv. p. 296. Todhunter, pp. 294-300 
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we shall have the best chance of escaping error ; and if all 
persons, throughout all time to come, obey the theory in 
like manner, they will undoubtedly thereby reap the 
greatest advantage. 

No rule can be given for discriminating betw'een 
coincidences which are casual and those which are the 
effects of law. ( By a fortuitous or casual coincidence, we 
mean an agreement between events, which nevertheless 
arise from wholly independent and different causes or con- 
ditions, and which will not always so agree. It is a 
fortuitous coincidence, if a penny thrown up repeatedly 
in various ways always falls on the same side ; but it 
would not .be fortuitous if there were any similarity 
in the motions of the hand, and the height of the throw, 
so as to cause or tend to cause a uniform result.^ Now 
among the infinitely numerous events, objects, or relations 
in the universe, it is quite likely that we shall occasionally 
notice casual coincidences. There are seven intervals in 
the octave, and there is nothing very improbable in the 
colours of the spectrum happening to be apparently 
divisible into the same or similar series of seven intervals. 
It is hardly yet decided whether this apparent coincidence, 
with which Newton was much struck, is well founded or 
not,^ but the question will probably be decided in the 
negative. 

It is certainly a casual coincidence which the ancients 
noticed between the seven vowels, the seven strings of the 
lyre, the seven Pleiades, and the seven chiefs at Thebes.'*^ 
The accidents connected with the number seven have mis- 
led the human intellect throughout the historical period. 
Pythagoras imagined a connection between the seven 
planets and the seven intervals of the moiiochord. The 
alchemists were never tired of drawing inferences from 
the coincidence in numbers of the seven planets and the 
seven metals, not to speak of the seven days of the 
week. 

A singular circumstance was pointed out concerning 
the dimensions of the earth, sun, and moon^ the sun’s 
diameter was almost exactly no times as great as the 

1 Newton^s C^ticks^ Bk. I., Part ii. Prop. 3 ; Nature, vol. i. p 286. 

* Aristotle’s Metaphysics, xii .1 6. 3. 
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earth's diameter, while in almost exactly the same ratio 
the mean distance of the earth was greater than the sun's 
diameter, and the mean distance of the moon from the 
earth was greater than the moon's diameter. The agree- 
ment was so close that it might have proved more than 
casual, but its fortuitous character is now sufficiently shown 
by the fact, that the coincidence ceases to be remarkable when 
we adopt the amended dimensions of the planetary system. 

A considerable number of the elements have atomic 
weights, which are apparently exact multiples of that 
of hydrogen. If this be not a law to be ultimately ex- 
tended to all the elements, as supposed by Prout, it is a 
most remarkable coincidence. But, as I have observed, 
we have no means of absolutely discrimipiatmg accidental 
coincidences from those which imply a deep producing 
cause. A coincidence must either be very strong in 
itself, or it must be corroborated by some explanation or 
connection with other laws of nature. Little attention 
was ever given to the coincidence concerning the dimen- 
sions of the sun, earth, and moon, because it was not very 
strong in itself, and liad no apparent connection with the 
principles of physical astronomy. Front’s Law bears more 
probability because it would bring the constitution of the 
elements themselves in close connection with the atomic 
theory, representing them as built up out of a simpler 
substance. 

In historical and social matters, coincidences are fre- 
quently pointed out which are due to chance, although 
there is always a strong popular tendency to regard them 
as the work of design, or as having some hidden meaning. 
If to 1794, the number of the year in which Robespierre 
fell, we add the sum of its digits, the result is 1815, the 
year in which Napoleon fell; the repetition of the process 
gives 1830 the year in which Charles the Tenth abdicated. 
Again, the French Chamber of Deputies, in 1830, consisted 
of 402 members, of whom 221 formed the party called 
‘*La queue de Robespierre," while the remainder, 18 1 in 
number, were named Les honnStes gens." If we give to 
each letter a numerical value corresponding to its place in 
the alphabet, it will be found that the sum of the values 
of the letters in each name exactly indicates the number 
of the party. 
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A number of such coincidences, often of a very curious 
character, might be adduced, and the probability against 
the occurrence of each is enormously great. They must 
be attributed to chance, because they cannot be shown 
to have the slightest connection with the general laws 
of nature ; but persons are often found to be greatly in- 
fluenced by such coincidences, regarding them as evidence 
of fatality, that is of a system of causation governing 
human affairs independently of the ordinary laws of nature. 
Let it be remembered that there are an infinite number of 
opportunities in life for some strange coincidence to pre- 
sent itself, so that it is quite to be expected that remark- 
able conjunctions will sometimes happen. 

In all matters of judicial evidence, we must bear in 
mind the probable occurrence from time to time of un- 
accountable coincidences. The Roman jurists refused for 
this reason to invalidate a testamentary deed, the wit- 
nesses of which had sealed it with the same seal. For 
witnesses independently using their own seals might be 
found to possess identical ones by accident.^ It is well 
known that circumstantial evidence of apparently over- 
whelming completeness will sometimes lead to a mistaken 
judgment, and as absolute certainty is never really attain- 
able, every court must act upon probabilities of a high 
amount, and in a certain small proportion of cases they 
must almost of necessity condemn the innocent victims 
of a remarkable conjuncture of circumstances.^ Popular 
judgments usually turn upon probabilities of far less 
amount, as when the palace of Nicornedia, and even 
the bedchamber of Diocletian, having been on fire twice 
within fifteen days, the people entirely refused to believe 
that it could be the result of accident. The Romans 
believed that there was fatality connected with the name 
of Sextus. 

Semper sub Sextis perdita Roma fuit.” 

The utmost precautions will not provide against all 
contingencies. To avoid errors in important calculations, 

I Possunt autem omnes testes et uno annulo eignare testamentum 
Quid enim si septem annuli una sculptura fuerint, secundum quod 
Poinponio visum est 1 — JusHniom^ ii. tit. x. 6 , 

Se^ Wills on Circum&tantial Evidence, p. 148 . 
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it is usual to have them repeated by different computers ; 
but a case is on record in which three computers made 
exactly the same calculations of the place of a star, and 
yet all did it wrong in precisely the same manner, for no 
apparent reason.^ 

Summary of the Theory of Inductive Inference, 

The theory of inductive inference stated in this and the 
previous chapters, was suggested by the study of the 
Inverse Method of Probability, but it also bears much 
resemblance to the so-called Deductive Method described 
by Mill, in his celebrated System of Logic. Mill’s views 
concerning the Deductive Method, probably form the most 
original and valuable part of his treatise, and I should 
have ascribed the doctrine entirely to him, had I not 
found that the opinions put forward in other parts of his 
work are entirely inconsistent with the theory here upheld. 
As this subject is the most important and difficult one 
with which we have to deal, 1 wiU’ try to remedy the 
imperfect manner in which I have treated it, by giving a 
recapitulation of the views adopted. 

All inductive reasoning is but the inverse application 
of deductive reasoning. Being in possession of certain 
particular facts or events expressed in propositions, we 
imagine some more general proposition expressing the 
existence of a law or cause ; and, deducing the particular 
results of that supposed general proposition, we observe 
whether they agree with the facts in question. Hypo- 
thesis is thus always employed, consciously or unconsci- 
ously. The sole conditions to which we need conform in 
framing any hypothesis is, that we both have and exercise 
the power of inferring deductively from the hypothesis to 
the particular results, which are to be compared with the 
known facts. Thus there are but three steps in the process 
of induction : — 

(1) Framing some hypothesis as to the character of the 
general law. 

( 2 ) Deducing, consequences from that law. 


* Memoir B M the Royal Astronomical Society, vol. iv. p. 
by Laxdner, Edinburgh Review^ July 1834, p. 278. 


290, quoted 
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(3) Observing whether the consequences agree with the 
particular facts under consideration. 

In very simple cases of inverse reasoning, hypothesis 
may seem altogether needless. To take numbers again as 
a convenient illustration, I have only to look at the series, 
I, 2, 4, 8, 16, 32, &c., 

to know at once that the general law is that of geo- 
metrical progression ; I need no successive trial of various 
hypotheses, because I am familiar with the series, and have 
long since learnt from what general formula it proceeds. 
In the same wa}^ a mathematician becomes acquainted 
with the integrals of a number of common formulas, so 
that he need not go through any process of discovery, 
ilut it is none the less true that whenever previous reason- 
ing does not furnish the knowledge, hypotheses must be 
framed and tried (p. 124). 

There naturally arise two cases, according as the nature 
of the subject admits of certain or only probable deductive 
reasoning. Certainty, indeed, is but a singular case of 
probability, and the general principles of procedure are 
always the same. Nevertheless, when certainty of infer- 
ence is possible, the process is simplified. Of several 
mutually inconsistent hypotheses, the results of which 
can be certainly compared with fact, but one hypothesis 
can ultimately be entertained. Thus in the inverse logical 
problem, two logically distinct conditioiis could not yield 
the same series of possible combinations. Accordingly, 
in the case of two terms we had to choose one of six 
different kinds of propositions (p. 136), and in the case of 
three terms, our choice lay among 192 possible distinct 
hypotheses (p. 140). Natural laws, however, are often 
quantitative in character, and the possible hypotheses are 
then infinite in variety. 

When deduction is certain, comparison with fact is 
needed only to assure ourselves that we have rightly 
selected the hypothetical conditions. The law establishes 
itself, and no number of particular verifications can add 
to its probability. Having once deduced from the prin- 
ciples of algebra that the difference of the squares of two 
numbers is equal to the product of their sum and dif-^ 
ference, no number * of particular trials of its truth will 
iB^er nt more certain. On the other hand, no finite 




XII.] THE INDUCTIVE OR INVERSE METHOD. 267 


number of particular verifications of a supposed law will 
render that law certain. In short, certainty belongs only 
to the deductive process, and to the teachings of direct 
intuition ; and as the conditions of nature are not given 
by intuition, we can only be certain that we have got a 
correct hypothesis when, out of a limited number con- 
ceivably possible, we select that one which alone agrees 
with the facts to be explained. 

In geometry and kindred branches of mathematics, 
deductive reasoning is conspicuously certain, and it would 
often seem as if the consideration of a single diagram 
yields us certain knowledge of a general proposition. 
But in reality all this certainty is of a purely hypothetical 
character. Doubtless if we could ascertain that a sup- 
posed circle was a true and perfect circle, we could be 
certain concerning a multitude of its geometrical pro- 
perties. But geometrical figures are physical objects, and 
the senses can never assure us as to their exact forms. 
The figures really treated in Euclid’s Elements are 
imaginary, and we never can verify in practice the 
conclusions which we draw with certainty in inference; 
questions of degree and probability enter. 

Passing now to subjects in which deduction is only 
probable, it ceases to be possible to adopt one hypothesis 
to the exclusion of the others. We must entertain at the 
same time all conceivable hypotheses, and regard each 
with the degree of esteem proportionate to its probability. 
We go through the same steps as before. 

(1) We frame an hypothesis. 

(2) We deduce the probability of various series of pos- 
sible consequences. 

(3) We compare the consequences with the particular 
facts, and observe the probability that such facts would 
happen under the hypothesis. 

The above processes must be performed for every con- 
ceivable hypothesis, and then the absolute probability of 
each will be yielded by tlie principle of the inverse 
method 242). As in the case of certainty we accept 
that hypothesis which certainly gives the required results, 
so now we accept as most probable that hypothesis which 
most probably gives the results ; but we are obliged to 
entertain at the same time all other hypotheses with 
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degrees of probability proportionate to the probabilities 
that they would give the same results. 

So far we have treated only of the process by which 
we pass from special facts to general laws, that inverse 
application of deduction which constitutes induction. 
But the direct employment of deduction is often com- 
bined with the inverse. No sooner have we established 
a general law, than the mind rapidly draws particular 
consequences from it. In geometry we may almost seem 
to infer that because one equilateral triangle is equiangular, 
therefore another is so. In reality it is not because one is 
that another is, but because all are. The geometrical con- 
ditions are perfectly general, and by what is sometimes 
called parity of reasoning whatever is true of one equilateral 
triangle, so far as it is equilateral, is true of all equilateral 
triangles. 

Similarly, in all other cases of inductive inference, 
where we seem to pass from some particular instances to 
a new instance, we go through the same process. We 
form an hypothesis as to the logical conditions under 
which the given instances might occur; we calculate 
inversely the probability of that hypothesis, and com- 
pounding this with the probability that a new instance 
would proceed from the same conditions, we gain the 
absolute probability of occurrence of the new instance in 
virtue of this hypothesis. But as several, or many, or 
even an. infinite number of mutually inconsistent hypo- 
theses may be possible, we must repeat the calculation for 
each such conceivable hypothesis, and then the complete 
probability of the future instance will be the sum of the 
separate probabilities. The complication of this process 
is often very much reduced in practice, owing to the fact 
that one hypothesis may be almost certainly true, and 
other hypotheses, though conceivable, may be so im- 
probable as to be neglected without appreciable error. 

When we possess no knowledge whatever of the con- 
ditions from which the events proceed, we may be unable 
to form any probable hypotheses as to their mode of 
origin. We have now to faU back upon the general 
solution of the problem effected by Laplace, which consists 
in admitting on an equal footing every conceivable ratio 
of &voufkble and unfavourable chances for the production 
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of the event, and then accepting the aggregate result as 
the best which can be obtained. This solution is only to 
be accepted in the absence of all better means, but like 
other results of the calculus of probability, it comes to our 
aid where knowledge is at an end and ignorance begins, 
and it prevents us from over-estimating the knowledge we 
possess. The general results of the solution are in accord- 
ance with common sense, namely, that the more often an 
event has happened the more probable, as a general rule, 
is its subsequent recurrence. With the extension of 
experience this probability increases, but at the same time 
the probability is slight that events will long continue to 
happen as they have previously happened. 

We have now pursued the theory of inductive inference, 
as far as can be done with regard to simple logical or 
numerical relations. The laws of nature deal with time 
and space, which are infinitely divisible. As we passed 
from pure logic to numerical logic, so we must now pass 
from questions of discontinuous, to questions of continuous 
quantity, encountering fresh considerations of much dif- 
ficulty. Before, therefore, we consider how the great in- 
ductions and generalisations of physical science illustrate 
the views of inductive reasoning just explained, we must 
break off for a time, and review the means which we 
possess of measuring and comparing magnitudes of time, 
space, mass, force, momentum, energy, and the various 
manifestations of energy in motion, heat, electricity, 
chemical change, and the other phenomena of nature. 
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METHODS OF MEASUREMENT. 


CHAPTER XIII. 

THE EXACT MEASUREMENT OF PHENOMENA. 

As physical science advances, it becomes more and 
more accurately quantitative. Questions of simple logical 
fact after a time resolve themselves into questions of 
degree, time, distance, or weight. Forces hardly suspected 
to exist by one generation, are clearly recognised by the 
next, and precisely measured by the third generation. 
But one condition of this rapid advance is the invention 
of su itable instnimentg f of mfiflPjnrf^.piP.nt We need what 
Francis Bacon called Instantice citantes, or evocantes, 
methods of rendering minute phenomena perceptible to 
the senses and we also require Instantim radii or curri- 
<ml% that is measuring instruments. Accordingly, the 
introduction of a new instrument often forms an epoch in 
the history of science. As Davy said, " Nothing tends so 
much to the advancement of knowledge as the application 
of a new instrument. The native intellectual powers of 
men in different times are not po much the causes of the 
different success of their labours, as the peculiar nature 
of the m#ans and artificial resources* in their possession.” 

I In the absence indeed of advanced theory and analyti- 
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cal power, a very precise instrument would be useless. 
Measuring apparatus and mathematical theory should ad- 
vance pari passu, and with just such precision as the theorist 
can anticipate results, the experimentalist should be able 
to compare them with experience.) The scrupulously 
accurate observations of Flamsteed were the proper 
complement to the intense mathematical powers of 
Newton. 

Every branch of knowledge commences with quantita- 
tive notions of a very rude character. After we have far 
progressed, it is often amusing to look back into the 
infancy of the science, and contrast present with past 
methods. At Greenwich Observatory in the present day, 
the hundredth part of a second is not thought an in- 
considerable portion of time. The ancient Chaldjeans 
recorded an eclipse to the nearest hour, and the early 
Alexandrian astronomers thought it superfluous to dis- 
tinguish between the edge and centre of the sun. By 
the introduction of the astrolabe, Ptolemy and the latei 
Alexandrian astronomers could determine the places of 
the heavenly bodies within about ten minutes of arc. 
Little progress then ensued for thirteen centuries, until 
Tycho Braiie made the first great step towards accuracy, 
not only by employing better instruments, but even 
more by ceasing to regard an instrument as correct 
Tycho, in fact, determined the errors of his instruments, 
and corrected his observations. He also took notice 
of the effects of atmospheric refraction, and succeeded 
in attaining an accuracy often sixty times as great as 
that of Ptolemy. Yet Tycho and Hevelius often erred 
several minutes in the determination of a star's place, and 
it was a great achievement of Eoeiner and Flamsteed to 
reduce this error to seconds. Bradley, the modern Hip- 
parchus, carried on the improvement, his errors in right 
ascension, according to Bessel, being under one second of 
time, and those of declination under four seconds of arc. 
In the present day the average error of a single observa- 
tion is probably reduced to the half or quarter of what it 
was in Bradley's time ; and further extreme accuracy is 
attained by the multiplication of observations, and their 
skilful combination according to the theory of error.' 
Some of the more important constants, for instance that 
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of nutjation, have been determined within the tenth part 
of a second of space.^ 

It would be a matter of great interest to trace out the 
dependence of this progress upon the introduction of 
new instruments. The astrolabe of Ptolemy, the tele- 
scope of Galileo, the pendulum of Galileo and Huyghens, 
the micrometer, of Horrocks, and the telescopic sights and 
micrometer of Gascoygne and Picard, Roemer’s transit in- 
strument, Newton’s and Hadley^ g-lguft flrant. DoUond’s 
achromatic lenses, Harrison’s chronometer, and Eamsden’s 
dividing engine — such were some of the principal addi- 
tions to astronomical apparatus. The result is, that we 
now take note of quantities, 300,000 or 400,000 times as 
small as in the time of the Chaldseans. 

It would be interesting again to compare the scrupulous 
accuracy of a modern trigonometrical survey with Erato- 
sthenes’ rude but ingenious guess at the difference of lati- 
tude between Alexandria and Syene — or with Norwood’s 
measurement of a degree of latitude in 1635. “ Sometimes 

I measured, sometimes I paced,” said Norwood ; “ and I 
believe I am within a scantling of the truth.” Such was 
the germ of those elaborate geodesical measurements 
which have made the dimensions of the globe known to 
us within a few hundred yards. 

In other branches of science, the invention of an instru- 
ment has usually marked, if it has not made, an epoch. 
The science of heat might be said to commence with the 
construction of the th ermome ter, and it has recently been 
advanced by the introduction of the tlierm n-pl pp.^ri c. ^p ilp.. 
Chemistry has been, created chiefly by the careful use of 
the balance, which forms a unique instance of an instru- 
ment remaining substantially in the form in which it was 
first applied to scientific purposes by Archimedes. The 
balance never has been and probably never can be im- 
proved, except in details of construction. The torsion 
bajlance, introduced by Coulomb towards the end of last 
century, has rapidly become essential in many branches 
of investigation. In the hands of Cavendish and Eajdy, it 
gave a determination of the earth’s density ; applied in the 
galvanoineter, it gave a delicate measure of electrical 

* Bailyj Bxitiik Aisociaiim Catalogue of Stars, pp. 7, 23. - 
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forces, and is indispensable in the thermo-electric pile. 
This balance is made by simply suspending any light rod 
by a thin wire or thread attached to the middle point. 
And we owe to it almost all the more delicate investiga- 
tions in the theories of heat, electricity, and magnetism. 

Though we can now take note of the millionth of an 
inch in space, and the millionth of a second in time, we 
must not overlook the fact that in other operations of 
science we are yet in the position of the Chaldaeans. Not 
many years have elapsed since the magnitudes of the 
stars, meaning the amounts of light they send to the 
observer's eye, were guessed at in the rudest manner, and 
the astronomer adjudged a star to this or that order of 
magnitude by a rough comparison with other stars of the 
same order. To Sir John Herschel we owe an attempt 
to introduce a uniform method of measurement and 
expression, bearing some relation to the real photometric 
magnitudes of the stars.^ Previous to the researches 
of Bunsen and Koscoe on the chemical action of light, 
WQ were devoid of any mode of measuring the energy of 
light ; even now the methods are tedious, and it is not 
clear that they give the energy of light so much as one of 
its special effects. Many natural phenomena have hardly 
yet been made the subject of measurement at all, such 
as the intensity of sound, the phenomena of taste and 
smell, the magnitude of atoms, the temperature of the 
electric spark or of the sun’s photosphere. 

To suppose, then, that quantita'tive science treats only of 
exactly measurable quantities, is a gross if it be a common 
mistake. Whenever we are treating of an event which 
either hap] 3 ens altogether or does not happen at all, we are 
engaged with a non-quantitative phenomejion, a matter of 
fact, not of degree ; but whenever a thing may be greater or 
less, 01*' twice or thrice as great as another, whenever, in 
short, ratio enters even in the rudqst manner, there 
science will have a quantitative character. There can 
be little doubt, indeed, that every science as it pro- 
gresses will become gradually more and more quantita- 
tive. Num erical precision is the soul o f science , as 

^ Outlines of Astronomy, 4th ed. sect. 781, p. 522. EesuUs of 
Ohsersations at the Cape of Good Hope, &c., p. 37*: 
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Herschel said, and as all natural objects exist in space, and 
involve molecular movements, measurable in velocity and 
extent, there is no apparent limit to the ultimate extension 
of quantitative science. But the reader must not for a 
moment suppose that, because we depend more and more 
upon mathematical methods, we leave logical methods 
behind us. Number, as I have endeavoured to show, is 
logical in its origin, and quantity is but a development of 
number, or analogous thereto. 

Division of the Sul^ect, 

The general subject of quantitative investigation will 
have to be divided into several parts. We shall firstly 
consider the means at our disposal for measuring phe- 
nomena, and thus rendering them more or less amenable 
to mathematical treatment. This task will involve an 
analysis of the principles on which accurate methods of 
measurement are founded, forming the subject of the 
remainder of the present chapter. As measurement, how- 
ever, only yields ratios, we have in the next chapter to 
consider the establishment of unit magnitudes, in terms of 
which our results may be expressed. As every pheno- 
menon is usually the sum of several distinct quantities 
depending upon different causes, we have next to investi- 
gate in Chapter XV. the methods by which we may disen- 
tangle complicated effects, and refer each part of the joint 
effect to its separate cause. 

It yet remains for us in subsequent chapters to treat of 
quantitative induction, properly so called. We must 
follow out the inverse logical method, as it presents itself 
in problems of a far higher degree of difficulty than those 
which treat of objects related in a simple logical manner, 
and incapable of merging into each other by addition and 
subtraction. 


Continuovs Quantity, 

The phenomena of nature are for the most part mani- 
fested in quantities which increase or decrease continu- 
ously. When we inquire into the precise meaning of 
continu ous quan tity, we find that it can only be described 
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as that^hich is divisible without limit. We can divide 
a millimetre into ten, or a hundred, or a thousand, or tei| 
thousand parts, and mentally at any rate we can carry 
on thb division ad infinitum.) Any finite space, then; 
must be conceived as made up of an infinite number of 
parts each infinitely small. We cannot entertain the 
simplest geometrical notions without allowing this. The 
conception of a square involves the conception of a side 
and diagonal, which, as Euclid beautifully proves in the 
117th proposition of his tenth book, have no common 
measure,^ meaning no finite common measure. lucom- 
mensuralilnjquantities are, in fact, those which have for tEeir 
only common measure an infinitely small quantity. It is 
somewhat startling to find, too, that in theo ry incom men- 
surable quantit y will, be in finitely .more frequent than 
commeiiaurable! Let any two lines be drawn haphazard ; 
it is infinitely unlikely that they will be commensurable, 
so that the commensurable quantities, which we are sup- 
posed to deal with in practice, are but singular cases 
among an infinitely greater number of incommensurable 
cases. 

Practically, however, we treat all quantities as made up 
of the least q uantities which our senses, assisted by the 
best meas uring ins l^ments, can perceiyeT So long as 
microscopes were uniriveiited, ft was sufficient to regard 
an inch as made up of a thousand thousandths .of an 
inch ; now we must treat it as composed of a million 
millionths. We might apparently avoid all mention of 
infinitely small quantities, by never carrying our approxi- 
mations beyond quantities which the senses can appreciate. 
In geometry, as thus treated, we should never assert two 
quantities to be equal, but only to be apparently equal. 
Legendre really adopts this mode of treatment in the 
twentieth proposition of the first book of his Geometry ; 
and it is practically adopted throughput the physical 
sciences, as we shall afterwards see. But though our 
fingers, and senses, and instruments must stop somewhere, 
there i ^o reason why tb o TninH ahn^d^ noi-gn on. We 
can seeTEsJb a proof which is only carried through a few 
steps in fact, might be carried on without limit, and it is 

^ See De Morgan, Study of McUhmaticB, in U.K.S. Library, p. 8 I . 
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this consciousness of no stopping-place, which renders 
Euclid's proof of his 117th proposition so impressive. Try 
how we will to circumvent the matter, we cannot really 
avoid the consideration of the infinitely small and the 
infinitely great. The same methods of approximation 
which seem confined to the finite, mentally extend them- 
selves to the infinite. ' 

One result of these considerations is, that we cannot 
possibly adjust two quantities in absolute equality. The 
suspension of Mahomet's coffin between two precisely 
equal magnets is theoretically conceivable but practically 
impossible. The story of the Merchant of Venice turns 
upon the infinite improbability that an exact quantity of 
flesh could be cut. Unstable equilibrium cannot exist in 
nature, for it is that which is destroyed by an infinitely 
small displacemeii;. It might be possible to balance an 
egg on its end practically, because no egg has a surface of 
perfect curvature. Suppose the egg shell to be perfectly 
smooth, and the feat would become impossible. 

The Fallacious Indications of the Senses. 

I may briefly remind the reader how little Iwe can trust 
to our unassisted senses in estimating the degree or 
magnitude of any phenomenon.^ The eye cannot correctly 
estimate the comparative brightness of two luminous 
bodies which differ much in brilliancy]; for we know 
that the iris is conistantly adjusting itself to the intensity 
of the light received, and thus admits more or less light 
according to circumstances. The moon which shines with 
Almost dazzling brightness by night, is pale and nearly 
imperceptible while the eye is yet affected by the vastly 
more powerful light of day. Much has been recorded 
concerning the comparative brightness of the zodiacal 
light at different times, but it would be difficult to prove 
that these changes are not due to the varying darkness 
at the time, or the different aouteness of the observer's 
eye. For a like reason it is exceedingly difficult to esta- 
blish the existence of any change in the form dr compara- 
tive brightness of nebulse; the appearance of a nebula 
greatly depends upon fhe keenness of sight of the 
observer, or the accidental condition of freshness or 
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fatigue of his eye. The same is true of lunar obser- 
vations; and even the use of the best telescope fails 
to remove this difficulty. In judging of colours, again, 
we must remember that light of any given colour tends 
to dull the sensibility of the eye for light of the same 
colour. 

(Nor is the eye when unassisted by instruments a much 
better judge of magnitudgt Our estimates of the size of 
minute bright points, such as the fixed stars, are com- 
pletely i'alsified by the effects of irradiation) Tycho 
calculated from the apparent size of the star-aiscs, that 
no one of the principal fixed stars could be contained 
within the area of the earth’s orbit. Apart, however, from 
irradiation or other distinct causes of error our visual 
estimates of sizes and shapes are often astonishingly 
incorrect. fArtists almost invariably draw distant moun-. 
tains in ludicrous disproportion to nearer objects, as a 
comparison of a sketch with a photograph at once shows. 
The extraordinary apparent difference of size of the sun^ 
or moon, according as it is high in the heavens or near 
the horizon, should be sufficient to make us cautious in 
accepting the plainest indications of our senses, unassisted 
by instrumental measurement.; As to statements concern- 
ing the height of the aurora and the distance of meteors, 
they are to be utterly distrusted. When Captain Pariy 
says that a ray of the aurora shot suddenly downwards 
between him and the land which was only 3,000 yards 
distant, we must consider him subject to an illusion of 
sense.^ 

It is true that errors of observation are more often 
errors of judgment than of sense. That which is actually 
seen must be so far truly seen ; and if we correctly interpret 
tlie meaning of the phenomenon, there would be no error 
at all. But the weakness of the bare senses as measuring 
instruments, arises from the fact that they impoti varying 
conditions of unknown amount, and we cannot make the 
requisite corrections and allowances as in the case of a 
solid and invariable instrument. 

Bacon has excellently stated the insufficiency of the 

* Loomis, On the Aurora Borealis, Smithsonian Transactions, 
quoting Pariy^s Tiiird Voyt^e, p. 61. 
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senses for estimating the magnitudes of objects, nr de- 
tecting the degrees in which phenomena present them- 
selves. ** Thin gs escape the sen ses.” he says, " b ecause th e 
object ig^ot juffi cientJ nj^^ to strike the sense : as 
aU minute bodies^ be"cau^ the percussion of the object is 
too great to be endured by the senses : as the form of the 
sun when looking directly at it in mid-day ; because the 
time is not proportionate to actuate the sense: as the 
motion of a bullet in the air, or the quick circular motion 
of a firebrand, which are too fast, or the hour-hand of 
a common clock, which is too slow ; from the distance 
of the object as to place: as the size of the celestial 
bodies, and the size and nature of all distant bodies; 
from prepossession by another object : as one powerful 
smell renders other smells in the same room imper- 
ceptible ; from the interruption of interposing bodies : 
as the internal parts of animals ; and because the object 
is unfit to make an impression upon the sense : as the 
air or the invisible and untangible spirit which is in- 
cluded in every living body.” 

Complexity of Quantitative Questions, 

One remark which we may well make in entering 
upon quantitative questions, kas regard to the great variety 
and extent of phenomena presented to our notice. So 
long as we deal only with a simply logical question, that 
question is merely, Does a certain event happen ? or, Does 
a certain object exist ? No sooner do we regard the event 
or object as capable of more and less, than the question 
branches out into many. We must now ask, How much 
is it compared with its cause ? Does it change when the 
amount of the cause changes ? If so, does it change in 
the .same or opposite direction ? Is the change in simple 
proportion to that of the cause ? If not, what more com- 
plex law of connection holds true ? This law determined 
satisfactorily in one series of circumstances may be varied 
under new conditions, and the most complex relations of 
several quantities may ultimately be established. 

In every question of physical science there is thus a 
series of steps the first one or two of which are. usually 
made ^ith ease while the succeeding ones demand more 
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and more caretiii measurement. We cannot lay down 
any invariable series of questions which must be asked 
from nature. The exact character of the questions will 
vary according to the nature of the case, but they will 
usually be of an evident kind, and we may readily illus- 
trate them by examples. (Suppose that we are investigat- 
ing the solution of some salt in water. The first is a 
purely logical question : Is there solution, or is there not ? 
Assuming the answer to be in the affirmative, ^ next 
inquire, 5oes the soluMit y vpv with the temperature, oi* 
not ? In all probabillty^me variation will exist, and we 
must have an answer to the further question. Does 
the quantity dissolved in crease^ o r dges it diminish with 
the temp^ature ? In by far tKe greatest number of 
cases salt^nd substances of all kinds dissolve more freely 
the higlier the temperature of the water ; but there are a 
few salts, such as calciu m sulp hate, which follow tlie^ 
opposite rule. A conside^ble number of salts resemble! 
sodium sulphate in becoming more soluble up to a certain ^ 
temperature, and then varying in the opposite direction. 
We next require to assign the amount pf vRrmt ion as 
compared with that of the temperature, assuming a.t first 
that the increase of solubility is proportional to the in- 
crease of temperature. Common salt is an instance of 
very slight variation, and potassium nitrate of very con- 
siderable increase with temperature. Accurate obseiwa- 
tions will probably show, however, that the sin gle law 
of proportiona te variatio n is only approximately true, 
and some more'~compTcatedntaw''lffv^^ the second, 
third, or higher powers of the temperature may ultimately 
be established. All these investigations have to be 
carried out for each salt separately, since no distinct prin- 
ciples by which we may infer from one substance to 
another have yet been detected. There is still an in- 
definite field for further research open ; for the solubility 
of salts will probably vary with the pressure under 
which the medium is placed ; the presence of other salts 
already dissolved may have effects yet unknown. The 
researched already effected as regards the solvent power of 
wattoi must be repeated with alcohol, ether, carbon 
bisulphide, and other media, so that unless general laws 
can be detected, this one phenomenon of solution can 
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never be exhaustively treated. The same kind of 'questions 
recur as regards the solution or absorption of gases in 
liquids, the pressure as well as the temperature having 
then a most decided effect, and Professor Eoscoe’s re- 
searches on the subject present an excellent example of^ 
the successive determination of various complicated laws.^:. 

There is hardly a branch of physical science in which 
similar complications are not ultimately encountered. 
In the case of gravity, indeed, we arrive at the final 
law, that the force is the same for all kinds of matter, 
and varies only with the distance of action. But in 
other subjects the laws, if simple in their ultimate nature, 
are disguised and complicated in their apparent results. 
Thus the effect of heat in expanding solids, and the reverse 
effect of forcible extension or compression upon the tem- 
perature of a body, will vary from one substance to 
another, will vary as the temperature is already higher or 
lower, and^will probably follow a highly complex law, 
which in some cases gives negative or exceptional results. 
In crystalline substances the same researches have to be 
repeated in each distinct axial direction. 

In the sciences of pure observation, such as those of 
astronomy, meteorology, and terrestrial magnetism, we 
meet with many interesting series of quantitative deter- 
minations. The so-called fixed stars, as Giordano Bruno 
divined, are not really fixed, and may be more truly 
described as vast wandering orbs, each pursuing its own 
path through space. We must then determine separately 
for each star the following questions : — 

1. Does it move ? 

2. In what direction ? 

3. At what velocity ? 

4. Is this velocity variable or uniform? 

5. If variable, according to what law ? 

6. Is the direction uniform ? 

7. If not, what is the form of the apparent path ? 

8. Does it approach or recede ? 

9. What is the form of the real path ? 

The successive answers to such questions in the case of 
certain binary stars, have afforded a proof that the 

' Watts’ Dictionary of Chemivky^ voL ii. p. 790. 
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motions are due to a central force coinciding in law with 
gravity, and doubtless identical with it. In other cases 
the motions are usually so small that it is exceedingly 
difficult to distinguish them with certainty. And the time 
is yet far off when any general results as regards stellar 
motions can be established. 

Tlie variation in the brightness of stars open» an un- 
limited field for curious observation. There is not a star 
in the heavens concerning which we might not have to 
determine : — 

1. Does it vary in brightness ? 

2. Is the brightness increasing or decreasing ? 

3. Is the variation uniform ? 

4. If not, acording to what law does it vary ? 

In a majority of cases the change will probably be 
found to have a periodic character, in which case several 
other questions will arise, such as — 

5. What is the length of the period ? 

6. Are there minor periods ? 

7. What is the law of variation within the period ? 

8. Is there any change in the amount of variation ? 

g. If so, is it a secular, i.e. a continually growing 
change, or does it give evidence of a greater period ? 

Already the periodic changes of a certain number of 
stars have been determined with accuracy, and the lengths 
of the periods vary from less than three days up to 
intervals of time at least 250 times as great. Periods 
within periods have also been detected. 

There is, perhaps, no subject in which more complicated 
quantitative conditions have to be determined than ter- 
rest rial magnetism . Since the time when the declination 
of the compass was first noticed, as some suppose by 
Columbus, we have had successive discoveries from time 
to time of the progressive change of declination from 
century to century; of the perioclLC character of this 
change; of the difference of the declination in various 
parts of the earth's surface ; of the varying laws of 
the change of declination ; of the dip or inclination of 
the needle, and the corresponding laws of its periodic 
changes ; the horizontal and perpendicular intensities have 
also been the subject of exact measurement, and have been 
found to vary with place and time, like the directions of 
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the needle ; daily and yearly periodic changes have also 
been detected, and all the elements are found to be subject 
to occasional storms or abnormal perturbations, in which 
the eleven year period, now known to be common to many 
planetary relations, is apparent The complete solution 
of these motions of the compass needle involves nothing 
less than a determination of its position and oscillations in 
every part of the world at any epoch, the like determina- 
tion for another epoch, and so on, time after time, until 
the periods of all changes are ascertained. This one sub- 
ject offers to men of science an almost inexhaustible field 
for interesting quantitative research, in which we shall 
doi^less at some future time discover the operation of 
causes now most mysterious and unaccountable. 

The Methods of Accurate Measurement 

In studying the mo^ea by which physicists have ac- 
complished very exact measurements, we find that they 
are very various, but that they may perhaps be reduced 
under the following three classes : — 

1. The increase or decrease, in some determinate ratio, 
of the quantity to be measured, so as to bring it within 
the scope of our senses, and to equate it with the standard 
unit, or some determinate multiple or sub-multiple of this 
unit. 

2. The discovery of some natural conjunction of events 
which will enable us to compare directly the multiples of 
the quantity with those of the unit, or a quantity related 
in a definite ratio to that unit. 

3. Indirect measurement, which gives us not the quan- 
tity itself, but some other quantity connected with it by 
•known mathematical relations. 

Conditions of Accurate Measurement 

Several conditions are requisite in order that a mea- 
surement may be made v^ith great accuracy, and that 
the results may be closely accordant 'when several inde- 
pendent measurements are made. 

In the first place the mag nitude must be exactbj Ldafined 
by sharp terminations, or precise mffiks 6F inconsiderable 
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thickness. When a boundary is vague and graduated, 
like the penumbra^ in a lunar eclipse, it is impossible to 
say where the end really is, and different people will come 
to different results. We may sometimes overcome this 
difficulty to a certain extent, by observations repeated in 
a special manner, as we shall afterwards see ; but when 
possible, we should choose opportunities for measure- 
ment when precise definition is easy. The nioment of 
occultation of a star by the moon can be observed with 
great accuracy, because the star disappears with perfect 
suddenness ; but there are other astronomical conjunctions, 
eclipses, transits, &c., which occupy a certain length of 
time in happening, and thus open the way to dififer^poes 
of opinion. It would be impossible to observe with pre- 
cision the movements of a body possessing no definite 
points of reference. ^The colours of the complete spectrum; 
shade into each other so continuously that exact deter- 
minations of refractive indices would have been impossible, 
had we not the dark lines of the solar spectrum as precise 
points for measurement, or various kinds of homogeneous 
light, such as that of sodium, possessing a nearly uniform 
length of vibration. J 

In the second place, (we cannot measure accurately 
unless we have the means of multiplying or dividing 
a quant ity witl^opt cons iderable error, so that we may 
correctly equate one magnitude with the multiple or sub- 
multiple of the other.) In some cases we operate upon the 
quantity to be measured, and bring it into accurate coin- i 
cidence with the actual standard, as when in photometry 
we vary the distance of our luminous body, until its 
illuminating power at a certain point is equal to that of a 
standard lamp. In other cases we rep eat the uni t until it 
equals Jthfijcibject, as in surveying land, or determining a 
weight by the balance. The requisites of accuracy now 
are: — (i) That we can repeat unit after unit of exactly 
equal magnitude ; (2) That these can be joined together 
so that the aggregate shall really be the sum of the 
parts. The same conditions apply to subdivision, which 
may be fegarded as a multiplication of subordinate units. 
In order to measure to the thousandth of an inch, we must 
be able to add thousandth after thousandth without error 
in the magnitude of these spaces, or in their conjunction. 
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Measuring Instruments, 

To consider the mechanical construction of scientific 
instruments, is no part of my purpose in this book. I 
wish to point out merely the general purpose of such 
instruments, and the methods adopted to carry out that 
purpose with great precision, [in the first place we must 
distinguish between the instrument which effects a com- 
parison between two quantities, and the standard mag- 
nitude which often forms one of the quantities compared: 
The astronomei^s clock, for instance, is no standard of the 
efflux of time ; it serves but to subdivide, with approxh 
malt accuracy, the interval of successive passages of a 
star across the meridian, which it may effect perhaps to 
the tenth part of a second, or -gin’irTnr whole. 

The moving globe itself is the real standard clock, and the 
transit instrument the finger of the clock, while the stars 
are the hour, minute, and second marks, none the less 
accurate because they are disposed at unequal intervals.) 
The phot^eter is a simple instrument, by which we com- 
pare the relative intensity of rays of light falling upon a 
given spot. The galvau^wneter shows the comparative 
intensity of electric currents passing through a wire. 
The calorimeter gauges the quantity of l.cat passing from 
a given object. (But no such instruments furnish the 
standard unit in teims of which our results are to be ex- 
pressed. ) In one peculi ar case alone does the same instiu- 
ment combine the unit of measurement and the means of 
comparison. A theo^nHte, ,m circ le, se xtant, or other 
instrument .for the measurement of angular magnitudes 
has no need of an additional physical unit ; for the circle 
itself, or complete revolution, is the natural unit to which 
all greater or lesser amounts of angular magnitude are 
referred. 

The result of every measurement is to make known the 
purely numerical ratio existing between the magnitude 
to be measured, and a certain other magnitude, which 
should, when possible, be a fixed unit or standard magni- 
[tude, or at least an intermediate unit of which the value 
can be ascertained in terms of the ultimate standard. But 
though a ratio is the required result, an eq uation i s the 
ni qde in which the ratio is determined and expressed. | In 
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every measurement we equate some multiple or submul- 
tiple of one quantity, with some multiple or eubmultiple 
of another, and equality is always the fact which we 
ascertain by the senses, j By the eye, the ear, or the touch, 
we judge whether there is a discrepancy or not between 
two lights, two sounds, two intervals of time, two bars of 
metal. Often indeed we substitute one sense for the other, 
as when tlie efflux of time is judged by the marks upon 
a moving slip of paper, so that equal intervals of time are 
represented by equal lengths. There is a tendency to 
reduce all comparisons to the comparison of space magni- 
tudes, but in every case one of the senses must be the 
ultimate judge of coincidence or non-coincidence. 

Since the equation to be established may exist between 
any multiples or submultiples of the quantities compared, 
there naturally arise several different modes of comparison 
adapted to different cases. Let p be the magnitude to 
be measured, and q that in terms of which it is to be 
expressed. Then we wish to find such numbers x and y, 

that the equation i? = J may be true. This equation 
may be presented in four forms, namely : — 

First Form. Second Form. Third Form. Fourth Form. 

pt^q p)y - ~ = - ’ 

y X X y 

Each of these modes of expressing the same equation cor- 
responds to one mode of effecting a measurement. . 

When the standard quantity is gr eater than that to be 
measured, we often adopt the first mode, and subdivide 
the unit until we get a magnitude equal to that measured. 
The angles observed in surveying, in astronomy, or in 
goniometry are usually smaller than a whole revolution, 
and the measuring circle is divided by the use of the 
screw and microscope, until we obtain an angle undistin- 
guishable from that observed. The dimensions of minute 
objects are determined by subdividing the inch or centi- 
metre, the screw micrometer being the most accurate 
means 5f subdivision. Ordinary temperatures are esti- 
mated by division of the stihdard interval between the 
freezing and boiling points of water, as marked on a 
thermometer tube. 
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lu a still greater number of cases, perhaps, we multiply 
the standard unit until we get a magnitude equal to that 
to be measured. Ordinary measurement by a foot nile, 
a surveyor’s chain, or the excessively careful measurements 
of the base line of a trigonometrical survey by standard 
bars, are sufficient instances of this procedure. 

( In the second case, where p - = (7, we multiply or divide 

a magnitude until we get what is equal to the unit, or to 
some magnitude easily comparable with it.) As a general 
rule the quantities which we desire to measure in 
physical science are too small rather than too great for 
easy determination, and the problem consists in multiply- 
ing them without introducing error. Thus the expansion 
of a metallic bar when heated from 0° C to 100° may be 
multiplied by a tra in of levers or cog wheels. In ther 
common thermometer ~the expansion of the mercuryi 
though slight, is rendered very apparent, and easilM 
measurable by the finp.nPRH nf thp. and many oth^ 
cases might be quoted. There are some phenomena, on 
the contrary, which are too great or rapid to come within 
the easy range of our senses, and our task is then the oppo- 
site one of diminution. Galileo found it difficult to measure 
the velocity of a falling body, owing to the considerable 
velocity acquired in a single second. He adopted the 
elegant device, therefore, of lessening the rapidity by 
letting the body roll down an inclined plane, which 
enables us to reduce the accelerating force in any required 
ratio. The same purpose is effect^ in the well-known 
experiments performed on Att wood’s machine, and the 
measurement of gravity by the pendulum really depends 
on the same principle applied in a far more advantageous 
manner. Wheatstone invented a beautiful method of gal- 
vanometry for strong currents, which consists in drawing 
off from the main current a certain determinate portion, 
which is equated by the galvanometer to a standard 
current. In short, he measures not the current itself but 
a known fraction of it. 

In many electrical and other experiments, we* wish to 
measure the movements of 1 needle or other body, which 
are not only very slight in themselves, but the manifes- 
tations of ^ exceedingly small forces. We cannot even 
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approach a delicately balanced needle without disturbing,^ 
it. . Under these circumstances the only mode of proceed- 
ing with accuracy, is to attach a very small miiror to the 
moving body, and employ a ray of light reflected from 
the mirror as an index of its movements. The ray may 
be considered quite incapable of affecting the body, and 
yet by allowing the ray to pass to a sufficient distance, 
the motions of the mirror may be increased to almost any 
extent. A ray of light is in fact a perfectly weightless 
finger or index of indefinite length, with the additional 
advantage that the angular deviation is by the law of 
reflection double that of the mirror. This method was 
introduced by Gauss, and is now of great iniportance; 
but in Wollaston's reflecting goniometer a ray of light 
had previously been employed as an index. Lavoisier 
and Laplace had also used a telescope in connection with 
the pyrometer. 

It is a great advantage in some instruments that they 
can be readily made to manifest a phenomenon in a greater 
or less degree, by a very slight change in the construction. 
Thus either by enlarging the bulb or contracting the tube 
of the thermometer, we can make it give more conspicuous 
indications of change of temperature. The ordinary baro- 
meter, on the other hand, always gives the variations of 
pressure on one scale. The torsion balance is remark- 
able for the extreme delicacy which may be attained 
by increasing the length and lightness of the rod, and the 
length and thinness*of the supporting thread. Forces so 
minute as the attraction of gravitation between two balls, 
or the magnetic and diamagnetic attraption of common 
liquids and gases, may thus be made apparent, and even 
measured. The common chemical balance, too, is capable 
theoretically of unlimited sensibility. 

The third mode of measurement, which may be called 
the Meth od of Bepetit ion. is of such great importance and 
interest that we must consider it in a separate section. It 
consists in multiplying both magnitudes to be compared 
until some multiple of the first is found to coincide veiy 
nearly with some multiple of the second. If the multipli- 
cation can be effected to an unlimited extent, without the 
introduction of countervailing errors, the accuracy with 
which the required ratio can be determined is unlimited. 
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and we thus account for the extraordinary precision with 
which intervals of time in astronomy are compared to- 
gether. 

The fourth mode of measurement, in which we equate 
submultiples of two magnitudes, is comparatively seldom 
employed, because it does not conduce to accuracy. In 
the phoiomater, perhaps, we may be said to use it ; we 
compare The intensity of two sources of light, by placing 
them both at such distances from a given surface, that the 
light falling on the surface is tolerable to the eye, and 
equally intense from each source. Since the intensity of 
light varies inversely as the square of the distance, the 
relative intensities of the luminous bodies are propor- 
tional to the squares of their distances. The equal in- 
tensity of two rays of similarly coloured light may be 
most accurately ascertained in the mode suggested by 
Arago, namely, by causing the rays to pass in opposite 
directions through two nearly flat lenses pressed together. 
There is an exact equation between the intensities of the 
beams when Newton’s rings disappear, the ring created 
by one ray being exactly the complement of that created 
by the other. 


The Method of Repetitioii. 

The ratio of two quantities can be determined with 
unlimited accuracy, if we can multiply both the object 
of measurement and the standard unit without error, and 
then observe what multiple of the one coincides or nearly 
coincides with sqme multiple of the other. Although per- 
fect coincidence can never be really attained, the error 
thus arising may be indefinitely reduced. For if the 
equation fy ^ qx be uncertain to the amount e, so 

that ' py — qx ± then we have jp = j and 

as we are supposed to be able to make y as great as we 
like without increasing the error e, it follows that we 
can make e -i- y as small as we like, and thus approxi- 
mate within an inconsiderable quantity to thd required 
ratio » V y- . 

Thia. method of repetition is n^urally employed when- 
ever quantities can ,,be repeated, or repeat themselves 
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without error of juxtaposition, which is especially the 
case with the motions of the earth and heavenly bodies. 
In determining the length of the sidereal day, we deter- 
mine the ratio between the earth’s revolution round the 
sun, and its rotation on its own axis. We might ascertain 
the ratio by observing the successive passages of a star 
across the zenith, and comparing the interval by a good 
clock with that between two passages of the sun, the 
difference being due to the angular movement of the 
earth round the sun. In such observations we should 
have an error of a considerable part of a second at each 
observation, in addition to the irregularities of the clock. 
But the revolutions of the earth repeat themselves day 
after day, and year after year, without the slightest in- 
terval between the end of one period and the beginning 
of another. The operation of multiplication is perfectly 
performed for us by nature. If, then, we can find an obser- 
vation of the passage of a star across the meridian a hun- 
dred years ago, that is of the interval of time between 
the passage of the sun and the star, the instrumental 
errors in measuring this interval by a clock and telescope 
may be greater than in the present day, but will be 
divided by about 36,524 days, and rendered excessively 
small. It is thus that astronomers have been able to 
ascertain the ratio of the mean solar to the sidereal day 
to the 8th place of decimals (i ’00273791 to i), or. to the 
hundred millionth pait, probably the most accurate result 
of measurement in the whole range of science. 

The antiquity of this mode of comparison is almost as 
great as that of astronomy itself. Hipparchus made the 
first clear application of it, when he compared his own 
observations with those of Aristarchus, made 145 years 
previously, and thus ascertained the length of the year. 
This calculation may in fact be regarded as the earliest 
attempt at an exact determination of the constants of 
nature. The method is the main resource of astrono- 
mers; Tycho, for instance, detected the slow diminution 
of the obliquity of the earth’s axis, by the comparison 
of observations at long intervals. Living astronomers 
use the method as much as earlier pnes ; but so superior 
in accuracy are all observations taken during the last 
hundred years to all previous ones, x that, it is often 

U 
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fotmd preferable to take a shorter interval, rather than 
incur the risk of greater instrumental errors in the earlier 
observations. 

It is obvious that many of the slower changes of the 
heavenly bodies must require the lapse of large intervals 
of time to render their amount perceptible. Hipparchus 
could not possibly have discovered the smaller inequalities 
of the heavenly motions, because there were no previous 
observations of sufidcient age or exactness to exhibit them. 
And just as the observations of Hipparchus formed the 
starting-point for subsequent comparisons, so a large part 
of the labour of present astronomers is directed to record- 
ing the present state of the heavens so exactly, that future 
generations of astronomers may detect changes, which 
cannot possibly become known in the present age. 

The principle of repetition was very ingeniously em- 
ployed in an instrument first proposed by Mayer in 1767, 
and carried into practice in the liepeatingJ2irclg„ixEJiprda. 
The exact measurement of angles is indispensable, not 
only in astronomy but also in trigonometrical surveys, and 
the highest skill in the mechanical execution of the gradu- 
ated circle and telescope will not prevent terminal errors 
of considerable amount. (If instead of one telescope, the 
circle be provided with two similar telescopes, these may 
be alternately directed to two distant points, say the 
marks in a trigonometrical survey, so that the circle shall 
be turned through any multiple of the .angle subtended 
by those marks, before the amount of the angular revolu- 
tion is read off upon 'the graduated circle. 'J^heoretically 
speaking, all error arising from imperfect graduation might 
thus be indefinitely reduced, being divided by the number 
of repetitions. In practice, the advantage of the invention 
is not found to be very great, probably because a certain 
error is introduced at each observation in the changing 
and fixing of the telescopes. It is moreover inapplicable 
to moving objects like the heavenly bodies, so that its use 
is confined to important trigonometrical surveys. 

The pendiihim is the most^perfect of a ll instrumentfl, 
chiefly because it admits of almost endless ^petition. 
Since the force of gravity never ceases, one swing of the 
pendulum is no sooner ended than the other is begun, 
so that -the juxtaposition of successive units is absolutely 
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perfect. Provided that the oscillations be equal,, one 
thousand oscillations will occupy exactly one thousand 
times as great fen interval of time as one oscillation. 
Not only is the su bdivision of time entirely depei^dent 
on this fact, but in the accurate m(Ssurem<^t of^gravity, 
and many other important determinations, it is of the 
greatest service. In the de epest^ jmne, we could not 
observe the rapidity of fall of a body for more than a 
quarter of a minute, and the measurement of its velocity 
would be difficult, and subject to uncertain errors from 
resistance of air, &c. In the pendulum, we have a body 
which can be kept rising and falling for many hours, in 
a medium entirely under our command or if desirable in 
a vacuum. Moreover, the comparative force of gravity at 
different points, at the top and bottom of a mine i*or 
instance, can be determined with wonderful precision, by 
comparing the oscillations of two exactly similar pendu- 
lums, with the aid of electric clock signals. 

{To ascertain the co i^mrative times of vibration of two 
pendulums, it is only requisite to swing them one in^ 
front of the other, to record by a clock the moment when 
they coincide in swing, so that one hides 'the other, and 
then count the number of vibrations until they again come 
to coincidence. I If one ])endulum makes m vibrations and 
the other n, we at once have our equation pn == q m ; 
which gives^the length of vibration of either pendulum in 
terms of the other. This method of coincidence, embody- 
ing the principle of repetition in perfection, was employed 
with w^onderful skill by Sir George Airy, in his experi- 
ments on the Density of the Earth at the Harton CoUiery, 
the pendulums above' and below being compared with 
clocks, which again were compared with each other by 
electric signals. So exceedingly accurate was this method 
of observation, as carried out by Sir George Airy, that he 
was able to measure a total difference in the vibrations at 
the top and bottom of the shaft, amounting to only 2*24 
seconds in the twenty-four hours, with an error of less 
than one hundredth part of a second, or one part in 
8,640,000 bf the whole day.^ 

The principle of repetition has been elegantly applied 

^ Philosophical Transactions, (1856) voL 146, Part L p. 297. 
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in observing the motion of waves in water. If the canal 
in which the ex'periments are made be short, say twenty 
feet long, the waves will pass through it so rapidly that 
an observation of one length, as practised by Walker, will 
be subject to much terminal error, even when the observer 
is very skilful. But it is a result of the undulatory theory 
that a wave is unaltered, and loses no time by com- 
plete reflection, so that it may be allowed to travel back- 
wards and forwards in the same canal, and its motion, say 
through sixty lengths, or 1200 feet, may be observed with 
the same accuracy as in a canal 1200 feet long, with the 
advantage of greater uniformity in the condition of the 
canal and water.^ It is always desirable, if possible, to 
bring an experiment into a small compass, so that it 
may be w^ell under command, and yet we may often 
by repetition enjoy at the same time the advantage of 
extensive trial. 

One reason of the great accuracy of weighing with a 
good balance is the fact, that weights placed in the same 
scale are naturally added together without the slightest 
error. There is no difficulty in the precise juxtaposition 
of two grams; but the juxtaposition of two metre mea- 
sures can only be effected with tolerable accuracy, by the 
use of microscopes and many precautions. Hence, the 
extreme trouble and cost attaching to the exact measure- 
ment of a base line for a survey, the risk of error entering 
at every juxtaposition of the measuring bars, and inde- 
fatigable attention to- all the requisite precautions being 
necessary throughout the operation. 

Measurermnts ly Natural Coincidence, 

^In certain cases a peculiar conjunction of circumstances 
enables us to di spens e more or less with insi^aimental 
m^s, and to obtain very exact numerical results in the 
simplest manner.) The mere fact, for instance, that no 
human being has ever seen a different face of the moon 
from that familiar to us, conclusively proves that the 
perio<i..x;>£.4^^ own axis is equal 

^ Airy, On Tides cmd Waves^ Encyclopaedia Metropolitana, p. 345. 
Scott Russell, British Association Report^ 1837, p. 432. 
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to that of its revolution round the earth . Not only have 
we the repetition of these movements during looo or 
2000 years at least, but we have observations made for 
us at very remote periods, free from instrumental ferror, 
no instrument being needed. We learn that the seventh 
satellite of Saturn is subject to a similar law, because its 
light undergoes a variation in each revolution, owing to 
the existence of some dark tract of land ; now this faHure 
of light always occurs while it is in the same position 
relative to Saturn, clearly proving the equality of the 
axial and revolutional periods, as Huygens perceived.^ 
A like peculiarity in the motions of Jupiter’s fourth satel- 
lite was similarly detected by Maraldi in 1713. 

Remarkable conjunctions of the planets may sometimes 
allow us to compare their periods of revolution, through 
great intervals of time, with much accuracy. Laplace in 
explaining the long inequality in the motions of Jupitei 
and Saturn, was assisted by a conjunction of these 
planets, observed at Cairo, towards the close of the 
eleventh century. Laplace calculated that such a con- 
junction must have happened on the 31st of October, a.d. 
1087; and the discordance between the distances of the 
planets as recorded, and as assigned by theory, was less 
than one-fifth part of the apparent diameter of the sun. 
This difference being less than the probable error of the 
early record, the theory was confirmed as far as facts 
were available.^ 

Ancient astronomers often showed the highest inge- 
nuity in turning any opportunities of measurement which 
occurred to good account. Eratosthenes, as early as 
250 B.C., happening to hear that the sun at Syene, in 
Upper Egypt, was visible at the summer solstice at the 
bottom of a well, proving that it was in the zenith, pro- 
posed to determine the dimensions of the earth, by mea- 
suring the length of the shadow of a rod at Alexandria on 
the same day of the year. He thus learnt in a rude 
manner the difference of latitude between Alexandria and 
Syene and. finding it to be about one fiftieth part of the 
whole circumference, he ascertained the dimensions of the 

1 HugmU Cosmotheoros, pp. 117,1 18. Laplace's SysUme, trans- 
lated, vol. 1. p. 67. ^ ^ ' 

^ Grant’s History of Physical Astronomy, p. 129. 
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earth within about one sixth part of the truth. The use 
of wells in astronomical observation appears to have been 
occasionally practised in comparatively recent times as 
by Flamsteed in 1679.^ The Alexandrian astronomers 
employed the moon as an instrument of measurement 
in several sagacious modes. When the moon is exactly 
half full, the moon, sun, and earth, are at the angles of. a 
right-angled triangle. Aristarchus measured at such a 
time the moon’s elongation from the sun, which gave him 
the two other angles of the triangle, and enabled him to 
judge of the comparative distances of tlie moon and sun 
from the earth. His result, though very rude, was far 
more accurate than any notions previously entertained, 
and enabled him to form some estimate of the comparative 
magnitudes of the bodies. Eclipses of the moon were 
very useful to Hipparchus in ascertaining the longtitude 
of the stars, which are invisible when the sun is above 
the horizon. For the moon when eclipsed must be 180° 
iistant from the sun ; hence it is only requisite to measure 
me distance of a fixed star in longitude from the eclipsed 
moon to obtain with ease its angular distance from the 
sun. 

In later times the eclipses of Jupiter have served to 
measure an angle; for at the middle moment of the 
eclipse the satellite must be in the same straight line witli 
the planet and sun, so that we can learn from the known 
laws of movement of the satellite the longitude of Jupiter 
as seen from the sun. If at the same time we measure 
the elongation or apparent aitgular distance of Jupiter 
from the sun, as seen from the earth, we have all the 
angles of the triangle between Jupiter, the sun, and the 
earth, and can calculate the comparative magnitudes of 
the sides of the triangle by trigonometry. 

The transits of Venus over the sun’s face are other 
natural events which give most accurate measurements 
of the sun’s parallax, or apparent difference of position 
as seen from distant points of the earth’s surface. The 
sun forms a kind of background on which the place of 
the planet is marked, and serves as a measuring instru- 
ment free from all the errors of construction which affect 


* Baily’s Account of Flamsteed, p. lix. 
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human instruments. The rotation of the earth, too, by 
variously affecting the apparent velocity of ingress or 
egress of Venus, as seen from different places, discloses 
the amount of the parallax. It has been sufficiently 
shown that by rightly choosing the moments of obser- 
vation, the planetary bodies may often be made to reveal 
their relative distance, to measure their own position, to 
record their own movements with a high degree of 
accuracy. With the improvement of astronomical instru- 
ments, such conjunctions become less necessary to the 
progress of the science, but it wiU always remain advan- 
tageous to choose those moments for observation when 
instrumental errors enter with the least effect. 

In other sciences, exact quantitative laws can occasion- 
ally be obtained without instrumental measurement, as 
when we learn the exactly equal velocity of sounds of 
different pitch, by observing that a peal of bells or a 
musical performance is heard harmoniously at any dis- 
tance to which the sound penetrates; this could not be 
the case, as Newton remarked, if one sound overtook 
the other. One of the most important principles of the 
atomic theory, was proved by implication before the use 
of the balance was introduced into chemistry. (Wenzel . 
observed, before 1777, that when two neutral substances 
decompose each other, the resulting salts are also neutral. 
In mixing sodium sulphate and barium nitrate, we 
obtain insoluble barium sulphate and neutral sodium 
nitrate. This result could not follow unless the nitric 
acid, requisite to saturate one atom of sodium, were 
exactly equal to that required by one atom of barium, 
so that an exchange could take place without leaving 
either acid or base in excess. ) 

An important principle of mechanics may also be 
established by a simple acoustical observation. fWhen 
a rod or tongue of metal fixed at. one end is set in 
vibration, the pitch of the sound may be observed to 
be exactly the same, whether the vibrations be small or 
great; hence the oscillations are isochronous, or equally 
rapid, independently of their magnitude. On the ground 
of theory, it can be shown that such a result only 
happens when the flexure is proportional to the deflecting 
force. ^ Thus the simple observation that the pitch of 
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the sound of a harmonium, for instance, does not change 
with its loudness establishes an exact law of nature.^ 

\ A closely similar instance is found in the proof that the 
intensity of light or heat rays varies inversely as the 
square of the distance increases. For the apparent mag- 
nitude certainly varies according to this law ; hence, if the 
intensity of light varied according to any other law, the 
brightness of an object would be different at different 
distances, which is not observed to be the case. Melloni 
applied the same kind of reasoning, in a somewhat 
different form, to the radiation of heat-rays. 

CK) 

Modes of Indirect MeamremenL 

Some of the most conspicuously beautiful experiments 
in the whole range of science, have been devised for the 
purpose of indirectly measuring quantities, which in their 
extreme greatness or smallness surpass the powers of 
sense, (All that we need to do, is to discover some 
other conveniently measurable phenomenon, which is re- 
lated in a known ratio or according to a known law, 
however complicated, with that to be measured.! Having 
once obtained experimental data, there is no further 
difficulty beyond that of arithmetic or algebraic calcu- 
lation. 

Gold is reduced by the gold-beater to leaves so thin, 
that the most powerful microscope would not detect any 
measurable thickness. If we laid several hundred leaves 
upon each other to multiply the thickness, we should 
still have no more than i^th of an inch at the most to 
measure, and the errors arising in the superposition and 
measurement would be considerable. But we can readily 
obtain an exact result through the connected amount of 
weight. Faraday weighed 2000 leaves of gold, each 
3I inch square, and found them equal to 384 grains. 
From the known specific gravity of gold it was easy to 
calculate that the average thickness of the leaves was 
* 8^ of an inch > 

We must ascribe to Newton the honour of leading the 

* Jamin, Cours de Physiq7Ji>e, vol. i. p. 152. 

2 Faraday. Chemical Besearches, p. 393. 
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way in methods of minute measurement. He did not 
call waves of light by their right name, and did not 
understand their nature; yet he measured their length, 
though it did not exceed the 2,000,000th part of a metre 
or the one fifty-thousandth part of an inch. (He pressed 
together two lenses of large but known radii. It was 
easy to calculate the interval between the lenses at any 
point, by measuring the distance from the central point 
of contact. Now, with homogeneous rays the successive 
rings of light and darkness mark the points at which the 
interval between the lenses is equal to one half, or any 
multiple of half a vibration of the light, so that the 
length of the vibration became known. In a similar 
manner many phenomena of interference of rays of light 
admit of the measurement of the wave lengths. Fringes 
of interference aiise from rays of light which cross each 
other at a small angle, and an excessively minute dif- 
ference in the lengths of the waves makes a very perceptible 
difference in the position of the point at which two rays 
will interfere and produce darkness. 

Fizeau has recently employed Newton’s rings to measure 
small amounts of motion. By merely counting the number 
of rings of sodium monochromatic light passing a certain 
point where two glass plates are in close proximity, he is 
able to ascertain with the greatest accuracy and ease the 
change of distance between these glasses, produbed, for 
instance, by the expansion of a metallic bar, connected with 
one of the glass plates.^ 

Nothing excites more admiration than the mode in which 
scientific observers can occasionally measure quantities, 
which seem beyond the bounds of human observation. 
We know the average depth of the Pacific Ocean to be 
14,190 feet, not by actual spunding, which would be 
impracticable in sufficient detail, but by noticing the 
rate of transmission of earthquake waives from the South 
American to the opposite coasts, the rate of movement 
being connected by theory with the depth Pf the water.^ 
In the saipe way the average depth of the Atlantic Ocean 
is inferred to be no less than 22,157 feet, from the velocity 

^ Proceedings of the Boyal Society, 30th November, 18660 

* Herschel, Physical Geography, § 40. 
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of the ordinary tidal wavevS. A tidal wave again gives 
beautiful evidence of an effect of the law of jjravity, 
which we could never in any other way detect; Newton 
estimated that the moon’s force in moving the ocean is 
only one part in 2,871,400 of the whole force of gravity, 
so that even the pendulum, used with the utmost skill, 
would fail to render it apparent. Yet, the immense extent 
of the ocean allows the accumulation of the effect into a 
very palpable amount ; and from the comparative heights 
of the lunar and solar tides, Newton roughly estimated 
the comparative forces of the moon’s and sun’s gravity at 
the earth.^ 

( A few years ago it might have seemed impossible that 
we should ever measure the velocity with which a star 
approaches or recedes from the earth, since the apparent 
position of the star is thereby unaltered. But the spec- 
troscope now enables us to detect and even measure such 
motions with considerable accuracy, by the alteration which 
it causes in the apparent rapidity of vibration, and conse- 
quently in the refrangibility of rays of light of definite 
colour. And while our estimates of the lateral move- 
ments of stars depend upon our very uncertain know- 
ledge of their distances, the spectroscope gives the motions 
of approach and recess irrespective of other motions except- 
ing that of the earth. It gives in short the motions of 
approach and recess of the stars relatively to the earth.2 J 

The rapidity of vibration for each musical tone, having 
been accurately determined by comparison with the Syren 
(p. 10), we can use sounds as indirect indications of rapid 
vibrations. It is now known that the contraction of a 
muscle arises from the periodical contractions of each 
separate fibre, and from a faint sound or susurrus which 
accompanies the action of a muscle, it is inferred that each 
contraction lasts for about one 300th part of a second. 
Minute quantities of radiant heat are now always measured 
indirectly by the electricity which they produce when falling 
upon a thermopile. The extreme delicacy of the method 
seems to be due to the power of multiplication at several 
points in the apparatus. The number of elements or junc- 

* Frincypia, bk. iii. Prop. 37, Corollaries, 2 and 3. Motte^s 
translation, vol. ii. p. 310. 

^ Eoscoe*s Spectrum Analysis, ist ed. p. 296. 
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tions of different metals in the thermopile can be increased 
so that the tension of the electric current derived from the 
same intensity of radiation is multiplied ; the effect of the 
current upon the magnetic needle can be multiplied within 
certain bounds, by passing the current many times round 
it in a coil ; the excursions of the needle can be increased 
by rendering it astatic and increasing the delicacy of its 
suspension ; lastly, the angular divergence can be observed, 
with any required accuracy, by the use of an attached 
mirror and distant scale viewed through a telecope (p. 287). 
Such is the delicacy of this method of measuring heat, that 
Dr. Joule succeeded in making a thermopile which would 
indicate a difference of o°'OC)Oi 14 Cent.^ 

striking ca^e of indirect measurement is furnished by 
the revolving mirror of Wheatstone and Foucault, whereby- 
a minute interval of time is estimated in the form of an 
angular deviation. ) Wheatstone viewed an electric spark 
in a mirror rotating so rapidly, that if the duration of the 
spark had been more than one 72,000th part of a second, 
the point of liglit would have appeared elongated to an 
angular extent of one-half degree. In the spark, as drawn 
directly from a Leyden jar, no elongation was apparent, so 
that the duration of the spark was immeasurably small ; but 
when the discharge took place through a bad conductor, 
the elongation of the spark denoted a sensible duration.^ 
In the hands of Foucault the rotating mirror • gave a 
measure of tlie time occupied by light in passing through 
a few metres of space. 

Comparative Use of Measuring Instruments. 

(in almost every case a measuring instrument serves, 
and should serve only as a means of comparison between 
two or more magnitudes^ As a general rule, we should 
not attempt to make the divisions of the measuring scale 
exact multiples or submultiples of the unit, but, regarding 
them as arbitrary marks, should determine their values by 
comparison with the standard itself.) The perpendicular 
wires in the field of a transit telescope, are fixed at nearly 

' Philosophical Transactions (1859), "^ol* cxlix. p. 94. 

* Watts^ Dictionary of Chemistry^ vol. ii. p. 393, 
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equal but arbitrary distances, and those distances are after- 
wards determined, as first suggested by Malvasia, by watch- 
ing the passage of star after star across them, ana noting 
the intervals of time by the clock. Owing to the perfectly 
regular motion of the earth, these time intervals give exact 
determinations of the angular intervals. In the same way, 
the angular value of each turn of the screw micrometer 
attached to a telescope, can be easily and accurately 
ascertained. 

When a thermopile is used to observe radiant heat, it 
would be almost impossible to calculate on 'priori grounds 
what is the value of each division of the galvanometer 
circle, and still more difficult to construct a galvanometer, 
so that each division should have a given value. But this 
is quite unnecessary, because by placing the thermopile 
before a body of known dimensions, at a known distance, 
with a known temperature and radiating power, we measure 
a known amount of radiant heat, and inversely measure 
the value of the indications of the thermopile. In a 
similar way Dr. Joule ascertained the actual temperature 
produced by the compression of bars of metal. For having 
inserted a small thermopile composed of a single junction 
of copper and iron wire, and noted the deflections of the 
galvanometer, he had only to dip the bars into water of 
different temperatures, until he produced a like deflec- 
tion, in order to ascertain the temperature developed by 
pressure.^ 

In some cases we are obliged to accept a very carefully 
constructed instrument as a standard, as in the case of a 
standard barometer or thermometer. But it is then best 
to treat all inferior instruments comparatively only, and 
determine the values of their scales by comparison with 
the assumed standard. 

Systematic Performance of Measurements, 

When a large number of accurate measurements have 
to be effected, it is usually desirable to make a certain 
number of determinations with scrupulous care, and after- 
wards use them as points of reference for the remaining 


* FhvtosopTmal Tramtictions (1859), P* 
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determinations. In the trigonometrical survey of a coun- 
tr}'', the principal triangulation fixes the relative positions 
and distances of a few points with rigid accuracy. A 
minor triangulation refers every prominent hill or village 
to one of the principal points, and then the details are 
filled in by reference to the secondary points. The survey 
of the heavens is effected in a like manner. The ancient 
astronomers compared the right ascensions of a few prin- 
cipal stars with the moon, and thus ascertained their posi- 
tions with regard to the sun; the minor stars were afterwards 
referred to the principal stars. Tycho followed the same 
method, except that he used the more slowly moving 
planet Venus instead of the moon. Flamsteed was in the 
habit of using about seven stars, favourably situated at 
points all round the heavens. In his early observations 
the distances of the othit stars from these standard points 
were determined by the use of the quadrant.^ Even since 
the introduction of the transit telescope and the mural 
circle, tables of standard stars are formed at Greenwich, 
the positions being determined with all possible accuracy, 
so that they can be employed for purposes of reference by 
astronomers. 

tin ascertaining the specific gravities of substances, all 
gases are referred to atmospheric air at a given tempera- 
ture and pressure ; all liquids and solids are referred to 
water. We require to compare the densities of water and 
air with great cai’e, and the comparative densities of any 
two substances whatever can then be ascertained, j 

i^In comparing a ve ry great with a ve ry sm all magnitude, 
it is usually desirable to break up the process into several 
steps, using intermedia te terms o Lcoinpariso'^. We should 
never think of measuring the distance from London to 
Edinburgh by laying down measuring rods, throughout the 
whole length. A base of several miles is selected on level 
ground, and compared on the one hand, with the standard 
yard, and on the other with the distance of London and 
Edinburgh, or any other two points, by trigonometrical 
survey. Again, it would be exceedingly difficult to com- 
pare the light of a star with that of the sun, which would 
be about thirty thousand million times greater ; butj Her- 


^ Baily*s Account of Flamsteed, pp. 378 — 38a 



302 


THE PRINCIPLES OF SCIENCE. 


[chap. 


schel ^ effected the comparison by using the full moon as 
an intermediate unit.) Wollaston ascertained that the sun 
gave 801,072 times as much light as the full moon, and 
Herschel determined that the light of the latter exceeded 
that of a Centauri 27,408 times, so that we find the ratio 
between the iiglit of the sun and star to be that of about 
22,000,000,000 to I. 

The Pendulum. 

By far the most perfect and beautiful of all instruments 
of measurement is the pendulum. Consisting merely of a 
heavy body suspended freely at an invariable distance from 
a fixed point, it is most simple in construction ; yet all the 
highest problems of physical measurement depend upon its 
careful use. Its excessiv e valu di arises from tw o circum » 
siances. 

(1) The method of repetition is eminently applicable 
to it, as already described (p. 290). 

(2) Unlike other instruments, it connects together three 
different quantities, those of space, time, and force. 

In most works on natural philosophy it is shown, that 
when the oscillations of the pendulum are infinitely small, 
the square of the time occupied by an oscillation is directly 
proportional to the length of the pendulum, and indirectly 
proportional to the force affecting it, of whatever kind. 
The whole theory of the pendulum is contained in the 
formula, first given by Huygens in his Horologium OseiU 
latorium. 

Time of oscillation = 3*14159 x 

^ force. 

The quantity 3*14159 is the constant ratio of the circum- 
ference and radius of a circle, and is of course known with 
accuracy. Hence, any two of the three quantities con- 
cerned being given, the third may be found ; or any two 
being maintained invariable, the third will be invariable. 
Thus a pendulum of invariable length suspended at the 
same place, where the force of gravity may be considered 
constant, furnishes a measure of time. The same invari- 
able pendulum being made to vibrate at different points of 

^ Heischers Aslrmomyf § 817, 4th. ed. p. 553, 
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the earth’s surface, and the times of vibration being astro- 
nomically determined, the force of gravity becomes accu- 
rately known. Finally, with a known force of gravity, 
and time of vibration ascertained by reference to the stars, 
the length is determinate. 

All astronomical observations depend upon the first 
manner of using the pendulum, namely, in the astrono- 
mical clock. In the second employment it has been almost 
equally indispensable. The primary principle that gravity 
is equal in all matter was proved by Newton’s and Gauss’ 
pendulum experiments. The torsion pendulum of Michell, 
Cavendish, and Baily, depending upon exactly the same 
principles as the ordinary pendulum, gave the density of 
the earth, one of tlie foremost natural constants. Kater 
and Sabine, by pendulum observations in different parts 
of the earth, ascertained the variation of gravity, whence 
comes a determination of the earth’s ellipticity. The laws 
of electric and magnetic attraction have also been deter- 
mined by the method of vibrations, which is in constant 
use in the measurement of the horizontal force of terres- 
trial magnetism. 

We must not confuse with the ordinary use of the 
pendulum its application by Newton, to show the absence 
of internal friction against space,^ or to ascertain the laws 
of motion and elastic! ty.^ In these cases the extent of 
vibration is the quantity measured, and the principles of 
the instrument are different. 

Attainable Accuracy of Measurement. 

It is a matter of some interest to compare the degrees 
of accuracy which can be attained in the measurement of 
different kinds of magnitude. Few measurements of any 
kind are exact to more than six significant figures,^ but it 
is seldom that such accuracy can be hoped for. ( Time is 
the magnitude which seems to be capable of the most exact 
estimation, owing to the properties of the pendulum, and 
the principle of repetition described in previous sections. ^ 
<• 

^ Principia, bk. ii. Sect. 6. Prop. 31. Motte^s Translation, vol. ii 
p: 107. 

® Ibid. bk. i. Law iii. Corollary 6. > Motto's Translation, vol. i. p. 33, 

* Thomson and Tait’s Natural Philosophy, voL I p. 333. 
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As regards short intervals of time, it has already been 
stated that Sir George Airy was able to estimate one part 
in 8,640,000, an exactness, as he truly remarks, ‘‘ almost 
beyond conception/' ^ The ratio between the mean solar 
and the sidereal day is known to be about one part in 
one hundred millions, or to the eighth place of decimals, 
(p. 289). 

Determinations of weight seem to come next in exact- 
ness, owing to the fact that repetition without error is 
applicable to them. An ordinary good balance should 
show about one part in 500,000 of the load. The finest 
balance employed by M. Stas, turned with one part in 
825,000 of the load.^ But balances have certainly been 
constructed to show one part in a million,® and Eamsden is 
said to have constructed a balance for the Eoyal Society, 
to indicate one part in seven millions, though this is hardly 
credible. Professor Clerk Maxwell takes it for granted that 
one part in five millions can be detected, but we ought to 
discriminate between what a balance can do when first 
constructed, and when in continuous use. 

Determinations of length, unless performed with extra- 
ordinary care, are open to much error in the junction of 
the measuring bars. Even in measuring the base line of 
a trigonometrical survey, the accuracy generally attained 
is only that of about one part in 60,000, or an inch in the 
mile ; but it is said that in four measurements of a 
base line carried out very recently at Cape Comorin, the 
greatest error was 0*077 ^*68 mile, or one part in 

1,382,400, an almost incredible degree of accuracy. Sir J. 
Whitworth has shown that touch is even a more delicate 
mode of measuring lengths than sight, and by means of a 
splendidly executed screw, and a small cube of iron placed 
between two flat-ended iron bars, so as to be suspended 
when touching them, he can detect a change of dimension 
in a bar, amounting to no more than one-millionth of an 
inch.'* 

^ Philosophical TrmsactionSf (1856), vol. cxlvi. pp. 330, 331. 

2 First Annual Report of the Minty p. 106. '• 

3 Jevons, in Watts' Dictionary of Chemistry, vol. i. p. 483. 

* British Association, Glasgow, 1856. Amrm of the President of 
the Mechanical Section. 




CHAPTER XTV, 

UNITS AND STANDARDS OF MEASUREMENT. 

As we have seen, instruments of measurement are 
only means of comparison between one magnitude and 
another, and as a general rule we must Assimip some 
one arbit rary magnitude, in terma ^-o L-which aU r esults 
of m easurement _ are„tQ^.^ba.jB3£^»¥essed. Mere ratios be- 
tween any series of objects will never tell us their 
absolute magnitudes ; we must have at least one ratio 
for each, and we must have one absolute magnitude. The 
number of ratios n are expressible in n equations, which 
will contain at least n + i quantities, so that if we 
employ them to make known n magnitudes, we must 
have one magnitude known. Hence, f whether \ye are 
measuring time, space, density, mass, weight, energy, or 
any o^her physical quantity, we must refer to some con- 
crete standard, some actual object, which if once lost and 
irrecoverable, all our measures lose their absolute mean- 
ing.) This concrete standard is in all cases arbitrary in 
point of theory, and its selection a question of practical 
convenience. 

There are two kinds of magnitude, indeed, which do not 
need to be expressed in terms of arbitrary concrete units, 
since they pre-suppose the existence of natural standard 
units. One case is that of abst ract numb er itself, wliich 
needs no special unit, because any object which existe or 
isthought*of as separate from other objects (p. 157) fu?*- 
nishes us with a unit, and is the only standard required. 

Angul{^£.,jgaa§aiMde is the second case in which 
we have a natural unit of reference, namely the whole 

X 
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revolution^rjam^ as it has been called by Mr. Sande- 
man> TTisa necessary result of the uniform properties 
of space, that all complete revolutions are equal to each 
other, so that we need not select any one revolution, but 
can always refer anew to space itself. Whe ther we take 
the whole per jgon, it s ha l f ,, o a ^ s qu a r- te r y 4 s-jeally imma- 
terial ; Euclid took the right angle, because the Greek geo- 
meters had never generalised their notions of angular 
magnitude sufficiently to treat angles of all magnitudes, or 
of unlimited quantity of revolution. Euclid defines a right 
angle as half that made by a line with its own continuation, 
which is of course equal to half a revolution, but which 
was not treated as an angle by him. In mathematical 
analysis a different fraction of the perigon is taken, namely, 
such a fraction that the arc or portion of tlie circumference 
included within it is equal to the radius of the circle. In 
this point of view angidar magnitude is an abstract ratio, 
namely, the ratio between the length of arc subtended and 
the length of the radius. The geometrical unit is then 
necessarily the angle corresponding to the ratio unity. 
This angle is equal to about 57®, 17', 44" *8, or decimally 
57°*2957795 13... } It was called by De Morgan the armml 
unity but a more convenient name for common use would 
be r adian , as suggested by Professor Everett. Though this 
standard angle is naturally employed in mathematical 
analysis, and any other unit would introduce great com- 
plexity, we must not look upon it as a distinct unit, since 
its amount is connected with that of the half perigon, 
by the natural constant 3*14159 . . . usually denoted by 
the letter tt. 

When we pass to other species of quantity, the choice 
of unit is found to be entirely arbitrary. There is abso- 
lutely no mode of defining a length, but by selecting some 
physical object exhibiting that length between certain 
obvious points — as, for instance, the extremities of a bar, 
or marks made upon its surface. 


' Fdicotetics, or th^ Science of Quantity / cm ElemenUv>y TrecUiee on 
Algdruy and its groundwork Arithmetic, By Archibald Sandemau, 
M.A. Cambridge 0 eighton, Bell, and Co.), 1868, p. 304. 

* Be Morgan’s Trigonometry and Double Algebroy p. 5* 
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Standard Unit of Time. 

Time is the great independent variable of all change — 
that which itself flows on uninterruptedly, and brings the 
variety which we call motion and life. When we reflect 
upon its intimate nature, Time, like every other element of 
existence, proves to be an inscrutable mystery. We can 
only say with St. Augustin, to one who asks us what is 
time, ‘‘ I know when you do not ask me.” The mind of 
man will ask what can never be answered, but one result 
of a true and rigorous logical philosophy must be to 
convince us that scientific explanation can only take place 
between phenomena which have something in common, 
and that when we get down to primary notions, like those 
of time and space, the mind must meet a point of mystery 
beyond which it cannot penetrate. A definition of time 
must not be looked for ; if we say with Hobbes,^ that it 
is the phantasm of before and after in motion,” or with 
Aristotle that it is “ the number of motion according to 
former and latter,” we obviously gain nothing, because 
the notion of time is involved in the expressions lefore 
and after y former and latter. [ Time is undoubtedly one 
of those primary notions which can only be defined physi- 
cally, or by observation of phenomena which proceed in 
time. ] 

If we have not advanced a step beyond Augustin*» acute 
leflections on this subject,® it is curious to observe the 
wonderful advances which have been made in the practical 
measurement of its efflux. In earlier centuries the rude 
sun-dial or the rising of a conspicuous star gave points of 
reference, while the flow of water from the clepsydra, the 
burning of a candle, or, in the monastic ages, even the 
continuous chanting of psalms, were the means of roughly 
subdividing periods, and marking the hours of the day and 
night.® The sun and stars stiU furnish the standard of 
time, but means of accurate subdivision have become 
requisite, and this has been furnished by the peudulpTn 

^ English Works of Thos. HohheSy Edit, by Molesworth, vol. i. p. 95. 

* Confssswnsy bk. xi. chapters 20 — 28. 

® Sir G. C. Lewis gives many curious particulars conceniing the 
measurement of time in his AsXronomg of ths Ancients, pp. 241, 

:?c 2 
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aii<l tiVift pJiroiiooTaph. By the pendulum we can accurately 
divide the day into seconds of time. By the chronograph 
we can subdivide the second into a hundred, a thousand, 
or even a million parts, Wheatstone measured the dura- 
tion of an electric spark, and found it to be no more than 
one ii5,i^ooth part of a second, while more recently 
Captain Noble has been able to appreciate intervals of 
time not exceeding the millionth part of a second. 

When we come to inquire precisely what phenomenon 
it is that we thus so minutely measure, we meet insur- 
mountable difficulties. Newton distinguished time accord- 
ing as it was absolute or apparent time, in the following 
words : — “ Absolute, true, and mathematical time, of itself 
and from its own nature, flows equably without regard to 
anything external, and by another name is called duration; 
relative, apparent and common time, is some sensible and 
external measure of duration by the means of motion.”^ 
Though we are perhaps obliged to assume the existence 
of a uniformly increasing quantity which we call time, 
yet w’e cannot feel or know abstiact and absolute time. 
Duration must be made manifest to us by the recurrence 
of some phenomenon. The succession of our own thoughts 
is no doubt the first and simplest measure of time, but a 
very rude one, because in some persons and circumstances 
the thoughts evidently flow with much greater rapidity 
than in other persons and circumstances. In the absence 
of all other phenomena, the interval between one thought 
and another would necessarily become the unit of time, 
but the most cursory observations show that there are 
changes in the outward world much better fitted by their 
constancy to measure time than the change of thoughts 
within us. 

The earth, as I have already said, is the real clock of the 
astronomer, and is practically assumed as invariable in 
j its movements. But on what ground is it so assumed ? 
According to the first law of motion, every body perseveres 
in its state of rest or of uniform motion in a right line, 
unless it is compelled to change that state by forces im- 
pressed thereon. Eotatory motion is subject to a like 

^ Pnncipta, bk. i. Scholium to D^nitions. Translated by Motte^ 
yoL L pr 9. See also p. 1 1. 
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condition, namely, that it perseveres uniformly unless dis- 
turbed by extrinsic forces. Now uniform motion means 
motion through equal spaces in equal times, so that if we 
have a body entirely free from all resistance or perturba- 
tion, and can measui'e equal spaces of Its path, we have a 
perfect measure of time. But let it 'be remembered that 
tliis law has never been absolutely proved by experience ; 
for we cannot point to any body, and say that it is wholly 
unresisted or undisturbed ; and even if we had such a body, 
we should need some independent standard of time to 
ascertain wliether its motion was really uniform. As it 
is in moving bodies that we find the best standard of time, 
we cannot use them to prove the uniformity of their own 
movements, which would amount to a petitio prlncipii. 
Our experience comes to this, that when we examine and 
compare the movements of bodies which seem to us nearly 
free from disturbance, we find them giving nearly har- 
monious measuies of time. If any one body which seems 
to us to move uniformly is not doing so, but is subject to 
fits and starts unknown to us, because we have no absolute 
standard of time, then all other bodies must be subject to 
the same arbitrary fits and starts, otherwise there would be 
discrepancy disclosing the irregularities. Just as in com- 
paring together a number of chronometers, we should soon 
detect bad ones by their going irregularly, as compared 
with the others, so in nature we detect disturbed movement 
by its discrepancy from that of other bodies which we 
believe to be undisturbed, and which agree nearly among 
themselves. But inasmuch as the measure of motion 
involves time, and the measure of time involves motion, 
there must be ultimately an assumption. We may define 
equal times, as times during which a moving body under] 
the influence of no force describes equal spaces ; ^ but all 
we can say in support of this definition is, that it leads us 
into no known difficulties, and that to tflie best of our ex- 
perience one freely moving body gives the same results as^ 
any other. 

When we inquire where the freely moving body is, no 
perfectly «atisfactory answer can be given. Practically 
the lotating globe is sufficiently accurate, and Thomson 


* Rankine, Fhihsojfhical Magmmy Feb. 1867, vol. xxxiii p. 91. 
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and Tait say : “ Equal times are times during which the 
earth turns through equal angles.”^ N*o long time has 
passed since astronomers thought it impossible to detect 
any inequality in its movement. Poisson was supposed 
to have proved that a change in the length of the sidereal 
day amounting to one ten-millionth part in 2,500 years was 
incompatible with an ancient eclipse recorded by the 
Chaldaeans, and similar calculations were made by Laplace. 
But it is now known that these calculations were some- 
what in error, and that the dissipation of energy arising 
out of the friction of tidal waves, and the radiation of the 
heat into space, has slightly decreased the rapidity of the 
earth’s rotatory motion. The sidereal day is now longer by 
one part in 2,700,000, than it was in 720 B.c. Even before 
this discovery, it was known that invariability of rotation 
depended upon the perfect maintenance of the earth’s 
internal heat, which is requisite in order that the earth’s 
dimensions shall be unaltered. ITow the earth being 
superior in temperature to empty space, must cool more or 
less rapidly, so that it cannot furnish an absolute measure 
of time. Similar objections could be raised to all other 
rotating bodies within our cognisance. 

The moon’s motion round the earth, and the earth’s 
motion round the sun, form the next best measure of 
time. They are subject, indeed, to disturbance from other 
planets, but it is believed that these perturbations must 
in the course of time run through their rhythmical courses, 
leaving the mean distances unaffected, and consequently, 
by the third Law of Kepler, the periodic times unchanged. 
But there is more reason than not to believe that the earth 
encounters a slight resistance in passing through space, 
like that which is so apparent in Encke’s comet. There 
may also be dissipation of energy in the electrical relations 
of the earth to the sun, possibly identical with that which 
is manifested in the retardation of comets.^ It is probably 
an untrue assumption then, that the earth’s orbit remains 
quite invariable. It is just possible that some other body 
may be found in the course of time to furnish a better 


^ Treatise on Natural Philosophy, vol. i. p. 179. 

* Proceedings of the Manchester Philosophical Society, 28th Nor. 
1871, v< 51 . yi. p. 33. 
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standard of time than the earth in its annual motion. 
The greatly superior mass of Jupiter and its satellites, and 
their greater distance from the sun, may render the 
electrical dissipation of energy less considerable than in 
the case of the earth. But the choice of the best measure 
will always be an open one, and whatever moving body 
we choose may ultimately be shown to be subject to 
disturbing forces. 

The pendulum, although so admirable an instrument for 
subdivision of time, fails as a standard ; for though the 
same pendulum affected by the same force of gravity per-j 
forms equal vibrations in equal times, yet the slightest 
change in the form or weight of the pendulum, the least 
corrosion of any part, or the most minute displacement of 
the point of suspension, falsifies the results, and there enter 
many other difficult questions of temperature, friction, 
resistance, length of vibration, &c. 

Thomson and Tait are of opinion ^ that the ultimate 
standard of chronometry must be founded on the physical 
properties of some body of more constant character than 
the earth ; for instance, a carefully arranged metallic 
spring, hermetically sealed in an exhausted glass vessel. 
But it is hard to see how we can be sure that the dimen- 
sions and elasticity of a piece of wrought metal will 
remain perfectly unchanged for the few millions of years 
contemplated by them. A nearly perfect gas, like 
hydrogen, is perhaps the only kind of substance in the 
unchanged elasticity of which we could have confidence. 
Moreover, it is difficult to perceive bow the undulations of 
such a spring could be observed with the requisite 
accuracy. Mere recently Professor Clerk Maxwell has 
made the novel suggestion, discussed in a subsequent 
section, that undulations of light in vacuo would form the 
most universal standard of reference, both as regards time 
and space. According to this system the unit of time 
would be the time occupied by one vibration of the par- 
ticular kind of light whose wave length is taken as the 
unit of length. 

^ The El&menU of Natural Philosophy^ part i. p. i 19, 
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The Unit of Sjpace and the Bar Standard. 

Next in importance after the measurement of time is 
that of space. Time comes first in theoiy, because pheno- 
mena, our internal thoughts for instance, may change in 
time without regard to space. As to the phenomena 
of outward nature, they tend more and more to resolve 
themselves into motions of molecules, and motion cannot 
be conceived or measured without reference both to time 
and space. 

Turning now to space measurement, we find it almost 
equally difficult to fix and define once and for ever, a unit 
magnitude. There are three different modes in which 
it has been proposed to attempt the perpetuation of a 
standard length. 

(1) By constructing an actual specimen of the standard 
yard or metre, in the form of a bar. 

(2) By assuming the globe itself to be the ultimate 
standard of magnitude, the practical unit being a sub- 
multiple of some dimension of the globe. 

(3) By adopting the length of the simple seconds pen- 
dulum, as a standard of reference. 

At first sight it might seem that there was no great 
difficulty in this matter, and that any one of these methods 
might serve well enough ; but the more minutely we 
inquire into the details, the more hopeless appears to be 
the attempt to establish an invariable standard. We must 
in the first place point out a principle not of an obvious 
(diaracter, namely, that the standard length must he defined 
hy one single object} To make two bars of exactly the 
same length, or even two bars bearing a perfectly defined 
ratio to each other, is beyond the power of human art. Ii‘ 
two copies of the standard metre be made and declared 
equally correct, future investigators will certainly discover 
some discrepancy between them, proving of course that they 
. cannot both be the standard, and giving cause for dispute 
as to what magnitude should then be taken as correct. 

If one invariable bar could be constructed and main- 
tained as the absolute standard, no such inconvenience 
could arise. Each successive generation as it acquired 

. ^ Harris’ Essay uyon Money And Coins, part. ii. [1758] p. 127. 
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higher powers of measurement, would detect errors in 
the copies of the standard, but the standard itself would 
be uninipeached, and would, as it were, become by degrees 
more and more accurately known. Unlortunately to con- 
struct and preserve a metre or yard is also a task which 
is either impossible, or what comes nearly to the same 
thing, cannot be shown to be possible. Passing over the 
practical dilhculty of defining the ends of the standard 
length with complete accuracy, whether by dots or lines 
on the surface, or by the terminal points of the bar, we 
have no means of proving that substances remain of in- 
variable dimensions. Just as we cannot tell whether the 
rotation of the earth is uniform, except by comparing it 
with other moving bodies, believed to be more unifoirn 
in motion, so we cannot detect the change of length in a^ 
bar, except by comparing it with some other bar sup- 
posed to be invariable. But how are we to know which 
is the invariable bar? It is certain that many rigid 
and apparently invariable substances do change in di- 
mensions. The bulb of a thermometer certainly contracts 
by age, besides undergoing rapid changes of dimensions 
when warmed or cooled through icx)° Cent. Can we 
be sure that even the most solid metallic bars do not 
slightly contract by age, or undergo variations in their 
structure by change of temperature. Fizeau was induced 
to try whether a quartz crystal, subjected to . several 
hundred alternations of temperature, would be modified in 
its physical properties, and he was unable to detect any 
change in the coefiicieiit of expansion.^ It does not 
follow, however, that, because no apparent change was 
discovered in a quartz crystal, newly -constructed bars of 
meral would undergo no change. 

The best principle, as it seems to me, upon which the 
perpetuation of a standard of length can be rested, is that, 
if a variation of length occurs, it will in all probability be 
of different amount in different substances. If then a 
great number of standard metres were constructed of all 
kinds of different metals and alloys ; hard rocks, such as 
granite, «erpeiitine, slate, quartz, limestone; artificial 
substances, such as porcelain, glass, &c., &c., careful 

^ Philosophical Magazine, (i868), 4tli Series, voL xxxvi. p. 5^ 



314 


THE PRINCIPLES OF SCIENCE. 


[chap. 


comparison would show from time to time the comparative 
variations of length of these different substances. The 
most variable substances would be the most divergent, and 
the standard would be furnished by the mean length 
of those which agreed most closely with each other just 
as uniform motion is that of those bodies which agree 
most closely in indicating the efflux of time. 

The Terrestrial Standard, 

The second method assumes that the globe itself is a 
body of invariable dimensions and the founders of the me- 
trical system selected the ten-millionth part of the dis- 
,tance from the equator to the pole as the definition of the 
[metre. The first imperfection in such a method is that the 
earth is ce rtainly im t in variable in, size ; for we know 
that it is superior in temperature to surrounding space, and 
must be slowly cooling and contracting. There is mucli 
reason to believe that all earthquakes, volcanoes, mountain 
elevations, and changes of sea level are evidences of this 
contraction as asserted by Mr. Mallet.^ But such is the 
vast bulk of the earth and the duration of its past exis- 
tence, that this contraction is perhaps less rapid in propor- 
tion than that of any bar or other material standard whicli 
we can construct. 

'^The second and chief difficulty of this method arises 
from the vast size of the earth, which prevents us from 
making any comparison with the ultimate standard, ex- 
cept by a trigonometrical survey of a most elaborate and 
costly kind.) The French physicists, who first proposed 
the method, attempted to obviate this inconvenience by 
carrying out the survey once for all, and then constructing 
a standard metre, which should be exactly the one ten 
millionth part of the distance from the pole to the 
equator. But since all measuring operations are merely 
approximate, it was impossible that this operation could be 
perfectly achieved. Accordingly, it was shown in 1838 
that the supposed French metre was erroneous to the con- 
siderable extent of one part in 5527. It then became 
necessary either to alter the length of the assumed metrej 

^ Proceedings of ike Eoyal Society, 20th June, 1872, voL xx. p. 438. 
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or to abandon its supposed relation to the earth’s dimen-/ 
sions. The French Government and the International 
Metrical Commission have for obvious reasons decided in 
favour of the latter course, and have thus reverted to the 
first method of defining the metre by a given bar. As 
from time to time the ratio between this assumed standard 
metre and the quadrant of the earth becomes more accu- 
rately known, we have better means of restoring that metre 
by reference to the globe if required. But until lost, des- 
troyed, or for some clear reason discredited, the b ar met re 
and not the globe is the standard. Thomson and Tait re- 
mark that any of the more accurate measurements of the 
English trigonometrical survey might in like manner be 
employed to restore our standard yard, in terms of which 
the results are recorded. 


Tlie Peindulum Standard. 

The third method of defining a standard length ^y 
reference to the seconds ^pendulum. was first proposed by 
H uyghen s, and was at one time adopted by the English 
Government. From the principle of the pendulum (p. 302 ) 
it clearly appears that if the time of oscillation and the 
force actuating the pendulum be the same, the length of 
the pendulum must be the same. We do not get rid of 
theoretical difficulties, for we must assume the 8 .ttraction 
of gravit y at so me point of the earth’s surface, say 
London, to be unchangedu^irom time to time, and the 
sidereal day to be invariable, neither assumption -being 
absolutely correct .ao-far as wexan judge. The pendulum, 
in short, is only an indirect means of making one physical 
quantity of space depend upon two other physical quan- 
tities of time and force. 

The practical difficulties are, however, of a far more 
serious character than the theoretical* ones. The length 
of a pendulum is not the ordinary length of the instru- 
ment, which might be greatly varied without affecting the 
duratiomof a vibration, but the distance from the centre of 
suspension to the centre of oscillation. [There are no 
direct means of determining this latter centre,] which 
depends upon the average momentum of all the particles 
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of the pendulum as regards the centre of suspension. 
Huyghens discovered that the centres of suspension 
and oscillation are interchangeable, and Kater pointed out 
that if a pendulum vibrates with exactly the same rapidity 
when suspended from two different points, the distance 
between these points is the true length of the equivalent 
simple pendulum.^ \Put the practical difficulties in em- 
ploying Eater’s reversible pendulum are considerable, and 
questions regarding the disturbance of the air, the force 
of gravity, or even the interference of electrical attractions 
have to be entertained. ) It has been shown that all the 
experiments made under the authority of Government for 
determining the ratio between the standard yard and the 
seconds pendulum, were vitiated by an error in the correc- 
tions for the resisting, adherent, or buoyant power of the 
air in which the pendulums were swung. Even if such 
corrections were rendered unnecessary by operating in a 
vacuum, other difficult questions remain.^ Gauss’ mode of 
comparing the vibrations of a wire pendulum when sus- 
pended at two different lengths is open to equal or greater 
practical difficulties. Thus it is found that the pendulum 
standard cannot compete in accuracy and certainty with 
the simple bar standard, and the method would only be 
useful as an accessory mode of r estoring the bar standard 
if at any time ag ain dcstooy ed. 

Unit of Density. 

Before we can measure the phenomena of nature, we 
require a third independent unit, which shall enable us to 
define the quantity of matter occupying any given space. 
All the changes of nature, as we shall see, are probably so 
many manifestations of energy ;(^but energy requires some 
substratum or material machinery of molecules, in and by 
which it may be manifested.) Observation shows that, as 
regards force, there may be two modes of variation of 
matter. As Newton says in the first definition of the 
Principia, “ the quantity of matter is the measure of the 
same, arising from its density and bulk conjunctly.*' 

1 Kater’s Treatise on Mechanics^ Cabinet Cyclopaedia, p. 154. 

^ tyrant’s History of Physical Astronomy, p. 156. 
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Thus the force required to set a body in motion varies 
both according to the bulk of the matter, and also accord- 
ing to its quality. Two cubic inches of iron of uniform 
quality, will require twice as much force as one cubic inch 
to produce a certain velocity in a given time ; but one cubic 
inch of gold will require more force than one cubic inch of 
iron. There is then some new measurable quality in 
matter apart from its bulk, which we may call density, and 
which is, strictly speaking, indicated by its capacity to 
resist and absorb the action of force. For the unit of 
density we may assume that of any substance which is uni- 
form in quality, and can readily be referred to from time to 
time. Pure water at any definite temperature, for instance 
that of snow melting under inappreciable pressure, fur- 
nishes an invariable standard of density, and by compar- 
ing equal bulks of various substances with a like bulk of 
ice-cold water, as regards the velocity produced in a unit 
of time by the same force, we should ascertain the densities 
of those substances as expressed in that of water. Practi- 
cally the force of gravity is used to measure density ; for a 
beautiful experiment with the pendulum, performed by 
Newton and repeated by Gauss, shows that all kinds of 
matter gravitate equally. (Two portions of matter then 
which are in equilibrium in the balance, may be assumed 
to possess equal inertia, and their densities will therefore 
be inversely as their cubic dimensions.^ 

Unit of Mass, 

Multiplying the number of units of density of a portion 
of matter, by the number of units of space occupied by it, 
we arrive at the quantity of matter, or, as it is usually 
called, the unit of mass, as indicated by the inertia and 
gravity it possesses. [To proceed in the most simple 
manner, the unit of mass ought to be that of a cubic unit 
of matter of the standard density;^ but the founders of 
the metrical syetem took as their unit of mass, the cubic 
centimetre of water, at the temperature of maximum 
density ^abolit 4° Cent.). They called this unit of mass 
the gramme, and constructed standard specimens of the 
kilogram, which might be readily referred to by all who 
required to employ accurate weights. Unfortunately the 
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■ determination of the bulk of a given weight of water at a 
certain temperature is an operation involving many dif- 
ficulties, and it cannot be performed in the present day 
with a greater exactness than that of about one part in 
5000, the results of careful observers being sometimes 
found to differ as much as one part in 1000.^ 

Weights, on the other hand, can be compared with 
each other to at least one part in a million. Hence if 
different specimens of the kilogram be prepared by direct 
weighing against water, they will not agree closely with 
each other ; the two principal standard kilograms agree 
neither with each other, nor with their definition. Accord- 
ing to Professor Miller the so-called Kilogramme des 
Archives weighs 15432-34874 grains, while the kilogram 
deposited at the Ministry of the Interior in Paris, as the 
standard for commercial purposes, weighs 1 5432*344 grains. 
Since a standard weight constructed of platinum, or plati- 
num and iridium, can be preserved free from any appreci- 
able alteration, and since it can be very accurately com- 
pared with other weights, we shall ultimately attain the 
greatest exactness in our measurements of mass, by assum- 
ing some single kilogram as a provisional standard, leaving 
the determination of its actual mass in units of space and 
density for future investigation. This is what is practi- 
cally done at the present day, and thus a unit of mass 
takes the place of the unit of density, both in the French 
and English systems. The English pound is defined by a 
certain lump of platinum, preserved at Westminster, and 
is an arbitrary mass, chosen meiely that it may agree as 
nearly as possible with old English pounds. The gallon, 
the old English unit of cubic measurement, is defined by 
the condition that it shall contain exactly ten pounds 
weight of water at 62® Fahr. ; and although it is stated that 
it has the capacity of about 277*274 cubic inches, this 
ratio between the cubic and linear systems of measure- 
ment is not legally enacted, but left open to investigation. 
While the French metric system as originally designed 
was theoretically perfect, it does not differ practically in 
this point from the English system. 


* Clerk MaxwelPs Theory of Heat, p. 79 , 
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Natural System of Standards, 

Quite recently Professor Clerk Maxwell has suggested 
that the vibrations of light and the atoms of matter might 
conceivably be employed as the ultimate standards of 
length, time, and mass. We should thus arrive at a 
natural system of standards, which, though possessing no 
present practical importance, has considerable theoretical 
interest. " In the present state of science,” he says, the 
most universal standard of length which we could assume 
would be the wave-length in vacuum of a particular kind 
of light, emitted by some widely diffused substance such 
as sodium, which has well-defined lines in its spectrum. 
Such a standard would be independent of any changes in 
the dimensions of the earth, and should be adopted by 
those who expect their writings to be more permanent than 
that body.” ^ In the same way we should get a universal 
standard unit of time, independent of all questions about 
the motion of material bodies, by taking as the unit the 
periodic time of vibration of that particular kind of light 
whose wave-length is the unit of length. It would follow 
that with these units of length and time the unit of 
velomty would coincide with the velocityiifJight in empty 
space. As regards the unit of mass, Professor Maxwell, 
humorously as I should think, remarks that if we expect 
soon to be able to determine the mass of a single molecule 
of some standard substance, we may wait for this deter- 
mination before fixing a universal standard of mass. 

In a theoretical point of view there can be no reasonable 
doubt that vibrations of light are, as far as we can tell, the 
most fixed in magnitude of all phenomena. There is as 
usual no certainty in the matter, for the properties of the 
basis of light may vary to some extent in different parts of 
space. But no differences could ever be established in the 
velocity of light in different parts of the solar system, and 
the spectra of the stars show that the times of vibration 
there do not differ perceptibly from those in this part of 
the universe. Thus all presumption is in favour of the 
absolute constancy of the vibrations of light — absolute, 
that is, so far as regards any means of investigation we are 


^ Treatise on Electricity and Magnetism^ yol. i. p. 3 . 
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likely to possess. Nearly the same considerations apply 
to the atomic weight as the standard of mass. It is im- 
possibl^o prove that all atoms of the same substance are 
of equal mass, arid some physicists think that they differ, so 
that the fixity of combining proportions may be due only 
to the approximate constancy of the mean of countless 
millions of discrepant weights. But in any case the de- 
tection of difference is probably beyond our powers. In a 
theoretical point of view, then, the magnitudes suggested 
by Professor Maxwell seem to be the most fixed ones of 
which we have any knowledge, so that they necessarily 
become the natural units. 

In a practical point of view, as Professor Maxwell would 
be the first to point out, tliey are of little or no value, be- 
cause in the present state of science we cann ot measii re a 
vibr ation or weigh an atom with any approacfiT to the 
accuracy which is affmnable in the comparison of standard 
metres and kilograms. The velocity of light is not known 
probably within a thousandth part, and as we progress in 
the knowledge of light, so we shall progress in the accu- 
rate fixation of other standards. All that can be said then, 
is that it is very desirable to determine the wave-lengths 
and periods of the principal lines of the solar spectrum, 
and the absolute atomic weights of the elements, with all 
attainable accuracy, in terms of our existing standards. 
The numbers thus obtained would admit of the reproduc- 
tion of our standards in some future age of the world to a 
corresponding degree of accuracy, were there need of such 
reference ; but so far as we can see at present, there is no 
considerable probability that this mode of reproduction 
would ever be the best mode. 

Subsidiary Units. 

Having once established the standard units of time, 
space, and density or mass, we might employ them for the 
expression of all quantities of such nature.^ But it is often 
convenient in particular branches of science to use mul- 
tiples or subraultiples of the original units, for the ex- 
pression of quantities in a simple manner. We use the 
mile rather than the yard when treating of the magnitude 
of the globe, and the mean distance of the earth and 
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sun is not too large a unit when we have to describe 
the distances of the stars. On the other hand, when wei 
are occupied with microscopic objects, the inch, the ling 
or the millimetre, become the most convenient terms o^ 
expression. 

It is allowable for a scientific man to introduce a new 
unit in any branch of knowledge, provided that it assists 
precise expression, and is carefully brought into relation 
with the primary units. Tlius Professor A. W. Williamson 
has proposed as a convenient unit of volume in chemical 
science, an absolute volume equal to about i i*2 lit res 
representing the bulk of one gram of hydrogen gas at 
standard temperature and pressure, or the equivalent weight 
of any other gas, such as i6 grams of oxygen, grams 
of nitrogen, &c. ; in short, the bulk of that quantity of 
any one of those gases which weighs as many grams as 
there are units in the number expressing its atomic 
weight.^ Hofmann has proposed a new unit of weight for 
chemists, called a crithy to be defined by the weight of one 
litre of hydrogen gas at o® C. and o°76 mm., weighing 
about 0*0896 gram .2 Both of these units must be re- 
garded as purely subordinate units, ultimately defined by 
reference to the primary units, and not involving any new 
assumption. 


Derived Units, 

The standard units ofi time, space, and mass having been 
once fixed, many kinds of magnitude are naturally measured 
by units derived from them. From the metre, the unit of 
linear magnitude follows in the most obvious manner the 
centi are or squ are metre, the unit of super ficia,! magnitude, 
and the litre that is the cube of the tenth part of a metre, 
the unit of capacity or volume. Velocity of motion is ex- 
pressed by the ratio of the space passed over, when the 
motion is uniform, to the time occupied ; hence the unit 
of velocity is that of a body which passes over a unit 
of space in a unit of time. In physical science the 
unit of velocity might be taken as one metre per second, 

^ Chemistry for Stv.dentSj by A. W. Williamson. Clarendon Press 
Series, 2nd ed. Preface p. vi, * * Introduction to Chemistry ^ p. 1 31, 

Y 
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Momentum is measured by the mass moving, regard being 
paid both to the amount of matter and the velocity at 
which it is moving. Hence the unit of momentum will be 
that of a unit volume of matter of the unit density moving 
with the unit velocity, or in the French system, a cubic 
centimetre of water of the maximum density moving one 
metre per second. 

An accelerating force is measured by the ratio of the 
momentum generated to the time occupied, the force 
being supposed to act uniformly. The unit of force will 
therefore be that which generates a unit of momentum 
in a unit of time, or which causes, in the French system, 
one cubic centimetre of water at maximum density to 
acquire in one second a velocity of one metre per second. 
The force of gravity is the most familiar kind of force, 
and as, when acting unimpeded upon any substance, it 
produces in a second a velocity of 9 80868 . . metres 
per second in Paris, it follows that the absolute unit 
of force is about the tenth part of the force of gravity. 
If we employ British weights and measures, the absolute 
unit of force is represented by the gravity of about half 
an ounce, since the force of gravity of any portion of 
matter acting upon that matter during one second, pro- 
duces a final velocity of 32*1889 feet per second or about 
32 units of velocity. Although from its perpetual action 
and approximate uniformity we find in gravity the most 
convenient force for reference, and thus habitually employ 
it to estimate quantities of matter, we must remember 
that it is only one of many instances of force. Strictly 
speaking, we should express weight in terms of force, but 
pradtically we express other forces in terms of weight. 

We still require the unit of energy, a more com- 
plex notion. The momentum of a body expresses the 
quantity of motion which belongs or would belong to the 
aggregate of the particles ; but when we consider how this 
motion is related to the action of a force producing or 
removing it, we find that the effect of a force is pro- 
portional to the mass multiplied by the square of the 
velocity and it is convenient to take half this product 
as the expression required. But it is shown in books 
upon dynamics that it will be exactly the same thing if 
we de&o energy by a force actiug through a space. The 
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natural unit of energy will then be that which overcomes 
a unit of force acting through a unit of space; when we 
lift one kilogram through ono metre, against gravity, we 
therefore accomplish 9*80868 . . units of work, that is, we 
turn so many units of potential energy existing in the 
muscles, into potential energy of gravitation. In lifting 
one pound through one foot there is in like manner a con- 
version of 32*1889 units of energy. Accordingly the 
unit of energy will be in the English system, that required 
to lift one pound through about the thirty-second part of . 
a foot ; in terms of metric units, it will be that required to 
lift a kilogram through about one tenth part of a metre. 

Every person is at liberty to measure and record 
quantities in terms of any unit which he likes. He 
may use the yard for linear measurement and the litre 
for cubic measurement, only there will then be a com- 
plicated relation between his different results. The 
system of derived units which we have been briefly con- 
sidering, is that which gives the most simple and natural 
relations between quantitative expressions of different 
kinds, and therefore conduces to ease of comprehension 
and saving of laborious calculation. 

It would evidently be a source of great convenience if 
scientific men could agree upon some single system of' 
units, original and derived, in terms of which all quantities 
could be expressed. Statements would thus be rendered 
easily comparable, a large part of scientific literature would 
be made intelligible to all, and the saving of mental labour 
would be immense. It seems to be generally allowed, too, 
that the metric system of weights and measures presents 
the best basis for the ultimate system; it is thoroughly 
established in Western Europe; it is legalised in England ; 
it is already commonly employed by scientific men ; it te 
in itself the most simple and scientific of systems. There 
is every reason then why the metric system should be 
accepted at least in its main features. 

Provisional Units, 

Ultimately, as we can hardly doubt, all phenomena 
will be recognised as so many manifestations of energy 
and, being expressed in terms of the unit of energy, will 

Y 2 
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be referable to the primary units of space, time, and 
density. To effect this reduction, however, in any particu- 
lar .case, we must not only be able to compare different 
quantities of the phenomenon, but to trace the whole 
series of steps by which it is connected with the primary 
notions. We can readily observe that the intensity of 
one source of light is greater than that of another ; and, 
knowing that the intensity of light decreases as the 
square of the distance increases, we can easily determine 
their comparative brilliance. Hence we can express the 
intensity of light falling upon any surface, if we have a 
unit in which to make the expression. Light is un- 
doubtedly one form of energy, and the unit ought therefore 
to be the unit of energy. But at present it is quite im- 
possible to say how much energy there is in any particular 
amount of light. The question then arises, — Are we to 
defer the measurement of light until we can assign its 
relation to other forms of energy ? If we answer Yes, it is 
equivalent to saying that the science of light must stand 
still perhaps for a generation ; and not only this science 
but many others. The true course evidently is to select, 
as the provisional unit of light, some light of convenient 
intensity, which can be reproduced from time to time in 
the same intensity, and which is defined by physical cir- 
cumstances. All the phenomena of light may be experi- 
mentally investigated relatively to this unit, for instance 
that obtained after much labour by Bunsen and Eoscoe.^ 
In after years it will become a matter of inquiry what is 
the energy exerted in such unit of light ; but it may be 
long before the relation is exactly determined. 

^A provisional unit, then, means one which is assumed 
and physically defined in a safe and reproducible manner, 
in order that particular quantities may be compared inter 
h more accurately than they can yet be referred to the 
primary units^ In reality the great majority of our 
measurements are expressed in terms of such provisionally 
independent units, and even the unit of mass, as we have 
seen, ought to be considered as provisional. 

The unit of heat ought to be simply the unit’ of energy, 
already described. But a weight can be measured to the 

* FMlosophical Transactions (1859), vol. cxlix. p. 884, &c. 
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one* millionth part, and temperature to less than the 
thousandth pat*t of a degree Fahrenheit, and to less there- 
fore than the five-hundred thousandth part of the absolute 
temperature, whereas the mechanical equivalent of heat is 
probably not known to the thousandth part. Hence the 
need of a provisional unit of heat, which is often taken as 
that requisite to raise one gram of water through one degree 
Centigrade, that is from o° to i°. This quantity of heat is 
capable of approximate expression in terms of time, space, 
and mass ; for by the natural constant, determined by Dr. 
Joule, and called the mechanical equivalent of heat, we 
know that the assumed unit of heat is equal to the energy 
of 42 3 *5 5 gram-metres, or that energy which ^wiU raise 
the mass of 423*55 grams through one metre against 9*8... 
absolute units of force. Heat may also be expressed in 
terms of the quantity of ice at 0° Cent., which it is capable 
of converting into water under inappreciable pressure. 

Theory of Dimensions. 

In order to understand the relations between the quan- 
tities dealt with in physical science, it is necessary to pay 
attention to the Theory of Dimensions, first clearly stated 
by Joseph Fourier,^ but in later years developed by several 
physicists. This theory investigates the manner in which 
each derived unit depends upon or involves one or more of 
the fundamental units. The number of units in a rectan- 
gular area is found by multiplying together the numbers 
of units in the sides ; thus the unit of length enters twice 
into the unit of area, which is therefore said to have two 
dimensions with respect to length. Denoting length by L, 
we may say that the dimensions of area are L x L or 
It is obvious in the same way that the dimensions of 
volume or bulk will be L^. 

The number of units of mass in a body is found by mul- 
tiplying the number of units of volume, by those of density. 
Hence mass is of three dimensions as regards length, 
and one as regards density. Calling density D, the dimen- 
sions of mass are DD, As already explained, however, 
it is usual to substitute an arbitrary provisional unit of 

> TheorU Analytique de la Chaleur, Paris; 1822, §§ 157 — 162. 
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mass, symbolised by M ; according to the view here taken 
we may say that the dimensions of M are 

Introducing time, denoted by jT, it is easy to see that 

the dimensions of velocity will be ^ or LT^\ because 

the number of units in the velocity of a body is found 
by dividing the units of length passed over by the units 
of time occupied in passing. The acceleration of a body 
is measured by the increase of velocity in relation to 
the time, that is, we must divide the units of velocity 
gained by the units of time occupied in gaining it ; hence 
its dimensions will be LT'K Momentum is the product 
of mass a^id velocity, so that its dimensions are MLT^^, 
The effect of a force is measured by the acceleration 
produced in a unit of mass in a unit of time ; hence the 
dimensions of force are MLT~\ Work done is pro- 
portional to the force acting and to the space through 
which it acts ; so that it has the dimensions of force with 
that of length added, giving 

It should be particularly noticed that angular mag- 
nitude has no dimensions at all, being measured by the 
ratio of the arc to the radius (p. 305). Thus we have the 
dimensions or Z®. This agrees with the statement 
previously made, that no arbitrary unit of angular mag- 
nitude is needed. Similarly, all pu re numbers ca ressing 
ratios only, such as sines and other trigonometrical func- 
tionsTloga-rithms, exponents, &c., are devoid of dimensions. 
They are absolute numbers necessarily expressed in terms 
of unity itself, and are quite unaflected by the selection of 
the arbitrary physical units. Angular magnitude, however, 
enters into other quantities, such as angular velocity, which 

has the dimensions i or the units of angle being 

divided by the units of time occupied. The dimensions of 
angular acceleration are denoted by 

The quantities treated in the theories of heat and 
electricity are numerous and complicated as regards 
their dimensions. Thermal capacity has the dimensions 
theriml conductivity, In Magnetism 

tlm^ dimensions of the strength of pole are 
the dimensions of field intensity are Jf and the 
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intensity of magnetisation has the same dimensions. In the 
science of electricity physicists have to deal with numerous 
kinds of quantity, and their dimensions are different too in 
the electro-static and the electro-magnetic systems. Thus 
electro - motive force has the dimensions ^ in 

the foT-flaer, and in the latter system. Capa- 

city simply depends upon length in electro- statics, but 
upon Ir^T^ in electro-magnetics. It is worthy of par- 
ticular notice that electrical quantities have simple dimen- 
sions when expressed in terms of density instead of mass. 
The instances now given are sufficient to show the diffi- 
culty of conceiving and following out the relations of the 
quantities treated in physical science without ajsystematic 
method of calculating and exhibiting their dimensions. It 
is only in quite recent years that clear ideas about these 
quantities have been attained. Half a century ago pro- 
bably no one but Fourier could have explained what he 
meant by temperature or capacity for heat. The notion 
of measuring electricity had hardly been entertained. 

Besides affording us a clear view of the complex relations 
of physical quantities, this theory is specially useful in 
two ways. Firstlj^J^it affords a test o f the corre ctness of 
mathematicaJLreasoning. According to the ^rinci'pU of 
Homogeneity, all the quantities added together, and equated 
in any equation, must have the same dimensions. . Hence*^ 
if, on estimating the dimensions of the terms in any equa- 
tion, they be not homogeneous, some blunder must have 
been committed. It is impossible to add a force to a velo- 
city, or a mass to a momentum. Even if the numerical 
values of the two members of a non-homogeneous equation 
were equal, this would be accidental, and any alteration in 
the physical units would produce inequality and disclose 
the falsity of the law expressed in the equation. 

Secondly, the theory of units enables us readily and' 
infallibly to deduce the change in the numerical expression, 
of any physical quantity, produced by a change in thej 
fundamental units. It is of course obvious that in order 
to represent the same absolute quantity, a number must 
vary invel'sely as the magnitude of the units which are 
numbered. The yard expressed in feet is 3 ; taking the 
inch as the unit instead of the foot it becomes 36. Every 
quantity into which the diinension length enters positively 
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must be altered in like manner. Changing the unit from 
the foot to the inch, numerical expressions of volume must 
be multiplied by 12 x I2 x 12. When a dimension enters 
negatively the opposite rule will hold. If for the minute 
we substitute the second as unit of time, then we must 
divide aU numbers expressing angular velocities by 60, 
and numbers expressing angular acceleration by 60 x 60. 
The rule is that a numerical expression varies inversely as 
the magnitude of the unit as regards each whole dimension 
entering positively, and it varies directly as the magnitude! 
of the unit for each whole dimension entering negatively.' 
In the case of fractional exponents, the proper root of the 
ratio of change has to be taken. 

The stucly of this subject may be continued in Professor 
J. D. Everett’s " Illustrations of the Centimetre-gramme- 
second System of Units,” published by Taylor and Francis, 
1875 ; in Professor Maxwell’s ‘‘ Theory of Heat ; ” or Pro- 
fessor Fleeming Jenkin’s “Text Book of Electricity.” 

Natural Constants. 

Having acquired accurate measuring instruments, and 
decided upon the units in which the results shall be ex- 
pressed, there remains the question, What use shall be 
made of our powers of measurement ? Our principal 
object must be to discover general quantitative laws of 
nature ; but a very large amount of preliminary labour is 
employed in the accurate determination of the dimensions 
of existing objects, and the numerical relations between 
diverse forces and phenomena. Step by step every part 
of the material universe is surveyed and brought into 
known relations with other parts. Each manifestation of 
energy is correlated with each other kind of manifestation. 
Professor Tyndall has described the care with which such 
operations are conducted.^ 

“ Those . who are unacquainted with the details oft 
scientific investigation, have no idea of the amount ofl 
labour expended on the determination of those numbersi 
on which important calculations or inferencqs depend; 
They have no idea of the patience shown by a Berzelius 
in determining atomic weights ; by a Begnf^ult in deter-^ 
t Tyndall^s Sounds ist ed.^. 26. 
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mining coefficients of expansion; or by a Joule in deter- 
mining the mechanical equivalent of heat. There is a 
morality brought to bear upon such matters which, in 
point of severity, is probably without a parallel in any other 
domain of intellectual action.’* 

Every new natural constant which is recorded brings 
many fresh inferences within our power. For if n be the 
number of such constants known, then \ {n^ — n) is the 
number of ratios which are within our powers of calcula- 
tion, and this increases with the square of n. We thus 
'gradually piece together a map of nature, in which the 
lines of inference from one phenomenon to another rapidly 
grow in complexity, and the powers of scientific prediction 
are correspondingly augmented. 

Babbage i proposed the formation of a collection of the 
constant numbers of nature, a w^ork which has at last 
been taken in hand by the Smithsonian Institution.® It 
is true that a complete collection of such numbers would 
be almost co-extensive with scientific literature, since 
almost all the numbers occurring in works on chemistry, 
mineralogy, physics, astronomy, &c., would have to be 
included. Still a handy volume giving all the more 
important numbers and their logarithms, referred when 
requisite to the different units in common use, would be 
very useful. A small collection of constant numbers will 
be found at the end of Babbage’s, Hutton’s, and many 
other tables of logarithms, and a somewhat larger collec- 
tion is given in Templeton’s Millwright and Engineer's 
Pocket Companion, 

Our present object w^ill be to classify these constant 
numbers roughly, according to their comparative generality 
and importance, under the following heads : — 

(1) Mathematical constants, - 

(2) Physical constants. . 

(3) Astronomical constants. 

(4) Terrestrial numbers. ^ 

(5) Organic numbers. . 

(6) Social numbers. 

' British Association, Cambridge, 1833. Report, pp. 484 — 490. 

® Smithsonian Miscellaneous Colleetionst vol. adi., tne Constants of 
Nature, part, 1 Specific gravities compiled by F. W. Clai’ke. 8vo, 
Washington, 1873. 
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MatTiematical Constants, 

* 

At the head of the list of natural constants must come 
those which express the necessary relations of numbers to 
each other. The ordinary Multiplication Table is the 
most familiar and the most important of such series of 
constants, and is, theoretically speaking, infinite in extent. 
Next we must place the Arithmetical Triangle, the sig- 
ijificance of which has already been pointed out (p. 182). 
4 'ables of logarithms also contain vast series of natural 
constants, arising out of the relations of pure numbers.* 
^t the base of all logarithmic theory is the mysterious 
^atural constant commonly denoted by e, or €, being 

equal to the infinite series i + - + * H — - — I U 

and thus consisting of the sum of the ratios between the 
numbers of permutations and combinations of o, i, 2, 3, 
4, &C. things. Tables of prime numbers and of the factors 
of composite numbers must not be forgotten. 

Another vast and in fact infinite series of numerical 
constants contains those connected with the measure- 
ment of angles, and embodied in trigonometrical tables, 
whether as natural or logarithmic sines, cosines, and 
tangents. It should never be forgotten that though 
these numbers find their chief employment in connection 
with trigonometry, or the measurement of the sides of a 
right-angled triangle, yet the numbers themselves arise 
out of numerical relations bearing no special relation to 
space. Foremost among trigonometrical constants is the 
well known number tt, usually employed as expressing 
the ratio of the circumference and the diameter* of a 
circle ; from tt follows the value of the arcual or natural 
unit of angular value as expressed in ordinary degrees 
(p. 306). 

Among other mathematical constants not uncommonly 
used may be mentioned tables of factorials (p. 179), tables 
of Bernouilli’s numbers, tables of the error function,^ 
which latter are indispensable not only in the theory of 
probability but also in several other branches of science. 

1 J. W. X. Glaisher, Philosophical Magaxine, 4th Series, voL xlii 
p. 421. 
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It should be clearly undei-stood that the mathematical 
constants and tables of reference already in our possession, 
although very extensive, are only an infinitely small part 
of what might be formed. With the progress of science 
the tabulation of new functions will be continually 
demanded, and it is worthy of consideration whether 
public money should not be available to reward the 
severe, long continued, and generally thankless labour 
which must be gone through in calculating tables. Such 
labours are a benefit to the whole human race as long as 
it shall exist, though there are few who can appreciate 
the extent of this benefit. A most interesting and excel- 
lent description of many mathematical tables will be 
found in De Morgan’s article on Tables, in the English 
Cyclopcedia, Division of Arts and Sciences, vol. vii. p. 976. 
An almost exhaustive critical catalogue of extant tables is 
being published by a Committee of the British Association, 
two portions, drawn up chiefly by Mr. J. W. L. Glaisher 
and Professor Cayley, having appeared in the Reports of 
the Association for 1873 and 1875. 

Physical Constants. 

The second class of constants contains those which 
refer to the actual constitution of matter. For the most 
part they depend upon the peculiarities of the chemical' 
substance in question, but we may begin with those 
which are of the most general character. In a first sub- 
class we may place the velocity of light or heat undula- 
tions, the numbers expressing the relation between the 
lengths of the undulations, and the rapidity of the 
undulations, these numbers depending only on the pro- 
perties of the ethereal medium, and being probably the 
same in all parts of the universe. The theory of heat 
gives rise to several numbers of the highest importance, 
especially Jou le’s ipe c^nical equivalent of heat, the 
absolute zero of^ temp erature, the mean temperature of 
empty spaceT&cT ~~ 

Taking into account the diverse properties of the 
elements we must have tables of the atomic weig hts, 
the specific heats, the specific gravities, the refr^tive 
powers, not ^only of the elemeSTs, but their almost 
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infinitely numerous compounds. The properties of hardness, 
elasticity, viscos ity, ex pan sion ,hy beat, conducting powers 
for heat and elcSricityT^must also be determined in 
immense^ detail. There are, however, certain of these' 
numbers" which stand out prominently because they serve 
as intermediate units or terms of comparison. Such are, 
for instance, the absolute coefficients of expansion of air, 
water and mercury, the temperature of the maximum, 
density of water, the latent heats of water and steam, 
the boiling-point of water under standard pressure, the 
melting and boiling-points of mercury, and so forth. 

Astronomical Constants, 

The third great class consists of numbers possessing far 
less generality because they refer not to the properties of 
matter, but to the special forms and distances in which 
matter has been disposed in the part of the universe open 
to our examination. We have, first of all, to define the 
magnitude and form of the earth, its mean density, the 
constant of aberration of light expressing the relation 
between the earth’s mean velocity in space and the 
velocity of light. From the earth, as our observatory, we 
then proceed to lay down the mean distances of the sun, 
and of the planets from the same centre ; all the elements 
of the planetary orbits, the magnitudes, densities, masses, 
periods of axial rotation of the several planets are by 
degrees determined with growing accuracy. The same 
labours must be gone through for the satellites. Cata- 
logues of comets with the elements of their orbits, as far 
as ascertainable, must not be omitted. 

From the earth’s orbit as a new base of observafions, 
we next proceed to survey the heavens and lay down the 
apparent positions, magnitudes, motions, distances, periods 
of variation, &c. of the stars. All catalogues of stars from 
those of Hipparchus and Tycho, are full of numbers ex- 
pressing rudely the conformation of the visible universe. 
But there is obviously no limit to the labours of astrono- 
mers ; not only are millions of distant stars awaiting their 
first measurements, but those already registered require 
endless scrutiny as regards their movements in the three 
dimensions of space, their periods of revolution, their 



XIV.] UNITS AND STANDARDS OF MEASUREMENT. 333 

changes of brilliance and colour. It is obvious that 
though astronomical numbers are conventionally called 
constant, they are probably in all cases subject to more 
or less rapid variation. 

Terrestrial Numlers, 

Our knowledge of the globe we inhabit involves many 
numerical determinations, which have little or no con- 
nection with astronomical theory. The extreme heights 
of the principal mountains, the mean elevations of 
continents, the mean or extreme depths of the oceans, 
tlie specific gravities of rocks, the temperature of mines, 
the host of numbers expressing the meteorological or 
magnetic conditions of every part of the surface, must 
fall into this class. Many such numbers are not to be 
called constant, being subject to periodic or secular 
changes, but they are hardly more variable in fact than 
some which in astronomical science are set down as 
constant. In many cases quantities which seem most 
variable may go through rhythmical changes resulting 
in a nearly uniform average, and it is only in the long 
progress of physical investigation that we can hope to 
discriminate successfully between those elemental num- 
bers which are fixed tod those which vary. In the latter 
case the law of variation becomes the constant relation 
which is the object of our search. 

Organic Numbers. 

The forms and properties of brute nature having been 
sufficiently defined by the previous classes of numbers, 
the organic world, both vegetable and animal, remains 
outstanding, and offers a higher series of phenomena for 
our investigation. All exact knowledge relating to the 
forms and sizes of living things, their numbers, the 
quantities of various compounds which they consume, 
contain, or excrete, their muscular or nervous energy, &c. 
must be placed apart in a class by themselves. All such 
numbers •are doubtless more or less subject to variation, 
and but in a minor degree capable of exact determination. 
Man, so far as he is an animal, and as regards Ids physical 
form, must also be treated in this class. 
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Social Numbers. 

Little allusion need be made in this work to the fact 
that man in his economic, sanitary, intellectual, jesthetid, 
or moral relations may become the subject of sciences, 
the highest and most useful of all sciences. Every one 
who is engaged in statistical inquiry must acknowledge 
the possibility of natural laws governing such statistical 
facts. Hence we must allot a distinct place to numerical 
information relating to the numbers, ages, physical and 
sanitary condition, mortality, &c., of different peoples, in 
short, to vital statistics. Economic statistics, comjpre- 
hending the quantities of commodities produced, existing, 
exchanged and consumed, constitute another extensive 
body of science. In the progress of time exact investi- 
gation may possibly subdue regions of phenomena which 
at present defy all scientific treatment. That scientific 
method can ever exhaust the phenomena of the human 
mind is incredible. 



CHAPTER XV. 


ANALYSIS OF QUANTITATIVE 'PHENOMENA. 

In the two preceding chapters we have been engaged 
in considering how a phenomenon may be accurately 
measured and expressed. So delicate and complex an 
operation is a measurement which pretends to any con- 
siderable degree of exactness, that no small part of the 
skill and patience of physicists is usually spent upon this 
work. Much of this difficulty arises from the fact that 
it is scarcely ever possible to measure a single effect at a 
time. (The ultimate object must be to discover the 
mathematical equation or law connecting a quantitative 
cause with its quantitative effect ; this purpose usually 
involves, as we shall see, the varying of one condition at 
a time, the other conditions being maintained constant. 
The labours of the experimentalist would be compara- 
tively light if he could carry out this rule of varying one 
circumstance at a time. He would then obtain a series of 
corresponding values of the variable quantities concerned, 
from which he might by proper hypothetical treatment 
obtain the required law of connection. But in reality it 
is seldom possible to carry out this direction except in an 
approximate manner, i Before then we proceed to the 
consideration of the actual process of quantitative induc- 
tion, it is necessary to review the several devices by 
which a complicated series of effects can be disentangled. 
Every phenomenon , measured will usually be the sum, 
difference, or it may be the product or quotient, of 
two or more different effects, and these must be in some 
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way analysed and separately measured before we possess 
the materials for inductive treatment. 

Illustrations of the Complication of Effects, 

It is easy to bring forward a multitude of instances to 
“show that a phenomenon is seldom to be observed simple 
and alone. A more or less elaborate process of analysis 
is almost always necessary. fTlius if an experimentalist 
wishes to observe and measure the expansion of a liquid 
by heat, he ydaces it in a thermometer tube and registers 
the rise of the column of liquid in the narrow tube. But 
he cannot heat the liquid without also heating tiie glass, 
so that the change observed is really the difference between 
the expansions of the liquid and the glass. More minute 
investigation will show (he necessity perhaps of allowing 
for further minute effects, namely the compression of the 
liquid and the expansion of the bulb due to the increased 
pressure of the column as it becomes lengthened. ) 

In a great many cases an observed effect will be 
apparently at least the simple sum of two septira te and 
indepe ndent eff ects. The heat evolved in the combustion 
of oil is partly due to the carbon and partly to the 
hydrogen. (A measurement of the heat yielded by the two 
jointly, cannot inform us how much proceeds from the 
one and how much from the other. If by some se|)arato 
determination we can ascertain how much the hydrogen 
yields, then by mere subtraction we learn what is due 
to the carbon ; and vice versa, i^The heat conveyed by a 
liquid, may be partly conveyed by true conduction, partly 
by convection. The light dispersed in the interior of a 
liquid consists both of what is rellected by floating 
particles and what is due to true fluorescence d ^^iid we 
must find some mode of determining one ■[)ortion before 
we can learn the other . ) The apparent motion of the spots 
on the sun, is the algebraic sum of the sun’s axial 
rotation, and of the proper motion of the spots upon the 
sun’s surface; hence the difficulty of ascertaining by 
direct observations the period of the sun’s rotation. 

VWe cannot obtain the weight of a portion of liquid 


1 Stokes, Philosophical Transactions (1852), vol. cxlii. p. 529. 
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in a chemical balance without weighing it with the 
containing vessel.) Hence to have the real weight of 
the liquid operated upon in an experiment, we must 
make a separate weighing of the vessel, with or without, 
the adhering film of liquid according to circumstances. 
This is likewise the mode in which a cart and its load 
are weighed together, the tare of the cart previously 
ascertained being deducted. / The variation in the height 
of the barometer is a joint effect, partly due to the real 
variation of the atmospheric pressure, partly to the expan- 
sion of the mercurial column by heat. The effects may 
be discriminated, if, instead of one barometer tube we have 
two tubes containing mercury placed closely side by side, 
so as to have the same temperature. If one of them be 
closed at the bottom so as to be unaffected by the atmo- 
s])heric pressure, it will show the changes due to tempera- 
ture only, and, by subtracting these changes from those 
shown in the otlier tube, employed as a barometer, we 
get the real oscillations of atmospheric pressure. But 
this correction, as it is called, of the barometric reading, 
is better effected by calculation from the reaefings of 
an ordinary thermometer.) 

In other cases a quantitative effect will be the difference , 
of t wo c auses acting m opposite directions. Sir Tfolni 
H ersch el in vented an instrument like a large therrnomuter, 
which he called the Actinqmeter,^ and Pouillet constructed 
a somewhat similar instrument called the JYrheliometer, 
for ascertaining the heating power of the sun’s rays. ^In 
both instruments the heat of the sun was absorbed by a 
reservoir containing water, and the rise of temperature 
of the water was exactly observed, either by its own 
expansion, or by the readings of a delicate thermometer 
immersed in it. But in ex])Osing the actinometer to the 
sun, we do not obtain the full effect of the heat absorbed, 
because the receiving surface is at the same time radiating 
heat into empty space. The observed increment of tem- 
perature is in short the difference between what is received 
from the sun and lost by radiation. The latter quantity is 
capable of l*eady determination ; we have only to shade the 
instrument from the direct rays of the sun, leaving it 

^ Admiralty Manual of Scientific Enquiry ^ 2nd ed. p. 299. 

Z 
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exposed to the sky, and we can observe how much it cools 
in a certain time. The total effect of the sun’s rays will 
obviously be the apparent effect plus the cooling effect in 
an equal time. By alternate exposure in sun and shade 
during equal intervals the desired result may be obtained 
with considerable accuracy.^) 

Two quantitative effects were beautifully distinguished 
in an experiment of John Canton, devised in 1761 for the 
purpose of demonstrating the compressibility of water. 
He constructed a thermometer with a large bulb full of 
water and a short capillary tube, the part of which above 
the water was freed from air. Under these circumstances 
the water was relieved from t})e pressure of the atmo- 
sphere, but the glass bulb in bearing that pressure was 
pmewhat contracted. He next placed the instrument 
npder the receiver of an air-pump, and on exhausting the 
air, the water sank in the tube. Having thus obtained a 
measure of the effect of atmospheric pressure on tlie bulb, 
he opened the top of the thermometer tube and admitted 
the air. The level of the water now sank still more, partly 
from the pressure on the bulb being now compensated, and 
partly from the compression of the water by the atmo- 
spheric pressure. Jt is obvious that the amount of the 
latter eflect was approximately the difference of the two 
observed depressions. 

Not uncommonly the actual phenomenon which we wish 
to measure is considerably less than various disturbing 
effects which enter into the question. Thus the compres- 
sibility of mercury is considerably less than the expansion 
of the vessels in which it is measured under pressure, so 
that the attention of the experimentalist has chieffy to be 
concentrated on the change of magnitude of the vessels. 
Many astronomical phenomena, such as the })arallax or the 
proper motions of the fixed stars, are far less than the 
errors caused by instrumental imperfections, or motions 
arising from precession, nutation, and aberration. We 
need not be surprised that astronomers have from time to 
time mistaken one phenomenon for another, as when Flam- 
steed imagined that he had discovered the parallax of the 
Pole star.^ 

* Pouillet, Taylor's Scuntific Memoirs, vol. iv. p. 45. 

* Baily’s Account of the Mev, John FLa/msteed, p. 58. 
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Methods of Elimiitating Error. 

In ari}^ particular experiment it is the ol^ject of the ex- 
periinentalist to measure a single effect only, and he 
endeavours to obtain that effect free from interiering 
effects. If this cannot he, as it seldom or never can 
really be, he makes the effect as considerable as possible 
compared with the other effects, which he reduces to a 
minimum, and treats as noxious errors. Those quantities, 
wliich are called errors in one case, may really be most 
important and interesting phenomena in another investiga- 
tion. When we speak of eliminating error we really 
mean disentangling the complicated phenomena of nature. 
The physicist rightly wishes to treat one thing at a time, 
but as this object can seldom be rigorously carried into 
practice, he has to seek some mode of counteracting the 
irridevant and interfering causes. 

The general principle is that a single observation can 
render known only a single quantity. Hence, if several 
diiferent quantitative effects are known to enter into any 
investigation, we must liave at least as many distinct ob- 
servations as there are quantities to be determined. Every 
complete experiment will therefore consist in general of 
several operations, (iuided if possible by previous know- 
ledge of tlie causes in action, we must arrange the deter- 
minations, so that by a simple mathematical process we 
may distinguish the separate quantities. There appear to 
he five principal methods by which we may accomplish 
this object ; these methods are specified below and illus- 
trated in the succeeding sections. 

(1) The Method of Avoidance. The physicist may seek 
for some special mode of experiment or opportunity of obser- 
vation, in which the error is non-existent or inappreciable. 

(2) The Differential Method, lie may find opportunities 
of observation when all interfering phenomena remain con- 
stant, and only the subject of observation is at one time 
present and another time absent ; the difference between 
two observations then gives its amount. 

(3) The* Method of Correction. He may endeavour to 
estimate the amount of the interfering effect by the best 
available mode, and then make a corresponding correction 
in the lesults of observation. 

z 2 
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(4) The Method of Compensation. He may invent some 
mode of neutralising the interfering cause by balancing 
against it an exactly equal and opposite cause of unknown 
amount. 

(5) The Method of Reversal. He may so conduct the 
experiment that the interfering cause may act in opposite 
directions, in alternate observations, the mean result being 
free from interference. 

I. Method of Avoidance of Error. 

Astronomers seek opportunities of observation when 
errors will be as small as possible. In spite of elaborate 
observations and long-continued theoretical investigation, 
it is not practicable to assign any satisfactory law to the 
refractive power of the atmosphere. Although the a])pa- 
]*ent change of place of a heavenly body produced by 
, ]‘efraction may be more or less accurately calculated yet 
tlie error depends upon the temperature and pressure of 
the atmosphere, and, when a ray is higlily inclined to the 
perpendicular, the uncertainty in the refraction becomes 
very considerable. Hence astronomers always make their 
observations, if possible, when the object is at the highest 
point of its daily course, i.e. on the meridian. In some 
kinds of investigation, as, for instance, in the determination 
of the latitude of an observatory, the astronomer is at 
liberty to select one or more stars out of the countless 
number visible. There is an evident advantage in such a 
case, in selecting a star which passes close to the zenith, 
so that it may be observed almost entirely free from atmo- 
splieric relraction, as was done by Hooke. 

Astronomers endeavour to render their clocks as accurate 
as possible, by removing the source of variation. The 
pendulum is perfectly isochronous so long as its length 
remains invariable, and the vibrations are exactly of equal 
length. They render it nearly invariable in length, that 
is in the distance between the centres of suspension and 
oscillation, by a compensatory arrangement for the change 
of temperature. But as this compensation may not be 
perfectly accomplished, some astronomers place their chief 
controlling clock in a cellar, or other apartment, where 
the changes of temperature may be as slight as possible. 
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At the Paris Observatory a clock has been placed in the 
caves beneath the building, where there is no appreciable 
difference between the summer and winter temperature. 

To avoid the effect of unequal oscillations Huyghens 
made his beautiful investigations, which resulted in the 
discovery that a pendulum, of which the centre of oscilla- 
tion moved upon a cycloidal path, would be perfectly 
isochronous, whatever the variation in the length of oscilla- 
tions. But though a pendulum may be easily rendered in 
some degree cycloidal by the use of a steel suspension 
spring, it is found that the mechanical arrangements re- 
quisite to produce a truly cycloidal motion introduce more 
error than they remove. Hence astronomers seek to 
reduce the error to the smallest amount by maintaining 
their clock pendulums in uniform movement; in fact, 
while a clock is in good order and has the same weights, 
there need be little change in the length of oscillation. 
When a pendulum cannot be made to swing uniformly, as 
in experiments upon tlie force of gravity, it becomes re- 
quisite to resort to the third method, and a correction is 
introduced, calculated on theoretical grounds from the 
amount of the observed change in the length of vibration. 

C.It has been mentioned that the apparent expansion of a 
liquid by heat, when contained in a thermometer tube or 
other vessel, is the difference between the real expansion 
of the liquid and that of the containing vessel. The 
effects can be accmrately distinguished provided that we 
can learn the real expansion by heat of any one convenient 
liquid ; for by observing the apparent expansion of tlie 
same liquid in any required vessel we can by difference 
learn the amount of expansion of the vessel due to any 
given change of temperature. When we once know the 
change of dimensions of the vessel, we can of course deter- 
mine the absolute expansion of any other liquid tested in 
it. Thus it became an all-important object in scientific 
research to measure with accuracy the absolute dilatation 
by heat of some one liquid, and mercury owing to several 
circumstances was by far the most suitable. Dulong and 
Petit devis*ed a beautiful mode of effecting this by simply 
avoiding altogether the effect of the change of size of the 
vessel. Two upright tubes full of mercury were connected 
by a fine tube at the bottom, and were maintained at two 
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different temperatures. As mercury was free to flow from 
one tube to the other by the connecting tube, the two 
columns necessarily exerted equal pressures by the princi- 
ples of hydrostatics. Hence it was only necessary to mea- 
sure very accurately by a cathetometer the difference of 
level of the surfaces of the two columns of mercury, to 
learn the difference of length of columns of equal hydro- 
static pressure, which at once gives the difference of den- 
sity of the mercury, and the dilatation by heat. The 
changes of dimension in the containing tubes became a 
matter of entire indifference, and the length of‘ a column 
of mercury at different temperatures was me.asured as 
easily as if it had formed a solid bar. \ The experiment was 
carried out by Eegnault with many improvements of detail, 
and the absolute dilatation of mercury, at temperatures 
between o'" Cent, and 35o‘\ was determined almost as 
accurately as was needful.^ 

The presence of a large and uncertain amount of error 
may render a method of experiment valueless. Foucault 
devised a beautiful experiment with the pendulum for 
demonstrating popularly the rotation of the earth, but it 
could be of no use for measuring the rotation exactly. It 
is impossible to make the ])endiilum swing in a perfect 
])]ane, and the slightest lateral motion gives it an elliptic 
path with a progressive motion of the axis of the ellipse, 
which disguises and often entirely overpowers that due to 
the rotation of the earth.*^ 

Faraday’s laborious experiments on the relation of gravity 
and electricity were much obstructed by the fact that it is 
impossible to move a large weight of metal without genei- 
ating currents of electricity, either by friction or induction. 
To distinguish the electricity, if any, directly due to the 
action of gravity from the greater quantities indirectly pro- 
duced was a j)roblem of excessive difficulty. Haily in his 
experiments on the density of the earth was aware of the 
existence of inexplicable disturbances which have since 
been referred with much probability to the action of 
electricity.^ The skill and ingenuity of the experimentalist 

^ Jamin, Cours de Physique, vol. ii. pp. 15 — 28. 

Philosojjhical Magazine, 1851, 4th Seritjs, vol. ii. passim, 

Hetfin, Philosophical Traiutaciions, 1847, vol. cxxxvii. pp. 217 
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are often exhausted in trying to devise a form of apparatus 
in which such causes of error shall be reduced to a 
minimum. 

In some rudimentary experiments we wish merely to 
establish the existence of a quantitative effect without 
precisely measuring its amount ; if there exist causes of 
error of which we can neither render the amount known 
or inappreciable, the best way is to make them all 
negative so that the quantitative effects will be less than 
the truth rather than greater. Grove, for instance, in 
proving that the magnetisation or demagnetisation of a 
])iece of iron raises its temperature, took care to maintain 
the electro-magnet by which the iron was magnetised at 
a lower temperature than the iron, so that it would cool 
rather than warm the iron by radiation or conduction.^ 

llumford’s celebrated experiment to prove that heat was 
generated out of mechanical force in the boring of a 
cannon was sulgect to the difficulty that heat might be 
brought to the cannon by conduction from neighbouring 
bodies. It was an ingenious device of Davy to produce 
i’riction by a i)iece of clotik-work resting upon a block 
(jf ice in an exhausted receiver; as the machine rose in 
temperature above 32*^, it was certain that no heat was 
received by conduction from the support.^ In many 
other experiments ice may be employed to prevent the 
access of heat by conduction, and this device, first put in 
])ractice by jMurray,^ is beautifully employed in Bunsen’s 
calorimeter. 

[To observe the true temperature of the air, though 
apparently so easy, is really a very difficult matter, because 
the thermometer is sure to be affected either by the sun’s 
rays, the radiation from neighbouring objects, or the escape 
of heat into space. These sources of error are too fluctu- 
ating to allow of correction, so that the. only accurate mode 
of procedure is that devised by Dr. J oule, of surrounding 
the thermometer with a copper cylinder ingeniously 


^ The Cof relation of Physical Forces, 3rd ed. p. 159. 

2 Collected Works of Jl, Davy, vol. ii. pp. 12 — 14. Elements of 
Chemical Philosophy, p. 94. 

Nicholson’s Journal, vol. i. p. 241 ; quoted in Treatise on Heat 
Useful Knowledge Society, p. 24. 
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adjusted to tlie temperature of the air, as described by 
him, so that the effect of radiation shall be nullified.^ i 
When the avoidance of error is not practicable, it will 
yet be desirable to reduce the absolute amount of the 
interfering error as much as possible before employing the 
succeeding methods to correct the result. As a general 
rule we can determine a quantity with less inaccuracy as 
it is smaller, so that if the error itself be small the error in 
determining that error will be of a still lower order of 
magnitude. But in some cases the absolute amount of an 
error is of no consequence, as in the index error of a 
divided circle, or the difference between a chronometer and 
astronomical time. Even the rate at which a clock gains 
or loses is a matter of little importance provided it remain 
constant, so that a sure calculation of its amount can be 
made. 


2. Differential Method, 

(When we cannot avoid the existence of error, we can 
often resort with success to the second mode by measuring 
phenomena under such circumstances that the error shall 
remain very nearly the same in all the observations, and 
neutralise itself as regards the purposes in view. This 
mode is available whenever we want a difference between 
quantities and not the absolute quantity of either.J The 
determination of the parallax of the fixed stars is exceed- 
ingly difficult, because the amount of parallax is far less 
than most of the corrections for atmospheric refraction, 
nutation, aberration, precession, instrumental irregularities, 
(fee., and can with difficulty be detected among these pheno- 
mena of various magnitude. But, as Galileo long ago 
suggested, all such difficulties would be avoided by the 
differential observation of stars, which, though apparently 
close together, are really far separated on the line of sight. 
Two such stars in close apparent proximity will be sub- 
ject to almost exactly equal errors, so that all we 
need do is to observe the apparent change of place of 
the nearer star as referred to the more distant one. 

^ Clerk Maxwell, Theory of Heat, p. 228. Proceedings of the 
Manchester Philosophical Society, Nov. 26, 1867, vol. vii. p. 35. 
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A good telescope furnished with an accurate micrometer 
is alone needed for the application of the method. 
Huyghens appears to have been the first observer who 
actually tried to employ the method practically, but 
it was not until 1835 that the improvement of telescopes 
and micrometers enabled Struve to detect in this way 
the parallax of the star a Lyrae. It is one of the many 
advantages of the observation of transits of Venus for the 
determination of the solar parallax that the refraction of 
the atmosphere affects in an exactly equal degree the planet 
and the portion of the sun’s face over which it is passing. 
Thus the observations are strictly of a differential nature. 

(By the process of substitutive weighing it is possible 
to ascertain the equality or inequality of two weights 
with almost perfect freedom from error. If two weights 
A and B be placed in the scales of the best balance 
we cannot be sure that the equilibrium of the beam 
indicates exact equality, because the arms of the beam 
may be unequal or unbalanced. But if we take B out 
and put another weight C in, and equilibrium still 
exists, it is apparent that the same causes of erroneous 
weighing exist in both cases, supposing that the balance 
has not been disarranged ; B then must be exactly equal 
to C, since it has exactly the same effect under the same 
circumstances. In like manner it is a general rule that, 
if by any uniform mechanical process we get a copy of an 
object, it is unlikely that this copy will be precisely the 
same as the original in magnitude and form, but two copies 
will equally diverge from the original, and will therefore 
almost exactly resemble each other.^ 

Leslie’s Differential Thermometer^ was well adapted 
to the experiments for which it was invented. Having 
two equal bulbs any alteration in the temperature of the 
air will act equally by conduction on each and produce 
no change in the indications of the instrument. Only 
that radiant heat which is purposely thrown upon one 
of the bulbs will produce any effect. This thermometer 
in short carries out the principle of the differential method 
in a mechanical manner. 


^ Leslie, Inquiry into tha Nature of Heat, p. lo. 
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3. Method of Correction, 

(Whenever the result of an experiment is affected by an 
interfering cause to a calculable amount, it is sufficient to 
add or subtract this amount. We are said to correct 
observations when we thus eliminate what is due to 
extraneous causes, although of course we are only sepa- 
rating, the correct effects of several agents. ) Tlie variation 
in the height of the barometer is partly due to the change 
of temperature, but since the coefficient of absolute 
dilatation of mercury has been exactly determined, as 
^already described (p. 341), we have only to make cal- 
. culations of a simple character, or, what is better still, 
talnilate a series of such calculations for general use, and 
the correction for temi> exature can be made with all desired 
accuracy. The heigl^ of the mercury in the bfirometer is 
also affected by capil lary attra ction, which depresses it by 
a constant amount depending mainly on the diameter of 
the tube. The requisite corrections can be estimated with 
accuiacy suflicient for most purposes, more especially as 
we can check the correctness of the reading of a barometer 
by comparison witli a standard barometer, and introduce 
if need be an index error including both the error in the 
affixing of the scale and the effect due to capillarity. But 
in constructing the standard barometer itself we must take 
greater precautions ; the capillary depression depends 
somewhat ui)on the quality of the glass, the absence of air, 
and the perfect cleanliness of the mercury, so that we 
cannot assign the exact amount of the effect. [Hence a 
standard barometer is constructed with a wide tube, some- 
times even an inch in diameter, so that the capillary effect 
may be rendered almost zero.^J Gay-Lussac made baro- 
meters in the form of a uniform siphon tube, so that the 
capillary forces acting at the upper and lower surfaces 
should balance and destroy each other ; but the method 
fails in practice because the lower surface, being open to 
the air, becomes sullied and subject to a different force of 
capillarity. 

In mechanical experiments friction is an interfering 
condition, and drains away a portion of the energy in- 


^ Jevons, Watts’ Dictionary of (Jhcmutry, vol. i. pp. 513- — 515. 
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tended to be operated upon in a definite manner. We 
should of course reduce the friction in the first place to the 
lowest possible amount, but as it cannot be altogether pre- 
vented, and is not calculable with certainty from any 
general laws, we must determine it separately for each 
apparatus by suitable experiments. Thus Smeaton, in 
his admirable but almost forgotten researches concerning 
water-wheels, eliminated friction in the most simple 
manner by determining by trial what weight, acting by a 
cord and roller upon his model water-wheel, would make 
it turn without water as rapidly as the water made it turn. 
In short, he ascertained what weight concurring with the 
water would exactly compensate for the friction.^ In Dr. 
Joule’s experiments to determine the mechanical equiva- 
lent of heat by the condensation of air, a considerable 
amount of heat was produced by friction of the condensing 
pump, and a small portion by stirring the water employed 
to absorb the heat. This heat of friction was measured by 
simply repeating the experiment in an exactly similar 
manner except that no condensation was effected, and ob- 
serving the change of temperature then produced. ^ 

\Wq may describe as tcM exiicriments any in which we , 
perform o})erations not intended to give the quantity of 
the principal phenomenon, but some quantity which would 
otherwise remain as an error in the result/ Thus in 
astronomical observations almost every instrumental error 
may be avoided by increasing the number of observations 
and distributing them in such a manner as to produce 
in the final mean as much error in one way as in the 
other. But there is one source of error, first discovered 
by Maskelyne, which cannot be thus avoided, because it 
affects all observations in the same direction and to the 
same average amount,^ namely the Pers onal Error of the 
observer or the inclination to record the passage of a star 
across the wires of the telescope a little too soon or a 
little too late . ) This personal error was first carefully 
described in the Edinburgh Journal of Science, vol. i. 
p. 178. The difference between the judgment of observers 
at the Greenwich Observatory usually varies from to ^ 


' Philosophical Transactions, vol. li. p. 100. 

2 Philosophical Magazine, 3rd Series, vol. xxvi. p. 372. 
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of a second, and remains pretty constant for the same 
observers.^ One practised observer in Sir George Airy’s 
pendulum experiments recorded all his time observations 
half a second too early on the average as compared with 
the chief observer.^ In some observers it has amounted to 
seven or eight- tenths of a second.^ De Morgan appears to 
have entertained the opinion that this source of error was 
essentially incapable of elimination or correction.^ But it 
seems clear, as I suggested without knowing what had 
been done,® that (this personal error might be determined 
absolutely with any desirable degree of accuracy by test 
experiments, consisting in making an artificial star move 
at a considerable distance and recording by electricity the 
exact moment of its passage over the wire.f This method 
has in fact been successfully employed in Leyden, Paris, 
and Neuchatel.® More recently, observers were trained 
for the Transit of Venus Expeditions by means of a 
mechanical model representing the motion of Venus over 
the sun, this model being placed at a little distance and 
viev/ed through a telescope, so that differences in the 
judgments of different observers would become apparent. 
It seems likely that tests of this nature might be employed 
with advantage in other cases. 

Newton employed the pendulum for making experi- 
ments on the impact of balls. Two balls were hung in 
contact, and one of them, being drawn aside through a 
measured arc, was then allowed to strike the other, the 
arcs of vibration giving sufficient data for calculating the 
distribution of energy at the moment of impact. The 
resistance of the air was an interfering cause which he 
estimated very simply by causing one of the balls to 
make several complete vibrations without impact and then 
marking the reduction in the lengths of the arcs, a proper 
fraction of which reduction was added to each of the other 
arcs of vibration when impact took place.^ 

^ Greenwich Observations for 1866, p. xlix. 

2 Philosophical Transactionsj 1856, p. 309. 

® Penny Cyclopaedia, art. Transit, vol. xxv. pp. 129, 130. 

* Ibid. art. Observation^ p. 390. s Nature, vol. i. p. 85. 

* Nature, vol. i. p. 337. See references to the Memoirs describing 
the method. 

^ Prin^pia, Book I. Law III. Corollary VI. Scholium. Motte^a 
translation, vol. i. p. 33. 
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The exact definition of the standard of length is one 
of the most important, as it is one of the most difi&cult 
questions in physical science, and the different practice of 
different nations introduces needless confusion. Were 
all standards constructed so as to give the true length 
at a fixed uniform temperature, for instance the freezing- 
point, then any two standards could be compared without 
the interference of temperature by bringing them both 
to exactly the same fixed temperature. Unfortunately 
the French metre was defined by a bar of platinum at 
o°C, while our yard was defined by a bronze bar at 62°F. 
It is quite impossible, then, to make a comparison of the 
yard and metre without the introduction of a correction, 
either for the expansion of platinum or bronze, or both. 
Bars of metal differ too so much in their rates of ex- 
pansion according to their molecular condition that it is 
dangerous to infer from one bar to another. 

When we come to use instruments with great accuracy 
there are many minute sources of error wdiich must be 
guarded against. If a thermometer has been graduated 
when perpendicular, it will read somewhat differently 
when laid fiat, as the pressure of a column of mercury 
is removed from tlie bulb. The reading may also be 
somewhat altered if it has recently been raised to a 
higher temperature than usual, if it be placed .under a 
vacuous receiver, or if the tube be unequally heated as 
compared with the bulb. For these minute causes of 
error we may have to introduce troublesome corrections, 
unless we adopt the simple precaution of using the thermo- 
meter in circumstances of position, &c., exactly similar to 
those in which it was graduated. There is no end to 
the number of minute corrections which may ultimately 
be required. A large number of experiments on gases, 
standard weights and measures, &c„ depend upon the 
height of the barometer ; but when experiments in dif- 
ferent parts of the world are compared together we ought 
as a further refinement to take into account the varying 
force of gravity, which even between London and Paris 
makes a difference of *008 inch of mercury. 

vTlie measurement of quantities of heat is a matter of 
great difficulty, because there is no known substance 
impervious to heat, and the problem is therefore as 
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difficult as to measure liquids in porous vessels. . To 
determine the latent heat of steam we must condense a 
certain amount of the steam in a known weight of water, 
and then observe the rise of temperature of the water. 
But while we are carrying out the experiment, part of 
the heat will escape by radiation and conduction from 
the condensing vessel or calorimeter. We may indeed 
reduce the loss of heat by using vessels with double sides 
and bright surfaces, surrounded with swans-down wool or 
other non-conducting materials ; and we may also avoid 
raising the temperature of the water much above that of 
the surrounding air. Yet we cannot by any such means 
^render the loss of heat inconsiderable. Eumford ingeni- 
ously proposed to reduce the loss to zero by commencing 
the experiment when the temperature of the calorimeter 
is as much below that of the air as it is at the end of the 
experiment above it. Thus the vessel will lirst gain and 
then lose by radiation and conduction, and these opposite 
errors will approximately balance each other. But Eeg- 
nault has shown that the loss and gain do not proceed by 
exactly the same laws, so that in very accurate inves- 
tigations. Eumford's method is not sufficient. There 
remains the method of correction which was beautifully 
carried out by Eegnault in his determination of the latent 
rhesit of steam. He employed two calorirnetei'S, made in 
^actly the same way and alternately used to condense a 
Ajertain amount of steam, so that while one was measuring 
the latent heat, the other calorimeter was engaged in 
determining the corrections to be applied, whether on 
account of radiation and conduction from the vessel or 
on account of heat reaching the vessel by means of the 
connecting pipes.^ 

4. Method of Compemsation, 

\There are many cases in which a cause of error cannot 
conveniently be rendered null, and is yet beyond the 
reach of the third method, that of calculating the requisite 
correction from independent observations. The magnitude 

^ Graham^s Chemical Beports and Memoirs, Cavendish Society, 
pp. 247, 268, &c. 



XV.] ANALYSIS OF QUANTITATIVE PHENOMENA. 351 


of an error may be subject to continual variations, on 
account of change of weather, or other fickle ciruinstancea 
beyond our control. It may either be impracticable to 
observe the variation of those circumstances in sufficient 
detail, or, if observed, the calculation of the amount of 
error may be subject to doubt. In these cases, and only 
in these cases, it will be desirable to invent some artificial 
mode of counterpoising the variable error against an equal 
error subject to exactly the same variation, i 

We cannot weigh an object with great accuracy unless 
we make a correction for the weight of the air displaced 
by the object, and add this to the apparent weight. In 
very accurate investigations relating to standard weights, 
it is usual to note the barometer and thermometer at the 
time of making a weighing, and, from the measured bulks 
of the objects compared, to calculate the weight of air 
displaced ; the third method in fact is adopted. To make 
these calculations in the frequent weighings requisite in 
chemical analysis would be exceedingly laborious, hence 
the correction is usually neglected. But when the chemist 
wishes to weigh gas contained in a large glass globe for 
tlie purpose of determining its specific gravity, the correc- 
tion becomes of much importance. Hence chemists avoid 
at once the error, and the labour of correcting it, by 
attaching to the opposite scale of the balance a dummy 
seal ed dass_^lob e of equal capacity to that containing the 
gas tcTbewei^ied, noting only the difference of weight 
when the operating globe is full and empty. The correc- 
tion, being the same for both globes, may be entirely 
neglected.^ 

A device of nearly the same kind is employed in the 
construction of galvanometers which measure the force of 
an electric current by the deflection of a suspended 
magnetic needle. The resistance of the needle is partly 
due to the directive influence of the’ earth’s magnetism, 
and partly to the torsion of the thread. But the former 
force may often be inconveniently great as well as 
troublesome to determine for different inclinations. Hence 
it is customary to connect together two equally magnetised 
needles, with their poles pointing in opposite directions, 


Regnault's Cours Mementaire de Chvndef 1851, vol i. p. 141. 
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one needle being within and another without the coil of 
wire. As regards the earth's magnetism, the needles are 
now astatic or indifferent, the tendency of one needle 
towards the pole being balanced by that of the other. 

An elegant instance of the elimination of a disturbing 
force by compensation is found in Faraday's researches 
upon the magnetism of gases. To observe the magnetic 
‘attraction or repulsion of a gas seems impossible unless we 
ienclose the gas in an envelope, probably best made of 
glass. But any such envelope is sure to be more or less 
affected by the magnet, so that it becomes difficult to 
distinguish between three forces which enter into the 
problem, namely, the magnetism of the gas in question, 
that of t he envelop e, and that of tlm^simcainding atmo- 
sph ^ric air. Faraday avoided all difficulties by employing 
two equal and similar glass tubes connected together, and 
so suspended from the arm of a torsion balance that the 
tubes were in similar parts of the magnetic field. One 
tube being filled with nitrogen and the other with oxygen, 
it was found that the oxygen seemed to be attracted and 
the nitrogen repelled. The suspending thread of the 
balance was then turned until the force of torsion restored 
the tubes to their original places, where the magnetism of 
the tubes as well as that of the surrounding air, being 
the same and in the opposite directions upon the two tubes, 
could not produce any interference. The force required 
to restore the tubes was measured by the amount of 
torsion of the thread, and it indicated correctly the dif- 
ference between the attractive powers of oxygen and 
nitrogen. The oxygen was then withdrawn from one of 
the tubes, and a second experiment made, so as to compare 
a vacuum with nitrogen. No force was now required to 
maintain the tubes in their places, so that nitrogen was 
found to be, approximately speaking, indifferent to the 
magnet, that is, neither magnetic nor diamagnetic, while 
oxygen was proved to be positively magnetic.^ It required 
the highest experimental skill on the part of Faraday 
and Tyndall, to distinguish between what is apparent and 
real in magnetic attraction and repulsion. 

Experience alone can finally decide when a com- 


^ Tyndaffs Faraday, pp. 1 14, 1 15. 
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pensating arrangement is conducive to accuracy. As a 
general rule mechanical compensation is the last resource, 
and in the more accurate observations it is likely to 
introduce more uncertainty than it removes. A multitude 
of instruments involving mechanical compensation have 
been devised, but they are usually of an unscientific 
character,^ because the errors compensated can be more 
accurately determined and allowed for. But there are 
exceptions to this rule, and it seems to be proved that in 
the delicate and tiresome operation of measuring a base 
line, invariable bars, compensated for expansion by heat, 
give the most accurate results. This arises from the fact 
that it is very difficult to determine accurately the 
temperature of the measuring bars under varying con- 
ditions of weather and manipulation.^ Again, the last 
refinement in the measurement of time at Greenwich 
Observatory depends upon mechanical compensation. Sir 
George Airy, observing that the standard clock increased 
ife losing rate 0 30 second for an increase of one inch in 
atmospheric pressure, placed a magnet moved by a baro- 
meter in such a position below the pendulum, as almost 
entirely to neutralise this cause of irregularity. The 
thorough remedy, however, would be to remove the cause 
of error altogether by placing the clock in a vacuous case. 

CWe thus see that the choice of one or other mode of 
eliminating an error depends entirely upon circumstances 
and the object in view ; but we may safely lay down the 
following couclusionsJ First of all, seek to avoid the 
source of error altogetner if it can be conveniently done ; 
if not, make the experiment so that the error may be as 
small, but more especially as constant, as possible. If the 
means are at hand for determining its amount by calcula- 
tion from other experiments and principles of science, allow 
the error to exist and make a correction in the result. If 
this cannot be accurately done or involves too much labour 
for the purposes in view, then throw in a counteracting 
error which shall as nearly as possible be of equal amount 
in all circumstances with that to be eliminated. There yet 
remains, hbwever, one important method, that of Keversal, 

* See, for instance, the Compensated Qjm^ieaometei, Philosophical 
Magazine, 4th Seriesj vol. xxxix. p. 371. 

2 Grant, History of Physical Astronomy, pp. 146, 147. 
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which will form an appropriate transition to the succeeding 
chapters on the Method of Mean Eesults and the Law of 
Error. 


5. Method of Reversal. 

\The fifth method of eliminating error is mo st pote nt 
and satisfactory when it can be ap plied, but it requires 
that we^iall be able to "reverse the apparatus and mode 
of procedure, so as to make the interfering cause act 
alternately in opposite directions.^ If we can get two 
experimental results, one of which is as much too great as 
the other is too small, the error is equal to half the dif- 
ference, and the true result is the mean of the two 
apparent results. It is an unavoidable defect of the 
chemical balance, for instance, that the points of suspen- 
sion of the pans cannot be fixed at exactly equal distances 
from the centre of suspension of the beam. Hence two 
weights which seem to balance each other will never be 
quite equal in reality. The difference is detected by re- 
versing the weights, and it may be estimated by adding 
small weights to the deficient side to restore equilibrium, 
and then taking as the true weight the geometric mean of 
the two apparent weights of the same object. If the 
difference is small, the arithmetic mean, that is half the 
sum, may be substituted for the geometric mean, from which 
it will not appreciably differ. 

This method of reversal is most extensively employed 
in practical astronomy. The apparent elevation of a 
heavenly body is observed by a telescope moving upon 
A a divided circle, upon which the inclination of the 
' telescope is read off. Now this reading will be erroneous 
if the circle and the telescope have not accurately the 
same centre. But if we read off at the same time both 
ends of the telescope, the one reading will be about as 
much too small as the other is too great, and" the mean 
will be nearly free from error. In practice the observa- 
tion is differently conducted, but the principle is the same ; 
the telescope is fixed to the circle, which moves with it, 
and the angle through which it moves is read off at three, 
six, or more points, disposed at equal intervals round the 
circle. The older astronomera, down even to the time of 
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Flamsteed, were accustomed to use portions only of a 
divided circle, generally quadrants, and Eomer made a 
vast improvement when he introduced the complete circle. 

The transit circle, employed to determine the meridian 
passage of heavenly bodies, is so constructed that the 
telescope and the axis bearing it, in fact the whole- moving 
part of the instrument, can be taken out of the bearing 
sockets and turned over, so that what was formerly the 
western pivot becomes the eastern one, and vice versd. 
It is impossible that the instrument could have been 
so perfectly constructe’d, mounted, and adjusted that the 
telescope should point exactly to the meridian, but the 
effect of the reversal is that it will point as much to 
the west in one position as it does to the east in the 
other, and the mean result of observations in the two 
positions must be free from such cause of error. 

The accuracy with which the inclination of the compass 
needle can be determined depends almost entirely on the 
method of reversal. The dip needle consists of a bar 
of magnetised steel, suspended somewhat like the beam of 
a delicate balance on a slender axis passing through the 
centre of gravity of the bar, so that it is at liberty to rest 
in that exact degree of inclination in th^ magnetic meridian 
which the magnetism of the earth induces. The inclina- 
tion is read off upon a vertical divided circle, but to. avoid 
error arising from the centring of the needle and circle, 
both ends are read, and the mean of the results is taken. 
The whole instrument is now turned carefully round 
through i8o°, which causes the needle to assume a new 
position relatively to the circle and gives two new readings, 
in which any error due to the wrong position of the zero 
of the division will be reversed. As the axis of the needle 
may not be exactly horizontal, it is now reversed in the 
same manner as the transit instrument, tjie end of the axis 
which formerly pointed east being made to point west, and 
a new set of four readings is taken. 

Finally, error may arise from the axis not passing 
accurately through the centre of gravity of the bar, and 
this error Can only be detected and eliminated on chang- 
ing the magnetic poles of the bar by the application of a 
strong magnet. The error is thus made to act in opposite 
directions. To ensure all possible accuracy each reversal 

AA 2 
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ought to be combined with each other reversal, so that the 
needle wiU be observed in eight different positions by 
sixteen readings, the mean of the whole of which will give 
the required inclination free from all eliminable errors.^ 
[There are certain cases in which a disturbing cause can 
with ease be made to act in opposite directions, in alter- 
nate observations, so that the mean of the results will be 
free from disturbance. Thus in direct experiments upon 
the velocity of sound in passing through the air between 
stations two or three miles apart, the wind is a cause of 
error. It will be well, in the first place, to choose a time 
for the experiment when the air is very nearly at rest, and 
the disturbance slight, but if at the same moment signal 
sounds be made at each station and observed at the other, 
two sounds will be passing in opposite directions through 
the same body of air and the wind will accelerate one 
sound almost exactly as it retards the other.) Again, in 
trigonometrical surveys the apparent height of a point will 
be affected by atmospheric refraction and the curvature of 
the earth. But if in the case of two points the apparent 
elevation of each as seen from the other be observed, the 
corrections will be the same in amount, but reversed in 
direction, and the paean between the two apparent dif- 
ferences of altitude will give the true difference of level. 

In the next two chapters we really pursue the Method 
of Eeversal into more complicated applications. 

^ Quetelet, Sur la Physique du Globe, p. 174. Jamiii, Cours de 
Physique, vol. i. p, 504. 



CHAPTEE XVI. 

THE METHOD OF MEANS. 

All results of the measurement of continuous quantity 
can be only approximately true. Were this assertion 
doubted, it could readily be proved by direct experience. 
If any person, using an instrument of the greatest pre- 
cision, makes and registers successive observations in 
an unbiassed manner, it will almost invariably be found 
that the results differ from each other. When we operate 
with sufficient care we cannot perform so simple an 
experiment as weighing an object dn a good balance 
without getting discrepant numbers. Only the rough 
and careless experimenter will think that his observations 
agree, but in reality he will be found to overlook the 
differences. The most elaborate researches, such as those 
undertaken in connection ,with standard weights and 
measures, always render it apparent that complete coinci- 
dence is out of the question, and that the more accurate 
our modes of observation are rendered, the more numerous 
are the sources of minute error which become apparent. 
We may look upon the existence of error in all measure- 
ments as the normal state of things.- It is absolutely 
impossible to eliminate separately the multitude of small 
disturbing influences, except by balancing them off against 
each other. Even in drawing a mean it is to be expected 
that we sliall come near the truth rather than exactly to 
it. In the measurement of continuous quantity, absolute 
coincidence, if it seems to occur, must be only apparent, 
and is no indication of precision. It is one of the most 
embarrassing things we can meet when experimental 



358 


THE PRINCIPLES OF SCIENCE. 


[chap. 


results agree too closely. Such coincidences should raise 
our suspicion that the apparatus in use is in some way 
restricted in its operation, so as not really to give the true 
result at all, or that the actual results have not been faith- 
fully recorded by the assistant in charge of the apparatus. 

If then we cannot get twice over exactly the same 
result, the question arises, How can we ever attain the 
truth or select the result which may be supposed to 
approach most nearly to it ? The quantity of a certain 
phenomenon is expressed in several numbers which differ 
from each other ; no more than one of them at the most 
can be true, and it is more probable that they are all 
false. It may be suggested, perhaps, that the observer 
should select the one observation which he judged to be 
the best made, and there will often doubtless be a feeling 
that one or more results were satisfactory, and the others 
less trustworthy. This seems to have been the course 
adopted by the early astronomers. Flamsteed, when he 
had made several observations of a star, probably chose in 
an arbitrary manner that which seemed to him nearest to 
the truth.^ 

When Horrocks selected for his estimate of the sun's 
semi-diameter a mean between the results of Kepler and 
Tycho, he professed not to do it from any regard to the 
idle adage, “Medio tutissimus ibis," but because he 
thought it from his own observations to be correct.^ But 
this method will not apply at aU when the observer has 
made a number of measurements which are equally good 
in his opinion, and it is quite apparent that in using an 
instrument or apparatus of considerable complication the 
observer will not necessarily be able to judge whether 
slight causes have affected its operation or not. 

In this question, as indeed throughout inductive logic, 
we deal only with probabilities. There is no infallible 
mode of arriving at the absolute truth, which lies beyond 
the reach of human intellect, and can only be the distant 
object of our long-continued and painful approximations. 
Nevertheless there is a mode pointed out alike by common 
sense and the highest mathematical reasoning, which . is 

1 Bajly’s Account of Flamsteed^ p. 376. 

* The Transit of Venus across the Su 7 i, by Horrock-j, London, 1859, 
p. 146. 
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mope likely than any other, as a general rule, to bring us 
near the truth. The dpicrrov fjLerpov, or the aurea mediocritas^ 
was highly esteemed in the ancient philosophy of Greece 
and Eome ; but it is not probable that any of the ancients 
should have been able clearly to analyse and express the 
reasons why they advocated the mean as the safest course. 
But in the last two centuries this apparently simple 
question of the mean has been found to afford a field for 
the exercise of the utmost mathematical skill. Eoger 
Cotes, fhe editor of the Frincipia, appears to have had 
some insight into the value of the mean; but profound 
mathematicians such as De Moivre, Daniel Bernoulli, 
Laplace, Lagrange, Gauss, Quetelet, De Morgan, Airy, 
Leslie Ellis, Boole, Glaisher, and others, have hardly ex- 
hausted the subject. 

Several uses of the Mean Result. 

(The elimination of errors of unknown sources, is almost 
always accomplished by the simple arithmetical process 
of taking the mean, or, as it is often called, the average 
of several discrepant numbers. To take an average is to 
add the several quantities together, and divide by the 
number of quantities thus added, which gives a quotient 
lying among, or in the middle of, the several quantities. 
Before however inquiring fully into the grounds of this 
procedure, it is essential to observe that this one arith- 
metical process is really applied in at least three different 
cases, for different purposes, and upon different principles, 
and we must take great care not to confuse one applica- 
tion of the process with another, f A mean result, then, 
may have any one of the following significations. 

(1) It may give a merely representative number, 
expressing the general magnitude of a series of quantities, 
and serving as a convenient mode of comparing them 
with other series of quantities. Such a number is properly 
called The fictitious mean or The average result. 

(2) It may give a result approximately free from 
disturbing* quantities, which are known to affect some 
results in one direction, and other results equally in the 
opposite direction. We may say that in this case we get 
a Pre cise mean r esult 
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(3) It may give a result more or less free from unknown 
and uncertain errors; this we may call the Prd bM e 
mean result. 

OfTEese three uses of the mean the first is entirely dif- 
ferent in nature from the two last, since it does not yield 
an approximation to any natural quantity, but furnishes 
us with an arithmetic result comparing the aggregate of 
certain quantities with their number. The third use of 
the mean rests entirely upon the theory of probability, 
and will be more fully considered in a later part of this 
chapter. The second use is closely connected, or even 
identical with, the Method of Reversal already described, 
but it will be desirable to enter somewhat fully into all the 
three employments of the same arithmetical process. 

The Mean and the Average. 

Much confusion exists in the popular, or even the 
scientific employment of the terms mean and average^ and 
they are commonly taken as synonymous. It is necessary 
to ascertain carefully what significations we ought to 
attach to them. The English word mean is equivalent to 
medium, being derived, perhaps through the French moyen, 
from the Latin medius, which again is undoubtedly kindred 
with the Greek fieaoq. Etymologists believe, too, that this 
Greek word is connected with the preposition f^era, the 
German mitte, and the true English mid or middle ; so that 
after all the mean is a technical term identical in its root 
with the more popular equivalent middle. 

If we inquire what is the mean in a mathematical point 
of view, the true answer is that there are several or many 
kinds of means. The old arithmeticians recognised ten 
kinds, which are stated by Boethius, and an eleventh was 
added by Jordanus.^ 

The arith metic mean is the one by far the most 
commonly denoted by the term, and that which we may 
understand it to signify in the absence of any qualification. 
It is the sum of a series of quantities divided by their 
number, and may be represented by the formula {a -f 6). 

* De j&loigan, Supplement to the Penny Cyclopcedia, art. Old 
Appellations of Numbers, 
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But there is aJso the which is the square 

root of the product, V® X b, or that quantity the loga- 
rithm of which is the arithmetic mean of the logarithms 
of the quantities. There is also the harmo mc m ean, 
which is the reciprocal of the arithmetic mean Uf the 
reciprocals of the quantities. Thus if a and 6 be the 

quantities, as before, their reciprocals are ^ and i, the 
mean of which is 4- and the reciprocal again is 

which is the harmonic mean. Other kinds of 

means might no doubt be invented for particular purposes, 
and we mighlf apply the term, as De Morgan pointed 
out,^ to any quantity a function of which is equal to 
a function of two or more other quantities, and is such 
that the interchange of these latter quantities among them- 
selves will make no alteration in the value of the function. 

Symbolically, ) = ^ x^ ), then y- 

is a kind of mean of the quantities, aJi, ajg, &c. 

The geometric mean is necessarily adopted in certain 
cases. When we estimate the work done against a force 
which varies inversely as the square of the distance from a 
fixed point, the mean force is the geometric mean between 
the forces at the beginning and end of the path. When in 
an imperfect balance, we reverse the weights to eliminate 
error, the true weight will be the geometric mean of the 
two apparent weights. In almost all the calculations of 
statistics and commerce the geometric mean ought, strictly 
speaking, to be used. If a commodity rises in price 100 
per cent, and another remains unaltered, the mean rise of 
a price is not 50 per cent, because the ratio 1 50 : 200 is 
not the same as 100 : 150. The mean ratio is as unity to 
v^'oo X 2*00 or I to 1*41. The difference between the 
three kinds of means in such a case ^ is very considerable ; 
while the. rise of price estimated by the Arithmetic mean 
would be 50 per cent, it would be only 41 and 33 per cent, 
respectively according to the Geometric and Harmonic 
means. 

* Penny Cyclopcedia, art. Mean. 

* Jevons, Journal of the Statistical Society^ June 1865, vol. xxviii 
p. 296. 
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In all calculations concerning the average rate of 
progress of a community, or any of its ‘ operations, the 
geometric mean should be employed. For if a quantity 
increases lOO per cent, in lOO years, it would not on the 
average increase lo per cent, in each ten years, as the 
10 per cent, would at the end of each decade be calculated 
upon larger and larger quantities, and give at the end of 
100 years much more than loo per cent., in fact as much 
as 159 per cent. The true mean rate in each decade 
would be or about 1*07, that is, the increase would 
be about 7 per cent, in each ten years. But when the 
quantities differ very little, the arithmetic and geometric 
means are approximately the same. Thus the arithmetic 
mean of rooo and l ooi is I’ooos, and the geometric mean 
is about 1*0004998, the difference being of an order in- 
appreciable in almost all scientific and practical matters. 
Even in the comparison of standard weights by Gauss' 
method of reversal, the arithmetic mean may usually be 
substituted for the geometric mean which is the true result. 

Regarding the mean in the absence of express qualifica- 
tion to the contrary as the common arithmetic mean, we 
must still distinguish betw’^een its two uses where it 
gives with more or less accuracy and probability a 
really existing quantity, and where it acts as a mere 
representative of other quantities. If I make many 
experiments to determine the atomic weight of an element, 
there is a certain number which I wish to approximate to, 
and the mean of my separate results will, in the absence 
of any reasons to the contrary, be the most probable 
approximate result. (Wlien we determine the mean 
density of the earth, it is not because any part of the earth 
is of that exact density; there may be no part exactly 
corresponding to the mean density, and as the crust of the 
earth has only about half the mean density, the internal 
matter of the globe must of course be above the mean.\ 
Even the density of a homogeneous substance like carbon 
or gold must be regarded as a mean between the real 
density of its atoms, and the zero density of the interven- 
ing vacuous space. 

The very different signification of the word ‘‘ mean ” in 
these two uses was fully explained by Quetelet,^ and the 

^ Letters on the Theory of Frohahilities, transl. by Downes, Part ii. 
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importance of the distinction was pointed out by Sir John 
Herschel in reviewing his work.^ It is much to be desired 
that scientific men would mark the difference by using the 
word mmn only in the former sense when it denotes ap- 
proximation to a definite existing quantity ; and average, 
when the mean is only a fictitious quantity, used for con- 
venience of thought and expression. The etymology of 
this word average ** is somewhat obscure ; but according 
to De Morgan ^ it comes from averia, “ havings or pos- 
sessions,” especially applied to farm stock. By the acci- 
dents of language averagium came to mean the labour of 
farm horses to which the lord was entitled, and it prob- 
ably acquired in this manner the notion of distributing a 
whole into parts, a sense m which it was early applied to 
maritime averages or contributions of the other owners of 
cargo to those whose goods have been thrown overboafd or 
used for the safety of the vessel. 

‘ On the Average or Fictitious Mean. 

Although the average when employed in its proper 
sense of a fictitious mean, represents no really existing 
quantity, it is yet of the highest scientific importance, as 
enabling us to conceive in a single result a multitude of 
details. It enables us to make a hypothetical simplifica- 
tion of a problem, and avoid complexity without committing 
error. The weight of a body is the sum of the weights of 
infinitely small particles, each acting at a different place, 
so that a mechanical problem resolves itself, strictly speak- 
ing, into an infinite number of distinct problems. We 
owe to Archimedes the first introduction of the beautiful 
idea that one point may be discovered in a gravitating 
body such that the weight of all the particles may be re- 
garded as concentrated in that point, and yet the behaviour 
of the \yhole body will be exactly represented by the 
behaviour of this heavy point. This Centre of Gravity 
may be within the body, as in the case of a sphere, or it 
may be in empty space, as in the case of a ring. Any two 
bodies, wliether connected or separate, may be conceived 

* Herschers Essays, kc. pp. 404, 405. 

* On the Theory of Errors of Observations, Cambridge Philosophical 
Transactions, vol. x. Part ii. 416. 
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as having a centre of gravity, that of the sun and earth 
lying within the sun and only 267 miles from its centre. 

Although we most commonly use the notion of a centre 
or average point with regard to gravity, the same notion 
is applicable to other cases. Terrestrial gravity is a case 
of approximately parallel forces, and the centre of gravity 
is but a special case of the more general Centre of Parallel 
Forces. Wherever a number of forces of whatever amount 
act in parallel lines, it is possible to discover a point at 
which the algebraic sum of the forces may be . imagined to 
act with exactly the same effect. Water in a cistern 
presses against the side with a pressure varying according 
to the depth, but always in a direction perpendicular to 
the side. We may then conceive the whole pressure as 
exerted on one point, which will be one-third from the 
bottom of the cistern, and may be called the Centre of 
Pressure. The Centre of Oscillation of a pendulum, dis- 
covered by Huygheiis, is that point at which the whole 
weight of the pendulum may be considered as concentrated, 
without altering the time of oscillation (p. 315). When 
one body strikes another the Centre of Percussion is that 
point in the striking body at which all its mass might be 
concentrated without altering the effect of the stroke. In 
position the Centre of Percussion does not differ from the 
Centre of Oscillation. Mathematicians have also described ^ 
the 'Centre of Gyration, the Centre of Conversion, the 
Centre of Friction, &c. 

We ought carefully to distinguish between those cases 
in which an invariable centre can be assigned, and those in 
[which it cannot. In perfect strictness, there is no such 
thing as a true invariable centre of gravity. As a general 
rule a body is capable of possessing an invariable centre 
only for perfectly parallel forces, and gravity never does 
act in absolutely parallel lines. Thus, as usual, we find 
that our conceptions are only hypothetically correct, and 
only approximately applicable to real circumstances. 
There are indeed certain geometrical forms called Centro - 
hafiCy such that a body of that shape would attract anotEer 
exactly as if the mass were concentrated at the centre of 
gravity, whether the forces act in a parallel manner or not 

^ Thomson and Tait, Treatise on Natural Philosophy, vol. i. p. 394. 
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Newton showed that uniform spheres of matter have this 
property, and this truth proved of the greatest importance 
in simplifying his calculations. But it is after all a purely 
hypothetical truth, because we can nowhere meet with, nor 
can we construct, a perfectly spherical and homogeneous 
body. The slightest irregularity or protrusion from the 
surface will destroy the rigorous correctness of the assump- 
tion. The spheroid, on the other hand^ has no invariable 
centre at which its mass may always be regarded as con- 
centrated. The point from which its resultant attraction 
acts will move about according to the distance and posi- 
tion of the other attracting body, and it will only coincide 
with the centre as regards an infinitely distant body whose 
attractive forces may be considered as acting in parallel 
lines. 

Physicists speak familiarly of the poles of a magnet, and 
the term may be used with convenience. But, if we attach 
any definite meaning to the word, the poles are not the 
ends of the magnet, nor any fixed points within, but the 
variable points from which the resultants of all the forces 
exerted by the particles in the bar upon exterior magnetic 
particles may be considered as acting. The poles are, in 
short, Centres of Magnetic Forces ; but as those forces are 
never really parallel, these centres will vary in position 
according to the relative place of the object attracted. 
Only when we regard the magnet as attracting a very 
distant, or, strictly speaking, infinitely distant particle, do 
its centres become fixed points, situated in short magnets 
approximately at one-sixth of the whole length from each 
end of the bar. We have in the above instances of centres 
or poles of force sufiicient examples of the mode in which 
the Fictitious Mean or Average is employed in physical 
science. 


The Precise Meun Result 

We now turn to that mode of employing the mean 
result which is analogous to the method of reversal, but 
which is "brought into practice in a most extensive manner 
throughout many branches of physical science. We find 
the simplest possible case in the determination of the lati- 
tude of a place by observations of the Pole-star, Tycho 
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Brahe suggested that if the elevation of any circumpolar 
star were observed at its higher and lower passages across 
the meridian, half the sum of the elevations would be the 
latitude of the place, which is equal to the height of the 
pole. Such a star is as much above the pole at its highest 
passage, as it is below at its lowest, so that the mean must 
necessarily give the height of the pole itself free from 
doubt, except as regards incidental errors. The Pole-star 
is usually selected for the purpose of such observations 
because it describes the smallest circle, and is thus on the 
whole least affected by atmospheric refraction. 

(Whenever several causes are in action, each of which at 
one time increases and at another time decreases the joint 
effect by equal quantities, we may apply this method and 
disentangle the efifectsj Thus the solar and lunar tides 
roll on in almost complete independence of each other. 
When the moon is new or full the solar tide coincides, or 
nearly so, with that caused by the moon, and the joint 
effect is the sum of the separate effects. When the moon 
is in quadrature, or half full, the two tides are acting in 
opposition, one raising and the other depressing the water, 
so that we observe ojJiy the difference of the effects. We 
have in fact — 

Spring tide = lunar tide + solar tide ; 

Neap tide = lunar tide — solar tide. 

We have only then to add together the heights of the 
maximum spring tide and the minimum neap tide, and 
half the sum is the true height of the lunar tide. Half 
the difference of the spring and neap tides on the other 
hand gives the solar tide. 

Effects of very small amount may be detected with 
great approach to certainty among much greater fluctua- 
tions, provided that we have a series of observations suf- 
ciently numerous and long continued to enable us to 
balance all the larger effects against each other. For this 
purpose the observations should be continued over at least 
one complete cycle, in which the effects run through all 
their variations, and return exactly to the same relative 
positions as at the commencement If casual or irregular 
disturbing causes exist, we should probably require many 
such cycles of results to render their effect inappreciable. 
We obtain the desired result by taking the mean of all the 
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observations in which a cause acts positively, and the 
mean of all in which it acts negatively. Half the diffe- 
rence of these means will give the effect of the cause in 
question, provided that no other effect happens to vary in 
the same period or nearly so. 

Since the moon causes a movement of the ocean, it is 
evident that its attraction must have some effect upon the 
atmosphere. The laws of atmospheric tides were investi- 
gated by Laplace, but as it would be impracticable by 
theory to calculate their amounts we can only determine 
them by observation, as Laplace predicted that they would 
one day be determined.^ But the oscillations of the 
barometer thus caused are far smaller than the oscillations 
due to several other causes. Storms, hurricanes, or changes 
of weather produce movements of the barometer some- 
times as much as a thousand times as great as the tides in 
question. There are also regular daily, yearly, or other 
fluctuations, all greater than the desired quantity. To 
detect and measure the atmospheric tide it was desirable 
that observations should be made in a place as free as 
possible from irregular disturbances. On this account 
several long series of observations were made at St. 
Helena, where the barometer is far more regular in its 
nlbvements than in a continental climate. The effect of 
the moon’s attraction was then detected by taking the 
mean of all the readings when the moon was on the me- 
ridian and the similar mean when she was on the horizon. 
The diflerence of these means was found to be only 
*00365, yet it was possible to discover even the variation 
of this tide according as the moon was nearer to or further 
from the earth, though this difference was only *00056 
inch .2 It is quite evident that such minute effects could 
never be discovered in a purely empirical manner. Having 
no information but the series of observations before us, 
we could have no clue as to the mode of grouping them 
which w6uld give so small a difference. In applying this 
method of means in an extensive manner we must gene- 
rally then have d priori knowledge as to the periods at 
which a cfause will act in one direction or the other. 

* Esmi Philosophique sur hs ProbahiliUs, pp. 49, 50. 

* Grant, History of Physical Astronomy y p. 163. 



368 THE PRINCIPLES OF SCIENCE. [chap. 

We are sometimes able to eliminate fluctuations and 
take a mean result by purely mechanical arrangements. 
The daily variations of temperature, for instance, become 
imperceptible one or two feet below the surface of the 
earth, so that a thermometer placed with its bulb at that 
depth gives very nearly the true daily mean temperature. 
At a depth of twenty feet even the yearly fluctuations are 
nearly effaced, and the thermometer stands a little above 
the true mean temperature of the locality. In registering 
the rise and fall of the tide by a tide-gauge, it is desirable 
to avoid the oscillations arising from surface waves, which 
is very readily accomplished by placing the float in a cis- 
tern communicating by a small hole with the sea. Only a 
general rise or fall of the level is then perceptible, just as 
in the marine barometer the narrow tube prevents any 
casual fluctuations and allows only a continued change of 
pressure to manifest itself. 

Determination of the Zero point, 

j^In many important observations the chief difficulty con- 
sists in defining exactly the zero point from which we are 
to measure.) We can point a telescope with great pre- 
cision to a star and can measure to a second of arc the 
angle through which the telescope is raised or lowered ; 
but all this precision will be useless unless we know 
exactly the centre point of the heavens from which we 
measure, or, what comes to the same thing, the horizontal 
line 90'^ distant from it. Since the true horizon has 
reference to the figure of the earth at the place of 
observation, we can only determine it by the direction 
of gravity, as marked either by the plumb-line or the 
surface of a liquid. The question resolves itself then into 
the most accurate mode of observing the direction of 
gravity, and as the plumb-line has long been found 
hopelessly inaccurate, astronomers generally employ the 
surface of mercury in repose as the criterion of horizon- 
They ingeniously observe the direction of the 
sumce by making a star the index. From* the laws 
of reflection it follows that the angle between the 
direct my from a star and that reflected from a surface 
of mercury will be exactly double the angle between the 
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surface and the direct ray from the star. Hence the 
horizontal or zero point is the mean between the apparent 
place of any star or other very distant object and its 
reflection in mercury. 

A plumb-line is perpendicular, or a liquid surface is 
horizontal only in an approximate sense ; for any irregu- 
larity of the surface of the earth, a mountain, or even a 
house must cause some deviation by its attracting power. 
To detect such deviation might seem very ditficult, because 
every other plumb-line or liquid surface would be equally 
affected by gravity. Nevertheless it can be detected; for 
if we place one plumb-line to the north of a mountain, and 
another to the south, they will be about equally deflected 
in opposite directions, and if by observations of the same 
star we can measure the angle between the plumb-lines, 
half the inclination will be the deviation of either, after 
allowance has been made for the inclination due to the 
difference of latitude of the two places of observation. By 
this mode of observation applied to the mountain Schiehal- 
lion the deviation of the plumb-line was accurately measured 
by Maskelyne, and thus a comparison instituted between 
the attractive forces of the mountain and the whole globe, 
which led to a probable estimate of the earth^s density. 

In some cases it is actually better to determine the zero 
point by the average of equally diverging quantities than 
by direct observation. In delicate weighings by a chemical 
balance it is requisite to ascertain exactly the point at 
which the beam comes to rest, and when standard weights 
are being compared the position of the beam is ascertained 
by a carefully divided scale viewed through a microscope. 
But when the beam is just coming to rest, friction, small 
impediments or other accidental causes may readily pb- 
struct it, because it is near the point at which the force of 
stability becomes infinitely small. Hence it is found better 
to let the beam vibrate and observe the terminal points of 
the vibrations. The mean between two extreme points 
will nearly indicate the position of rest. Friction and 
the resistance of air tend to reduce the vibrations, so that 
this mean •will be eironeous by half the amount of tiiis 
effect during a half vibration. But by taking several ob- 
servations we may determine this retardation and allow 
for it. Thus if a, 6, c be the readings of the terminal 

B B 
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points of three excnrsions of the beam from the zero of the 
scale, then ^ (a 4* &) will be about as much erroneous in 
one direction as | (6 + c) in the other, so that the mean 
of these two means, or J (a + 2 & -f c), will be exceedingly 
near to the point of rest 4 A still closer approximation 
may be made by taking four readings and reducing them 
by the formula J (a + 26 + 2 c + 

The accuracy of Baily's experiments, directed to deter- 
mine the density of the earth, entirely depended upon this 
mode of observing oscillations. The balls whose gravi- 
tation was measured were so delicately suspended by a 
torsion balance that they never came to rest. The extreme 
points of the oscillations were observed both when the 
heavy leaden attracting ball was on one side and on the 
other. The difference of the mean points when the leaden 
ball was on the right hand and that when it was on the 
left hand gave double the amount of the deflection. 

A beautiful instance of avoiding the use of a zero point 
is found in Mr. E. J. Stone’s observations on the radiant 
heat of the fixed stars. The difficulty of these observations 
arose from the comparatively great amounts of heat which 
were sent into the telescope from the atmosphere, and which 
were sufiicient to disguise almost entirely the feeble heat 
rays of a star. But Mr. Stone fixed at the focus of his 
telescope a double thermo-electric pile of which the two 
parts were reversed in order. Now any disturbance of 
temperature which acted uniformly upon both piles pro- 
duced no effect upon the galvanometer needle, and when 
the rays of the star were made to faU alternately upon 
one pile and the other, the total amount of the deflection 
represented double the heating power of the star. Thus 
Mr. Stone was abje to detect with much certainty a heating 
effect of the star Arcturus, which even when concentrated 
by the telescope amounted only to o° 02 Fahr., and which 
represents a heating effect of the direct ray of only about 
0®'0CX)00i37 Fahr., equivalent to the heat which would be 
received from a three-inch cubic vessel full of boiling 
water at the distance of 400 yards.^ It is probable that 

' G%uss, Taylor's Scientijic Memoirs, voL ii. p. 43, &c. 

* Proeeedmgs of the Jioyal Society, vol. xviii. p, 159 (Jan. 13, 1870). 
Philosophical Magazine (4th Series), voL xxxix. p. 376. 
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Mr. Stone’s arrangement of the pile might be usefully 
employed in other delicate thermometric experiments 
subject to considerable disturbing influences. 

Determination of Maximum Points. 

We employ the method of means in a certain number 
of observations directed to determine the moment at which 
a phenomenon reaches its highest point in quantity. In 
noting the place of a fixed star at a given time there is no 
difficulty in ascertaining the point to be observed, for a 
star in a good telescope presents an exceedingly small disc. 
In observing a nebulous body wliich from a bright centre 
fades gradually away on all sides, it will not be possible 
to select with certainty the middle point. In many such 
cases the best method is not to select arbitrarily the sup- 
posed middle point, but points of equal brightness on 
either side, and then take the mean of the observations of 
these two points for the centre. As a general rule, a 
variable quantity in reaching its maximum increases at a 
less and less rate, and after passing the highest point 
begins to decrease by insensible degrees. (The maximum 
may indeed be defined as that point at which the increase 
or decrease is null.' Hence it will usually be the most 
indefinite point, and if we can accurately measure the 
phenomenon we shall best determine the place of the 
maximum by determining points on either side at which 
the ordinates are equal, -^here is moreover this advantage 
in the method that sever^ points may be determined with 
the corresponding ones on the other side, and the mean of 
the whole taken as the true place of the maximum. 4 But 
this method entirely depends upon the existence of sym- 
metry in the curve, so that of two equal ordinates one 
shall be as far on one side of the maximum as the other 
is on the other side. The method fails when other laws of 
variation p’revail. * 

In tidal observations great difficulty is encountered in 
fixing the moment of high water, because the rate at which 
the water fis then rising or falling, is almost impercep- 
tible. Whewell proposed, therefore, to note the time at 
which the water passes a fixed point somewhat below the 
maximum both in rising and falling, and take the mean 

B B 2 
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time as that of high water. But this mode of proceeding 
unfortunately does not give a correct result, because the 
tide follows different laws in rising and in falling. There 
is a difficulty again in selecting the highest spring tide, 
another object of much importance in tidology. Laplace 
discovered that the tide of the second day preceding the 
conjunction of the sun and moon is nearly equal to that of 
the fifth day following; and, believing that the increase 
and decrease of the tides proceeded in a nearly symmetrical 
manner, he decided that the highest tide would occur about 
thirty-six hours after the conjunction, that is half-way 
between the second day before and the fifth day after.^ 

This method is also employed in determining the time 
of passage of the middle or densest point of a stream of 
meteors. The earth takes two or three days in passing 
completely through the November stream ; but astronomers 
need for their calculations to have some definite point fixed 
within a few minutes if possible. When near to the 
middle they observe the numbers of meteors which come 
within the sphere of vision in each half hour, or quarter 
hour, and then, assuming that the law of variation is 
symmetrical, they select a moment for the passage of the 
centre equidistant between times of equal frequency. 

The eclipses of Jupiter’s satellites are not only of great 
interest |b regards the motions of the satellites themselves, 
but werif and perhaps still are, of use in determining 
longitudes, because they are,, events occurring at fixed 
moments of absolute time, and visible in all parts of the 
planeta^ system at the same time, allowance being made 
for the interval occupied by the light in travelling. But, 
as is explained by Herschel,^ the moment of the event is 
wanting in definiteness, partly because the long cone of 
Jupiter’s shadow is surrounded by a penumbra, and partly 
because the satellite has itself a sensible disc, and takes 
time in entering the shadow. Different observers using 
different telescopes would usually select different moments 
for that of the eclipse. But the increase of light in the 
emersion will proceed according to a law the reverse of 
that observed in the immersion, so that if an observer notes 

* Afiry On Tides and TFaves, Encycl. Metrop. pp. 364* — 366*. 

* Outlines of Astronomy^ 4th edition, § 538. 
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the time of both events with the same telescope, he will be 
as much too soon in one observation as he is too late in the 
other, and the mean moment of the two observations will 
represent with considerable accuracy the time when the 
satellite is in the middle of the shadow. Error of judg- 
ment of the observer is thus eliminated, provided that 
he takes care to act at the emersion as he did at the 
immersion. 



CHAPTEE XVII. 

THE LAW OF ERROR. 

To bring error itself under law might seem beyond human 
power. He who errs surely diverges from law, and it 
might be deemed hopeless out of error to draw truth. (One 
of the most remarkable achievements of the human intel- 
lect is the establishment of a general theory which not only 
enables us among discrepant results to approximate to 
the truth, but to assign the degree of probability which 
fairly attaches to this conclusion. 1 It would be a mistake 
indeed to suppose that this law is necessarily the best 
guide under all circumstances. (Every measuring instru- 
ment and every form of experiment may have its own 
special law of error ; there may in one instrument be a 
tendency in one direction and in another in the opposite 
direction. Every process has its peculiar liabilities to 
disturbance, and we are never relieved from the necessity of 
providing against special difl&cultie^. The general Law of 
Error is the best guide only when we have exhausted all 
other means of approximation, and still find discrepancies, 
which are due to unknown causes. We must treat such 
residual differences in some way or other, since they will 
occur in all accurate experiments, and as their origin is 
assumed to be unknown,- there is no reason why we should 
treat them differently in different cases. Accordingly the 
ultimate Law of Error must be a uniform and general one. 

It is perfectly recognised by mathematicians that in 
each case a special Law of Error may exist, and should be 
discovered if possible. ‘"Nothing can be more unlikely 
thani)hat the errors committed in all classes of observa- 
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tions should follow the same law,” ^ and the special Laws 
of Error which will apply to certain instruments, as for in- 
stance the repeating circle, have been investigated by 
Bravais.2 He concludes that every distinct cause of error 
gives rise to a curve of possibility of errors, which may 
have any form, — a curve which we may either be able or 
unable to discover, and which in the first case may be 
determined by d 'priori considerations on .the peculiar 
nature of this cause, or which may be determined d 
posteriori by observation. Whenever it is practicable and 
worth the labour, we ought to investigate these special 
conditions of error ; nevertheless, when there are a great 
number of diflerent sources of minute error, the general 
resultant will always tend to obey that general law which 
we are about to consider. 

Estahlishmeifit of the Law of Error, 

Mathematicians agree far better as to the form of the 
Law of Error than they do as to the manner in which it 
can be deduced and proved. (They agree that among a 
number of discrepant results of observation, that mean 
quantity is probably the best approximation to the truth 
which makes the sum of the squares of the errors as small 
as possible. \ But there are three principal ways in which 
this law has been arrived at respectively by Gauss, by 
Laplace and Quetelet, and by Sir J ohn Herschel. Gauss 
proceeds mucli upon assumption; Herschel rests upon 
geometrical considerations ; while Laplace and Quetelet 
regard the Law of Error as a development of the doctrine 
of combinations. A number of other mathematicians, such 
as Adrain of New Brunswick, Bessel, Ivory, Donkin, Leslie 
Ellis, Tait, and Crofton have either attempted independent 
proofs or have modified or commented on those here to be 
described. For full accounts of the literature of the 
subject the reader should refer either to Mr. Todhunter’s 
History of the Theory of Probability or to the able memoir 
ofMr. J. W. L. Glaisher.8 

^ Philosophical Magazine, 3rd Series, vol. xxxvii. p. 324, 

2 Letters on the Theory of Probabilities, by Quetelet, translated by 
0 . G. Downes, Notes to Letter XXVI. pp. 286—295. 

® On the Law of Facility of Errors of Observations, and on the 
Method of Least Squares, Memoirs of the Royal Astronomical Society, 
vol. xxxix. p. 75. 



S76 THE PRINCIPLES OF SCIENCE. [chap. 


According to Gauss the Law of Error expresses the 

I ^rnLahility pf nf varj ous mal^ mtude, and 

partly from experience, partly from d priori considera- 
tions, we may readily lay down certain conditions to which 
the law will certainly conform. It may fairly be assumed 
as a first principle to guide us in the selection of the 
law, that large errors will be far less frequent and probable 
than small ones. We know that very large errors are 
almost impossible, so that the probability must rapidly 
decrease as the amount of the error increases. A second 
principle is that positive and negative errors shall be 
equally probable, which may certainly be assumed, because 
we are supposed to be devoid of any knowledge as to the 
causes of the residual errors. It follows that the proba- 
bility of the error must be a function of an even power of 
the magnitude, that is of the square, or the fourth power, 
or the sixth pow^, otherwise the probability of the same 
amount of error would vary according as the error was 
positive or negative. The even powers x\ x^, &c., are 
always intrinsically positive, whether x be positive or 
negative. There is no d priori reason why one rather than 
another of these even powers should be selected. Gauss 
himself allows that the fourth or sixth power would fulfil 
the conditions as well as the second ; ^ but in the absence 
of any theoretical reasons we should prefer the second 
power, because it leads to formulae of great comparative 
simplicity. Did the Law of Error necessitate the use of 
the higher powers of the error, the complexity of the 
necessary calculations would much reduce the utility of 
the theory. 

By mathematical reasoning which it would be unde- 
sirable to attempt to follow in this book, it is shown 
that under these conditions, the facility of occurrence, 
or in other words, the probability of error is expressed 
by a function of the general form •€"***% in which x repre- 
sents the variable amount of errors. From this law, 
to be more fully described in the following sections, it at 
once follows that the most probable result of anjr observa- 

' Mithode des Moindres Carres, Mi/moires sur la Comhinaison des 
Observations, par CK Fr, Gauss. Traduit en Frangais par J* 
Bertrand, Paris, 1855, pp. 6, 133, &c. 
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tions is that which makes the sum of the squares of ' 
the consequent errors the least possible. Let a, b, c, 
&c., be the results of observation, and x the quantity 
selected as the most probable, that is the most free 
from unknown errors : then we must determine cc so that 
(a — + (6 — aj)2 + (c — a?)2 4- . . . . shall be the least 

possible quantity. Thus we arrive at the celebrated 
Method of Least Squares, as it is usually called, which 
appears to have been first distinctly put in practice by 
Gauss in 179S, wliile Legendre first published in 1806 an 
account of the process in his work, entitled, Nouvelles 
Mdthodes pour la DMermination des Orbites des ComUes, It 
is worthy of notice, however, that Roger Cotes had long 
previously recommended a method of equivalent nature in 
his tract, “ Estimatio Erroris in Mixta Mathesi.” ^ 

HerscheVs Ocouietrical Proof 

A second way of arriving at the Law of EiTor was 
proposed by Ilerschel, and although only applicable to 
geometrical cases, it is remarkable as showing that from 
whatever point of view we regard the subject, the same 
principle will be detected. After assuming that some 
general law must exist, and that it is subject to the 
principles of probability, he supposes that a ball is 
dropped from a high point with the intention that it 
shall strike a given mark on a horizontal plane. In the 
absence of any known causes of deviation it will either 
strike that mark, or, as is infinitely more probable, diverge 
from it by an amount which we must regard as error of 
unknown origin. Now, to quote the words of Herschel,^ 

“ the probability of that error is the unknown function of 
its square, i.e. of the sum of the squares of its deviations in 
any two rectangular directions. Now, the probability of 
any deviation depending solely on its’ magnitude, and not 
on its direction, it follows that the probability of each of 
these rectangular deviations must be the same function of 
its square. And since the observed oblique deviation is 

* De Morgan, Penny Cyclopaedia^ art Least Squares, 

2 Edinburgh Review, 3 Vily 1850, vol. xciL p. 17. Reprinted Essays, 
P* 399 » This method of demonstration is discussed by Boole, Trans* 
actions of Royal Society of Edinburgh, vol. xxi. pp. 627 — 630. 
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equivalent to the two rectangular ones, supposed concur- 
rent, and which are essentially independent of one another, 
and is, therefore, a compound event of which they are the 
simple independent constituents, therefore its probability 
will be the product of their separate probabilities. Thus 
the form of our unknown function comes to be determined 
from this condition, viz., that the product of such functions 
of two independent elements is equal to the same function 
of their sum. But it is shown in every work on algebra 
that this property is the peculiar characteristic of, and 
belongs only to, the exponential or antilogarithmic function. 
This, then, is the function of the square of the error, which 
expresses the probability of committing that error. That 
probability decreases, therefore, in geometrical progression, 
as the square of the error increases in arithmetical.'* 

Laplace's and Quetelet's Proof of the Law, 

However much presumption the modes of determining 
the Law of Error, already described, may give in favour of 
the law usually adopted, it is difficult to feel that the 
arguments are satisfactory. The law adopted is chosen 
rather on the grounds of convenience and plausibility, than 
because it can be seen to be the necessary law. We can 
however approach the subject from an entirely different 
point of view, and yet get to the same result. 

Let us assume that a particular observation is subject 
to four chances of error, each of which will increase the 
result one inch if it occurs. Each of these errors is to be 
regarded as an event independent of the rest and we can 
therefore assign, by the theory of probability, the compara- 
tive probability and frequency of each conjunction of errors. 
From the Arithmetical Triangle (pp. 182-188) we learn that 
no error at all can happen only in one way ; an error of 
one inch can happen in 4 ways ; and the ways of happening 
of errors of 2, 3 and 4 inches respectively, will be* 6, 4 and 
I in number. 

We may infer that the error of two inches is the most 
likely to occur, and will occur in the long run in 'six cases 
out of sixteen. Errors of one and three inches will be 
equally likely, but will occur less frequently ; while no 
error at'all or one of four inches will be a comparatively 
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rare occurrence. If we now suppose the errors to act as 
often in one direction as the other, the effect will be to 
alter the average error by the amount of two inches, and 
we shall have the following results : — 


Negative error of 2 inches i way. 

Negative error of i inch 4 ways. 

No error at all 6 ways. 

Positive error of i inch 4 ways. 

Positive error of 2 inches i way. 


We may now imagine the number of causes of error 
increased and the amount of each error decreased, and the 
arithmetical triangle will give us the frequency of the re- 
sulting errors. Thus if there be five positive causes of 
error and five negative causes, the following table shows 
the numbers of errors of various amount which will be the 
result : — 


Directiou of Error, 

Positive Error. j 

1 

Negative Error. 

Amount of Error. 

S. 4» 3» 2 . I 

0 

I, 2, 3 » 4 , 5 

Number of such Errors, ' 

! 

I, 10, 45, 120, 210 

252 

1 

210, X 20 , 45, ZO, Z 


It is plain that from such numbers I can ascertain 
the probability of any particular amount of error under 
the conditions supposed. The probability of a positive 

error of exactly one inch is > in which fraction the 

1024 

numerator is the number of combinations giving one 
inch positive error, and the denominator the whole 
number of possible errors of all magnitudes. I can also, 
by adding together the appropriate numbers get the pro- 
bability of an error not exceeding a certain amount. Thus 
the proljability of an error of three inches or less, positive 
or negative, is a fraction whose numerator is the sum of 
45 + 120 -f 210 + 252 + 210 + 120 + 45, and the deno- 
minator,. as before, giving the result We may see at 

once that, according to these principles, the probability of 
small errors is far greater than of large ones : the odds are 
ICK>2 to 22, or more than 45 to • that the error will not 
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exceed three inches ; and the odds are 1022 to 2 gainst 
the occurrence of the greatest possible error of five inches. 

If any case should arise in which the observer knows 
the number and magnitude of the chief errors which 
may occur, he ought certainly to calculate from the Arith- 
metical Triangle the special Law of Error which would 
apply. But the general law, of which we are in search, 
is to be used in the dark, when we have no knowledge 
whatever of the sources of error. To assume any special 
number of causes of error is then an arbitrary proceeding, 
and mathematicians have chosen the least arbitrary course 
of imagining the existence of an infinite number of in- 
finitely small errors, just as, in the inverse method of 
probabilities, an infinite number of infinitely improbable 
hypotheses were submitted to calculation (p. 255). 

The reasons in favour of this choice are of several 
different kinds. 

1. It cannot be denied that there may exist infinitely 
numerous causes of error in any act of observation. 

2. The law resulting from the hypothesis of a moderate 
number of causes of error, does not appreciably differ from 
that given by the hypothesis of an infinite number of 
causes of error. 

3. We gain by the hypothesis of infinity a general law 
capable of ready calculation, and applicable by uniform 
rules to all problems. 

4. This law, when tested by comparison with extensive 
series of observations, is strikingly verified, as will be 
shown in a later section. 

When we imagine the existence of any large number of 
causes of error, for instance one hundred, the numbers of 
combinations become impracticably large, as may be seen 
to be the case from a glance at the Arithmetical Triangle, 
which proceeds only up to the seventeenth line. Quetelet, 
by suitable abbreviating processes, calculated out, a table 
of probability of errors on the hypothesis of one thousand 
distinct causes ; ^ but mathematicians have generally 
proceeded on the hypothesis of infinity, and then, by the 
devices of analysis, have substituted a general law* of easy 

^ L^tter^m the Theory of Probabilities, Letter XV. and Appendix, 
note pp. 256 — 266. 
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treatment. In mathematical works upon the subject, it is 
shown that the standard Law of Error is expressed in the 
formula 

in which x is the amount of the error, Y the maximum 
ordinate of the curve of error, and c a number constant 
for each series of observations, and expressing the amount 
of the tendency to error, varying between one series of 
observations and another. The letter e is the mathematical j 
constant, the sum of ratios between the numbers of permu- 
tations and combinations, previously referred to (p. 330). 

To show the close correspondence of this general 
law with the special law which might be derived 
from the supposition of a moderate number of causes 
of error, I have in the accompanying figure drawn a 


M 



curved line representing accurately the variation of y 
when X in the above formula is taken equal o, i, | 2, 

&c., positive or negative, the arbitrary quantites Y and c 
being each assumed equal to unity, in order to simplify 
the calculations. In the same figure are inserted eleven 
dots, whose heights above the base line are proportional 
to the numbers in the eleventh line of the Arithmetical 
Triangle, thus representing the comparative probabilities 
:of errors of various amounts arising from ten equal causes 
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of error. The correspondence of the general and the 
special Law of Error is almost as close as can be exhibited 
in the figure, and the assumption of a greater number of 
equal causes of error would render the correspondence far 
more close. 

It may be explained that the ordinates NM, nm, n'm\ 
represent values of y in the equation expressing the Law 
of Error. The occurrence of any one definite amount of 
error is infinitely improbable, because an infinite number 
of such ordinates might be drawn. But the probability of 
an error occurring between certain limits is finite, and is 
represented by a portion of the area of the curve. Thus the 
probability that an error, positive or negative, not exceed-" 
ing unity will occur, is represented by the area MmriTi'm', 
in short, by the area standing upon the line nn. 
Since every observation must either have some definite 
error or none at all, it follows that the whole area of the 
curve should be considered as the unit expressing certainty, 
and the probability of an error falling between particular 
limits will then be expressed by the ratio which the area 
of the curve between those limits bears to the whole area 
of the curve. 

The mere fact that the Law of Error allows of the possi- 
ble existence of errors of every assignable amount shows 
that it is only approximately true. We may fairly say 
that in measuring a mile it would be impossible to commit 
an error of a hundred miles, and the length of life would 
never allow of our committing an error of one million 
miles. Nevertheless the general Law' of Error would assign 
a probability for an error of that amount or more, but so 
small a probability as to be utterly inconsiderable and 
almost inconceivable. (All that can, or in fact need, be 
said in defence of the law is, that it may be made to re- 
present the errors in any special case to a very close 
approximation, and that the probability of large and prac- 
tically impossible errors, as given by the law, will be so 
small as to be entirely inconsiderable.; And as we are 
dealing with error itself, and our results pretend to nothing 
more than approximation and probability, an indefinitely 
small error in our process of approximation is of no import- 
ance whatever. 
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Logical Origin of the Law of Error, 

It is worthy of notice that this Law of Error, abstruse 
though the subject may seem, is really founded upon the 
simplest principles. It ari^s entirely out of the difference 
between permutations and combinations, a subject upon 
which I may seem to have dwelt with unnecessary prolixity 
in previous pages (pp. 170, 189). The order in which we 
add quantities together does not affect the amount of the 
sum, so that if there be three positive and five negative 
causes of error in operation, it does not matter in which 
order they are considered as acting. They may be inter- 
mixed in any arrangement, and yet the result will be the 
same. The reader should not fail to notice how laws or 
principles which appeared to be' absurdly simple and 
evident when first noticed, reappear in the most complicated 
and mysterious processes of scientific method. The funda- 
mental Laws of Identity and Difference gave rise to the 
Logical Alphabet which, after abstracting the character of 
the differences, led to the Arithmetical Triangle. The 
Law of Error is defined by an infinitely high line of that 
triangle, and the law proves that the mean is the most pro- 
bable result, and that divergencies from the mean become 
much less probable as they increase in amount. Now the 
comparative greatness of the numbers towards the . middle 
of each line of the Arithmetical Triangle is entirely due 
to the indifference of order in space or time, which was 
first prominently pointed out as a condition of logical re- 
lations, and the symbols indicating them (pp. 32-35), and 
which was afterwards shown to attach equally to numerical 
symbols, the derivatives of logical terms (p. 160). 

Verification of the Law of Error, 

The theory of error which we have been considering 
rests entirely upon an assumption, namely that when 
known sources of disturbances are allowed for, there yet 
remain an indefinite, possibly an infinite number of other 
minute sources of error, which will as often produce ex- 
cess as deficiency. Granting this assumption, the Law of 
Error must be as it is usually taken to be, and there is 
no more need to verify it empirically than to test the truth 
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of one of Euclid’s propositions mechanically. Neverthe- 
less, it is an interesting occupation to verify even the pro- 
positions of geometry, and it is still more instructive to 
try whether a large number of observations will justify our 
assumption of the Law of Error. 

Encke has given an excelleifb instance of the correspond- 
ence of theory with experience, in the case of observations 
of the differences of Eight Ascension of the sun and two 
stars, namely a Aquilae and a Canis minoris. The obser- 
vations were 470 in number, and were made by Bradley 
and reduced by Bessel, who found the probable error of 
the final result to be only about one-fourth part of a second 
(0*2637). He then compared the numbers of errors of 
each magnitude from o* i second upwards, as actually given 
by the observations, wth what should occur according to 
the Law of Error. 

The results were as follow : — 


Magnitude of the errors iu parts 
of a second. 

Number of errors Of each magnitude | 
according to | 

Observ'ation. 

Theory. 

0 0 to 01 

94 

95 

■I »» ’a 

88 

89 

a » *3 

73 

78 

*3 .» *4 

58 

64 

•4 M *5 

51 

so 

•5 "6 

36 

36 

’6 *7 

26 

24 

’7 '8 

14 

*5 

•8 „ -9 

10 

9 

■9 „ 1*0 

7 

5 

a hove i o 

8 

5 


The reader will remark that the correspondence? is very 
close, except as regards larger errors, which are excessive 
in practice. It is one objection, indeed, to the theory of 
error, that, being expressed in a continuous mathematical 
function, it contemplates the existence of errors of every 
magnitude, such as could not practically occur ; yet in this 
case the theory seems to under-estimate the number of 
large errors. 

1 Encke, On the Method of Least Squa/res, Taylor^s ScienUjle 
Memoirs, voL ii. pp. 338, 339. 
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Another comparison of the law with observation was made 
by Quetelet, who investisjated the errors of 487 determi- 
nations in time of the Eight Ascension of the Pole-Star 
made at Greenwich during the four years 1836-39. These 
observations, although carefully corrected for all known 
causes of error, as well as ♦for nutation, precession, &c., 
are yet of course found to differ, and being classified as 
regards intervals of one-half second of time, and then pro- 
portionately increased in number, so that their sum may 
be one thousand, give the following results as compared 
with what Quetelet’s theory would lead us to expect : — ^ 


lyfnptnitnde of 

Number of Errors 

Magnitude of 

Number of errors 

error in tenths 
of a second. 

Observation. 

by 

Theory. 

eiTor in tenths 
of a second. 

by 

Observation. 

by 

Theory. 

O’O 

i68 

163 






+ 05 

148 

J47 

—0-5 

150 

152 

-f I'O 

120 

112 

— I'O 

126 

121 

+ I'S 

78 

72 

— 15 

74 

82 

-f 

•33 

40 

~2 ‘O 

43 

46 

4 - 2's 

'10 

19 

— 2*5 

25 

22 

4 3-0 

2 

10 

—3^ 

12 

ZO 

. 



— 3*5 

2 

4 


In this instance also the correspondence is satisfactory, 
but the divergence between theory and fact is in the opposite 
direction to that discovered in the former comparison, the 
larger errors being less frequent than theory would indi- 
cate. It will be noticed that Quetelet’s theoretical results 
are not symmetrical. 

Tlic Probable Mean Ecsnlt 

One immediate result of the Law of Error, as thus 
stated, is tliat the mean result is the most probable one ; 
and when there is only a single variable this mean is 
found by the familiar arithmetical ptocess. An unfor- 
tunate error has crept into several works which allude 
to this subject. Mill, in treating of the “ Elimination of 
Chance,” remarks in a note ^ that " the mean is spoken of 

' Quetelet, LeUers on the Theorij of Prohahilities, translated by 
Downes, Letter XIX. p. 88. See also Galton^s Hereditary Genius, 
P- 379- 

^ tiystem of Logic, bk. iii. chap. 17, § 3. 5th ed. vol. ii. p. 56. 

C 0 
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as if it were exactly the same thing as the average. 
But the mean, for purposes of inductive inquiry, is not the 
average, or arithmetical mean, though in a familiar illus- 
tration of the theory the difference may be disregarded.’’ 
He goes on to say that, according to mathematical princi- 
ples, the most probable result is that for wlpch the sums 
of the squares of the deviations is the least possible. It 
seems probable that Mill and other writers were misled 
by Whewell, who says^ that ‘‘The method of least 
squares is in fact a method of means, but with some 
peculiar characters. . . . The method proceeds upon 

this supposition : that all errors are not equally probable, 
but that small errors are more probable than large ones.” 
He adds that this method “ removes much that is arbitrary 
in the method of means.” It is strange to find a mathe- 
matician like Whewell making such remarks, when there 
is no doubt whatever that the Method of Means is only 
an application of the Method of Least Squares. They are, 
in fact, the same method, except that the latter method 
may be applied to cases where two or more quantities have 
to be determined at the same time. Lubbock and Drink- 
water say, 2 “ If only one quantity has to be determined, 
this method evidently resolves itself into taking the mean 
of all the values given by observation.” Encke says,^ that 
the expression for the probability of an error “ not only 
contains in itself the principle of the arithmetical mean, 
but depends so immediately upon it, that for all those 
magnitudes for which the arithmetical mean holds good 
in the simple cases in which it is principally applied, 
no other law of probability can be assumed than that 
which is expressed by this formula.” 

The PrdbaUe Error of Results, 

When we draw a conclusion from the numerical 
r<esults of observations we ought not to consider it suf- 
ficient, in cases of importance, to content ourselves with 
finding the simple mean and treating it as true. We 
ought also to ascertain what is the degree of confidence 

^ Philosophy of the Inductive Sciences, 2iid ed. vol. ii. pp. 408, 409. 

2 Msssiy on Probability, Useful Knowledge Society, 1833, p. 41. 

^ Tayloifs Scientific Memoirs, vol. ii. p. 333. 
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we may place in this mean, and our confidence should be 
measured by the degree of concurrence of the observations 
from which it is derived. In some cases the mean ma}^ 
be approximately certain and accurate. In other cases it 
may really be worth little or nothing. The Law of Error 
enables us to give exact expression to the degree of con- 
fidence proper in any case ; for it shows how to calculate 
the probability of a divergence of any amount from the 
mean, and we can thence ascertain the probability that 
the mean in question is within a certain distance from the 
true number. The 'probable error is taken by mathema- 
ticians to mean the limits within which it is as likely as 
not that the truth will fall. Thus if 5-45 be the mean of 
all the determinations of the density of the earth, and *20 
be approximately the probable error, the meaning is tliat 
the probability of the real density of the earth falling be- 
tween 5 25 and 5 65 is Any other limits might have 
been selected at will. We might calculate the limits 
within which it was one hundred or one thousand to one 
that the truth would fall ; but there is a convention to 
take the even odds one to one, as the quantity of proba- 
bility of which the limits are to be estimated. 

Many books on probability give rules for making the 
calculations, but as, in the progress of science, persons 
ought to become more familiar with these processes, 
I propose to repeat the rules here and illustrate their 
use. The calculations, when made in accordance with 
the directions, involve none but arithmetic or logar- 
ithmic operations. 

The following are the rules for treating a mean result, 
so as thoroughly to ascertain its trustworthiness. 

1. Dra^v the mean of all tlie observed results. 

2. Find the excess or defect, that is, the error of each 
result from the mean. 

3. Square each of these reputed errors. 

4. Add together all these squares of the errors, which 
are of course all positive. 

5. Divide by one less tlian the number of observations. 
This gives the square qf thp. PTrnT 

6. Take the square root of the last result ; it is the mean 
erro r of a single observa tion, 

7. Divide now by the square root of the number of 

c 0 2 
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observations, and we get the mean error of the mean 
r^lt 

8. Lastly, multiply by the natural constant 0*6745 (or 
approximately by 0*674, or even by §), and we arrive at 
the 'probable error of th% mean result. 

Suppose, for instance, that five measurements of the 
height of a hill, by the barometer or otherwise, have given 
the numbers of feet as 293, 301, 306, 307, 313 ; we want 
to know the probable error of the mean, namely 304. Now 
the differences between this mean and the above numbers, 
jmying no regard to direction, are ii, 3, 2, 3, 9; their 
squares are 1 21, 9, 4, 9, 81, and the sum of tlie squares 
of the errors consequently 224. The number of observa- 
tions being 5, \ve divide by i less, or 4, getting 56. This 
is the square of the mean error, and taking its square root 
we have 7*48 (say 7^), the mean error of a single obser- 
vation. Dividing by 2*236, the square root of 5, the 
number of observations, we find the mean error of the mean 
result to be 3*35, or say 3J, and lastly, multiplying by 
*6745, we arrive at the 'probable error of the .mean result, 
which is found to be 2*259, say 2^. The meaning of 
this is that the probability is one half, or the odds are 
even that the true height of the mountain lies between 
301} and 306 J feet. We have thus an exact measure of 
the degree of credibility of our mean result, which mean 
indicates the most likely point for the truth to fall 
upon. 

The reader should observe that as the object in these 
calculations is only to gain a notion of the degree of con- 
fidence with which we view the mean, there is no real, use 
in carrying the calculations to any great degree of pre- 
cision; and whenever the neglect of decimal fractions, or 
even the slight alteration of a number, will much abbreviate 
the computations, it may be fearlessly done, except in 
cases of high importance and precision. Brodie has shown 
how the law of error may be usefully applied in chemical 
investigations, and some illustrations of its employment 
may be found in his paper.^ • 

The experiments of Benzenberg to detect the revolution 
of the earth, by the deviation of a ball from the perpen- 

* Phdlosophical TramactionSf 1873, p. 83. 
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dicular line in falling down a deep pit, have been cited by 
Encke ^ as an interesting illustration of the Law of Error. 
The mean deviation was 5 086 lines, and its probable error 
was calculated by Encke to be not more than *950 line, 
that is, the odds were even that the true result lay between 
4*136 and 6*036. As the deviation, according to astrono- 
mical theory, should be 4*6 lines, which lies well within 
the limits, we may Consider that the experiments are 
consistent with the Copernican system of the universe. 

It will of course be understood that the probable error 
has regard only to those causes of errors which in the long 
run act as much in one direction as another ; it takes no 
account of constant, errors. The true result accordingly 
will often fall far beyond the limits of probable error, owing 
to some considerable constant error or errors, of the ex- 
istence of which we are. unaware. 

liejectlon of the Mean Result. 

We ought always to bear in mind that the mean of any 
series of observations is the best, that is, the most probable 
approximation to the truth, only in the absence of know- 
ledge to the contrary. The selection of the mean rests 
entirely upon the probability tliat unknown causes of error 
will in the long run fall as often in one direction as the 
opposite, so that in drawing the mean they will balance 
each other. If we have any reason to suppose that there 
exists a tendency to error in one direction rather than the 
other, then to choose the mean would be to ignore that 
tendency. We may certainly approximate* to the length 
of the circumference of a circle, by taking the mean of the 
perimeters of inscribed and circumscribed polygons of an 
equal .>and large number of sides. The length of the cir- 
cular line undoubtedly lies between the lengths of the two 
perimeters, but it does not follow that the mean is the 
best approximation. It may in fact be shown that the 
circumference of the circle is very nearly equal to the 
perimeter of the inscribed polygon, together with one-third 
part of the difference between the inscribed and circum- 
scribed polygons of the same number of sides. Having 


' Taylor’s Scientific Memoirs, vok ii. pp. 330, 347, &c. 



S90 THE PRINCIPLES OF SCIENCE. fciiAr. 

this knowledge, we ought of course to act upon it, instead 
of trusting to probability. 

We may often perceive that a series of measurements 
tends towards an extreme limit ,rather than towards a 
mean. In endeavouring to obtain a correct estimate 
of the apparent diameter of the brightest fixed stars, we 
find a continuous diminution in estimates as the powers 
of observation increased. Kepler assigned to Sirius an 
apparent diameter of 240 seconds ; Tycho Brahe made 
it 126; Gassendi 10 seconds; Galileo, Hevelius, and J. 
Cassini, 5 or 6 seconds. Halley, Michell, and subsequently 
Sir W. Herschel came to the conclusion that the brightest 
stars in the heavens could not have real discs of a second, 
and were probably much less in diameter. It would of 
couise be absurd to take the mean of quantities which 
differ more than 240 times ; and as the tendency has 
always been to smaller estimates, there is a considerable 
presumption in favour of the smallest.^ 

In many experiments and measurements we know that 
there is a preponderating tendency to error in one direc- 
tion. The readings of a thermometer tend to rise as 
the age of the instrument increases, and no drawing of 
moans will correct this result. Barometers, on the other 
hand, are likely to read too low instead of too high, 
owing to the imperfection of the vacuum and the action of 
capillary attraction. If the mercury be perfectly pure and 
no appreciable error be due to the measuring apparatus, 
the best barometer will be that which gives the highest 
result. In determining the specific gravity of a solid 
body the chief danger of error arises from bubbles of air 
adhering to the body, which would tend to make the 
specific gravity too small. Much attention must always 
be given to one-sided errors of this kind, since the multi- 
plication of experiments does not remove the error. In 
such cases one very careful experiment is better than any 
number of careless ones. 

When we have reasonable grounds for supposing that 
certain experimental results are liable to grave errors, we 
should exclude them in drawing a mean. If we want to 
find the most probable approximation to the velocity of 


^ Quetelet, Letters, &c. p. 116. 
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sound in air, it would be absurd to go back to the old 
experiments which made the velocity from 1200 to 1474 
feet per second ; for we know that the old observers did 
not guard against errors arising from wind and other 
causes. Old chemical experiments are valueless as re- 
gards quantitative results. The old chemists found the 
atmosphere in different places to differ in composition 
nearly ten per cent., whereas modern accurate experi- 
menters find very slight variations. Any method of 
measurement which we know to avoid a source of error 
is far to be preferred to others which trust to probabilities 
for the elimination of the error. As Flamsteed says,^ “ One 
good instrument is of as much worth as a hundred in- 
different ones.” But an instrument is good or bad only in 
a comparative sense, and no instrument gives invariable 
and truthful results. Hence we must always ultimately 
fall back upon probabilities for the selection of the final 
mean, wlien otlier precautions are exhausted. 

Legendre, the discoverer of the method of Least Squares, 
recommended that observations differing very much fi’om 
the results of his method should be rejected. The subject 
has been carefully investigated by Professor Pierce, who has 
proposed a criterion for the rejection of doubtful observa- 
tions based on the following principle : ^ — observations 
should be rejected when the probability of the system of 
errors obtained by retaining them is less than that of the 
system of errors obtained by their rejection multiplied by 
the probability of making so many and no more abnormal 
observations.” Professor Pierce’s investigation is given 
nearly in his own words in Professor W. Chauvenet’s 
‘'Manual of Spherical and Practical Astronomy,” whicii 
contains a full and excellent discussion of the methods of 
tieating numerical observations.® 

Very difficult questions sometimes arise when one or 
more results of a method of experiment diverge widely 
from the •mean of the rest. Are we or are we not to ex- 
clude them in adopting the supposed true mean result of 
the method? The drawing of a mean result rests, as I 

1 Baily, Account of Flamsteed^ p. 56. 

2 Gould'S Astronomical Journal, Cambridge, Mass., vol. ii. p. 161. 

® Philadelphia (London, Triibncr) 1863. Appendix, vol. ii. p, 558. 
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have frequently explained, upon the assumption that every 
eiTor acting in one direction will probably be balanced by 
other errors acting in an opposite direction. If then we 
know or can possibly discover any causes of error not 
agreeing with this assumption, we shall be justified in 
excluding results which seem to be affected by this cause. 

In reducing large series of astronomical observations, it is 
not uncommon to meet with numbers differing from others 
by a whole degree or half a degTee, or some considerable in- 
tegral quantity. These are errors which could hardly arise 
ill the act of observation or in instrumental irregularity ; 
but they might readily be accounted for by misreading 
of figures or mistaking of division marks. It would be 
absurd to trust to chance that such mistakes would 
balance each other in the long run, and it is therefore better 
to correct arbitrarily the supposed mistake, or better still, 
if new observations can be made, to strike out the diver- 
gent numbers altogether. When results corue sometimes 
too great or too small in a regular manner, we should 
suspect that some part of the instrument slips through a 
definite space, or that a definite cause of error enters at 
times, and not at others. We should then make it a point 
of prime importance to discover the exact nature and 
amount of such an error, and either prevent its occurrence 
for the future or else introduce a corresponding correction. 
In many researches the whole difficulty will consist in 
this detection and avoidance of sources of error. Professor 
Eoscoe found that the presence of phosphorus caused 
serious and almost unavoidable ennrs in the determination 
of the atomic weight of vanadium.^ Herschel, in reducing 
liis observations of double stars a,t the Cape of Good Hope, 
was perplexed by an unaccountable difference of the angles 
of position as measured by the seven- feet equatorial and 
the twenty-feet reflector telescopes, and after a careful in- 
vestigation was obliged to be contented with introducing 
a correction experimentally determined.^ 

When observations are sufficiently numerous it seems 
desirable to project the apparent errors into a curve, and 
then to observe whether this curve exhibits the symmet- 

1 Bakerian Lecture, Philosophical Transactions (1868), vol. clviii. 

p. 6. - 

^ Results of Observations at the Cape of Good Hope, p, 283. 
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rical and cliaracteristic form of the curve of error. If so, 
it may be inferred that the errors arise from many minute 
independent sources, and probably compensate each other 
in the mean result. Any considerable irregularity will 
indicate the existence of one-sided or large causes of error, 
which should be made the subject of investigation. . 

Even the most patient and exhaustive investigations 
will sometimes fail to disclose any reason why some 
results diverge from others. The question again recurs — 
Are we arbitrarily to exclude them ? The answer should 
be in the negative as a general rule. The mere fact of 
divergence ought not to be taken as conclusive against a 
result, and the exertion of arbitrary choice would open 
the way to the fatal influence of bias, and what is com- 
monly known as the ‘‘cooking” of figures. It would 
amount to judging fact by theory instead of theory by fact. 
The apparently divergent number may prove in time to be 
the true one. It may be an exception of that valuable 
kind which upsets our false theories, a 'real exception, 
exploding apparent coincidences, and opening a way to a 
new view of the subject. To establish this position for 
the divergent fact will require additional research; but 
in the meantime we should give it some weight in our 
mean conclusions, and should bear in mind the discrepancy 
as one demanding attention. To neglect a divergent result 
is to neglect the possible clue to a great discovery. ’ 

Method of Least Sijuares, 

When two or more unknown quantities are so involved 
that they cannot be separately determined by the Simple 
Method of Means, we can yet obtain their most probable 
values by the Method of Least Squares, without more 
difiiculty than arises from the length of the arithmetical 
computations. If the result of each o’bservation gives an 
equation between two unknown quantities of the form 
ax -^hy =- c 

then, if the observations were free from error, we should 
need only two observations giving two equations ; but for 
the attainment of greater accuracy, we may take many ob- 
servations, and reduce the equations so as to give only a 
pair with mean coefficients. This reduction is effected by 
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(l.), multiplying the coefficients of each equation by the 
first coefficient, and adding together all the similar co- 
efficients thus resulting for the coefficients of a new 
equation ; and ( 2 .), by repeating this process, and multi- 
plying the coefficients of each equation by the coefficient 
of the second term. Meaning by (sum of a^) the sum of 
all quantities of the same kind, and having the same place 
in the equations as we may briefly describe the two 
resulting mean equations as follows : — 

(sum of . a; 4- (sum of ah) . y = (sum of «c), 

(sum of ah) . x + (sum of h'^) . y — (sum of he). 

When there are three or more unknown quantities 
the process is exactly the same in nature, and we get 
additional mean equations by multiplying by the third, 
fourth, &c., coefficients. As tlie numbers are in any case 
approximate, it is usually unnecessary to make the com- 
putations with accuracy, and places of decimals may be 
freely cut off to save arithmetical work. The mean 
equations having been computed, their solution by the 
ordinary methods of algebra gives the most probable 
values of the unknown quantities. 

Works u'pon the Theory of Vrohahility. 

Regarding the Theory of Probability and tlie Law of 
Error as most important subjects of study for any one who 
desires to obtain a complete comprehension of scientific 
method as actually applied in physical investigations, I 
will briefly indicate the works in one or other of which 
the reader will best pursue the study. 

The best popular, and at the same time profound English 
work on the subject is De Morgan’s "‘Essay on Proba- 
bilities and on their Application to Life Contingencies and 
Insurance Offices,” published in the Cabinet Oyclopoediay 
and to be obtained (in print) from Messrs. Longman. 
Mr. Venn’s work on The Logic of Chance can now be 
procured in a greatly enlarged second edition ; ^ it contains 
a most interesting and able discussion of the metaphysical 

^ The Logic of Chance, an Essay on the Foundations and Province 
of th^ Theory of Probability, with especial reference to its Logical 
Beanngs and its Application to Moral and Social Science. (Mac- 
millan), 1 876. 
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basis of probability and of related questions concerning 
causation, belief, design, testimony, &c. ; but I cannot 
always agree with Mr. Venn’s opinions. No mathematical 
knowledge beyond that of common arithmetic is required 
in reading these works. Quetelet’s Letters form a good 
introduction to the subject, and the mathematical notes 
are of value. Sir George Airy’s brief treatise On the 
Algebraical and Numerical Theory of Errors of Observa- 
tions and the Comhination of Observations^ contains a 
complete explanation of the Law of Error and its prac- 
tical applications. I)e Morgan’s treatise “ On the Theory 
of Probabilities ” in the Encyclopcedia Metropolitana, 
presents an abstract oi* the more abstruse investigations 
of Laplace, together with a multitude of profound and 
original remarks concerning the theory generally. In 
Lubbock and Drinkwater’s work on Probabilityy in the 
Library of Useful Knowledge, we have a concise but 
good statement of a number of important problems. The 
Kev. W. A. Whitworth luis given, in a work entitled 
Choice and Chance, a number of good illustrations of 
calculations both in combinations and probabilities. In 
Mr. Todhunter’s admirable History we have an exhaustive 
critical account of almost all writings upon the subject of 
probability down to the culmination of the theory in 
Laplace’s works. The Memoir of Mr. J. W. L. . Glaisher 
has already been mentioned (p. 375). In spite of the 
existence of these and some other good English works, 
there seems to he a want of an easy and yet pretty com- 
plete mathematical introduction to the study of the theory. 

Among French works the TraitS EUmentaire du Calcul 
des Frobabilites, by S. F. Lacroix, of which several editions 
have been published, and which is not difficult to obtain, 
forms probably the best elementary treatise. Poisson’s 
Eecherches sur la Frobabilite des Jugements (Paris 1837), 
commence with an admirable investigation of the grounds 
and metliods of the theory. While Laplace’s great Theorie 
Analytiqiie des Frobabilit 6 s is of course the “ Principia ” 
of the subject ; his Essai Fhilosophique sur les FrobabiliUs 
is a popular discourse, and is one of the most profound 
and interesting essays ever published. It should be 
familiar to every student of logical method, and has lost 
little or none of its importance by lapse of time. 
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Detection of Constant Errors. 

The Method of Means is absolutely incapable of elimi- 
iiating any error which is always the same, or which always 
lies in one direction. We sometimes require to be roused 
from a false feeling of security, and to be urged to take 
suitable precautions against such occult errors. “ It is 
to the observer,” says Gauss, ^ that belongs the task of 
carefully removing the causes of constant errors,” and this 
is quite true when the error is absolutely constant. When 
we have made a number of determinations with a certain 
apparatus or method of measurement, there is a great 
advantage in altering the arrangement, or even devising 
some entirely diherent method of getting estimates of the 
same quantity. The reason obviously consists in the im- 
probability that the same error will affect two or more 
different methods of experiment. If a discrepancy is 
found to exist, we shall at least be aware of the existence 
of error, and can take measures for finding in which way 
it lies. If we can try a considerable number of methods, 
the probability becomes great that errors constant in one 
metliod will be balanced or nearly so by errors of an op- 
posite effect in the others. Suppose that there be three 
different methods each affected by an error of equal 
amount. The j)robability that this error will in all fall in 
the same direction is only and with four methods 
similarly J. If each method be affected, as is always 
the case, by several independent sources of error, the 
probability becomes much greater that in the mean result 
of all the methods some of the errors will partially 
compensate the others. In this case as in aU others, when 
human vigilance has exhausted itself^ we must trust the 
theory of probability. 

In the determination of a zero point, of the magnitude 
of the fundamental standards of time and space, in the 
personal equation of an astronomical observer, we have 
instances of fixed errors ; but as a general rule a change of 
procedure is likely to reverse the character of the error, 
and many instances may be given of the value of this 
precaution. If we measure over and over again the same 

^ Gauss, translated by Bertrand, p. 25. 
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angular Inagnitude by the same divided circle, maintained 
in exactly the same position, it is evident that the same 
mark in the circle will be the criterion in each case, and 
any error in the position of that mark will equally affect 
all our results. But if in each measurement we use a 
different part of the circle, a new mark will come into use, 
and as the error of each mark cannot be in the same 
direction, the average result will be nearly free from 
errors of division. It will be better still to use more 
than one divided circle. 

Even when we have no perception of the points at 
which error is likely to enter, we may with advantage 
vary the construction of our apparatus in the hope that we 
shall accidentally detect some latent cause of error. Baily’s 
purpose in repeating tlie experiments of Mich ell and Caven- 
dish on the density of the earth was not merely to follow 
the same course and verify the previous numbers, but to 
try whether variations in the size and substance of the 
attracting balls, the mode of suspension, .the temperature 
of the surrounding air, &c., would yield different results. 
He performed no less than 62 distinct series, comprising 
2153 experiments, and he carefully classified and discussed 
the results so as to disclose the utmost differences. Again, 
in experimenting upon the resistance of the air to the 
motion of a pendulum, Baily employed no less than 80 
pendulums of various forms and materials, in order to 
ascertain exactly upon wdiat conditions the resistance 
depends. Eegnault, in his exact researches upon the 
dilatation of gases, made arbitrary changes in the magni- 
tude of parts of his apparatus, lie thinks that if, in spite 
of such modification, the results are unchanged, the errors 
are probably of inconsiderable amount ; ^ but in reality it 
is always possible, and usually likely, that we overlook 
sources of error which a future generation will detect. 
Thus the pendulum experiments of Baily and Sabine were 
directed fo ascertain the nature and amount of a correction 
for air resistance, which had been entirely misunderstood 
in the experiments by means of the seconds pendulum, 
upon which was founded the definition of the standard 
yard, in the Act of Sth George IV. c. , 74. It has already 


' Jamin, Cours de Phydque, vol. ii. p. 60. 
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been mentioned that a considerable en^or was discovered 
in the determination of the standard metre as the ten- 
millionth pai-t of the distance from the pole to the 
equator (p. 314). 

We shall return in Chapter XXV. to the further consi- 
deration of the methods by wliich we may as far as possible 
secure ourselves against permanent and undetected sources 
of en*or. In the meantime, ha\dng completed the con- 
sideration of the special methods requisite for trea.ting 
quantitative phenomena, we must pursue our principal, 
subject, and endeavour to trace out the course by which 
the physicist, from observation and experiment, collects 
the materials of knowledge, and then proceeds by hypo- 
thesis and inverse calculation to induce from them the 
laws of nature. 




BOOK 15: 

INDtJCTIVE INVESTIGATION. 


CHAPTEE XVni. 

OBSEBVATION. 

All knowledge proceeds originally from experience. Using 
the name’ in a wide sense, we may say that experience 
comprehends all that we feel, externally or intetnally — 
the aggregate of the impressions which we receive through 
the various apertures of perception — the aggregate con- 
sequently of what is in the mind, except so far as some 
portions of knowledge may be the reasoned equivalents of 
other portions. As the word experience expresses, we go 
through much in life, and the impressions gathered inten- 
tionally or unintentionally afford the materials from which 
the active powers of the mind evolve science. 

No small part of the experience actually employed in 
science i^ acquired without any distinct purpose. We 
cannot use the eyes without gathering some facts which 
may prove useful. A great science has in many cases 
risen from an accidental observation. Erasmus Bartholinus 
thus first discovered double refraction in Iceland spar; 
Galvani noticed the twitching of a frog's leg ; Oken was 
struck by the form of a vertebra; Mains accidentallj 
examined light reflected from distant windows with a 
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double refracting substance ; and Sir John HerscheFs 
atteiitioij^f was drawn to the peculiar appearance of a 
solujil^f quinine sulphate. . In earlier times there must 
havii^^; some one who first noticed the strange behaviour 
of alKfctone, or the unaccountable motions produced by 
amber. As a general rule we shall not know in what 
direction to look for a great body of phenomena widely 
different from those familiar to us. Chance then must 
give us the starting point ; but one accidental observation 
well used may lead us to make thousands of observations 
in an intentional and organised manner, and thus a science 
may be gradually worked out from the smallest opening. 

Distinction of Ohservation and Experiment 

It is usual to say that the two sources of experience 
are Observation and Experiment. When we merely notd 
and record the phenomena which occur around us in the ■ 
ordinary course of nature we are said to observe. When we ; 
change the course of nature by the intervention of our 
muscular powers, and thus produce unusual combinations 
and conditions of phenomena, we are said to experimentl 
Herschel justly remarked ^ that we might properly call 
these two modes of experience passive and active observa- 
tion. In both cases we must certainly employ our senses 
to observe, and an experiment differs from a mere observa- 
tion in the fact that we more or less influence tlie 
character of the events which we observe. E xperim ent is 
thus obaerva tion y?/?^£ alteration of conditions. 

It may readily be seen that we pass upwards by in- 
sensible gradations from pure observation to determinate 
experiment. When the earliest astronomers simply noticed 
the ordinary motions of the sun, moon, and planets upon 
the face of the starry heavens, they were pure observers. 
But astronomers now select precise times and places for 
important observations of stellar parallax, or thfe transits 
of planets. They make the earth's orbit the basis of a 
weU arranged natural experiment, as it were, and take well 
considered advantage of motions which they cannot 
controL Meteorology might seem to be a science of pure 

V i Preliminary Discourse on the Study of Natural Philosophy , p. 7 ", 
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observation, because we cannot possibly govern the changes 
of weather which we record. Nevertheless we may ascend 
mountains or rise in baUoons, like Gay-Lussac and Gljdsher, 
and may thus so vary the points of observation as to render 
our procedure experimental. We are wholly unable either 
to produce or prevent earth-currents of electricity, but 
when we construct long lines of telegraph, we gather such 
strong currents during periods of disturbance as to render 
them capable of easy observation. 

The best arranged systems of observation, however, would 
^il to give us a large part of the facts which we now 
possess. Many processes continually going on in nature 
are so slow and gentle as to escape our powers of observa- 
tion. Lavoisier remarked that the decomposition of water 
must have been constantly proceeding in nature, although 
its possibility was unknown till his time.^ No substance 
is wholly destitute of magnetic or diamagnetic powers ; 
but it required all the experimental skill of Faraday to 
prove that iron and a few other metals had uo monopoly 
of these powers. Accidental observation long ago im- 
pressed upon men’s minds the phenomena of lightning, 
and the attractive properties of amber. Experiment only 
could have shown that phenomena so diverse in magnitude 
and character were manifestations of the same agent. To 
observe with accuracy and convenience we must have 
agents under our control, so as to raise or lower their 
intensity, to stop or set them in action at will. Just as 
Smeaton found it requisite to create an artificial and 
governable supply of wind for his investigation of wind- 
mills, so we must have governable supplies of light, heat, 
electricity, muscular force, or whatever other agents we are 
* examining. 

It is hardly needful to point out too that on the earth’s 
surface we live under nearly constant conditions of gravity, 
temperaturp, and atmospheric pressure, so that if we are to 
-extend our inferences to other parts of the universe where 
conditions are widely different, we must be prepared to 
imitate those conditions on a small scale here. We must 
have intensely high and low temperatures ; we must vary 

1 Lavoisier’s Ukments of Chemistry, translated by Kerr, 3rd ed. 
p. 148. 
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the density of gases from approximate vacuum upwards ; 
we must subject liquids and solids to pressures or strains 
of almost unlimited amount. 

^ Mental Conditions of Correct Observation, 

Every observation must in a certain sense be true, for 
the observing and recording of an event is in itself an 
event. But before we proceed to deal with the supposed 
meaning of the record, and draw inferences concerning the 
course of nature, we must take care to ascertain that the 
character and feelings of the observer are not to a great 
extent the phenomena recorded. ^The mind of man, as 
Francis Bacon said, is like an uneven mirror, and does not 
reflect the events of nature without distortion.\ We need 
hardly take notice of intentionally false observations, nor 
of mistakes arising from defectiv e mem ory, deficient light, 
and so forth. Even where the utmost fidelity and care 
are used in observing and recording, tendencies to error 
exist, and fallacious opinions arise in consequence. 

. It is difficult to find persons who can with perfect fair- 
ness register facts fqr and agamst their own peculiar views. 
Among uncultivated observers the tendency to remark 
favourable and forget unfavourable events is so great, that 
no reliance can be placed upon their supposed observations. 
Thus arises the enduring fallacy that the changes of the 
weather coincide in some way with the changes of the 
moon, although exact and impartial registers give no 
countenance to the fact. The whole race of prophets and 
quacks live on the overwhelming effect of one success, 
compared with hundreds of failures which ate unraen- 
tioned and forgotten. As Bacon says, "Men mark when 
they hit, and never mark when they miss.” And we 
should do well to bear in mind the ancient story, quoted 
by Bacon, of one who in Pagan times was shown a temple 
with a picture of all the persons who had been saved from 
shipwreck, after paying their vows. When asked whether 
he did not now acknowledge the power of the gods, 

" Ay,” he answered ; " but where are they painted that 
werq drowned after their vows ? ” 

If indeed we could estimate the amount of bias existing | 
in any particular observations, it might be treated like 
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, one of the forces of the problem, and the true course of 
external nature might still be rendered apparent. But the 
feelings of an observer are usually too indeterminate, so 
that when there is reason to suspect considerable bias, re- 
jection is the only safe coursa As regards facts casually 
registered in past times, the capacity and impartiality of 
the observer are so little known that we should spare no 
pains to replace these statements by a new appeal to 
nature. An indiscriminate medley of truth and absurdity, 
such as Francis Bacon collected in his Natural History, is 
wholly unsuited to the purposes of science. But of course 
when records relate to past events like eclipses, con- 
junctions, meteoric phenomena, earthquakes, volcanic 
eruptions, changes of sea margins, the existence of now 
extinct animals, the migrations of tribe^ remarkable 
customs, &c., we must make use of stateniints however 
unsatisfactory, and must endeavour to verifiy them by the 
comparison of independent records or traditions. 

"When extensive series of observations have to be made,’, 
as ill astronomical, meteorological, or magnetical observa- 
tories, trigonometrical surveys, and extensive chemical or 
physical researches, it is an advantage that the numerical 
work should be executed by assistants who are not interested 
in, and are perhaps unaware of, the expected results. The 
record is thus rendered perfectly impartial. It may even 
be desirable that those who perform the purely routine 
work of measurement and computation should be un- 
acquainted with the principles of the subject. The great 
table of logarithms of the French Eevolutionary Govern- 
ment was worked out by a staff of sixty or eighty 
computers, most of whom were acquainted only with the 
rules of arithmetic, and worked under the direction of 
skilled mathematicians ; yet their calculations were usually 
found more correct than those of persons more deeply 
versed in mathematics.^ In the Indian Ordnance Surveyj 
the actual measurers were selected so that they shoul4'^ 
not have sufficient skill to falsify their results without 
detection. 

Both passive observation and experimentation must, 
however, be generally conducted by persons who know for 

^ Babbage, Economy of Manufactures, p. i94> 
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ywhat they are to look. It is only when excited and guided 
by the hope of verifying a theory that the observer will 
notice many of the most important points ; and, where the 
work is not of a routine character, no assistant can super- 
sede the mind-directed observations of the philosopher. 
Thus the successful investigator must combine diverse 
qualities ; he must have clear notions of the result he ex- 
pects and confidence in the truth of his theories, and yet 
he must have that candour and flexibilitv_QlLiaifld which 
enable him to accept unfa!V8?jSa^^^ and abandon 

mistaken views. 

Instrumental and Sensual Conditions of Observation, 

In every ^servation one or more of the senses must be 
employed, we should ever bear in mind that the ex- 
tent of our knowledge majr. be limited by the power of the 
sense concerned. What we learn of the world only forms 
the lower limit of what is to be learned, and, for all that 
we can tell, the processes of nature may infinitely sur- 
pass in variety and complexity those which are capable of 
coming within our means of observation. In some cases 
inference from observed phenomena may make us in- 
directly aware of what cannot be directly felt, but we 
can never be sure that we thus acquire any appreciable 
fraction of the knowledge that might be acquired. 

It is a strange reflection that space may be filled with 
dark wandering stars, whose existence could not have yet 
become in any way known to us. The planets have 
already cooled so far as to be no longer luminous, and it 
may well be that other stellar bodies of various size have 
fallen into the same condition. From the consideration, 
indeed, of variable and extinguished stars, Laplace inferred 
that there probably exist opaque bodies as great and 
perhaps as numerous as those we^s^see.^ Some of these 
dark stars might ultimately become known to' us, either 
by reflecting light, or more probably by their gravitating 
effects upon luminous stars. Thus if one member of a 
double star were dark, we could readily detect its exist- 
ence, and even estimate its size, position, and motions, 

J System of ihs Worlds translated by Harte, voL ii. p* 335. 
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by observing those of its visible companion. It was a 
favourite notion of Huyghens that there may exist stars 
and vast universes so distant that their light has never 
yet had time to reach our eyes ; and we must also bear 
in mind that light may possibly suiBFer slow extinction 
in space, so that there is more than one way in which 
an absolute limit to the powers of telescopic discovery 
may exist. 

There are natural limits again to the power of our 
senses in detecting undulations of various kinds. It is 
commonly said that vibrations of more than 38,000 strokes 
per second are not audible as sound ; and as some ears 
actually do hear sounds of much higher pitch, even two 
octaves higher tlian what other ears can detect, it is 
exceedingly probable that there are incess^ vibrations 
which we cannot call sound because they are never heard. 
Insects may communicate by such acute sounds, con- 
stituting a language inaudible to us ; and the remarkable 
agreement apparent among bodies of ants or bees might 
thus perhaps be explained. Nay, as Fontenelle long ago 
suggested in his scientific romance, there may exist un- 
limited numbers of senses or modes of perdeption which 
we can never feel, though Darwin’s theory would render it 
probable that any useful means of knowledge in an an- 
cestor would be developed and improved in the descendants. 
We might doubtless have been endowed with a sense 
capable of feeling electric phenomena with acuteness, so 
that the positive or negative state of charge of a body 
could be at once estimated. The absence of such a 
sense is probably due to its comparative uselessness. 

Heat undulations are subject to the same considerations. 
It is now apparent that what we call light is the affection 
of the eye by certain vibrations, the less rapid of which 
are invisible and constitute the dark rays of radiant heat, 
in detecting which we must substitute the thermometer 
or the thermopile for the eye. At the other end of the 
spectrum, again, the ultra-violet rays are invisible, and 
only indirectly brought to our knowledge in the pheno- 
mena of fluorescence or photo-chemical action. There is 
no reason to believe that at either end of the spectrum an 
absolute limit has yet been reached. 

Just as our knowledge o^the stellar universe is limited 
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by the power of the telescope and other conditions, so our 
knowledge of the minute world has its limit in the powers 
and optical conditions of the microscope. There was a 
time when it would have been a reasonable induction that 
vegetables are motionless, and animals alone endowed 
with power of locomotion. We are astonished to dis- 
cover by the microscope that minute plants are if any- 
thing more active than minute animals. We even find 
that mineral substances seem to lose their inactive 
character and dance about with incessant motion when 
reduced to sufficiently minute particles, at least when sus- 
pended in a non-conducting medium.^ Microscopists will 
meet a natural limit to observation when the minuteness 
of the objects examined becomes comparable to the length 
of light un||alations, and the extreme difficulty already 
encountered ih determining the forms of minute marks on 
Diatoms appears to be due to this cause. According to 
Helmholtz the smallest distance which can be accurately 
defined depends upon the interference of light passing 
through the centres of the bright spaces. With a the- 
oretically perfect microscope and a dry lense the smallest 
visible object would not be less than one 8o,cX)oth part 
of an inch in red light. 

Of the errors likely to arise in estimating quantities by 
the senses I have already spoken, but there are some cases 
in which we actually see things differently from what 
they are. A jet of water appears to be a continuous 
thread, when it is really a wonderfully organised succes- 
sion of small and large drops, oscillating in form. The 
drops fall so rapidly that their impressions upon the eye 
run into each other, and in order to see the separate drops 
we require some device for giving an instantaneous view. 

One insuperable limit to our powers of observation 
arises from the impossibility of following and identifying 
the ultimate atoms of matter. One atom of .oxygen is 
probably undistinguishable from another atom; only by 

^ This curious phenomenon, which I propose to call pedcsis, or the pedetic 
mowmewti from to jump, is carefully described in my paper published 

in the Qua/rUrly Jommil of Sci&Me for April, 1878, vol. viii. (N.S.) 
p. 167. See also Prtmedings of the Literary a/nd Phihsophiodl Societal/ 
of 25th JanWy, 1870, vol. ix. p. 78, Nature^ 22nd August, 

1878, vol. xviii. p, 440, or the Quarterly Journal of Science^ vol, viii. 
(J^.S.)p. 514. 
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keeping a certain volume of oxygen safely inclosed in 
a bottle can we asstire ourselves of its identity ; allow it 
to mix with other oxygen, and we lose all power of iden- 
tification. Accordingly we seem to have no means of 
directly proving that every gas is in a constant state of 
diffusion of every part into every part. We can only 
infer this to be the case from observing the behaviour 
of distinct gases which we can distinguish in their course, 
and by reasoning on the grounds of molecular theory.^ 

P External Conditions of Correct Observation 

Before we proceed to draw inferences from any series of 
recorded facts, we must take care to ascertain perfectly, 
if possible, the external conditions under which the facts 
are brought to our notice, ^ot only may tfee ob serving 
mind be prejudiced and the senses defective^ , but there 
may be circumstances which cause one kind of event to 
come more frequently to our notice than another. The 
comparative numbers of objects of different kinds existing 
may in any degree differ from the numbers which come to 
our notice. This difference must if possible be taken into 
account before we make any inferences. 

There long appeared to be a strong presumption that 
all comets moved in elliptic orbits, because no comet had 
been proved to move in any other kind of path. The 
theory of gravitation admitted of the existence of comets 
moving in hyperbolic orbits, and the question arose 
whether they were really non-existent or were only 
beyond the bounds of easy observation. From reason- 
able suppositions Laplace calculated that the probability 
was at least 6000 to i against a comet which comes 
within the planetary system sufficiently to be visible at 
the earth’s surface, presenting an orbit which could be 
discriminated from a very elongated ellipse or parabola in 
the part of its orbit within the reach of our telescopes.® 
In short, the chances are very much in favour of our 
seeing elliptic rather than hyperbolic comets. Laplace’s 
views have been confirmed by the discovery of six 

1 Maxwell, Theony of Heat, p. 301. ^ 

* Laplace, Eeeai Philosophiqm, p. 59. Todhunter's Hiatoryt 

pp. 491—494- 
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hyperbolic comets, which appeared in the years 1729, 
1771, 1774, 1818, 1840, and 1843,^ and as only about Soo 
comets altogether have been recorded, the proportion of 
hyperbolic ones is quite as large as should be expected. 

When we attempt to estimate the numbers of objects 
which may have existed, we must make large allowances 
for the limited sphere of our observations. Probably not 
more than 4000 or Socx) comets have been seen in 
historical times, but making allowance for the absence of 
observers in the southern hemisphere, and for the small 
probability that we see any considerable fraction of those 
which are in the neighbourhood of our system, we must 
accept Kepler's opinion, that there are more comets in 
the regions of space than fishes in the depths of the ocean. 
When like calculations are made concerning the numbers 
of meteors visible to us, it is astonishing to find that the 
number of meteors entering the earth’s atmosphere in every 
twenty-foagf hours is probably not less than 400,000,000, 
of which 13,000 exist in every portion of space equal to 
that filled by the earth. 

Serious fallacies may arise from overlooking the inevit- 
able conditions under which the records of past events are 
brought to our notice. Thus it is only the durable objects 
manufactured by former races of men, such as flint imple- 
ments, which .can have come to our notice as a general 
rule. The comparative abundance of iron and bronze 
articles used by an ancient nation must not be supposed 
to be coincident with their comparative abundance in our 
museums, because bronze is far the more durable. There 
is a prevailing fallacy that our ancestors built more 
strongly than we do, arising from the fact that the more 
fragile structures have long since crumbled away. We 
have few or no relics of the habitations of the poorer 
classes among the Greeks* or Romans, or in fact of any 
past race ; for the temples, tombs, public buildings, and 
mansions of the wealthier classes alone endure. There is 
an immense expanse of past events necessarily lost to us 
for ever, and we must generally look upon records or relics 
as exceptional in their character. 

The same considerations apply to geological relics. 
We could not generaUy expect that animals would be 
^ Chambers^ Astronomy, ist ed. p. 203. 
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preserved unless as regards the bones, shells, strong integu- 
ments, or other hard and durable parts. All the infusoria 
and animals devoid of mineral framework have probably- 
perished entirely, distilled perhaps into oils. It has been 
pointed out that the peculiar character of some extinct 
floras may be due to the unequal preservation of different 
families of plants. By various accidents, however, we gain 
glimpses of a world that is usually lost to us — as by 
insects embedded in amber, the great mammoth preserved 
in ice, mummies, casts in solid material like that of the 
Eoman soldier at Pompeii, and so fort h. 

We should also remember, that just as there may be 
conjunctions of the heavenly bodies that can have hap- 
pened only once or twice in the period of history, so re- 
markable terrestrial conjunctions may take place. Great 
storms, earthquakes, volcanic eruptions, landslips, floods, 
irruptions of the sea, may, or rather must, have occurred, 
events of such unusual magnitude and such e3t|areme rarity 
that we can neither expect to witness them nor readily 
to comprehend their effects. It is a great advantage of 
the study of probabilities, as Laplace himself remarked, to 
make us mistrust the extent of our knowledge, and pay 
proper regard to the probability that events would come 
within the sphere of our observations. 

Apparent Sequence of Events, 

De Morgan has * excellently pointed out^ that there 
are no less than four modes in which one event may, 
seem to follow or be connected with another, without 
being really so. These involve mental, sensual, and ex- 
ternal causes of error, and I will briefly state and illustrate 
them. 

Instead of A causing B, it may be our perception of A 
that causes B. Thus it is that prophecies, presentiments, 
and the devices of sorcery and witchcraft often work their 
own ends. A man dies on the day which he has always 
regarded as his last, from his own fears of the day. An 
incantation effects its purpose, because care is taken to 
frighten the intended victim, by letting him know his 
fate. In all such cases the mental condition is the cause 
of ajjparent coincidence. 

Essa/y^on Probabilities, Cabinet Cyclopesdia, p. 121, 
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In a second class of cases, the event A may make mr 
feroeption of B follove^ which would otherwise happen 
without being perceived. Thus it was believed to be the 
result of investigation that more comets appeared in hot 
than cold summers. No account was taken of the fact 
that hot summers would be comparatively cloudless, and 
afford better opportunities for the discovery of comets. 
Here the disturbing condition is of a purely external 
character. , Certain ancient philosophers held that the 
moon’s rays were cold-producing, mistaking the cold 
.caused by radiation into space for an effect of the moon, 
Which is more likely to be visible at a time when the 
‘absence of clouds permits radiation to proceed. 

In a third class of cases, our perception of A may make 
our perception of B follow. The event B may be con- 
stantly happening, but our attention may not be drawn to 
it except % our observing A. This case seems to be 
illustrated||P'the fallacy of the moon’s influence on clouds. 
The origin of this fallacy is somewhat complicated. In 
the first place, when the sky is densely clouded the moon 
,would not be visible at all ; it would be necessary for us to 
see the full moon in order that our attention should be 
strongly drawn to the fact, and this would happen most 
often on those nights when the sky is cloudless. Mr. 
W. Ellis,^ moreover, has ingeniously pointed out that there 
is a general tendency for clouds to disperse at the com- 
mencement of night, which is the time when the full moon 
rises. Thus the change of the sky and the rise of the full 
moon are likely to attract attention mutually, and the 
coincidence in time suggests the relation of ca use and 
efiiect. Mr. Ellis proves from tile results oF^bservations 
at the Greenwich Observatory that the moon possesses no 
appreciable power of the kind supposed, and yet it is 
remarkable that so sound an observer as Sir John Herschel 
was convinced of the connection. In his "‘ Eesults of 
Observations at the Cape of Good Hope,”^ he mentions 
many evenings when a full moon occurred with a 
peculiarly clear sky. 

1 Philosophical Magazine, 4th Series (1867), vol. xxxiv. p, 64. 

* See J^otes to Measures of Double ^ars, 1204, 1336, 2477, 1686, 
1786, t8i6, 1835, i929> 2081, 2186, pp. 265, &c. See also Herschel’s 
Familiar Lectures on Sdentijio Mgects, p 147, and Outlines 0] 
Astronomy, 7th ed. p. 285. 
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There is yet a fourth class of cases, in which B is really 
the antecedent events hut our perception of A, which is a 
consequence of B, may he necessary to bring about our 
perception , of B, There can be no doubt, for instance, 
that upward and downward currents are continually cir- 
culating in the lowest stratum of the atmosphere during 
the day-time ; but owing to the transparency of the at- 
mosphere we have no evidence of their existence until we 
perceive cumulous clouds, which are the consequence of 
such currents. In like manner an interfiltration of bodies 
of air in the higher parts of the atmosphere is probably in 
nearly constant progress, but unless threads of cmx)U8 
cloud indicate these motions we remain ignorant of their 
occurrence.^ The highest strata of the atmosphere are 
wholly imperceptible to us, except when rendered luminous 
by auroral currents of electricity, or by the passage of 
meteoric stones. Most of the visible phenome na of comets 
probably arise from some substance which, i||prt;ing pre- 
viously invisible, becomes condensed or electrified suddenly 
into a visible form. Sir John Herschel attempted to 
explain the production of comet tails in this manner by 
evaporation and condensation.^ 

Negative Arguments from Non-observation, 

From what has been suggested in preceding sections, it 
will plainly appear that the non-observation of a pheno- 
menon is not generally to be taken as proving its non- 
pccurrence. As there are sounds which we cannot hear, ' 
rays of heat which we cannot feel, multitudes of worlds 
which we cannot see, and myriads of minute organisms 
of which not the most powerful microscope can give us 
a view, we must as a general rule interpret our experience 
in an affirmative sense only. Accordingly when inferences 
have been drawn from the non-occurrence of particular 
facts or "objects, more extended and careful examination 
has often proved their falsity. Not many years since it 
was quite a well credited conclusion in geology that no 
remains of man were found in connection with those of 

1 Jevons, 0 % the Cirrous Form of Cloudy Philosophical Magaaine, 
Jaly, 1857, 4th Series, vol. xiv. p. 22. 

2 Astronomy, 4th ed. p. 358 
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extinct animals, or in any deposit not actually at present 
in course of formation*. Even Babbage accepted this con- 
clusion as strongly confirmatory of the Mosaic accounts/ 
While the opinion was yet universally held, flint imple- 
ments had been found ^disproving such a conclusion, and 
overwhelming evidence of man’s long-continued existence 
h^s since been forthcoming. At the end of the last century, 
when Herschel had searched the heavens with his powerful 
telescopes, there seemed little probability that planets yet 
remained unseen within the orbit of Jupiter. But on the 
first day of this century such an opinion was overturned 
by the discovery of Ceres, and more than a hundred other 
small planets have since been added to the lists of the 
planetary system. 

The discovery of the Eozoon Canadense in strata of 
much greater age than any previously known to contain 
organic remains, has given a shock to groundless opinions 
concerning the origin of organic forms; and the oceanic 
dredging expeditions under Dr. Carpenter and Sir Wyville 
Thomson have modified some opinions of geologists by 
disclosing the continued existence of forms long supposed 
to be extinct. These and many other cases which might 
be quoted show the extremely unsafe character of negative 
inductions. 

But it must not be supposed that negative arguments 
I are of no force and value. The earth’s surface has been 
sufficiently searched to render it highly improbable that 
any terrestrial animals of the size of a camel remain to be 
discovered. It is believed that no new large animal has 
been encountered in the last eighteen or twenty centuries,^ 
and the probability that if existent they would have been 
seen, increases the probability that they* do not exist. 
We may with somewhat less confidence discredit the 
existence of any large unrecognised fish, or sea animals, 
such as the alleged sea-serpent. But, as we descend to 
forms of smaller size negative evidence loses weight from 
the less probability of our seeing smaller objects. Even 
the strong induction in favour of the four-fold division of 
the anim^ kingdom into-Vertebrata, Annulosa, MoUusca, 

' Babbage, Ninth Bridgewater Treatm, p. 67. 

• Cuvier, Essay on the Theory of the Earth, translation, p. 61, &c. 
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and Coelenterata, may break down by the discovery of in- 
termediate or anomalous forms. As civilisation spreads 
over the surface of the earth,, and unexplored tracts are 
gradually diminished, negative conclusions will increase 
in force ; but we have much to leq^n yet concerning the 
depths of the ocean, almost wholly unexamined as they 
are, and covering three-fourths of the earth’s surface. 

In geology there are many statements to which con- 
siderable probability attaches on account of the large 
extent of the investigations already made, as, for instance, 
that true coal is found only in rocks of a particular geolo- 
gical epoch ; that gold occurs in secondary and tertiary 
strata only in exceedingly small quantities,^ probably 
derived from the disintegration of earlier rocks. In 
natural history negative conclusions are exceedingly 
treacherous and unsatisfactory. The utmost patience 
win not enable a microscopist or the observer of any 
living thing to watch the behaviour of the orgaiusm under 
all circumstances continuously for a great length of time. 
There is always a chance therefore that the critical act or 
change may take place when the observer’s eyes are with- 
drawn. This certainly happens in some cases ; for though 
the fertilisation of orchids by agency of insects is proved 
as well as any fact in natural history, Mr. Darwin has 
never been able by the closest watching to detect ^n insect 
in the performance of the operation. Mr. Darwin has 
himself adopted one conclusion on negative evidence, 
namely, that the Orchis pyramidalis and certain other 
orchidaceous flowers secrete no nectar. But his caution 
and unwearying patience in verifying the conclusion give 
an impressive lesson to the observer. For twenty-three 
consecutive days, as he tells us, he examined flowers in all 
states of the weather, at all hours, in various localities. 
As the secretion in other flowers sometimes takes place 
rapidly and might happen at early dawn, that inconvenient 
hour of 'observation was specially adopted. Mowers of 
different ages were subjected to irritating vapours, to mois- 
ture, and to every condition likely to bring on the secretion ; 
and only after invariable failure ®f this exhaustive inquiry 
was the barrenness of the nectaries assumed to be proved.^ 

* Murchison’s Siluria, ist ed. p. 432. 

^ Darwin’s FertilisaUon of Orchids^ p. 48. 
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In order that a negative argument founded on the non- 
observation of an object shall have any considerable force, 
it must be shown to be probable that the object if existent 
would have been observed, and it is this probability which 
defines the value of the negative conclusion. The failure 
of astronomers to see the planet Vulcan, supposed by some 
to exist within Mercury’s orbit, is no sufficient disproof of 
its existence. Similarly it would be very difficult, or even 
impossible, to disprove the existence of a second satellite of 
small size revolving round the earth. But if any person 
make a particular assertion, assigning place and time, then 
observation will either prove or disprove the alleged fact. 
If it is true that when a French observer professed to 
have seen a planet on the sun’s face, an observer in Brazil 
was carefully scrutinising the sun and failed to see it, we 
have a negative proof. False facts in science, it has been 
well said, are more mischievous than false theories. A 
false theory is open to every person’s criticism, and is ever 
liable to be judged by its accordance with facts. But a 
false or grossly erroneous assertion of a fact often stands 
in the way of science for a long time, because it may be 
extremely difficult or even impossible to prove the falsity 
of what has been once recorded. 

In other sciences the force of a negative argument will 
often depend upon the number of possible alternatives 
which may exist. It was long believed that the quality 
of a musical sound as distinguished from its pitch, must 
depend upon the form of the undulation, because no other 
cause of it had ever been suggested or was apparently 
possible. The truth of the conclusion was proved by 
Helmholtz, who applied a microscope to luminous points 
attached to the strings of various instruments, and 
thus actually observed the different modes of undulation. 
In mathematics negative inductive arguments have 
seldom much force, because the possible forms of expres- 
sion, or the possible combinations of lines and circles in 
geometry, are quite unlimited in number. An enormous 
number of attempts w^e made to trisect the angle by the 
ordinary methods of Ehclid’s geometry, but their in- 
variable failure did not establish the impossibility of the 
task. This was shown in a totally different manner, by 
proving that the problem involves an irreducible cubic 
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equation to which there could be no corresponding plane 
geometrical solution.^ This is a case of reductio ad 
aisWdvm, a form of argument of a totally different 
character. Similarly no number of failures to obtain a 
general solution of equations of the fifth degree would 
establish the impossibility of the task, but in an indirect 
mode,' equivalent to a reductio ad abmrdum, the impossi- 
bility is considered to be proved. 

' Peacock, Algd)re, vol. ii. p. 344. 

* Ibid, p. 359. Serret, Algkbre Sup^kme, 2nd ed. p. 304* 



CHAPTER XIX. 

EXPERIMENT. 

We may now consider the great advantages which we 
enjoy in examining the combinations of phenomena when 
things are within our reach and capable of being experir 
mented on. We are said to eocperiment when webring sub-t. 
stances together under various conditions of temperature,! 
pressure, electric disturbance, chemical action, &c., and’ 
then record the changes observed. Our object in induc-^ 
tive investigation is to ascertain exactly the group of cir- 
cumstances or conditions which being present, a certain 
other group of phenomena will follow. If we denote by 
A the antecedent group, and by X subsequent pheno- 
mena, our object will usually be to discover a law of the 
form A = AX, the meaning of which is that where A is X 
will happen. 

The circumstances which might be enumerated as present 
in the simplest experiment are very numerous, in fact al- 
most infinite. Rub two sticks together and consider what 
would be an exhaustive statement of the conditions. 
There are the form, hardness, qiganic structure, and all 
the chemical Qualities of ^ the wood; the pressure and 
velocity of the rubbing ; the temperature, pressure, and all 
the chemical qualities of the surrounding air ; the proxi- 
mity of the earth with its attractive and electric powers; 
the temperature and other properties of the persons pro- 
ducing motion ; the radiation from the sun, and to and 
from the sky ; the electric excitement possibly existing in 
any overhanging cloud ; even the positions of the heavenly 
bodies must be mentioned. On d jprwri grounds it is 
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unsafe to assume that, any one of these circumstances is 
without effect, and it is only by experience that we can 
single out those precise conditions from which the observed 
heat of friction proceeds. 

. The great method of experiment consists in removing, 
one at a time, each of those conditions which may be 
imagined to have an influence on the result. Our object 
in the experiment of rubbing sticks is to discover the exact 
circumstances under which heat appears. Now the pre- 
sence of air may be requisite ; therefore prepare a vacuum, 
and rub the sticks in every respect as before, except that 
it is done in vacuo. If heat still appears we may say that 
air is not, in the presence of the other circumstances, a 
requisite- condition. The conduction of heat from neigh- 
bouring bodies may be a eondition. Prevent this by mak- 
ing all the surrounding bodies ice cold, which is what Davy 
aimed at in rubbing two pieces of ice together. If heat 
still appears we have eliminated another condition, and so 
we may go on until it becomes apparent that the expen- 
diture of energy in tbo frictigi^ of t wo bodies is ttie sole 
condition of t he produe tion of heat. 

The great difticulty of experiment arises from the fact 
that we must not assume the conditions to be independent. 
Previous to experiment we%ave no right to say that the 
rubbing of two sticks will produce heat in the same way 
when air is absent as before. We may have heat produced 
in one way when air is present, and in another when air 
is absent. The inquiry branches out into two lines, and 
we ought to try in both cases whether cuttmg off a supply 
of heat by conduction prevents its evolution in friction. 
The same branching out of the inquiry occurs with regard 
to every circumstance which enters into the experiment 

Eegarding only four circumstances, say 0, D, we 
ought to test not only the comJ)inations ABCD, ABCd, 
ABcD, A&CD, aBCD, but we ought really to go through 
the whole* of the combinations given in the fifth column 
of the Logical Alphabet. The effect of the absence of 
each condition should be tried both in the presence and 
absence of every other condition, and every selection of 
those conditions. Perfect and exhaustive experimentation i 
would, in short, consist in examining naturd phenomena 
in all their possible combinations fud registering all 

EE 
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relations between conditions and results which are found 
capable of existence. It would thus resemble the exclusion 
of contradictory combinations carried out in the Indirect 
Method of Inference, except that the exclusion of com- 
binations is grounded not on prior logical premises, but 
on d 'posteriori results of actual trial. 

The reader will perceive, however, that such exhaustive 
investigation is practically impossible, because the number 
of requisite experiments would be immensely great. Four 
antecedents only would require sixteen experiments; twelve 
antecedents would require 4096, and the number increases 
as the powers of two. The result is that the experimenter 
has to fall back upon his own tact and experience in select- 
ing those experiments which are most likely to yield him 
significant facts. It is at this point that logical rules and 
forms begin to fail in giving aid. The logicalitile is — Try 
aU possible combinations; but this being impracticable, 
the experimentalist necessarily abandons strict logical 
method, and trusts to his own insight. Analogy, as we 
shall see, gives some assistance, and attention should be 
concentrated on those kinds of conditions which have been 
found important in like cases. But we are now entirely 
in the region of probability, and the experimenter, while 
he is confidently pursuing what he thinks the right clue, 
may be overlooking the one condition of importance. It is 
an impressive lesson, for instance, that Newton pursued 
all his exquisite researches on the spectrum unsuspicious of 
the fact that if he reduced the hole in the shutter to a 
narrow slit, all the mysteries of the bright and dark lines 
were within his grasp, provided of course that his prisms 
were sufficiently good to define the rays. In like manner 
we know not what slight alteration in the most familiar 
experiments may not open the way |o realms of new 
discovery. 

Practical difficulties, also, encumber the progress of the 
physicist. It is often impossible to alter one” condition 
without altering others at the same time ; and thus we 
may not get the pure effect of the condition in question. 
Some conditioi^, may be absolutely incapable of alteration ; 
others may be with great difficulty, or only in a certain 
<iegro€^xemd^able. A very treacherous souS‘ce of error is 
the existence of u^nown conditions, which of course we 
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cannot remove except by accident. These difficulties we 
will shortly consider in succession. 

It is beautiful to observe how the alteration of a single ’ 
circumstance sometimes conclusively explains a pheno- 
menon. An instance is found in Faraday's investigation 
of the behaviour of Lycopodium spores scattered on a 
vibrating plate. It was observed that these minute spores 
collected together at the points of greatest motion, whereas 
sand and all heavy particles collected at the nodes, where' 
the motion was least. It happily occurred to Faraday to 
tiy the experiment in the exhausted receiver of an air- 
pump, and it was then found that the light powder behaved 
exactly like heavy powder. A conclusive proof was thus 
obtained that the presence of air was the condition of im- 
portance, doubtless because it was thrown into eddies by 
the motion of the plate, and carried the Lycopodium to 
the points of greatest agitation. Sand was too heavy to be 
carried by the air. 

'^1 Exclusion of Indifferent Circimstances^ 

From what has been already said it will be apparent 
that the detection and exclusion of indifferent circum- 
stances is a work of importance, because it allows the 
concentration of attention upon circumstances which con- 
tain the principal condition. Many beautiful instances may 
be given where aU the most obvious antecedents have been 
shown to have no part in the production of a phenomenon. 
A person might suppose that the peculiar colours of mother- 
of-pearl were due to the chemical qualities of the substance. 
Much trouble might have been spent in following out that 
notion by comparing the chemical qualities of various iri- 
descent substanc^. But Brewster accidentally took an 
impression from a piece of mother-of-pearl in a cement of 
resin and bees -wax, and finding the colours repeated upon 
the surface of the wax, he proceeded to take other impres- 
sions in balsam, fusible metal, lead, gum arabic, isinglass, 
&c., and always found the iridescent colours the same. He 
thus proved that the chemical nature of tl|9 substance is a 
matter of indifference, and that the form of the surface is 
the real condition of such colours.^ Nearly tlie same may 

* Treatise on Optics, by Brewster, Cat^ Cycle, p. 117 . 

£ K 2 
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be said of the colours exhibited by thin plates and films. 
The rings and lines of colour will be nearly the same in 
character whatever may be the nature of the substance ; 
nay, a void space, such as a crack in glass, would produce 
them even though the air were withdrawn by an air-pump. 
The conditions are simply the existence of two reflecting 
surfaces separated by a very small space, though it should 
be added that the refractive index of the intervening sub- 
stance has some influence on the exact nature of the colour 
produced. 

When a ray of light passes close to the edge of an opaque 
body, a portion of the light appears to be bent towards it, 
and produces coloured fringes within the shadow of the 
body. Newton attributed this inflexion of light to the 
attraction of the opaque body for the supposed particles of 
light, although he was aware that the nature of the sur- 
rounding medium, whether air or other pellucid substance, 
exercised no apparent influence on the phenomena. 
Gravesande proved, however, that the character of the 
fringes is exactly the same, whether the body be dense or 
rare, compound or elementary. A wire produces exactly 
the same fringes as a hair of the same thickness. Even the 
form of the obstructing edge was subsequently shown to 
be a matter of indifference by Fresnel, and the interfer- 
ence spectrum, or the spectrum seen when light passes 
through a fine grating, is absolutely the same whatever be 
the form or chemical nature of the bars making the 
grating. Thus it appears that the stoppage of a portion of 
a beam of light is the sole necessary condition for the 
diffraction or inflexion of light, and the phenomenon is 
shown to bear no analogy to the refraction of light, in 
which the form and nature of 4he substance are all impor- 
tant. 

It is interesting to observe how carefully Newton, in his 
researches on the spectrum, ascertained the indifference 
of many circumstances by actual trial. He says ; ^ " Now 
the different magnitude of the hole in the window-shut, 
and different thickness of the prism where the rays passed 
through it, and different inclinations of the prism to the 
horizon, m^e no sensible changes in the length of the 


\ Opticka^ 3id. ed. p. 25. 
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image. Neither did the different matter of the prisms 
make any : for in a vessel made of polished plates of glass 
cemented together in the shape of a prism, and filled with 
water, there is the like success of the experiment according 
to the quantity of the refraction.” But in the latter state- 
ment, as I shall afterwards remark (p. 432), Newton 
assumed an indifference which does not exist, and fell 
into an unfortunate mistake. 

In the science of sound it is shown that the pitch of a 
sound depends solely upon the number of impulses in a 
second, and the material exciting those impulses is a matter 
of indifference. Whatever fluid, air or water, gas or liquid, 
be forced into the Siren, the sound produced is the same ; 
and the material of which an organ-pipe is constructed 
does not at all afiect the pitch of its sound. In the science 
of statical electricity it is an important principle that the 
nature of the interior of a conducting body is a matter of 
no importance. The electrical charge is confined to the 
conducting surface, and the interior remains in a neutral 
state. A hollow copper sphere takes exactly the same 
charge as a solid sphere of the same metal. 

Some of Faraday’s most elegant and successful researches 
were devoted to the exclusion of conditions which previous 
experimenters had thought essential for the production of 
electrical phenomena. Davy asserted that no known fluids, 
except such as contain water, could be made the medium 
of connexion between the poles of a battery ; and some 
chemists believed that water was an essential agent in 
electro-chemical decomposition. Faraday gave abundant 
experiments to show that other fluids allowed of elec- 
trolysis, and he attributed the erroneous opinion to the very 
general use of water as a solvent, and its presence in most 
natural bodies.^ It was, in fact, upon the weakest kind of 
negative^ evidence that the opinion had, been founded. 

Many experimenters attributed peculiar powers to the 
poles of a battery, likening them to magnets, which, by 
their attractive powers, tear apart the elements of a iRib- 
stance. By a beautiful series of experiments,^ Faraday 
proved conclusively that, on the contrary, the substance of 

^ Experimental Researches in Electricity y vol. i. pp. 133, 134. 

* Ibid. voL i. pp. 127, 162, &c. 
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the poles is of no importance, being merely the path 
throng^j which the electric force reaches the liquid acted 
upon. Poles of water, charcoal, and many diverse sub- 
stances, even air itself, produced similar results; if the 
chemical nature of the pole entered at all into the question, 
it was as a disturbing agent. 

It is an essential part of the theory of gravitation that 
the proximity of other attracting particles is without effect 
upon the attraction existing between any two molecules. 
Two pound weights weigh as much together as they do 
separately. Every pair of molecules in the world have, as 
it were, a private communication, apart from their rela- 
tions to all other molecules. Another undoubted result of 
experience pointed out by Newton ^ is that the weight of 
a body does not in the least depend upon its form or 
texture. It may be added that the temperature, electric' 
condition, pressure, state of motion, chemical qualities, and 
all other circumstances concerning matter, except its mass, 
are indifferent as regards its gravitating power. 

As natural science progresses, physicists gain a kind of 
insight and tact in judging what qualities of a substance 
are likely to be concerned in any class of phenomena. The 
physical astronomer treats matter in one point of view, 
the chemist in another, and the students of physical optics, 
sound, mechanics, electricity, &c., make a fair division of 
the qualities among them. But errors will arise if too 
much confidence be placed in this independence of various 
kinds of phenomena, so that it is desirable from time to 
time, especially when any unexplained discrepancies come 
Into notice, to question the indifference which is assumed 
to exist, and to test its real existence by appropriate 
experiments. 

:Si7riplification of Experiments. 

Qpe of the most requisite precautions in experimentation 
Us • vary «my one circumstance at a time, and to main- 
liaiu all other cii*cumstances rigidly unchanged. There are 
wo distinct reasons for this rule, the first and most ob- 
fvious being that if we vary two conditions at a time, and 

^ FSneipia, bk. iii. Prop. vi. Corollary i. 
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find some effect, we catinot tell whether the effect is due 
to one or the other condition, or to both jointly. A second 
reason is that if no effect ensues we cannot safely conclude 
that either of them is indifferent ; for the one may have 
neutralised the effect of the other. In our symbolic logic 
AB -I* Ab was shown to be identical with A (p. 97), so 
that B denotes a circumstance which is indifferently 
present or absent. But if B always go together with 
another antecedent C, we cannot show the same inde- 
pendence, for ABC -I- Ahc is not identical with A and 
none of our logical processes enables us to reduce it to A. 

If we want to prove that oxygen is necessary to life, we 
must not put a rabbit into a vessel from which the oxygen 
has been exhausted by a burning candle. We should then 
have not only an absence of oxygen, but an addition of 
carbonic acid, which may have been the destructive agent. 
For a similar reason Lavoisier avoided the use of atmo- 
spheric air in experiments on combustion, because air was 
not a simple substance, and the presence of nitrogen might 
impede or even alter the effect of oxygen. As Lavoisier 
remarks,^ In performing experiments, it is a necessary 
principle, which ought never to be deviated from, that 
they be simplified as much as possible, and that every 
circumstance capable of rendering their results complicated 
be carefully removed.*' It has also been well .said by 
Cuvier ^ that the method of physical inquiry consists iii 
isolating bodies, reducing them to their utmost simplicity, 
and bringing each of their properties separately into action, 
either mentally or by experiment. 

The electro-magnet has been of the utmost service in 
the investigation of the magnetic properties of matter, by^ 
allowing of the production^r removal of a most powerful 
magnetic force without disturbing any of the other ar- 
rangements of the experiment. Many, of Faraday's most 
valuable experiments would have been impossible had it 
been necbssary to introduce a heavy permanent magnet, 
which could not be suddenly moved withouPWiakinJfche 
whole apparatus, disturbing the air, producing currents 
by changes of temperature, &c. The* electro-magnet is 

^ Lavoisier's Chemutry^ translated by Kerr, p. 103. 

* Cuvier's Animal Kingdom, introduction^ pp i, 2. 
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perfectly under control, and its influence can be brought 
into action, reversed, or stopped by merely touching a 
button. Thus Faraday was enabled to prove the rotation 
of the plane of circularly polarised light by the fact that 
certain light ceased to be visible when the electric current 
of the magnet was cut off, and re-appeared when the 
current was made. ‘‘ These phenomena,” he says, “ could 
be reversed at pleasure, and at any instant of time, and 
upon any occasion, showing a perfect dependence of cause 
and effect.” ^ 

It was Newton’s omission to obtain the solar spectrum 
under the simplest conditions which prevented him from 
discovering the dark lines. Using a broad beam of light 
which had passed through a round hole or a triangular 
slit, he obtained a brilliant spectrum, but one in which 
many different coloured rays overlapped each other. In 
the recent history of the science of the spectrum, one 
main difficulty has consisted in the mixture of the lines of 
several different substances, which are usually to be found 
in the light of any flame or spark. It is seldom possible 
to obtain the light of any element in a perfectly simple 
manner. Angstrom greatly advanced this branch of science 
by examining the light of the electric spark when formed 
between poles of various metals, and in the presence of 
various gases. By varying the pole alone, or the gaseous 
medium alone, he was able to discriminate correctly be- 
tween the lines due to the metal and those due to the 
surrounding gas.^ 

Failure in the Simplification of Experiments, 

In some cases it seems to be .impossible to carry out the 
rule of varying one circumstance at a time. When we 
attempt to obtain two instances or two forms of experi- 
ment in \yhich a single circumstance shall be present in 
one case and absent in another, it may be found that this 
sin^ circuiistance entails others. Benjamin Franklin’s 
experiment concerning the comparative absorbing powers 
of different colours is well known. " I took,” he says, “ a 

^ Experimental Researches in Electricity, vol. iii. p. 4. 

2 Philosophical Magazine, 4^1 Series, vol. ix, p. 327. 
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number of little square pieces of broadcloth from a tailor’s 
pattern card, of various colours. They were black, deep 
blue, lighter blue, green, purple, red, yellow, white, and 
other colours and shades of colour. I laid them all out 
upon the snow on a bright sunshiny morning. In a few 
hours the black, being most warmed by the sun, was sunk 
so low as to be below the stroke of the sun’s rays ; the 
dark blue was almost as low ; the lighter blue not quite 
so much as the dark ; the other colours less as they were 
lighter. The white remained on the surface of the snow, 
not having entered it at all.” This is a very elegant and 
apparently sitaple experiment ; but when Leslie had com* 
pleted his series of researches upon the nature of heat, he 
came to the conclusion that the colour of a surface has 
very little effect upon the radiating power, the mechanical 
nature of the surface appearing to be more influential. 
He remarks ^ that the question is incapable of being posi- 
tively resolved, since no substance can be made to assume 
different colours without at the same time changing its 
internal structure.” Recent investigation has shown that 
the subject is one of considerable complication, because 
the absorptive power of a surface may be different accord- 
ing to the character of the rays which fall upon it ; 
but there can be no doubt as to the acuteness with which 
Leslie points out the difficulty. In Well’s investigations 
concerning the nature of dew, we have, again, very 
complicated conditions. If we expose plates of various^ 
material, such as rough iron, glass, polished metal, to the 
midnight sky, they will be dewed in various degrees ; 
but since these plates differ both in the nature of the 
surface and the conducting power of the material, it would 
not be plain whether one or both circumstances were of 
importance. We avoid this difficulty by exposing the 
same material polished or varnished, so as to present dif- 
ferent conditions of surface ; ^ and again by exposing 
different ‘substances with the same kind of surface. 

When we are quite unable to isolate circ4tnstances we 
must resort to the procedure described by Mill under the 
name of the Joint Method of Agreement and Difference. 

Inquiry into the Nature of Heat, p. 95. 

^ Herschel, Prdiminiiry Discourse, p. 161. 
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We must collect as many instances as possible in which 
a given circumstance produces a given result, and as many 
as possible in which the absence of the circumstance is 
followed by the absence of the result. To adduce his 
example, we cannot experiment upon the cause of double 
refraction in Iceland spar, because we cannot alter its 
crystalline condition without altering it altogether, nor can 
we find substances exactly like calc spar in every circum- 
stance except one. We resort therefore to the method of 
comparing together all known substances which have the 
property of doubly-refracting light, and we find that they 
agree in being crystalline.^ This indeed is nothing but an 
ordinary process of perfect or probable induction, already 
partially described, and to be further discussed under 
Classification. It may be added that the subject does 
admit of perfect experimental treatment, since glass, when 
compressed in one direction, becomes capable of doubly- 
refracting light, and as there is probably no alteration in 
the glass but change of elasticity, we learn that the power 
of double refraction is probably due to a difference of 
elasticity in different directions. 


fu' 


Bemoval of Usual Conditions, 


One of the great objects of experiment is to enable us 
to judge of the behaviour of substances under conditions 
widely different from those which prevail upon the surface 
of the earth. We live in an atmosphere which does not 
vary beyond certain narrow limits in temperature or 
pressure. Many of the powers of nature, such as gravity, 
which constantly act upon us, are of almost fixed amount. 
Now it will afterwards be shown that we cannot apply a 
quantitative law to circumstances much differing from 
those in which it was observed. In the other planets, the 
sun, the stars, or remote parts of the Universe, the con- 
ditions of existence must often be widely different from 
what we commonly experience here. Hence our know- 
ledge of nature must remain restricted and hypothetical, 
unless we can subject substances to unusual conditions by 
suitable experiments. 


* System of Logic, bk. in. chap, viii § 4, 5th ed. vol. i. p. 433. 
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The electric arc is an invaluable means of exposing 
metals or other conducting substances to the highest 
known temperature. By its aid we learn not only that 
all the metals can be vaporised, but that they all give off 
distinctive rays of light. At the other extremity of the 
scale, the intensely powerful freezing mixture devised by 
Faraday, consisting of solid carbonic acid* and ether mixed 
in mcuOy enables us to observe the nature of substances at 
temperatures immensely below any we meet with naturally 
on the earth’s surface. 

We can hardly realise now the importance of the in- 
vention of the air-pump, previous to which invention it 
was exceedingly difficult to experiment except under the 
ordinary pressure of the atmosphere. The Torricellian 
vacuum had been employed by the philosophers of the 
Accademia del Cimento to show the behaviour of water, 
smoke, sound, magnets, electric substances, &c., in mcuo, 
but their experiments were often unsuccessful from the 
difficulty of excluding air.^ 

Among the most constant circumstances under which 
we live is the force of gravity, which does not vary, except 
by a slight fraction of its amount, in any part of the earth’s 
crust or atmosphere to which we can attain. This force is 
sufficient to overbear and disguise various actions, for in- 
stance, the mutual gravitation of small bodies. It was an 
interesting experiment of Plateau to neutralise the action 
of gravity by placing substances in liquids of exactly the 
same specific gravity. Thus a quantity of oil poured into 
the middle of a suitable mixture of alcohol and water 
assumes a spherical shape; on being made to rotate it 
becomes spheroidal, and then successively separates into 
a ring and a group of spherules. Thus we • have an 
illustration of the mode in which the planetary system 
may have been produced, 2 though the .extreme difference 
of scale prevents our arguing with confidence from the 
experiment to the conditions of the nebular theory. 

It is possible that the so-caUed elements are elementary 
only to us, because we are restricted to temperatures at 
which they are fixed, ^ Lavoisier carefully defined an 

^ Essayes of Natural Emm/fomU mads in the Accademia del 
Cvmento, Englished by Ricnard Waller, 1684, p. 40, &c. 

2 Plateau, Taylor’s Scientific Memoi/rs, vol. iv. pp. 16 — ^43. 
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element as a substance which cannot be decomposed ly 
any known means ; but it seems almost certain that some 
series of elements, for instance Iodine, Bromine, and Chlo- 
rine, are really compounds of a simpler substance. We 
must look to the production of intensely high temperatures, 
yet quite beyond our means, for the decomposition of these 
so-called elements. Possibly in this age and part of the 
universe the dissipation of energy has so far proceeded 
that there are no sources of heat sufficiently intense to 
effect the decomposition. 

Interference of Unsuspected Conditions, 

It may happen that we are not aware of all the conditions 
under which our researches are made. Some substance 
may be present or some power may be in action, which; 
escapes the most vigUant examination. Not being aware: 
of its existence, we are unable to take proper measures to 
exclude it, and thus determine the share which it has in 
tjie results of our experiments. There can be no doubt 
;Hiat the alchemists were misled and encouraged in their 
vain attempts by the unsuspected presence of traces of 
gold and silver in the substances they proposed to trans- 
mute, Lead^ as drawn from the smelting furnace, almost 
always contains some silver, and gold is associated with 
many other metals. Thus small quantities of noble metal 
would often appear as the result of experiment and raise 
delusive hopes. 

In more than one case the unsuspected presence of 
common salt in the air has caused great trouble. In 
fhe early experiments on electrolysis it was found that 
when watfr was decomposed, an acid and an alkali were 
produced at the poles, together with oxygen and hydrogen. 
In the absence of any other explanation, some chemists 
rushed to the conclusion that electricity must have the 
power of generating acids and alkalies, and oner chemist 
thought he had discovered a new substance called electric 
add. But Davy proceeded to a systematic investigation 
of the circumstances, by varying the conditions. Changing 
the glass vessel for one of agate or gold, he found that fai 
less alkali was produced ; excluding impurities by the use 
of c^SfuUy distilled water, he found that the quantities of 
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acid and alkali were still further diminished ; and having 
thus obtained a clue to the cause, he completed the ex- 
clusion of impurities by avoiding contact with his fingers, 
and by placing the apparatus under an exhausted receiver, 
no acid or alkali being then detected. It would be difficult 
to meet with a more elegant case of the detection of a 
condition previously unsuspected.^ 

It is remarkable that the presence of common salt in 
«ihe air, proved to exist by Davy, nevertheless continued a 
stumbling-block in the science of spectrum analysis, and 
probably prevented men, such as Brewster, Herschel, and 
Talbot, from anticipating by thirty years the discoVeries 
of Bunsen and Kirchhoff. As I pointed out,^ the utility 
of the spectrum was known in the middle of the last 
century to Thomas Melvill, a talented Scotch physicist, 
who died at the early age of 27 years.^ But Melvill 
was struck in his examination of coloured flames by the 
extraordinary predominance of homogeneous yellow light, 
which was due to some circumstance escaping his atten- 
tion. Wollaston and Fraunhofer were equally struck by 
the prominence of the yellow line in the spectrum jof 
nearly every kind of light. Talbot expressly recommended 
the use of the prism for detecting the presence of substances 
by what we now call spectrum analysis, but he found that 
ail substances, however different the light they yielded in 
other respects, were identical as regards the production of 
yellow light. Talbot knew that the salts di soda gave this 
coloured light, but in spite of Davy’s previous difficulties 
with salt in electrolysis, it did not occur to him to assert 
that where the light is, there sodium must be. He sug- 
gested water as the most likely source of the yellow light, 
because of its frequent presence; but even gubstances 
which were apparently devoid of water gave the same 
yellow light.* Brewster and Herschel both experimented 

^ Philosophical Transactions [1826], vol. cxvi. pp. 388, 389. Works 
of Sir Humphry Davy, vol. v. pp. i — 12. 

* National Eevicw, July, i8di, p. 13. 

® His published works are contained in The Edinburgh Phydcal 
and Literary Essays, vol. ii. p. 34 ; Philosophical Transactions [1753], 
vol. xlviii. p. 261 ; see also Morgan^s Papers in PhilosophiccU Trans^ 
actions [1785], vol. Ixxv. p. 190. 

* Edxnhurgh Journal of Science, voL v, p. 79^ 
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upon flames almost at the same time as Talbot, and 
Herschel unequivocally enounced the principle of spec- 
trum analysis.^ Nevertheless Brewster, after numerous 
►experiments attended with great trouble and disappoint- 
ment, found that yellow light might be obtained from the 
combustion of almost any substance. It was not untd 
1856 that Swan discovered that an almost infinitesimal 
quantity of sodium chloride, say a millionth part of a grain, 
was sufficient to tinge a flame of a bright yellow colour. 
The universal diffusion of the salts of sodium, joined to 
this unique light-producing power, was thus shown to be 
the unsuspected condition which had destroyed the confi- 
dence of all previous experimenters in the use of the 
prism. Some references concerning the history of this 
curious point are given below.^ 

In the science of radiant heat, early inquirers were led 
to the conclusion that radiation proceeded only from the 
surface of a solid, or from a very small depth below it. 
But they happened to experiment upon surfaces covered 
by coats of varnish, which is highly athermanous or 
opaque to heat. Had they properly varied the character 
of the surface, using a highly diathermanous substance like 
rock salt, they would have obtained very different results.® 
One of the most extraordinary instances of an erroneous 
.opinion due to overlooking interfering agents is that con- 
cerning the increase of rainfall near to the earth's surface. 
More than a century ago it was observed that rain-gauges 
placed upon church steeples, house tops, and other elevated 
places, gave considerably less rain than if they were on the 
ground, and it has been recently shown that the variation 
is most rapid in the close neighbourhood of the ground.^ . 
All kinds* of theories have been started to explain this 
phenomenon ; but I have shown ® that it is simply due to 

^ Mneyclopcedia Metropolitana, art Light, § 524; Herschers 
Familiar Lectures, p. 266. • 

* Talbot, Philosophical Magaame, jrd Series, vol. ix. p. i (1836) ; 
Brewster, Transactions of the Royal Society of Edinburgh [1823], 
Toi. ix. pp.433, 455 ; Swan, ibid. [1856] voL xxi. p. 41 1 ; Philoseyj^ical 
Magaame, 4th Series, vol. xx. p. 173 [Sept. 1860J ; Roscoe, Spectrum 
Analysis, lecture III. 

^ Balfour Stewart, Elernentary Treatise on Heat, p. 192. 

^ British Association, Liverpool, 1870. Report on Ramfall, p. 176. 

^ PhUosophieal Magamim. Dec. i86i« 4th Series, voL xxii p. 42I. 
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the interference of wind, which deflects more or less rain 
fix>m all the gauges which are exposed to it. 

The great magnetic power of iron renders it a source of 
disturbance in magnetic experiments. In building a mag- 
netic observatory great care must therefore be taken that 
no iron is employed in the construction, and that no 
masses of iron are near at hand. In some cases magnetic 
observationa^have been seriously disturbed by the existence 
of masses of iron ore in the neighbourhood. In Faraday’s 
experiments upon feebly magnetic or diamagnetic substances 
he took the greatest precautions against the presence of 
disturbing substances in the copper wire, wax, paper, and 
other articles used in suspending the test objects. It was 
his custom to try the effect of the magnet upon the appa- 
ratus in the absence of the object of experiment, and with- 
out this preliminary trial no confidence could be placed in 
the results.^ Tyndall has also employed the same mode 
for testing the freedom of electro-magnetic coils from iron, 
and was thus enabled to obtain them devoid of any cause 
of disturbance.^ It is worthy of notice that in the very 
infancy of the science of magnetism, the acute experimen- 
talist Gilbert correctly accounted for the opinion existing 
in his day that magnets would attract silver, by pointing 
out that the silver contained iron. 

Even when we are not aware by previous experience of 
the probable presence of a special disturbing agent, we 
ought not to assume the absence of unsuspected inter- 
ference. If an experiment is of really high importance, so 
that any considerable branch of science rests upon it, we 
ought to try it again and again, in as varied conditions . as 
possible. We should intentionally disturb the apparatus 
in various ways, so as if possible to hit by accident upon 
any weak point. Especially when our results are more 
regular than we have fair grounds for anticipating, ought 
we to suspect some peculiarity in the apparatus which 
causes it^to measure some ^ther phenomenon than that in 
question, just as Foucault’s pendulum almost always in- 
dicates the movement of the axes of its own elliptic path 
instead of the rotation of the globe. 

^ Boc^eHmenial Bekarches in ^Electricity, vol. iii p. 84. 

* Lectures on Heat, p. 21. 
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It ms in this cautious spirit that Badly acted in his 
experiments on the density of the earth. The accuracy 
of his results depended upon the elimination of all disturb- 
ing influences, so that the oscillation of his torsion balance 
should measure gravity alone. Hence he varied the appa- 
ratus in many ways, changing the small balls subject to 
attraction, changing the connecting rod, and the means of 
suspension. He observed the effect of disturbances, such 
as the presence of visitors, the occurrence of violent storms, 
&c., and as no real alteration was produced in the results, 
he confidently attributed them to gravity.^ 

Newton would probably have discovered the modr of 
constructing achromatic lenses, but for the unsuspected 
effect of some sugar of lead which he is supposed to have 
dissolved in the water of a prism. He tried, by means of 
a glass prism combined with a water prism, to produce 
dispersion of light without refraction, and if he had 
succeeded there would have been an obvious mode of 
producing refraction without dispersion. His failure is 
attributed to his adding lead acetate to the water for the 
purpose of increasing its refractive power, the lead having 
a*high dispersive power which frustrated his purpose.^ 
Judging from Newton's remarks, in the Philosophical 
Transactions, it would appear as if he had not, without 
many unsuccessful trials, despaired of the construction of 
achromatic glasses.® 

The Academicians of Cimento, in their early and in- 
genious experiments upon the vacuum, were often misled 
by the mechanical imperfections of their apparatus. They 
concluded that the air had nothing to do with the produc- 
tion of sounds, evidently because their vacuum was not 
suflBciently perfect. Otto von Guericke fell into a like 
mistake in the use of his newly-constructed air-pump, 
doubtless from the unsuspected presence of air sufficiently 
dense to convey the sound of the bell. 

It is hardly requisite to point out that the doctrine of 
spontaneous generation is due to the unsuspected presence 

1 Baily, Mmmrs of the Royal Astronomical Society, vol. xiv. pp. 
29» 30. 

3 Grant, History of Physical Astronomy, p, 531. 

* Pft^sophical Transactions, abridged by Lowthorp, 4th edition, 
roL i. p. 202. 
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of germs, even after the most careful efforts to ej^clude 
them, and in the case of many diseases, both of animals 
and plants, germs which we have no means as yet of de- 
tecting are doubtless the active cause. It has long been 
a subject of dispute, again, whether the plants which spring 
from newly turned land grow from seeds long buried in 
that land, or from seeds brought by the wind. Argument 
is unphilosophical when direct trial can readily be applied ; 
for by turning up some old ground, and covering a portion 
of it with a glass case, the conveyance of seeds by the 
wind can be entirely prevented, and if the same plants 
appear within and without the case, it will become clear 
that the seeds are in the earth. By gross oversight some 
experimenters have thought before now that crops of rye 
had sprung up where oats had been sown. 

Blind or Test Eotyperiments. 

Every conclusive experiment necessarily consists in the 
comparison of results between two different combinations 
of circumstances. To give a fair probability that A is the 
cause of X, we must maintain invariable all surrounding 
objects and conditions, and we must then show that where 
A is X is, and where A is not X is not. This cannot really 
be accomplished in a single trial. If, for instance, a 
chemist places a certain suspected substance in Marsh’s 
test apparatus, and finds that it gives a small deposit of 
metallic arsenic, he cannot be sure that the arsenic really 
proceeds from the suspected substance ; the impurity of the 
zinc or sulphuric acid may have been the cause of its 
appearance. It is therefore the practice of chemists to 
make what they call a Uind experiment, that is to try 
whether arsenic appears in the absence of tibe suspected 
substance. The same precaution ought to be taken in all 
important analytical operations. Indeed, it is not merely 
a precaution, it is an essential part of any experiment. If 
the blind trial be not made, the chemist merely assumes 
that he knows what would happen. Whenever we assert 
that because A and X are found together A is the cause of 
X, we assume that if A were absent X would be absent. 
But wherever it is possible, we ought not to take this 
as a mere assumption, or even as a matter of inference. 
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Experience is ultimately the basis of all our inferences, 
but if we can bring immediate experience to bear upon the 
point in question we should not trust to anything more 
remote and liable to error. When Faraday examined the 
magnetic properties of the bearing apparatus, in the absence 
of the substance to be experimented on, he really made a 
blind experiment (p. 431). 

We ought, also, to test the accuracy of a method of ex- 
periment whenever we can, by introducing known amounts 
of the substance or force to be detected. A new analytical 
process for the quantitative estimation of an element 
should be tested by performing it upon a mixture com- 
pounded so as to contain a known quantity of that element. 
The accuracy of the gold assay process greatly depends 
upon the precaution of assaying alloys of gold of exactly 
known composition.^ Gabriel Plattes’ works give evidence 
of much scientific spirit, and when discussing the supposed 
merits of the divining rod for the discovery of subterranean 
treasure, he sensibly suggests that the rod should be tried 
in places where veins of metal are known to exist.® 

Negative Results of Experiment, 

When we pay proper regard to the imperfection of all 
measuring instruments and the possible minuteness of 
efiecta we shall see much reason for interpreting with 
cautioi the negative results of experiments. Wo may fail 
to discover the existence of an expected effect, not because 
that effect is really non-existent, but because it is of a 
magnitude inappreciable to our senses, or confounded with 
other effects of much greater amount. As there is no. 
limit on d priori grounds to the smallness of a phenome- 
non, we can never, by a single experiment, prove the 
non-existence of a supposed effect. We are always at 
liberty to assume that a certain amount of effect might 
have been detected by greater delicacy of measurement. 
We cannot safely affirm that the moon has no atmosphere 
at all. We may doubtless show that the atmosphere, if 
present, is less dense than the air in the so-called vacuum 

1 Joyous in Watts* Dictionary of Chemistry y vol. ii. pp. 936, 937, 

^ Discovery of Svhterrmeal Treaev.re, London, 1639, p. 48. 
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of an air-pump, as did Du Sejour. It is equally impossi- 
ble to prove that gravity occupies no . time in transmission. 
Laplace indeed ascertained that the velocity of propagation 
of the influence was at least fifty million times greater than 
that of light ; ^ but it does not really follow that it is in- 
stantaneous ; and were there any means of detecting the 
action of one star upon another exceedingly distant star, 
we might possibly find an appreciable interval occupied in 
the transmission of the gravitating impulse. Newton 
could not demonstrate the absence of all resistance to 
matter moving through empty space; but he ascertained by 
an experiment with the pendulum (p. 443), that if such 
resistance existed, it was in amount less than one five- 
thousandth part of the external resistance of the air ^ 

A curious instance of false negative inference is fur- 
nished by experiments on light. Euler rejected the cor- 
]>uscular theory on the ground that particles of matter 
moving with the immense velocity of light would possess 
momentum, of which there was no evidence. Bennet had 
attempted to detect the momentum of light by concentrat- 
ing the rays of the sun upon a delicately balanced body. 
Observing no result, it was considered to be proved that 
light had no momentum. Mr. Crookes, however, liaving 
suspended thin vanes, blacked on one side, in a nearly 
vacuous globe, found that they move under the influence 
of light. It is now allowed that this effect can be ex- 
jflained in accordance with the undulatory theory of light, 
and the molecular theory of gases. It comes to this — that 
Bennet failed to detect an effect which he might have 
detected with a better method of experimenting : but if he 
had found it, the phenomenon would have confirmed, not 
the corpuscular theory of light, as was expected, but the 
lival undulatory theo^}^ The conclusion drawn from 
Bennet’s experiment was falsely drawn; but it was never- 
theless tru^ in matter. 

Many incidents in the history of science tend to show 
that phenomena, which one generation has failed to dis- 
cover, may become accurately known to a succeeding 
generation. The compressibility of water which the 

^ Laplace, System of the World, translated by Harte, yol. ii. p. 322. 

* Principia, hk. ii. sect. 6, Prop. xxxi. Motte’s translation, vol. il 
p. 108. 
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Academicians of Florence could not detect, because at a 
low pressure the effect was too small to perceive, and at a 
iigh pressure the water oozed through their silver vessel,^ 
has now become the subject of exact measurement and 
precise calculation. Independently of Newton, Hooke 
entertained very remarkable notions concerning the nature 
of gravitation. In this and other subjects he showed, 
indeed, a genius for experimental investigation which 
would have placed him in the first rank in any other age 
than that of Newton. He correctly conceived that the 
force of gravity would decrease as we recede from the 
centre of the earth, and he boldly attempted to prove it by 
experiment. Having exactly counterpoised two weights 
in the scales of a balance, or rather one weight against 
another weight and a long piece of fine cord, he removed 
his balance to the top of the dome of St. PauPs, and tried 
whether the balance remained in equilibrium after one 
weight was allowed to hang down to a depth of 240 feet. 
No difference could be perceived when the weights were at 
the same and at different levels, but Hooke rightly held 
that the failure arose from the insufficient elevation. He 
says, Yet I am apt to think some difference might be dis- 
covered in greater heights.”^ The radius of the earth 
being about 20,922,000 feet, we can now readily calculate 
from the law of gravity that a height of 240 would not 
make a greater difference than one part in 40,000 of the 
weight. Such a difference would doubtless be inappreciable 
in the balances of that day, though it could readily be de- 
tected by balances now frequently constructed. Again, the 
mutual gravitation of bodies at the earth's surface is so 
small that Newton appears to have made no attempt to 
demonstrate its existence experimentally, merely remark- 
ing that it was too small to fall under the observation of 
our senses.^ It has since been successfully detected and 
measured by Cavendish, Baily, and others. 

The smallness of the quantities which we can sometimes 
observe is astonishing. A balance will weigh to one 
millionth part of the load. Whitworth can measure to 
the millionth part of an inch. A rise of temperature of 

* Essayes of Natural ExperimentB^ &c. p. 117. 

* Hooke's FosthuTjMus Works, p, 1S2, 

* Principia, bk. iil Prop, viL Corollary i. 
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the 88ooth part of a degree centigrade has been detected 
by Dr. Joule. The spectroscope has revealed the presence 
of the 1 0,000,000th part of a gram. It is said that the 
eye can observe the colour produced in a drop of water by 
the 5 0,000,000th part of a gram of fuschine, and about the 
same quantity of cyanine. By the sense of smell we can 
probably feel still smaller quantities of odorous matter.^ 
We must nevertheless remember that quantitative effects 
of far less amount than these must exist, and we should 
state our negative results with corresponding caution. We 
can only disprove the existence of a quantitative phenome- 
non by showing deductively from the laws of nature, that 
if present it would amount to a perceptible quantity. As 
in the case of other negative arguments (p. 414), we must 
demonstrate that the effect would appear, where it is by 
experiment found not to appear. 

Limits of Experiment 

It will be obvious that there are many operations of 
nature which we are quite incapable of imitating in our 
experiments. Our object is to study the conditions^under 
which a certain effect is produced ; but one of those con- 
ditions may i myoly e a g reat length o f time. There are 
instances on record of expenrnentseSending over five or 
ten years, and even over a large part of a lifetime ; but 
such intervals of time are almost nothing to the time 
during which nature may have been at work. The con- 
tents of a mineral vein in Cornwall may have been under- 
going gradual change for a hundred million years. All 
metamorphic rocks have doubtless endured high tempera- 
ture and enormous pressure for inconceivable periods of 
time, so that chemical geology is generally beyond the 
scope of experiment. 

Arguments have been brought against Darwin’s theory, 
founded upon the absence of any clear instance of the 
production of a new species. During an historical interval 
of perhaps four thousand years, no animal, it is said, has 
been so much domesticated as to become different in 

* Keilfs Introduction to Ncdwral PhUosopkyf 3rd ed,, London, 
I733> PP. 48—54. 
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species. It might as well be argued that no geological 
changes are taking place, because no new mountain has 
cisen in Great Britain within the memory of man. Our 
actual experience of geological changes is like a point in 
the infinite progression of time. When we know that rain 
water falling on limestone will carry away a minute 
portion of the rock in solution, we do not hesitate to 
multiply that quantity by millions, and infer that in 
course of time a mountain may be dissolved away. We 
have actual experience concerning the rise of land in some 
parts of the globe and its fall in others to the extent of 
some feet. Do we hesitate to infer what may thus be done 
in course of geological ages? As Gabriel Plattes long ago 
remarked, “ The sea never resting, but perpetually winning 
land in one place and losing in another, doth show what 
may be done in length of time by a continual operation, 
not subject unto ceasing or intermission.*' ^ The action of 
physical circumstances upon the forms and characters of 
animals by natural selection is subject to exactly the same 
remarks. As regards animals living in a state of nature, 
the change of circumstances which can be ascertained to 
have Occurred is so slight, that we could not expect to 
observe any change in those animals whatever. Nature 
has made no experiment at all for us within historical 
times. Man, however, by taming and domesticating dogs, 
horses, oxen, pigeons, &c., has made considerable change 
in their circumstances, and we find considerable change 
also in their forms and characters. Supposing the state of 
domestication to continue unchanged, these new forms 
would continue permanent so far as we know, and in this 
sense they are permanent. Thus the arguments against 
Darwin’s theory, founded on the non-observation of .natural 
changes within the historical period, are of the weakest 
character, being purely negative. 


* Discovery of Suhterraneal Treasure^ 1639, p. ^2. 




CHAPTER XX. 

METHOD OF VARIATIONS. 

Experiments may be of two kinds, experiments of 
simple feet, and experiments of quantity. In the first 
class of experiments we combine certain conditions, and 
wish to ascertain whether or not a certain effect of any 
quantity exists. Hooke wished to ascertain whether or 
not there was any difference in the force of gravity at the 
top and bottom of St. Paul’s Cathedral. The chemist 
continually performs analyses for the purpose of ascertaining 
whether or not a given element exists in a particular mi- 
neral or mixture ; all such experiments and analyses are 
qualitative rather than quantitative, because though the 
result may be more or less, the particular amount of the 
result is not the object of the inquiry. 

So soon, however, as aresult isknovmtobe discoverable, 
the scientific man ought to proceed to the quantitative 
inquiry, how great a result follows from a certain amount 
of the conditions which are supposed to constitute the 
cause ? The possible numbers of experiments are now in- 
finitely great, for every variation in a quantitative condition 
will usually produce a variation in the amount of the effect. 
The method of variation which thus arises is no narrow or 
special method, but it is the general application of experi- 
ment to phenomena capable of continuous variation. As 
Mr. Fowler has well remarked,^ the observation of variations 
is really an integration of a supposed infinite number of 
applications of the so-called method of difference, that is 
of experiment in its perfect form. 

^ Elements of Inductive Logic, ist ediCp. 175. 
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Iir mduction we aim at establishing a general law, and 
if we deal with quantities that law must really be expressed 
^more or less obviously in the form of an equation, or 
equations. We treat as before of conditions, and of what 
happens under those conditions. But the conditions will 
now vary, not in quality, but quantity, and the effect will 
also vary in quantity, so that the result of quantitative in- 
duction is always to arrive at some mathematical expression 
involving the quantity of each condition, and expressing 
the quantity of the result. In other words, we wish to 
know what function the effect is of its conditions. We 
shall find that it is one thing to obtain the numerical 
results, and quite another thing to detect the law obeyed 
by those results, the latter being an operation of an inverse 
and tentative character. 

The Variable arid the Variant. 

( Almost every series of quantitative experiments is 
directed to obtain the relation between the different 
values of one quantity which is varied at will, and an- 
other quantity which is caused thereby to vary. We 
may conveniently distinguish these as respectively the 
va riab le and the vmant. When we are examining the 
effect of heat in ^panding bodies, heat, or one of its 
dimensions, temperature, is the variable, length the 
variant. If we compress a body to observe how much 
it is thereby heated, pressure, or it may be the dimensions 
of the body, forms the variable, heat the variant. In 
the thermo-electric pile we make heat the variable and 
measure electricity as the variant. That one of the two 
measured quantities which is an antecedent condition of 
the other will be the variable. ) 

\ It is always convenient to have the variable entirely 
under our command. Experiments may indeed be made 
with accuracy, provided we can exactly measure the vari- 
able at the moment when the quantity of the effect is 
determined. ^ But if we have to trust to the action of 
some capricious force, there may be great difficulty in 
making exact measurements, and those results may not 
be disposed over the whole range of quantity in a con- 
venient manner. It is one prime object of the experi* 
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menter, therefore, to obtain a regular and governable 
supply of the force which he is investigating. To de- 
termine correctly the efficiency of windmills, when the 
natural winds were constantly varying in force, would be 
exceedingly difficult. Smeaton, therefore, in his experi- 
ments on the subject, created a uniform Avind of the 
required force by moving his models against the air on the 
extremity of a revolving arm.^ The velocity of the wind 
could thus be rendered greater or less, it could be main- 
tained uniform for any length of time, and its amount 
could be exactly ascertained. In determining the laws of 
the chemical action of light it would be out of the question 
to employ the rays of the sun, which vary in intensity with 
the clearness of the atmosphere, and with every passing 
cloud. One great difficulty in photometry and the investi- 
gation of the chemical action of light consists in obtaining 
a uniform and governable source of light rays.^ 

Fizeau’s method of measuring the velocity of light 
enabled him to appreciate the time occupied by light in 
travelling through a distance of eight or nine thousand 
metres. But the revolving mirror of Wheatstone sub- 
sequently enabled Foucault and Fizeau to measure the 
velocity in a space of four metres. In this latter method 
there was the advantage that various media could be sub- 
stituted for air, and the temperature, density, and other 
conditions of the experiment could be accurately governed 
and measured. 

Measurement of the Varialle, 

There is little use in obtaining exact measurements of 
an effect unless we can also exactly measure its conditions. 

It is absurd to measure the electrical resistance of a 
piece of metal, its elasticity, tenacityj density, or other 
physical qualities, if these vary, not only with the minute 
impuritie's of the metal, but also with its physical con- 
dition. If the same bar changes its properties by being 

* Philoiophical Transactions^ toL li p. 138 ; abridgment, vol. xi 

8 ^ee Bunsen and Roscoe’s researches, in Philosophical Trcmsactioru 
(1859), vol. cxlix. p. 880, &c., where they descri^ a constant flame of 
carbon monoxide gas. 
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heated and cooled, and we cannot exactly define the state 
in which it is at any moment, out care in measuring will 
wasted, because it can lead to no law. It is of little 
use to determine very exactly the electric conductibility of 
carbon, which as graphite or gas carbon conducts like a 
metal, as diamond is almost a non-conductor, and in 
several other forms possesses variable and intermediate 
powers of conduction. It will be of use only for 
immediate practical applications. Before measuring these 
we ought to have something to measure of which the con- 
ditions are capable of exact definition, and to wliich at a 
future time we can recur. Similarly the accuracy of onr 
measurement need not much surpass the accuracy with 
which we can define the conditions of the object treated. 

The speed of electricity in passing through a conductor 
mainly depends upon the inductive capacity of the sur^ 
rounding substances, and, except for technical or special 
purposes, there is little use in measuring velocities which 
in some cases are one hundred times as great as in other 
cases. But the maximum speed of electric conduction is 
probably a constant quantity of great scientific importance, 
and according to Prof. Clerk Maxwell's determination in 
1868 is 174,800 miles per second, or little less than that 
of light. The true boiling point of water is a point on 
which practical thermometry depends, and it is highly 
important to determine that point in relation to the ab- 
solute thermometric scale. But when water free from air 
and impurity is heated there seems to be no definite limit 
to the temperature it may reach, a temperature of iSo'' 
Cent, having been actually observed. Such temperatures, 
therefore, do not require accurate measurement. All • 
meteorological measurements depending on the accidental 
condition of the sky are of far less importance than 
physical measurements in which such accidental con- 
ditions do not intervene. Many profound investigations 
depend upon omr knowledge of the radiant energy con- 
tinually poured upon th^ earth by the sun ; but this must 
be measured when the sky is perfectly clear, and the 
absorption of the atmosphere at its minimum. The 
slightest interference of cloud destroys the value of such 
a measurement, except for meteorological purposes, which 
are of vastly less generality and importance. It is seldom 
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useful, again, to measure the height of a snow-covered 
mountain within a foot, when the thickness of the snow 
alone may cause it to vary 25 feet or more, when in short 
the height itself is indefinite to that extent.^ 

^ Maintenance of Similar Conditions. 

Our ultimate object in induction must be to obtain the 
complete relation between the conditions and the effect, 
but this relation will generally be so complex that we can 
only attack it in detail. We must, as far as possible, 
confine the variation to one condition at a time, and estab- 
lish a separate relation between each condition and the 
effect. This is at any rate the first step in approximating 
to the complete law, and it will be a subsequent question 
how far the simultaneous variation of several conditions 
modifies their separate actions. In many experiments, 
indeed, it is only one condition which we wish to study, 
and the others are interfering forces which we would avoid 
if possible. One of the conditions of the motion of a pen- 
dulum is the resistance of the air, or other medium in 
which it swings; but when Newton was desirous of prov- 
ing the equal gravitation of all substances, he had no 
interest in the air. His object was to observe a single 
force only, and so it is in a great many otlier experiments. 
Accordingly, one of the most important precautions in 
investigation consists in maintaining all conditions con- 
stant except tliat which is to be studied. As that admir- 
able experimental philosopher, Gilbert, expressed it,^ 
“ There is always need of similar preparation, of similar 
figure, and of equal magnitude, for in dissimilar and un- 
equal circumstances the experiment is doubtful.” 

In Newton’s decisive experiment similar conditions were 
provided for, with the simplicity whiqh characterises the 
highest art. The pendulums of which the oscillations were 
compared consisted of equal boxes of wood, hanging by 
equal threads, and filled with different substances, so that 
the total weights should be equal and the centres of oscil- 
lation at the same distance from the points of suspension. 

* Humboldt’s Cosmos (Bohn), voL i. p. 7. 

* Gilbert, De Magnek, p. 109, 
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“Hence the resistance of the air became approximately a 
matter of indifference ; for the outward size and shape of 
the pendulums being the same, the absolute force of re- 
sistance would be the same, so long as the pendulums 
vibrated with equal velocity ; and the weights being equal 
the resistance would diminish the velocity equally. Hence 
if any inequality were observed in the vibrations of the two 
pendulums, it must arise from the only circumstance which 
was different, namely the chemical nature of the matter 
within the boxes. No inequality being observed, the 
chemical nature of substances can have no appreciable 
influence upon the force of gravitation.^ 

A be|utiful experiment was devised by Dr. Joule for 
the purpose of showing that the gain or loss of heat by a 
gas is connected, not with the mere change of its volume 
and density, but with the energy received or given out by 
the gas. Two strong vessels, connected by a tube and stop- 
cock, were placed in water after the air had been exhausted 
from one vessel and condensed in the other to the extent 
of twenty atmospheres. The whole apparatus having 
been brought to a uniform temperature by agitating the 
water, and the temperature having been exactly observed, 
the stopcock was opened, so that the air at once expanded 
and filled the two vessels uniformly. The temperature of 
the water being again noted was found to be almost un- 
changed. The experiment was then repeated in an exactly 
similar manner, except that the strong vessels were placed 
in separate portions of the w’^ater. Now cold was produced 
in the vessel from which the air rushed, and an almost 
exactly equal quantity of heat appeared in that to which 
it was conducted. Thus Dr, Joule clearly proved that 
rarefaction produces as much heat as cold, and that only 
when there is disappearance of mechanical energy will 
there be production of heat.^ What we have to notice, 
however, is not so much the result of the experiment, as 
the simple manner in which a single change in the appa- 
ratus, the separation of the portions of water surrounding 
the air vessels^ is made to give indications of the utmost 
significance. 

^ I Princifia, bk. iii. Prop. vi. 

^ PhMosophiccd Magaaimf 3Td Series, vol. xxvi. p. 375. 
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Collective Experiments, 

There is an interesting class of experiments which i 
enable us to observe a number of quantitative results in 
one act. Generally speaking, each experiment yields us 
but one number, and before we can approach the real 
processes of reasoning we must laboriously repeat measure- 
ment after measurement, until we can lay out a curve of 
the variation of one quantity as depending on another. 
We can sometimes abbreviate this labour, by making a 
quantity vary in different parts of the same apparatus 
through every required amount. In observing the height 
to which water rises by the capillary attraction of a glass 
vessel, we may take a series of glass tubes of different 
bore, and measure the height through which it rises in each. 
But if we take two glass plates, and place them vertically 
in water, so as to be in contact at one vertical side, and 
slightly separated at the other side, the interval between 
the plates varies through every intermediate width, and* 
the water rises to a corresponding height, producing at its 
upper surface a hyperbolic curve. 

The q bsorptioT i C }f li ghtin - pngging thrmigh n. ft ftlnn rpd \ 
li qui d may be beautifully shown by enclosing the liquid in 
a wedg ^shaped g lass, so that we have at a single glance 
an infinite variety of thicknesses in view. As Newton 
himself remarked, a red liquid viewed in this manner is 
found to have a pale yellow colour at the thinnest part, 
and it passes through orange into red, which gradually 
becomes of a deeper and darker tint.^ The effect may be 
noticed in a conical wine-glass. The prismatic analysis of 
Light from such a wedge-shaped vessel discloses the reason, 
by exhibiting the progressive absorption of different rays 
of the spectrum as investigated by Dr. J. H. Gladstone.^ 

A moving body may sometimes be* made to mark out 
its own .course, like a shooting star which leaves a tail 
behind it. Thus an inclined jet of water exhibits in the 
clearest manner the parabolic path of a projectile. In 
Wheatstone's Kaleidophone the curves produced by the 
combination of vibrations of different ratios are shown by 

1 ^ticksy 3rd edit. p. 159. 

* Watts, Dictionary qf Ohcmistry, vol, iil p, 637, 
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placing bright reflective buttons on the tops^ of wires of 
various forms. The motions are performed so quickly that 
the eye receives the impression of the path as a complete 
whole, just as a burning stick whirled round produces a 
continuous circle. The laws of electric induction are 
beautifully shown when iron filings are brought under the 
influence of a magnet, and fall into curves corresponding 
to what Faraday called the Lines of Magnetic Force. 
When Faraday tried to define what he meant by his lines 
of force, he was obliged to refer to the filings. “ By mag- 
netic curves,” he says,^ I mean lines of magnetic forces 
which would be depicted by iron filings.” Robison had 
previously produced similar curv^es by the action of fric- 
tional electricity, and from a mathematical investigation of 
the forms of such curves we may infer that magnetic and 
electric attractions obey the general law of emanation, 
that of the inverse square of the distance. In the electric 
brush we’ have a similar exhibition of the laws of electric 
attraction. 

There are several branches of science in which collective 
experiments have been used with great advantage. Lich- 
’ tenberg's electric figures, produced by scattering electrified 
powder on an electrified resin cake, so as to show the con- 
dition of the latter, suggested to Ohladni the notion of 
discovering the state of vibration of plates by strewing 
sand upon them. The sand collects at the points wdiere the 
motion is least, and we gain at a glance a comprehension 
of the undulations of the plate. To this method of experi- 
ment we owe the beautiful observations of Savart. The 
exquisite coloured figures exhibited by plates of crystal, 
when examined by polarised light, afford a more compli- 
cated example of the same kind of investigation. They 
led Brewster and Fresnel to an explanation of the properties 
of the optic axes of crystals. The unequal conduction of 
heat in crystalline substances lias also been shown in a 
similar manner, by spreading a thin layer of wax over the 
plate of crystal, and applying heat to a single point. The 
wax then melts in a circular or elliptic area according as 
the rate of conduction is uniform or not. Nor should we 
forget that Newton’s rings w;eve an early and most impor- 

* Faraday's Life, by Bence Jones, voL ii. p. 5. 
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tant instance of investigations of the same kind; showing 
the effects of interference of light undulations of all 
magnitudes at a single view. Herschel gave to all such 
opportunities of observing directly the results of a general 
law, the name of Collective Instanm^ and I propose to 
adopt the name Collective Experiments, 

Such experiments will in many subjects only give the 
first hint of the nature of the law in question, but will not 
admit of any exact measurementSi The parabolic form of 
a jet of water may well have suggested to Galileo his views 
concerning the path of a projectile ; but it would not serve 
now for the exact investigation of the laws of gravity. It 
is unlikely that capillary attraction could be exactly 
measured by the use of inclined plates of glass, and tubes 
would probably be better for precise investigation. As a 
general rule, these collective experiments would be most 
useful for popular illustration. But when the curves are 
of a precise and permanent character, es in the coloured 
figures produced by crystalline plates, they may admit of 
exact measurement. Newton’s rings and diffraction fringes 
allow of very accurate measurements. 

Under collective experiments we may perhaps place 
those in which we render visible the motions of gas or 
liquid by dilfusing some opaque substance in it. The 
beliaviour of a body of air may often be studied in a 
beautiful way by the use of smoke, as in the production 
of smoke rings and jets. In the case of liquids lycopodium 
powder is sometimes employed. To detect the mixture of 
currents or strata of liquid, I employed very dilute solutions 
of common salt and silver nitrate, which produce a visible 
cloud wherever they come into contact.^ Atmospheric 
clouds often reveal to us the movements of great volumes 
of air which would otherwise be quite unapparent. 

Periodic Variations, 

A large class of investigations is concerned with Periodic' 
Variations. We may define aperiodic phenomenon as one 
wliich, with the uniform change of the variable, returns 

^ Pretiminary Discourse, &c., p. 185. 

* Philosophical Magamm, July, 1857, 4tb Series, vol. xiv. p. 24. 
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time after time to the same value. If we strike a pendu- 
lum it presently returns to the point from which we 
disturbed it, and while time, the variable, progresses 
uniformly, it goes on making excursions and returning, 
until stopped by the dissipation of its energy. If one body 
in space approaches by gravity towards another, they will 
revolve round each other in elliptic orbits, and return for 
an indefinite number of times to the same relative positions. 
On the other hand a single body projected into empty 
space, free from the action of any extraneous force, would 
go on moving for ever in a straight line, according to the 
first law of motion. In the latter case the variation is 
called sej^laVy because it proceeds during ages in a similar 
manner, and suffers no ireploho<i or going round. It may 
be doubted whether there really is any motion in the 
universe which is not periodic. Mr. Herbert Spencer long 
since adopted the doctrine that all motion is ultimately 
rhythmical, 1 and abundance of evidence may be adduced 
in favour of his view. 

The so-called secular acceleration of the moon’s motion 
is certainly periodic, and as, so far as we can tell, no body 
is beyond the attractive power of other bodies, rectilinear 
motion becomes purely hypothetical, or at least infinitely 
improbable. All the motions of all the stars must tend to 
become periodic. Though certain disturbances in the pla- 
netary system seem to be uniformly progressive, Laplace 
is considered to have proved that they really have their 
limits, so that after an immense time, all the planetary 
bodies might return to the same places, and the stability of 
the system be established. Such a theory of periodic sta- 
bility is really hypothetical, and does not take into account ^ 
phenomena resiilting in the dissipation of energy, which 
may be a really secular process. For our present purposes 
we need not attempt to form an opinion on such questions. 
Any change which does not present the appearance of a 
periodic character will be empirically regarded as a secular 
change, so that there will be plenty of non-periodic varia- 
tions. 

The variations which we produce experimentally will 
often be non-periodic. When we communicate heat to a 

^ First FrmcipleSy 3rd edit. chap. x. p. 253. 
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gas it increases in bulk or pressure, and as far as we can go 
the higher the temperature the higher the pressure. Our 
experiments are of course restricted in temperature both 
above and below, but there is every reason to believe that 
the bulk being the same, the pressure would never return 
to the same point at any two different temperatures. We 
may of course repeatedly raise and lower the temperature 
at regular or irregular intervals entirely at our will, and 
the pressure of the gas will vary in like manner and 
exactly at the same intervals, but such an arbitrary series 
of changes would not constitute Periodic Variation. It 
would constitute a succession of distinct experiments, 
which would place beyond reasonable doubt the connexion 
of cause and effect. 

Whenever a phenomenon recurs at equal or nearly 
equal intervals, there is, according to the theory of proba- 
bility, considerable evidence of connexion, because if the 
recurrences were entirely casual it is unlikely that they 
would happen at equal intervals. The fact that a brilliant 
comet had axipeared in the years 1301, 1378, 1456, 1531, 
1607, and 1682 gave considerable presumption in favour 
of the identity of the body, apart from similarity of the 
orbit. There is nothing which so fascinates the attention 
of men as the recurrence time after time of some unusual 
event. Things and appearances which remain ever the 
same, like mountains and valleys, fail to excite the curiosity 
of a primitive people. It has been remarked by Laplace 
that even in his day the rising of Venus in its brightest 
phase never failed to excite surprise and interest. So 
there is little doubt that the first germ of science arose 
in the attention given by Eastern people to the changes 
of the moon and the motions of the planets. Perhaps the 
earliest astronomical discovery consisted in proving the 
identity of the morning and evening stars, on the grounds 
of their similarity of aspect and invariable alternation.^ 
Periodicab changes of a somewhat complicated kind must 
have been understood by the Chaldeans, because they were 
aware of the cycle of 6585 days or 19 years which brings 
round the new and full moon upon the same days, hours, 
and even ininutes of the year. The earliest efforts of 

Laplace, System of the Worlds vol. i. pp. 50, 54, &c. 
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scientific prophecy were founded upon this knowledge, 
and if at present we cannot help wondering at the precise 
anticipations of the nautical almanack, we may imagine 
the wonder excited by such predictions in early times. 

Combined Periodic Changes. 

We shall seldom find a body subject to a single periodic 
variation, and free from other disturbances. We may ex- 
pect the periodic variation' itself to undergo variation, 
which may possibly be secular, but is more likely to 
prove periodic ; nor is there any limit to the complication 
of periods beyond periods, or periods within periods, which 
may .ultimately be disclosed. In studying a phenomenon 
of rhythmical character we have a succession of questions 
to ask. Is the periodic variation uniform ? If not, is the 
change uniform ? If not, is the change itself periodic ? 
Is that new period uniform, or subject to any other change, 
or not ? and so on ad infimtum. 

In some cases tliere may be many distinct causes of 
periodic variations, and according to the principle of the 
superposition of small eflects, to be afterwards considered, 
these periodic effects will be simply added together, or at 
least approximately so, and the joint result may present a 
very complicated subject of investigation. The tides of 
the ocean consist of a series of superimposed undulations. 
Not only are there the ordinary semi-diurnal tides caused 
by sun and moon, but a series of minor tides, such as the 
lunar diurnal, the solar diurnal, the lunar monthly, the 
lunar fortnightly, the solar annual and solar semi-annual 
are gradually being disentangled by the labours of Sir W. 
Thomson, Professor Haughton and others. 

Variable stars present interesting periodic phenomena ; 
while some stars, 8 Cephei for instance, are subject to very 
regular variations, others, like Mira Ceti, are less constant 
in the degrees of brilliancy which they attain or the 
rapidity of the changes, possibly on account of some longer 
periodic variation.^ The star JS Lyree presents a double 
maximum and minimum in each of its periods of nearly 1 3 
days, and since the discovery of this variation the period 


' Herscliers Outlines of Astronomy, 4tli edit. pp. 555 — 557. 
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in a period has probably been on the increase. ‘‘ At first 
the variability was more rapid, then it became gradually 
slower ; and this decrease in the length of time reached 
its limit between the years 1840 and 1844. Biiring that 
time its period was nearly invariable ; at presenbjfe is again 
decidedly on the decrease.^ The tracing out of such 
complicated variations presents an unlimited field for in- 
teresting investigation. The number of such variable stars 
already known is considerable, and there is no reason 
to suppose that any appreciable fraction of the whole 
number has yet been detected. 

Principle of Forced Vibrations, 

Investigations of the connection of periodic causes and 
effects rest upon a principle, which has been demonstrated 
by Sir John Herscliel for some special cases, and clearly 
explained by him in several of his works.^ The principle 
may be formally stated in the following manner : If one 
part of any system connected together either by material 
ties, or by the mutual attractions of its members, be con- 
tinually maintained by any cause, whether inherent in 
the constitution of the system or external to it, in a state 
of regular periodic motion, that motion will be propagated 
throughout the whole system, and will give rise, in every 
member of it, and in every part of each member, to 
2)eriodic movements executed in equal periods, with that 
to which they owe their origin, though not necessarily 
synchronous with them in their maxima and minima.*’ 
The meaning of the proposition is that the effect of a 
periodic cause will be periodic, and will recur at intervals 
equal to those of the cause. Accordingly when we find 
two phenomena which do proceed, time after time, through 
changes of the same period, tiiere is much probability 
that they are connected. In this manner, doubtless, Pliny 
correctly inierred that the cause of the tides lies in the 
sun and the moon, the intervals between successive high 
tides being equal to the intervals between the moon’s 

^ Humboldt^s Cosmos (Bohn), toL iii. p. 229. 

® Encyclopaedia Metropolitana, art. (Sound, § 323 ; Outlines of 
Astronomy, 4th edit., § 650. pp. 410, 487 — 88 ; Meteorology, Ency^ 
clopaedia Britannica, Reprint, p. 197. 
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passage across the meridian. Kepler and Descartes too 
admitted the connection previous to Newton’s demonstra- 
tion of its precise nature. When Bradley discovered the 
appare jiili tion of the stars arising from the aberration 
of lighj BB| was soon able to attribute it to the earth’s 
annual UPon, because it went through its phases in a 
year. 

The most beautiful instance of induction concerning 
periodic changes which can be cited, is the discovery of 
an eleven-year period in various meteorological pheno- 
.mena. It would be difficult to mention any two things 
apparently more disconnected than the spots upon the 
sun and auroras. As long ago as 1826, Schwabe com- 
menced a regular series of observations of the spots upon 
the sun, which has been continued to the present time, 
and he was able to show that at intervals of about 
eleven years the spots increased much in size and number. 
Hardly was this discovery made known, when Lament 
pointed out a nearly equal period of variation in the 
declination of the magnetic needle. Magnetic storms or 
sudden disturbances of the needle were next shown to 
take place most frequently at the times w^hen sun-spots 
were prevalent, and as auroras are generally coincident 
with magnetic storms, these phenomena were brought 
into the cycle. It has since been shown by Professor 
Piazzi Smyth and Mr. E. J. Stone, that the temperature 
of the earth’s surface as indicated by sunken thermome- 
ters gives some evidence of a like period. The existence 
of a periodic cause having once been established, it is 
quite to be expected, according to the principle of forced 
vibrations, that its influence will be detected in all 
meteorological phenomena. 

Integrated Variations, 

In considering the various modes in which * one effect 
may depend upon another, we must set in a distinct 
class those which arise from the accumulated effects of 
a constantly acting cause. When water runs out of a 
cistern, the velocity of motion depends, according to 
Torricelli’s theorem, on the height of the surface of the 
water above the vent; but the amount of water which 
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leaves the cistern in a given time depends npon the 
aggregate result of that velocity, and is only to ’ be 
ascertained by the mathematical process of integration. 
When one gravitating body falls towards imKjllpT, the 
force of gravity varies according to the ii*® square 
of the distance; to obtain the velocity proKced we 
must integrate or sum the effects of that law ; and to 
obtain the space passed over by the body in a given 
time, we must integrate again. 

In periodic variations the same distinction must be 
drawn. The heating power of the sun’s rays at any 
place on the earth varies every day with the height 
attained, and is greatest about noon; but the tempera- 
ture of the air will not be greatest at the same time. 
This temperature is an integrated effect of the sun’s 
heating power, and as long as the sun is able to give 
more heat to the air than the air loses in other ways, 
the temperature continues to rise, so that the maximum 
is deferred until about 3 P.M. Similarly the hottest day of 
the year falls, on an average, about one month later than 
the summer solstice, and all the seasons lag about a month 
behind the motions of the sun. In the case of the tides, 
too, the effect of the moon’s attractive power is never 
greatest when the power is greatest ; the effect always 
lags more or less Miind the cause. Yet the intervals 
between successive tides are equal, in the absence of dis- 
turbance, to the intervals between the passages of the 
moon across the meridian. Thus the principle of forced 
vibrations holds true. 

In periodic phenomena, however, curious results some- 
times follow from the integration of effects. If we strike 
a pendulum, and then repeat the stroke time after time at 
the same part of the vibration, all the strokes concur in 
adding to the momentum, and we can thus increase the 
extent and violence of the vibrations to any degree. We 
can stop the pendulum again by strokes applied when it 
is moving in the opposite direction, and the effects being 
added together will soon bring it to rest. Now if we 
alter the intervals of the strokes so that each two suc- 
cessive strokes act in opposite manners they will neutralise 
each other, and the energy expended will be turned into 
heat or sound at the point of percussion. Simileu: effects 
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occur in all cases of rhythmical motion. If a musical note 
is^^sounded in a room containing a piano, the string corre- 
sponding to it will be thrown into vibration, because every 
successive stroke of the air-waves upon the string finds 
it in like position as regards the vibration, and -thus adds 
to its energy of motion. But the other strings being incap- 
able of vit3rating with the same rapidity are struck at 
various points of their vibrations, and one stroke will 
soon be opposed by one contrary in effect. All pheno- 
mena of resonance, arise from this coincidence in time of 
undulation. The air in a pipe closed at one end, and about 
12 inches in length, is capable of vibrating 512 times in 
a second. If, then, the note C is sounded in front of the 
open end of the pipe, every successive vibration of the air 
is treasured up as it were in the motion of the air. In 
a pipe of different length the pulses of air would strike 
each other, and the mechanical energy being transmuted 
into heat would become no longer perceptible as sound. 

Accumulated vibrations sometimes become so intense 
as to lead to unexpected results. A glass vessel if touched 
with a violin bow at a suitable point may be fractured with 
the violence of vibration. A suspension bridge may be 
broken down if a company of soldiers walk across it in 
steps the intervals of which agree with the vibrations of 
the bridge itself. But if they break the step or march 
in either quicker or slower pace, they may have no per- 
ceptible effect upon the bridge. In fact if the impulses 
communicated to any vibrating body are synchronous with 
its vibrations, the energy of those vibrations will be un- 
limited, and may fracture any body. 

Let us now consider what will happen if the strokes be 
not exactly at the same intervals as the vibrations of the 
body, but, say, a little slower. Then a succession of strokes 
will meet the body in nearly but not quite the same position, 
and their efforts will be accumulated. Afterwards the 
strokes will begin to fall when the body is in the opposite 
phase. Imagine that one pendulum moving from one ex- 
treme point to another in a second, should be struck by 
another pendulum which makes 61 beats in a minute; 
then, if the pendulums commence together, they will at 
the end of 30J beats be moving in opposite directions. 
Hence whatever energy was communicated in the first 
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half minute will be neutralised by the opposite effect of 
that given in the second half. The effect of the strokes of 
the second pendulum will therefore be alternately to in- 
crease and decrease the vibrations of the first, so that a 
new kind of vibration will be produced running through 
its phases in 6i seconds. An effect of this fand was 
actually observed by Ellicott, a member of the Eoyal 
Society, in the case of two clocks.^ He found that 
through the wood-work by which the clocks were con- 
nected a slight impulse was transmitted, and each pen- 
dulum alternately lost and gained momentum. Each 
clock, in fact, tended to stop the other at regular intervals, 
and in the intermediate times to be stopped by the other. 

Many disturbances in the planetary system depend 
upon the same principle; for if one planet happens 
always to pull another in the same direction in similar 
parts of their orbits, the effects, however slight, will be 
accumulated, and a disturbance of large ultimate amount 
and of long period will be produced. The long inequality 
in the motions of Jupiter and Saturn is thus due to the 
fact that five times the mean motion of Saturn is very 
nearly equal to twice the mean motion of Jupiter, causing 
a coincidence in their relative positions and disturbing 
powers. The rolling of ships depends mainly upon the 
question whether the period of vibration of tjie ship 
corresponds or not with the intervals at which the waves 
strike her. Much which seems at first sight unaccount- 
able in the behaviour of vessels is thus explained, and the 
loss of the Captain is a sad case in point. 


* Fkilosophical Transactions^ (1739), vol. xli. p. 126. 



CHAPTEE XXI. 

THEORY OF APPROXIMATION. 

In order that we may gain a true understanding of the 
kind, degree, and value of the knowledge which we ac- 
quire by experimental investigation, it is requisite that 
we should be fully conscious of its approximate character. 
We must learn to distinguish between what we can know 
and cannot know — between the questions which admit of 
solution, and those which only seem to be solved. Many 
persons may be misled by the expression exact sciencCy 
and may think that the knowledge acquired by scientific 
methods admits of our reaching absolutely true laws, 
exact to the last degree. There is even a prevailing 
impression that when once mathematical formulse have 
been successfully applied to a branch of science, this por- 
tion of knowledge assumes a new nature, and admits of 
reasoning of a higher character than those sciences which 
are still unmathematical. 

The very satisfactory degree of accuracy attained in the 
science of astronomy gives a certain plausibility to erro- 
neous notions of this kind. Some persons no doubt con- 
sider it to be proved that planets move in ellipses, in such 
a manner that all Kepler’s laws hold exactly true ; but 
there is a double error in any such notions. In the first 
place, Kepler’s laws are not proved^ if by proof we mean 
certain demonstration of their exact truth. In the next 
place, even assuming Kepler’s laws to be exactly true in a 
theoretical point of view, the planets never move according 
to those laws. Even if we could observe the motions of a 
planet, of a perfect globular form, free from all perturbing 
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or retarding forces, we conld never prove that it moved 
in a perfect ellipse. To prove the elliptical form we 
should have to measure infinitely small angles, and in- 
finitely small fractions of a second ; we should have to 
perform impossibilities. All we can do is to show that 
the motion of an unperturbed planet approaches very 
nearly to the form of an ellipse, and more nearly the 
more accurately our observations are made. But if we go 
on to assert that the path is an ellipse we pass beyond 
our data, and make an assumption which cannot be veri- 
fied by observation. 

But, secondly, as a matter of fact no planet does move 
in a perfect ellipse, or manifest the truth of Kepler's laws 
exactly. The law of gravity prevents its own results 
from being clearly exhibited, because the mutual pertur- 
bations of the planets distort the elliptical paths. Those 
laws, again, hold exactly true only of infinitely small 
bodies, and when two great globes, like the sun and 
Jupiter, attract each other, the law must be modified. 
The periodic time is then shortened in the ratio of the 
square root of the number expressing the sun's mass, to 
that of the sum of the numbers expressing the masses of 
the sun and planet, as was shown by Newton. ^ Even at 
the present day discrepancies exist between the observed 
dimensions of the planetary orbits and their theoretical 
magnitudes, after making allowance for all disturbing 
causes.^ Nothing is more certain in scientific method 
than that approximate coincidence alone can be expected. 
In the measurement of continuous quantity perfect corre- 
spondence must be accidental, and should give rise to 
suspicion rather than to satisfaction. 

One remarkable result of the approximate character of 
our observations is that we could never prove the existence 
of perfectly circular or parabolic movement, even if it 
existed. ^ The circle is a singular case of the ellipse, for 
which th*e eccentricity is zero ; it is infinitely improbable 
that any planet, even if undisturbed by other bodies, 
would have a circle for its orbit ; but if the orbit were a 
circle we could never prove the entire absence of eccen- 

* Frincipia, bk. iii, Prjg- 15. 

^ Lockyer^s Lessons in Mimmtarv Astronomy^ p. 301. 
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tricity. All that we could do would be to declare the 
divergence from the circular form to be inappreciable. 
Delambre was unable to detect the slightest ellipticity 
in the orbit of Jupiter’s first satellite, but he could only 
infer that the orbit was nearly circular. The parabola is 
the singular limit between the ellipse and the hyperbola. 
As there are elliptic and hyperbolic comets, so we might 
conceive the existence of a parabolic comet. Indeed if* an 
undisturbed comet fell towards the sun from an infinite 
distance it would move in a parabola ; but we could never 
prove that it so moved. 

Suhstitiition of Simple Hypotheses, 

In truth men never can solve problems fulfilling the 
complex circumstances of nature. All laws and explana- 
tions are in a certain sense hypothetical, and apply exactly 
to nothing which we can know to exist. In place of the 
actual objects which w^e see and feel, the mathematician 
substitutes imaginary objects, only partially resembling 
those represented, but so devised that the discrepancies 
are not of an amount to alter seriously the character of 
the solution. When we probe tlie matter to the bottom 
physical astronomy is as liypothetical as Euclid’s elements. 
There may exist in nature perfect straight lines, triangles, 
circles, and other regular geometrical figures ; to our 
science it is a matter of indilference whether they do or 
do not exist, because in any case they must be beyond 
our powers of perception. If we submitted a perfect 
circle to the most rigorous scrutiny, it is impossible that 
we should discover whether it were perfect or not. 
Nevertheless in geometry we argue concerning perfect 
curves, and rectilinear figures, and the conclusions* apply 
to existing objects so far as we can assure ourselves that 
they agree with the hypothetical conditions of our 
reasoning. This is in reality aU that we can do in the 
most perfect of the sciences. 

Doubtless in astronomy we meet with the nearest ap- 
proximation to actual conditions. The law of gravity is 
not a complex one in itself, and we believe it with much 
probability to be exactly true; but we cannot calculate 
out m any real case its accurate results. The law asserts 
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that every particle of matter in the universe attracts every 
other particle, with a force depending on the masses of 
the particles and their distances. We cannot know the 
force acting on any particle unless we know the masses 
and distances and positions of all other particles in the 
universe. The physical astronomer has made a sweeping 
assumption, namely, that all the millions of existing 
systems exert no perturbing effects on our planetary 
system, that is to say, no effects in the least appreciable. 
The problem at once becomes hypothetical, because there 
is little doubt that gravitation between our sun and planets 
and other systems does exist. Even when they consider 
the relations of our planetary bodies i'iUer se, all their 
processes are only approximate. In the first place they 
assume that each of the planets is a perfect ellipsoid, 
with a smooth surface and a homogeneous interior. That 
this assumption is untrue every mountain and valley, every 
sea, every mine affords conclusive evidence. If astronomers 
are to make their calculations perfect, they must not only 
take account of the Himalayas and the Andes, but must 
calculate separately the attraction of every hill, nay, of 
every ant-hill. So far are they from having considered 
any local inequality of the surface, that they have not yet 
decided upon the general form of the earth ; it is still a 
matter of speculation whether or not the earth is an ellip- 
soid with three unequal axes. If^ as is probable, the globe 
is irregularly compressed in some directions, the calcula- 
tions of astronomers will have to be repeated and refined, 
JjLi order that they may approximate to the attractiv(3 
power of such a body. If we cannot accurately learn the 
form of our own earth, how can we expect to ascertain 
that of the moon, the sun, and other planets, in some of 
which probably are irregularities of greater proportional 
amount ? 

In a further way the science of physical astronomy is 
merely approximate and hypothetical. Given homogeneous 
ellipsoids acting upon each other according to the law of 
gravity, the best mathematicians have never and perhaps 
never will determine exactly the resulting movements. 
Even when three bodies simultaneously attract each other 
the complication of effects is so great that only approxi- 
mate calculations can be made. Astronomers have not 
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even attempted the general problem of the simultaneous 
attractions of four, five, six, or more bodies ; they resolve 
the general problem into so many different problems of 
three bodies. The principle upon which the calculations 
of physical astronomy proceed, is to neglect every quantity 
which does not seem likely to lead to an effect appreciable 
in observation, and the quantities rejected are far more 
numerous and complex than the few larger terms which 
are retained. All then is merely approximate. 

Concerning other branches of physical science the same 
statements are even more evidently true. We speak and 
calculate about inflexible bars, inextensible lines, heavy 
points, homogeneous substances, uniform spheres, perfect 
fluids and gases, and we deduce a great number of beautiful 
theorems; but all is hypothetical. There is no such 
thing as an inflexible bar, an inextensible line, nor any one 
of the other perfect objects of mechanical science ; they 
are to be classed with those mythical existences, the 
straight line, triangle, circle, &c., about which Euclid so 
freely reasoned. Take the simplest operation considered 
in statics — the use of a crowbar in raising a heavy stone, 
and we shall find, as Thomson and Tait have pointed out, 
that we neglect far more than we observe.^ If we suppose 
the bar to be quite rigid, the fulcrum and stone perfectly 
hard, and the points of contact real points, we may give 
the true relation of the forces. But in reality the bar must 
bend, and the extension and compression of different parts 
involve us in difficulties. Even if the bar be homoge- 
neous in all its parts, there is no mathematical theory 
capable of determining with accuracy all that goes on ; if, 
as is infinitely more probable, the bar is not homogeneous, 
the complete solution will be immensely more complicated, 
but hardly more hopeless. No sooner had we determined 
the change of form according to simple mechanical princi- 
ples, than we should discover the interference of, thermo- 
dynamic principles. Compression produces heat and 
extension cold, and thus the conditions of the problem are 
modified throughout In attempting a fourth approxima- 
tion we should have to allow for the conduction of heat 
from one part of the bar to another. All these effects are 

^ Treatise on Natwal Philosophy, vol, i. pp. 337, &o. 
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utterly inappreciable in a practical point of view, if the 
bar be a good stout one ; but in a theoretical point of 
view they entirely prevent our saying that we have solved 
a natural problem. The faculties of the human mind, 
even when aided by the wonderful powera of abbreviation 
conferred by analytical methods, are utterly unable to cope 
with the complications of any real problem. And had 
we exhausted all the known phenomena of a mechanical 
problem, how can we tell that hidden phenomena, as yet 
undetected, do not intervene in the commonest actions ? 
It is plain that no phenomenon comes within the sphere of 
our senses unless it possesses a momentum capable of 
irritating the appropriate nerves. There may then be 
worlds of phenomena too slight to rise within the scope of 
our consciousness. 

All the instruments ‘with which we perform our measure- 
ments are faulty. We assume that a plumb-line gives a 
vertical line ; but this is never true in an absolute sense, 
owing to the attraction of mountains and other inequalities 
in the surface of the earth. In an accurate trigonometrical 
survey, the divergencies of the plumb-line must be ap- 
proximately determined and allowed for. We assume a 
surface of mercury to be a perfe'ct plane, but even in the 
breadth of 5 inches there is a calculable divergence from a 
true plane of about one ten-millionth part of an inch ; and 
this surface further diverges from true horizontali'ty as the 
plumb-line does from true verticality. That most perfect 
instrument, the pendulum, is not theoretically perfect, 
except for infinitely small arcs of vibration, and the 
delicate experiments performed with the torsion balance 
proceed on the assumption that the force of torsion of a 
wire is proportional to the angle of torsion, which again is 
only true for infinitely small angles. 

Such is the purely approximate character of all our 
operations that it is not uncommon to find the theoretically 
worse niethod giving truer results than the theoretically 
perfect method. The common pendulum which is not 
isochronous is better for practical purposes than the 
cycloidal pendulum, which is isochronous in theory but 
subject to mechanical difficulties. The spherical form is 
not the correct form for a speculum or lense, but it differs 
so slightly from the true form, and is so much more easily 
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produced mechanically, that it is generally best to rest 
content with the spherical surface. Even in a six-feet 
mirror the difference between the parabola and the sphere 
is only about one ten-thousandth part of an inch, a thick- 
ness which would be taken off in a few rubs of the polisher. 
Watts’ ingenious parallel motion was intended to produce 
rectilinear movement of the piston-rod. In reality the 
motion was always curvilinear, but for his purposes a 
certain part of the curve approximated sufficiently to a 
straight line. 


Approximation to Exact Laws, 

Though we can not prove numerical laws with perfect 
accuracy, it would be a great mistake to suppose that 
there is any inexactness in the laws of nature. We 
may even discover a law which we believe to represent 
the action of forces with perfect exactness. The mind 
may seem to pass in advance of its data, and choose out 
certain numerical results as absolutely true. We can 
never really pass beyond our data, and so far as assump- 
tion enters in, so far want of certainty will attach to our 
conclusions ; nevertheless we may sometimes rightly prefer 
a probable assumption of a precise law to numerical results, 
which are at the best only approximate. We must accord- 
ingly draw a strong distinction between the laws of nature 
which we believe to be accurately stated in our formulas, 
and those to which our statements only make an approxi- 
mation, so that at a future time the law will be differently 
stated. 

The law of gravitation is expressed in the form 
F == meaning that gravity is proportional directly to 

the product of the gravitating masses, and indirectly to the 
square of their distance. The latent heat of eteam is ex- 
pressed by the equation log F ~ a -f -f c/S^ in which are 
five quantities a, &, c, a, /8, to be determined by experiment. 
There is every reason to believe that in the progress of 
science the law of gravity will remain entirely unaltered, 
and the only effect of further inquiry will be to render it a 
more and more probable expression of the absolute truth. 
The law of the latent heat of steam on the other hand, will 
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be modified by every new series of experiments, and it may 
not improbably be shown that the assumed law can never 
be made to agree exactly with the results of experiment. 

Philosophers have not always supposed that the law of 
gravity was exactly true. Newton, though he had the 
highest confidence in its truth, admitted that there were 
motions in the planetary system which he could not 
reconcile with the law. Eider and Clairaut who were, 
with D’Alembert, the first to apply the full powers of 
mathematical analysis to the theory of gravitation as ex- 
plaining the perturbations of the planets, did not think 
tlie law sufficiently established to attribute all discrepancies 
to the errors of calculation and observation. They did 
not feel certain that the force of gravity exactly obeyed 
the well-known rule. The law might involve other powers 
of the distance. It might be expressed in the form 

T, 1 ® 1 ^ 1 

^ ^ 1 )^"^ * ' ‘ 

and the coefficients a and c might be so small that those 
terms would become aj^parent only in very accurate 
comparisons with fact. Attempts have been made to 
account for difBculties, by attributing value to such 
neglected terms. Gauss at one time thought the even 
more fundamental principle of gravity, that the force 
is dependent only on mass and distance, might not 
be exactly true, and he undertook accurate pendulum 
experiments to test this opinion. Only as repeated 
doubts have time after time been resolved in favour of 
the law of Newton, has it been assumed as precisely 
correct. But this belief does not rest on experiment or 
observation only. The calculations of physical astronomy, 
however accurate, could never show that the other terms 
of the above expression were absolutely devoid of value. 
It could only be shown that they had such slight value 
as never to become apparent. 

There ‘are, however, other reasons why the law is pro- 
bably complete and true as commonly stated. Whatever 
influence spreads from a point, and expands uniformly 
through space, will doubtless vary inversely in intensity 
as the square of the distance, because the area over which 
it is spread increases as the square of the radius. This 
part of the law of gravity may be considered as due to 
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the properties of space, and there is a perfect analogy 
in this respect between gravity and all other emcmiting 
forces, as was pointed out by Keill.^ Thus the undulations 
of light, heat, and sound, and the attractions of electricity 
and magnetism obey the very same law so far as we can 
ascertain. If the molecules of a gas or the particles 
of matter constituting odour were to start from a point 
and spread uniformly, their distances would increase and 
their density decrease according to the same principle. 

Other laws of nature stand in a similar position. Dalton^s 
laws of definite combining proportions never have been, 
and never can be, exactly proved; but chemists having 
shown, to a considerable degree of approximation, that 
the elements combine together as if each element had 
atoms of an invariable mass, assume that this is exactly 
true. They go even further. Prout pointed out in 1815 
that the equivalent weights of the elements appeared to 
be simple numbers ; and the researches of Dumas, Pelouze, 
Marignac, Erdmann, Stas, and others have gradually ren- 
dered it likely that the atomic weights of hydrogen, carbon, 
oxygen, nitrogen, chlorine, and silver, are in the ratios of 
the numbers i, 12, 16, 14, 35*5, and 108. Chemists then 
step beyond their data; they throw aside their actual 
experimental numbers, and assume that the true ratios 
are not those exactly indicated by any weighings, but the 
simple ratios of these numbers. They boldly assume that 
the discrepancies are due to experimental errors, and they 
are justified by the fact that the more elaborate and skiKul 
the researches on the subject, the more nearly their as- 
sumption is verified. Potassium is the only element whose 
atomic weight has been determined with great care, but 
which has not shown an approach to a simple ratio with 
the other elements. This exception may be due to some 
unsuspected cause of error.^ A similar assumption is 
made in the law of definite combining volumes of gases, 
and Brodie has clearly pointed out the line of argument 
by which the chemist, observing that the discrepancies 
between the law and fact are within the limits of ex- 
perimental error, assumes that they are due to error.^ 

' Jn Jntroduction to Natural Philosophy, 3rd edit. 1733, p, 5. 

2 Watts, Dictionary of Chemistry, vol i. p. 455* 

* Philosophical Transactions, (1866) vol. clvi. p. 809. 
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Faraday, in one of his researches, expressly makes an 
assumption of the same kind. Having shown, with some 
degree of experimental precision, that there exists a simple 
proportion between quantities of electrical energy and the 
quantities of chemical substances which it can decompose, 
so that for every atom dissolved in the battery cell an 
atom ought theoretically, that is without regard to dissi- 
pation of some of the energy, to be decomposed in the 
electrolytic cell, he does not stop at his numerical results. 
“ I have not hesitated,” he says,^ to apply the more strict 
results of chemical analysis to correct the numbers obtained 
as electrolytic results. This, it is evident, may be done 
in a great number of cases, without using too much liberty 
towards the due severity of scientific research.” 

The law of the conservation of energy, one of the widest 
of all physical generalisations, rests upon the same footing. 
The most that we can do by experiment is to show that 
the energy entering into any experimental combination is 
almost equal to what comes out of it, and more nearly so 
the more accurately we perform the measurements. Ab- 
solute equality is always a matter of assumption. We 
cannot even prove the indestructibility of matter; for 
were an exceedingly minute fraction of existing matter to 
vanish in any experiment, say one part in ten millions, 
we could never detect the loss. 

Successive Approximations to Natural Conditions, 

When we examine the history of scientific problems, we 
find that one man or one generation is usually able to 
make but a single step at a time. A problem is solved 
for the first time by making some bold hypothetical 
simplification, upoA which the next investigator makes 
hypothetical modifications approaching more nearly to 
the truth. Errors are successively pointed out in previous 
solutions,* until at last there might seem little more to 
be desired. Careful examination, however, will show that 
a series of minor inaccuracies remain to be corrected and 
explained, were our powers of reasoning sufficiently great, 
and the purpose adequate in importance. 

Experimental Researches in Eleetricityj vol. i. p. 246. 

H H 


1 
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Newton’s successful solution of the problem of the 
planetary movements entirely depended at first upon a 
great simplification. The law of gravity only applies 
directly to two infinitely small particles, so that when we 
deal with vast globes like the earth, Jupiter, and the 
sun, we have an immense aggregate of separate attractions 
to deal with, and the law of the aggregate need not coincide 
with the law of the elementary particles. But Newton, 
by a great effort of mathematical reasoning, was able to 
show that two homogeneous spheres of matter act as if 
the whole of their masses were concentrated at the centres ; 
in short, that such spheres are centrobaric bodies (p. 364). 
He was then able with comparative ease to calculate the 
motions of the planets on the hypothesis of their being 
spheres, and to show that the results roughly agreed with 
observation. Newton, indeed, was one of the few men 
who could make two great steps at once. He did not 
rest contented with the spherical hypothesis; having 
reason to believe that the earth was really a spheroid 
with a protuberance around the equator, he proceeded to 
a second approximation, and proved that the attraction of 
the protuberant matter upon the moon accounted for the 
precession of the equinoxes, and led to various complicated 
effects. But, (p. 459), even the spheroidal hypothesis is 
far from the truth. It takes no account of the irregu- 
larities of surface, the great protuberance of land in 
Central Asia and South America, and the deficiency in 
the bed of the Atlantic. 

To determine the law according to which a projectile, 
such as a cannon ball, moves through the atmosphere is 
a problem very imperfectly solved at the present day, but 
in which many successive advances have been made. So 
little was known concerning the subject three or four 
centuries ago that a cannon ball was supposed to move 
at first in a straight line, and after a time to be deflected 
into a curve. Tartaglia ventured to maintain that the 
path was curved throughout, as by the principle of con- 
tinuity it should be ; but the ingenuity of Galileo was 
required to prove this opinion, and to show that the curve 
was approximately a parabola. It is only, however, under 
forced hypotheses that we can assert the path of a projec- 
tile to be truly a parabola : the path must be through a 
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perfect vacuum, where there is no resisting medium of any 
kind; the force of gravity must be uniform and act in 
parallel lines ; or else the moving body must be either a 
mere point, or a perfect centrobaric body, that is a body 
possessing a definite centre of gravity. These conditions 
cannot be really fulfilled in practice. The next great step 
in the problem was made by Newton and Huyghens, the 
latter of whom asserted that the atmosphere would offer a 
resistance proportional to the velocity of the moving body, 
and concluded that the path would have in consequence 
a logarithmic character. Newton investigated in a general 
manner the subject of resisting media, and came to the 
conclusion that the resistance is more nearly proportional 
to the square of the velocity. The subject then fell into 
the hands of Daniel Bernoulli, who pointed out the enor- 
mous resistance of the air in cases of rapid movement, 
and calculated that a cannon ball, if fired vertically in a 
vacuum, would rise eight times as high as in the atmo- 
sphere. In recent times an immense amount both of 
theoretical and experimental investigation has been spent- 
upon the subject, since it is one of importance in the art 
of war. Successive approximations to the true law have 
been made, but nothing like a complete and final solution 
has been achieved or even hoped for.^ 

It is quite to be expected that the earliest experimenters 
in any branch of science will overlook errors which after- 
wards become most apparent. The Arabian astronomers 
determined the meridian by taking the middle point be- 
tween the places of the sun when at equal altitudes on 
the same day. They overlooked the fact that the sun has 
its own motion in the time between the observations. 
Newton thought that the mutual disturbances of the 
planets might be disregarded, excepting perhaps the effect 
of the mutual attraction of the greater planets, Jupiter 
and Saturn, near their conjunction.^ The expansion of 
quicksilver was long used as the measure of temperature, 
no clear idea being possessed of temperature apart from 
some of its more obvious effects. Eumford, in the first 
experiment leading to a determination of the mechanical 

^ Hutton^s Mathematical Dictionary ^ vol. iL pp. 287 — 292. 

2 Frincipia, bk. iii. Prop. 13. 


H H 2 
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equivalent of heat, disregarded the heat absorbed by the 
apparatus, otherwise he would, in Dr. Joule’s opinion, have 
come nearly to the correct result. 

It is surprising to learn the number of causes of error 
which enter into the simplest experiment, when we strive 
to attain rigid accuracy. We cannot accurately perform 
the simple experiment of compressing gas in a bent tube 
by a column of mercury, in order to test the truth of 
Boyle’s Law, without paying regard to — (i) the variations 
of atmospheric pressure, which are communicated to the 
gas through the mercury ; (2) the compressibility of 
mercury, which causes the column of mercury to vary 
in density; (3) the temperature of the mercury through- 
out the column ; (4) the temperature of the gas, which is 
with difficulty maintained invariable; (s) the expansion 
of the glass tube containing the gas. Although Eegnault 
took all these circumstances into account in his examina- 
tion of the law,^ there is no reason to suppose that he 
exhausted tlie sources of inaccuracy. 

The early investigations concerning the nature of waves 
in elastic media proceeded upon the assumption that 
waves of different lengths would travel with equal speed. 
Newton’s theory of sound led him to this conclusion, and 
observation (p. 295) had verified the inference. When 
the undulatory theory came to be applied at the com- 
mencement of this century to explain the phenomena of 
light, a great difficulty was encountered. The angle at 
which a ray of light is refracted in entering a denser 
medium depends, according to that theory, on the velo- 
city with which the wave travels, so that if all waves 
of light were to travel with equal velocity in the same 
medium, the dispersion of mixed light by the prism and 
the production of the spectrum could not take place. 
Some most striking phenomena were thus in direct con- 
flict with the theory. Cauchy first pointed out the ex- 
planation, namely, that all previous investigators had made 
an arbitrary assumption for the sake of simplifying the 
calculations. They had assumed that the particles of the 
vibrating medium are so close together that the intervals 
are inconsiderable compared with the length of the wave. 

^ Jamin, Cours de Physique ^ voL L pp. 282, 283. 
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This hypothesis happened to he approximately true in 
the case of air, so that no error was discovered in ex- 
periments on sound. Had it not been so, the earlier 
analysts would probably have failed to give any solution, 
and the progress of the subject might have been retarded. 
Cauchy was able to make a new approximation under 
the more difficult supposition, that the particles of the 
vibrating medium are situated at considerable distances, 
and act and react upon the neighbouring particles by 
attractive and repulsive forces. To calculate the rate of 
propagation of disturbance in such a medium is a work 
of excessive difficulty. The complete solution of the 
problem appears indeed to be beyond human power, so 
that we must be content, as in the case of the planetary 
motions, to look forward to successive approximations. 
All that Cauchy could do was to show that certain quan- 
tities, neglected in previous theories, became of consider- 
able amount under the new conditions of the problem, 
so that there will exist a relation between the length of 
the wave, and the velocity at which it travels. To re- 
move, then, the difficulties in the way of the undulatory 
theory of light, a new approach to probable conditions 
was needed.^ 

In a similar manner Fourier^s theory of the conduction 
and radiation of heat was based upon the hypothesis that 
the quantity of heat passing along any line is simply pro- 
portional to the rate of change of temperature. But it 
has since been shown by Forbes that the conductivity of a 
body diminishes as its temperature increases. All the 
details of Fourier’s solution therefore require modification, 
and the results are in the meantime to be regarded as 
only approximately true.^ 

We ought to distinguish between those problems which 
are physically and those which are merely mathematically 
incomplete. In the latter case the physical law is cor- 
rectly seized, but the mathematician neglects, or is more 
often unable to follow out the law in all its results. The 
law of gravitation and the principles of harmonic or un- 
dulatory movement, even supposing the data to be correct, 

^ Lloyd^s Lectures on the Wave Theory^ pp. 22, 23. 

* Tait’fi Thermodyno/micSf p. 10. 
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can never be followed into all their ultimate results. 
Youug explained the production of Newton's rings by 
supposing that the rays reflected from the upper and 
lower surfaces of a thin film of a certain thickness were in 
opposite phases, and thus neutralised each other. It was 
pointed out, however, that as the light reflected from, the 
nearer surface must be undoubtedly a little brighter than 
that from the further surface, the two rays ought not to 
neutralise each other so completely as they are observed 
to do. It was finally shown by Poisson that the dis- 
crepancy arose only from incomplete solution of the 
problem ; for the light which has once got into the film 
must be to a certain extent reflected backwards and 
forwards ad infinitum ; and if we follow out this course of 
the light by perfect mathematical analysis, absolute dark- 
ness may be shown to result from the interference of 
the rays.^ In this case the natural laws concerned, those 
of reflection and refraction, are accurately known, and 
the only diftlculty consists in developing their full 
consequences. 

Discovery of Hypothetically Simple Laws, 

In some branches of science we meet with natural laws 
of a simple c]iaracter which are in a certain point of view 
exactly true and yet can never be manifested as exactly 
true in natural phenomena. Such, for instance, are the 
laws concerning what is called a perfect gas. The gaseous 
state of matter is that in which the properties of matter 
are exhibited in the simplest manner. There is much 
advantage accordingly in approaching the question of 
molecular mechanics from this side. But when we ask 
the question — What is a gas ? the answer must be a 
hypothetical one. Finding that gases nearly obey the 
law of Boyle and Mariotte ; that they nearly expand by 
heat at the uniform rate of one part in 272*9* of their 
volume at o® for each degree centigrade ; and that they 
more nearly fulfil these conditions the more distant the 
point of temperature at which we examine them from 
the liquefying point, we pass by the principle of con- 

Lloyd^s Lectures on the Wave Theory ^ pp. 82, 83, 




XXL] THEORY OF APPROXIMATION. 471 


tinuity to the conception of a perfect gas. Such a gas 
would probably consist of atoms of matter at so great a 
distance from each other as to exert no attractive forces 
upon each other ; but for this condition to be fulfilled the 
distances must be infinite, so that an absolutely perfect 
gas cannot exist. But the perfect gas is not merely a 
limit to which we may approach, it is a limit passed by 
at least one real gas. It has been shown by Despretz, 
Pouillet, Dulong, Arago, and finally Eegnault, that all 
gases diverge from the Boy lean law, and in nearly all 
cases the density of the gas increases in a somewhat greater 
ratio than the pressure, indicating a tendency on the 
part of the molecules to approximate of their own accord. 
In the more condensable gases such as sulphurous acid, 
ammonia, and cyanogen, this tendency is strongly apparent 
near the liquefying point. Hydrogen, on the contrary, 
diverges from the law of a perfect gas in the opposite 
direction, that is, the density increases less than in the 
ratio of the pressure.’- This is a singular exception, the 
bearing of which I am unable to comprehend. 

All' gases diverge again from the law of uniform ex- 
pansion by heat, but the divergence is less as the gas in 
question is less condensable, or examined at a temperature 
more removed from its liquefying point. Thus the perfect 
gas must have an infinitely high temperature. According 
to Dalton's law each gas in a mixture retains its own 
properties unaffected by the presence of any other gas.*^ 
This law is probably true only by approximation, but it 
is obvious that it would be true of the perfect gas with 
infinitely distant particles.® 

Mathematical Principles of Approximation, 

The approximate character of physical science will be 
rendered more plain if we consider it from a mathematical 
point of view. Throughout quantitative investigations we 
deal with the relation of one quantity to other quantities, 

^ Jamin, Cours de Physique, vol. i. pp. 283 — 288. 

* Joule and Thomson, Philosophical Transactions, 1854, vol. cxliv. 
P* 337 - 

3 The properties of a perfect gas have been described by Rankiney 
Transactions of the Royal Society of Edinburgh, vol. xxv. p. 561. 
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of which it is a function ; but the subject is sufficiently- 
complicated if we view one quantity as a function of 
one other. Now, as a general rule, a function can be 
.developed or expressed as the sum of quantities, the 
values of which depend upon the successive powers of the 
variable quantity. If y be a function of x then we may 
say that 

'i/=A + 'Bx + Cx^ + Do(? + 'Ex^.,.. 

In this equation, A, B, C, D, &c., are fixed quantities, of 
different values in different cases. The terms may be 
infinite in number or after a time may cease to have any 
value. Any of the coefficients A, B, C, &c., may be 
zero or negative; but whatever they be they are fixed. 
The quantity x on the other hand may be made what we 
like, being variable. Suppose, in the first place, that x and 
y are both lengths. Let us assume that Yu.hru 
inch is the least that we can take note of. Then when x 
is one hundredth of an inch, we have — Ywjyjjuf 
if C be less than unity, the term C will be inappreci- 
able, being less than we can measure. Unless any of the 
quantities D, E, &c., should happen to be very great, it 
is evident that all the succeeding terms will also be in- 
appreciable, because the powers of x become rapidly 
smaller in geometrical ratio. Thus when x is made small 
enough the quantity y seems to obey the equation 

y = A + B 07. 

If X should be stdl less, if it should become as small, 
for instance, as ^.n inch, and B should not 

be very great, then y would appear to be the fixed 
quantity A, and would not seem to vary with x at all. 
On the other hand, were x to grow greater, say equal to 
inch, and C not be very small, the term 0 x^ would 
become appreciable, and the law would now be more 
complicated. 

We can invert the mode of viewing this question, and 
suppose that while the quantity y undergoes variations 
depending on many powers of x, our power of detect- 
ing the changes of value is more or less acute. While 
our powers of observation remain very rude we may be 
unable -to detect any change in the quantity at all, that 
is to say, Bx may always be too small to come within 
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our notice, just as in former days the fixed stars were so 
called because they remained at apparently fixed distances 
from each other. With the use of telescopes and micro- 
meters we become able to detect the existence of some 
motion, so that the distance of one star from another may 
be expressed by A + B oj, the term including being 
still inappreciable. Under these circumstances the star 
will seem to move uniformly, or in simple proportion to 
the time x. With much improved means of measurement 
it will probably be found that this uniformity of motion 
is only apparent, and that there exists some acceleration 
or retardation. More careful investigation will show the 
law to be more and more complicated than was previously 
supposed. 

There is yet another way of explaining the apparent 
results of a complicated law. If we take any curve and 
regard a portion of it free from any kind of discontinuity, 
we may represent the character of such portion by an 
equation of the form 

y = A + + + 

Restrict the attention to a very small portion of the curve, 
and the eye will be unable to distinguish its difference 
from a straight line, which amounts to saying that in the 
portion examined the term C has no value appreciable 
by the eye. Take a larger portion of the curve and it will 
be apparent that it possesses curvature, but it will be 
possible to draw a parabola or ellipse so that the curve 
shall apparently coincide with a portion of that parabola 
or ellipse. In the same way if we take larger and larger 
arcs of the curve it will assume the character successively 
of a curve of the third, fourth, and perhaps higher degrees ; 
that is to say, it corresponds to equations involving the 
third, fourth, and higher powers of the variable quantity. 

We have arrived then at the conclusion that every phe- 
nomenon, when its amount can only be rudely measured, 
wiU either be of fixed amount, or will seem to vary uni- 
formly like the distance between two inclined straight 
lines. More exact measurement may show the error of 
this first assumption, and the variation will then appear 
to be like that of the distance between a straight line 
and a parabola or ellipse. We may afterwards find that 
a curve of the third or higher degrees is reaUy required 
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to represent the variation. I propose to call the variation 
of a quantity linear, elliptic, cubic, quartic, quintic, &c., 
according as it is discovered to involve the first, second, 
third, fourth, fifth, or higher powers of the variable. It is 
a general rule in quantitative investigation that we com- 
mence by discovering linear, and afterwards proceed to 
elliptic or more complicated laws of variation. The ap- 
proximate curves which we employ are all, according to 
De Morgan’s use of the name, parabolas of some order 
or other; and since the common parabola of the second 
order is approximately the same as a very elongated 
ellipse, and is in fact an infinitely elongated ellipse, 
it is convenient and proper to call variation of the 
second order elliptic. It might also be called quadric 
variation. 

As regards many important phenomena we are yet only 
in the first stage of approximation. We know that the 
sun and many so-called fixed stars, especially 6i Cygni, 
have a proper motion through space, and the direction of 
this motion at the present time is known with some degree 
of accuracy. But it is hardly consistent with the theory 
of gravity that the path of any body should really be a 
straight line. Hence, we must regard a rectilinear path 
as only a provisional description of the motion, and look 
forward to the time when its curvature will be detected, 
though centuries perhaps must first elapse. 

We are accustomed to assume that on the surface of the 
earth the force of gravity is uniform, because the variation 
is of so slight an amount that we are scarcely able to 
detect it. But supposing we could measure the variation, 
we should find it simply proportional to the height. 
Taking the earth’s radius to be unity, let h be the height 
at which we measure the force of gravity. Then by the 
well-known law of the inverse square, that force will be 
proportional to 

(r+hy * or to g (i --- 2h + ^ + . . , . ). 

But at all heights to which we can attain h will be 
so small a fraction of the earth’s radius that 3 h? will 
be inappreciable, and the force of gravity will seem 
to follow the law of linear variation, being proportional 
to I — 2 A. 




XXI.] 


THEORY OF APPROXIMATION. 


475 


When the circumstances of an experiment are much 
altered, different powers of the variable may become pro- 
minent. The resistance of a liquid to a body moving 
through it may be approximately expressed as the sum 
of two terms respectively involving the first and second 
powers of the velocity. At very low velocities the first 
power is of most importance, and the resistance, as Pro- 
Ibssor Stokes has shown, is nearly in simple proportion to 
the velocity. When the motion is rapid the resistance 
increases in a still greater degree, and is more nearly pro- 
portional to the square of the velocity. 

Approximate Independence of Small Effects, 

One result of the theory of approximation possesses such 
importance in physical science, and is so often applied, 
that we may consider it separately. The investigation of 
causes and effects is immensely simplified when we may 
consider each cause as producing its own effect invariably, 
whether other causes are acting or not. Thus, if the body 
P produces x, and Q produces y, the question is whether P 
and Q acting together will produce the sum of the separate 
effects, X 4- y. It is under this supposition that we treated 
the metliods of eliminating error (Chap. XV.), and errors of 
a less amount would still remain if the supposition was a 
forced one. There are probably some parts of science in 
which the supposition of independence of effects holds 
rigidly true. The mutual gravity of two bodies is entirely 
unaffected by the presence of other gravitating bodies. 
People do not usually consider that this important prin- 
ciple is involved in such a simple thing as putting two 
pound weights in the scale of a balance. How do we 
know that two pounds together will weigh twice as much 
as one ? Do we know it to be exactly so ? Like other 
results founded on induction we cannot prove it absolutely, 
but all the calculations of physical astronomy proceed 
upon the assumption, so that we may consider it proved 
to a very high degree of approximation. Had not this 
been true, the calculations of physical astronomy would 
have been infinitely more complex than they actually &re, 
and the progress of knowledge would have been much 
slower. 
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It is a general principle of scientific method that if 
effects be of small amount, comparatively to our means of 
observation, all joint effects will be of a higher order of 
smallness, and may therefore be rejected in a first ap- 
proximation. This principle was employed by Daniel 
Bernoulli in the theory of sound, under the title of The 
Principle of the Coexistence of Small Vibrations. He 
showed that if a string is affected by two kinds of 
vibrations, we may consider each to be going on as 
if the other did not exist. We cannot perceive that 
the sounding of one musical instrument prevents or 
even modifies the sound of another, so that all sounds 
would seem to travel through the air, and act upon 
the ear in independence of each other. A similar 
assumption is made in the theory of tides, which are 
great waves. One wave is produced by the attraction 
of the moon, and another by the attraction of the 
sun, and the question arises, whether when these waves 
coincide, as at the time of spring tides, the joint wave 
will be simply the sum of the separate waves. On the 
principle of Bernoulli this will be so, because the tides 
on the ocean are very small compared with the depth of 
the ocean. 

The principle of Bernoulli, however, is only approxi- 
mately true. A wave never is exactly the same when 
another wave is interfering with it, but the less the dis- 
placement of particles due to each wave, the less in a still 
higher degree is the effect of one wave upon the other. 
In recent years Helmholtz was led to suspect that some 
of the phenomena of sound might after all be due to 
resultant effects overlooked by the assumption of previous 
physicists. He investigated the secondary waves which 
would arise from the interference of considerable disturb- 
ances, and was able to show that certain summation oi 
resultant tones ought to be heard, and experiments subse- 
quently devised for the purpose showed that they might 
be heard. 

Throughout the mechanical sciences the Principle of 
* Superposition of Small Motions is of fundamental im- 
portance,^ and it may be thhs explained. Suppose 

1 Thomson and Tait’s Natwral Philosophy^ voL i. p. 6o, 
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that two forces, acting from the points B and 0, are 
simultaneously moving a body A. Let the force acting 
from B be such that in one second it would move A 
to p, and similarly let the second force, acting alone, 

move A to r. The question ^ p b 

arises, then, whether their joint 
action will urge A to g' along 
the diagonal of the parallelo- 
gram. May we say that A will 
move the distance Ap in the 
direction AB, and Ar in the 
direction AC, or, what is the 
same thing, along the parallel 
line pq ? In strictness we cannot say so ; for when A has 
moved towards p, the force from C will no longer act along 
the line AC, and similarly the motion of A towards r will 
modify the action of the force from B. This interference 
of one ^prce with the line of action of the other will 
evidently he greater the larger is the extent of motion 
considered ; on the other hand, as we reduce the paral- 
lelogram Apqr, compared with the distances AB and AC, 
the less will be the interference of the forces. Accord- 
ingly mathematicians avoid all error by considering the 
motions as infinitely small, so that the interference be- 
comes of a still higher order of infinite smallness, and 
may be entirely neglected. By the resources of the differ- 
ential calculus it is possible to calculate the motion of the 
particle A, as if it went through ftn infinite number of 
infinitely small diagonals of parallelograms. The great 
discoveries of Newton really arose from applying this 
method of calculation to the movements of the moon 
round the earth, which, while constantly tending to move 
onward in a straight line, is also deflected towards the 
earth by gravity, and moves through’ an elliptic curve, 
composed as it were of the infinitely small diagonals of 
infinitely numerous parallelograms. The mathematician, 
in his investigation of a curve, always treats it as made 
up of a great number of straight lines, and it may be 
doubted whether he could treat it in any other manner. . 
There is no error in the final results,, because having ob- 
tained the formulae flowing from this supposition, each 
straight line is then regarded as becoming infinitely small. 
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and the polygonal line becomes undistinguishable from a 
perfect curve.^ 

In abstract mathematical theorems the approximation 
to absolute truth is perfect, because we can treat of in- 
finitesimals. In physical science, on the contrary, we 
treat of the least quantities which are perceptible. Never- 
theless, while carefully distinguishing between these two 
different cases, we may fearlessly apply to both the prin- 
ciple of the superposition of small effects. In physical 
science we have only to take care that the effects really 
are so small that any joint effect will be unquestionably 
imperceptible. Suppose, for instance, that there is some 
cause which alters the dimensions of a body in the ratio 
of I to I + a, and another cause which produces an alter- 
ation in the ratio of i to i + ^ 8 . If they both act at once 
the change will be in the ratio of i to (i + a)(i + / 8 ), 
or as I to I 4- a + )8 + ayS. But if a and 0 be both very 
small fractions of the total dimensions, al3 will be yet far 
smaller and may be disregarded; the ratio of change is 
then approximately that of i to I + a + /9, or the joint 
effect is the sum of the separate effects. Thus if a body 
were subjected to three strains, at right angles to each 
other, the total change in the volume of the body would 
be approximately equal to the sum of the changes pro- 
duced by the separate strains, provided that these are very 
small. In like manner not only is the expansion of every 
solid and liquid substance by heat approximately propor- 
tional to the change of temperature, when this change is 
very small in amount, but the cubic expansion may also 
be considered as being three times as great as the linear 
expansion. For if the increase of temperature expands 
a bar of metal in the ratio of i to i + a, and the expansion 
be equal in all directions, then a cube of the same metal 
would expand as i to (i + a)^, or as i to i + 3 a + 3 ®^ + a\ 
When a is a very small quantity the third term^ 3 a^ will 
be imperceptible, and still more so the fourth term a®. 
The coefficients of expansion of solids are in fact so 
small, and so imperfectly determined, that physicists 
seldom take into account their second and higher powers. 

^ CballiB, K'ota on the PnncwUt of Pure and AppKed CaloidaMon. 
1869, p. 83. ' 
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It is a result of these principles that all small errors may 
he assumed to vary in simple proportion to their causes — a 
new reason why, in eliminating errors, we should first of 
all make them as small as possible. Let us suppose that 
there is a right-angled triangle of which the two sides 
containing the right angle are really of the lengths 3 and 
4, so that the hypothenuse is -1-4^ or 5. Now, if in 
two measurements of the first side we commit slight 
errors, making it successively 4*001 and 4*002, then calcu- 
lation will give the lengths of the hypothenuse as almost 
exactly 5*0008 and 5*0016, so that the error in the 
hypothenuse will seem to vary in simple proportion to 
that of the side, although it does not really do so with 
perfect exactness. The logarithm of a number does not 
vary in proportion to that number — nevertheless we find 
the difference between the logarithms of the numbers 
100000 and 1 0000 1 to be almost exactly equal to that 
between the numbers 1 00001 and 100002. It is thus a 
general rule that very small differences between successive 
values of a function are approximately proportional to 
the small differences of the variable quantity. 

On these principles it is easy to draw up a series of 
rules such as those given by Kohlrausch ^ for performing 
calculations in an abbreviated form when the variable 
quantity is very small compared with unity. Thus for 
I (i + a) we may substitute i — a; for i -5- ([ - a) 
we may put i+a; i-r-Vi+a becomes i — | a, and so 
forth. 

Four Meanings of Equality, 

Although it might seem that there are few terms more 
free from ambiguity than the term eq^ial, yet scientific 
men do employ it with at least four ‘meanings, which it 
is desirable to distinguish. These meanings I may describe 
as 

(i) Absolute Equality. 

(2^ Sub-equality. 

(3) Apparent Equality. 

(4) Probable Equality. 

^ An InU'oduciion to Physical Measurements^ translated by Waller 
and Procter, 1873, P* 



480 


THE PBINCIPLES OP SCIENCE. 


[chap. 


By absolute equality we signify that which is complete 
and perfect to the last degree ; but it is obvious that we 
can only know such equality in a theoretical or hypotheti- 
cal manner. The areas of two triangles standing upon the 
same base and between the same parallels are absolutely 
equal Hippocrates beautifully proved that the area of a 
lunula or figure contained between two segments of circles 
was absolutely equal to that of a certain right-angled 
triangle. As a general rule all geometrical and other 
elementary mathematical theorems involve absolute 
equality. 

De Morgan proposed to describe as s%ib-equal those 
quantities which are equal within an infinitely small 
quantity, so that x is sub-equal to x dx. The dif- 
ferential calculus may be said to arise out of the neglect 
of infinitely small quantities, and in mathematical science 
other subtle distinctions may have to be drawn between 
kinds of equality, as De Morgan has shown in a remarkable 
memoir ‘‘ On Infinity ; and on the sign of Equality.*' ^ 

Apparent equality is that with which physical science 
deals. Those magnitudes are apparently equal which differ 
only by an imperceptible quantity. To the carpenter 
anything less than the hundredth part of an inch is non- 
existent ; there are few arts or artists to which the hundred- 
thousandth of an inch is of any account. Since aU 
coincidence between physical magnitudes is judged by one 
or other sense, we must be restricted to a knowledge of 
apparent equality. 

In reality even apparent equality is rarely to be ex- 
pected. More commonly experiments will give only 
probable equality, that is results wiU come so near to each 
other that the difference may be ascribed to unimportant 
disturbing causes. Physicists often assume quantities to 
be equal provided that they fall within the limits of 
probable error of the processes employed. W® cannot 
expect observations to agree with theory more closely 
than they agree with each other, as Newton remarked of 
his investigations concerning HaUey's Comet. 

^ Cambridge Philosophical Transactions (1865), vol xl Part L 
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Arithmetic of Approximate Qv^ntitiea, 

Considering that almost all the quantities which we 
treat in physical and social science are approximate only, 
it seems desirable that attention should be paid in the 
teaching of arithmetic to the correct interpretation and 
treatment of approximate numerical statements. We seem 
to need notation for expressing the approximateness or 
exactness of decimal numbers. The fraction ’025 may 
mean either precisely one 40th part, or it may mean 
anything between *0245 and *0255. I propose that wh^ 
a decimal fraction is completely and exactly given, a 
small cipher or circle should be added to indicate that 
there is nothing more to come, as in *0250. When the 
first figure of the decimal^ rejected is 5 or more, the first 
figure retained should be raised by a unit, according to a 
rule approved by De Morgan, and now generally recog- 
nised. To indicate that the fraction thus retained is more 
than the truth, a point has been placed over the last figure 
in some tables of logarithms ; but a similar point is used 
to denote the period of a repeating decimal, and I should 
therefore propose to employ a colon after the figure ; thus 
*025: would mean that the true quantity lies between 
*0245° and *025° inclusive of the lower but not the higher 
limit. When the fraction is less than the truth, two dots 
might be placed horizontally as in •025.. which would 
mean anything between *025° and *0255® not inclusive. 

When approximate numbers are added, subtracted, mul- 
tiplied, or divided, it becomes a matter of some complexity 
to determine the degree of accuracy of the result. There 
are few persons who could assert off-hand that the sum 
of the approximate numbers 3470, 52*693, 8o‘i, is 167*5 
within less than *07. Mr. Sandeman has traced out the 
rules of approximate arithmetic in a verythorough manner, 
and his. directions are worthy of careful attention.^ The 
third part of Sonnenschein and Nesbitt's excellent book 
on arithmetic 2 describes fully all kinds of approximate 
calculations, and shows both how to avoid needless labour 

^ Sandeman, PeUcotetieSy p. 214. 

^ The Science and Art of Arithmetic for the Use pf Schools, 
(Whitaker and Co.) 

i i 
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and how to take proper account of inaccuracy in operating 
wifli approximate decimal fractions. A simple investiga- 
tion of the subject is to be found in Sonnet's Algibre 
EUraentaire (Paris, 1848) chap, xiv., “Des Approximations 
Absolues et Kelatives." There is also an American work 
on the subject.^ 

Although the accuracy of measurement has so much 
advanced since the time of Leslie, it is not superfluous to 
repeat his protest against the unfairness of aff'ecting by a 
display of decimal fractions a greater degree of accuracy 
than the nature of the case requires and admits.^ I have 
known a scientific man to register the barometer to a 
second of time when the nearest quarter of an hour would 
have been amply sufficient. Chemists often publish results 
of analysis to the ten-thousandth or even the millionth 
part of the whole, when in all probability the processes 
employed cannot be depended on beyond the hundredth 
part. It is seldom desirable to give more than one place 
of figures of uncertain amount; but it must be allowed 
that a nice perception of the degree of accuracy possible 
and desirable is requisite to save misapprehension and 
needless computation on the one hand, and to secure all 
attainable exactness on the other hand. 

1 Principles of Approximate Calculations, by J. J. Skinner, C.E. 
(New Yprk, Henry Holt), I876. 

2 Leslie, Inquiry into the Nature of Heat, p. 505. 



CHAPTER XXII 


QUANTITATIVE INDUCTION. 

We have not yet formally considered any processes 
of reasoning which have for their object to disclose laws 
of nature expressed in quantitative equations. We have 
been inquiring into the modes by wlfich a phenomenon 
may be measured, and, if it be a composite phenomenon, 
may be resolved, by the aid of several measurements, into 
its component parts. We have also considered the pre- 
cautions to be taken in the performance of observations 
and experiments in order that we may know what pheno- 
mena we really do measure, but we must remember that 
no number of facts and observations can by themselves 
constitute science. Numerical facts, like other facts, are 
but the raw materials of knowledge, upon which our 
reasoning faculties must be exerted in order to draw 
forth the principles of nature. It is by an inverse process 
of reasoning that we can alone discover the mathematical 
laws to which varying quantities conform. By well- 
conducted experiments we gain a series of values of a 
variable, and a corresponding series of values of a variant, 
and we now want to know what mathematical function 
the variant is as regards the variable. In the usual pro- 
gress of a science three questions will have to be answered 
as regards every important quantitative phenomenon : — 

(1) Is there any constant relation between a variable 
and a variant ? 

(2) What is the empirical formula 63 q)ressing this relation ? 

(3) What is the rational formula expressing the law of 
nature involved? 


I 1 2 
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Probable Conmctim of Varying Quantities. 

We find it stated by that "Whatever pheno- 

menon varies in any manner whenever another pheno- 
menon varies in some particular manner, is either a cause; 
or an effect of that phenomenon, or is connected with it’ 
through some fact of causation.” This assertion may be^ 
considered true when it is interpreted with sufficient 
caution ; but it might otherwise lead us into error. There 
is nothing whatever in the nature of things to prevent the 
existence of two variations which should apparently follow 
the same law, and yet have no connection with each other. 
One binary star might be going through a revolution 
which, so far as we could tell, was of equal period with 
that of another binary star, and according to the above 
rule the motion of one would be the cause of the motion 
of the other, which would not be really the case. Two 
astronomical clocks might conceivably be made so nearly 
perfect that, for several years, no difference could be de- 
tected, and we might then infer that the motion of one 
clock was the cause or effect of the motion of the other. 
This matter requires careful discrimination. We must 
bear in mind that the continuous quantities of space, 
time, force, &c., which we measure, are made up of an 
infinite number of infinitely small units. We may then 
meet with two variable phenomena which follow laws 
so nearly the same, that in no part of the variations open 
to our observation can any discrepancy be discovered. 
I grant that if two clocks could be shown to have kept 
exactly the same time during any finite interval, the pro- 
bability would become infinitely high that there was a 
connection between their motions. But we can never 
absolutely prove such coincidences to exist. Allow that 
we may observe a difference of one-tenth of a second in 
their time, yet it is possible that they were independently 
regulated so as to go together withii;! less than that 
quantity of time. In short, it would require either an in- 
finitely long time of observation, or infinitely acute powers 
of naeasuring discrepancy, to decide positively whether 
two clocks were or were not in relation with each other. 


^ System of Logic, bk. iii chap. viu. $ 6* 
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A similar question actually occurs in the case of the 
moon’s motion. \Ve have no record that any other por- 
tion of the moon was ever visible to men than such as we 
now see. This fact sufliciently proves that within the 
historical period the rotation of the moon on its own axis^ 
has coincided with its revolutions round the earth. Does 
this coincidence prove a relation of cause and effect to 
exist ? The answer must be in the negative, because 
there might have been so slight a discrepancy between 
the motions that there has not yet been time to produce 
any appreciable effect. There may nevertheless be a high 
probability of connection. 

The whole question of the relation of quantities thus 
resolves itself into one of probability. When we can 
only rudely measure a quantitative result, we can assign 
but slight importance to any correspondence. Because 
the brightness of two stars seems to vary in the same 
manner, there is no considerable probability that they have 
any relation with each other. Could it be shown that 
their periods of variation were the same to infinitely 
small quantities it would be certain, that is infinitely pro- 
bable, that they were connected, however unlikely this 
might be on other grounds. The general mode of esti- 
mating such probabilities is identical with that applied 
to other inductive problems. That any two periods of 
variation should by chance become absolutely equal is in- 
finitely improbable ; hence if, in the case of the moon or 
other moving bodies, we could prove absolute coincidence 
we should have certainty of connection.^ With approximate 
measurements, which alone are within our power, we must 
hope for approximate certainty at the most. 

The principles of inference and probability, according 
to which we treat causes and effects varying in amount, 
are exactly the same as those by which, we treated simple 
experiments. Continuous quantity, however, affords us 
an infinitely more extensive sphere of observation, because 
every different amount of cause, however little different, 
ought to be followed by a different amount of effect. 
If we can measure temperature to the one-hundredth part 
of a degree centigrade, then between o® and loo"^ we have 


* Laplace, of the Worlds translated by Harte, vol. ii. p. 366 . 
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10,000 possible trials. Jf the precision of our measure^ 
nients is increased, so that the one-thousandth part of a 
degree can be appreciated, our trials may be increased 
tenfold. The piobability of connection will be proportional 
to the accuracy of our measurements. 

When we can vary the quantity of a cause at will it 
is easy to discover whether a certain effect is due to that 
cause or not. We can then make as many irregular 
changes as we like, and it is quite incredible that the 
supposed effect should by chance go through exactly the 
corresponding series of changes except by dependence. 
If we have a bell ringing in vacuo, the sound increases as 
we let ill the air, and it decreases again as we exhaust the 
air. TyndalFs singing flames evidently obeyed the direc- 
tions of his own voice ; and Faraday when he discovered 
the relation of magnetism and light found that, by making 
or breaking or reversing the current of the electro-magnet, 
he had complete command over a ray of light, proving 
beyond all reasonable doubt the dependence of cause and 
effect. In such cases it is the perfect coincidence in time 
between the change in the effect and that in the cause 
which raises a high improbability of casual coincidence. 

It is by a simple case of variation that we infer the 
existence of a material connection between two bodies 
moving with exactly equal velocity, such as the locomo- 
tive engine and the train which follows it. Elaborate ob- 
servations were requisite before astronomers could all be 
convinced that the red hydrogen flames seen during solar 
eclipses belonged to the sun, and not to the moon*s atmo- 
sphere as Flamsteed assumed. As early as 1706, Stannyan 
noticed a blood-red streak in an eclipse which he witnessed 
at Berne, and he asserted that it belonged to the sun ; 
but his opinion was not finally established until photo- 
graphs of the eclipse in i860, taken by Mr. De la Eue, 
showed that the moon's dark lx>dy gradually covered the 
red prominences on one side, and uncovered th6se on the 
other ; in short, that these prominences moved precisely as 
the sun moved, and not as the moon moved. 

Even when we have no means of accurately measuring 
the variable quantities we may yet be convinced of their 
connection, it* one always varies perceptibly at the same 
time as the other. Fatigue increases with exertion; 
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hunger with abstinence fiiom food; desire and degree of 
utility decrease with the quantity of commodity con- 
sumed. We know that the sun's heating power depends 
upon his height of the sky ; that the temperature of the 
air falls in ascending a mountain ; that the earth’s crust 
is found to be perceptibly warmer as we sink mines into 
it ; we infer the direction in which a sound comes from 
the change of loudness as we approach or recede. The 
facility with which we can time after time oljserve the 
increase or decrease of one quantity with another suf- 
ficiently shows the connection, although we may be un- 
able to assign any precise law of relation. The probability 
in such cases depends upon frequent coincidence in time. 

Empirical Mathematical Laws, 

It is important to acquire a clear comprehension of the 
part which is played in scientific investigation by em- 
pirical formulae and laws. If we have a table containing 
certain values of a variable and the corresponding values 
of the variant, there are mathematical processes by which 
we can infallibly discover a mathematical formula yield- 
ing numbers in more or less exact agreement with the 
table. We may generally assume that the quantities will 
approximately conform to a law of the form 
= A + 

in which x is the variable and y the variant. We can 
then select from the table three values of y; and the cor- 
responding values of x ; inserting them in the equation, 
we obtain three equations by the solution of wliich we 
gain the values of A, B, and C. It will be found as a 
general rule that the formula thus obtained yields the 
other numbers of the table to a considerable degree of 
approximation. 

In many cases even the second power of the variable 
will* be 'unnecessary ; Regnault found that the results 
of his elaborate inquiry into the latent heat of steam at 
different pressures were represented with sufficient ac- 
curacy by the empirical formula 

X = 6o6’S + 0-305 

in which X is the total heat of the steam, and t the tern- 
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perature.^ In other cases it may be requisite to include 
the third power of the variable. Thus physicists assume 
the law of the dilatation of liquids to be of the form 
at 

and they calculate from results of observation the values 
of the three constants a, 6, c, which are usually small 
quantities not exceeding one-hundredth part of a unit, 
but requiring to be determined with great accuracy.^ 
Theoretically speaking, this process of empirical repre- 
sentation might be applied with any degree 6f accuracy ; 
we might include still higher powers in the formula, and 
with sufficient labour obtain the values of the constants, 
by using an equal number of experimental results. The 
method of least squares may also be employed to obtain 
the most probable values of the constants. 

In a similar manner all periodic variations may be repre- 
sented with any required degree of accuracy by formulae 
involving the sines and cosines of angles, and their mul- 
tiples. The form of any tidal or other wave may thus be 
expressed, as Sir G. B. Airy has explained.® Almost aU 
the phenomena registered by meteorologists are periodic 
in cWacter,'and when freed from disturbing causes may 
be embodied in empirical formulae. Bessel has given a 
rule by which from any regular series of observations we 
may, on the principle of the method of least squares, 
calculate out with a moderate amount of labour a formula 
expressing the variation of the quantity observed, in the 
most probable manner. In meteorology three or four 
terms are usually sufficient for representing any periodic 
phenomenon, but the calculation might be carried to any 
higher degree of accuracy. As the details of the process 
have been described by Herschel in his treatise on 
Meteorology,^ I need not further enter into them. 

The reader might be tempted to think that in these 
processes of calculation we have an infallible method of 
discovering inductive laws, and that my previous state- 
ments (Chap. VII.) as to the purely tentative and inverse 
character of the inductive process are negatived. Were 

^ Chemical Beporte and MernoirSf Cavendish Society, p. 294. 

* Jamin, Cours de Physi^e, voL ii. p. 38. 

* On Tides and Waves, Enoyclopsedia Metropolitana, p. $ 66 *, 

* 1 ?^clon(ediaBritcmnica,axt, Meteorology. Reprint, {§ 152 — 156. 
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there indeed any general method of inferring laws from 
facts it would overturn my statement, hut it niust be 
carefully observed that these empirical formulae do not 
coincide with natural laws. They are only approximations 
to the results of natural laws founded upon the general 
principles of approximation. It has already been pointed 
out that however complicated be the nature of a curve, 
we may examine so small a portion of it, or we may ex- 
amine it with such rude means of measurement, that its 
divergence from an elliptic curve will not be apparent. 
As a still ruder approximation a portion of a straight line 
will always serve our purpose ; but if we need higher pre- 
cision a curve of the third or fourth degree wUl almost 
certainly be sufficient. Now empirical formulae really re- 
present these approximate curves, but they give us no 
information as to the precise nature of the curve itself to 
which we are approximating. We do not learn what func- 
tion the variant is of the variable, but we obtain another 
function which, within the bounds of observation, gives 
nearly the same values. 

Discovery of Batw'ml Formuloe. 

Let us now proceed to consider the modes in which 
from numerical results we can establish the actual, relation 
between the quantity of the cause and that of the effect. 
What we want is a Irat ional formu la or function, which 
will ex hibit the reason or exa ct nature and origin of th e 
law in^question. ) There is no word more frequently used 
by mathematicians than the word fiij^ion, and yet it 
is difficult to define its meaning with perfect accuracy. 
Originally it meant performance or execution, being equi- 
valent to the Greek XeiTov^/Id or reXecrfia, Mathematicians 
at first used it to mean an y fower of a guavLti tv. but 
afterwards generalised it so as to include " anyquantity 
formed ih any manner whatsoever from another quantity.’'^ 
Any quantity, then, which depends upon and varies with 
another quantity may be called a function of it, and 
either may be considered a function of the other.) 

Given the quantities, we want the function of which 

Lagrange, Lemons mr le CaUul des FoncUons, 1806, p. 4. 



> 


THE PRINCIPLES OF SCIENCE. 


[chap. 


they are the values. Simple inspection of the numbers 
cannot as a general rule disclose the function. In an 
earlier chapter (p. 124) I put before the reader certain 
numbers, and requested him to point out the law which 
they obey, and the same question will have to be asked 
in every case of quantitative induction. There are per- 
haps three methods, more or less distinct, by which we 
juiay hope to obtain an answer : 

(1) By purely haphazard trial. 

(2) By noting the general character of the variation of 
the quantities, and trying by preference functions which 

* give a similar form of variation. 

(3) By deducing from previous knowledge the form of 
the function which is most likely to suit. 

Having numerical results we are always at liberty 
to invent any kind of mathematical formula we like, and 
then try whether, by the suitable selection of values for 
the unknown constant quantities, we can make it give the 
required results. If ever we fall upon a formula which 
does so, to a fair degree of approximation, there is a pre- 
sumption in favour of its being the true function, although 
there is no certainty whatever in the matter. In this way 
I discovered a simple mathematical law which closely 
agreed with the results of my experiments on muscular 
exertion. This law was afterwards shown by Professor 
Haughton to be the true rational law according to his 
theory of muscular action.^ 

But the chance of succeeding in this manner is small. 
The number of possible functions is infinite, and even the 
number of comparatively simple functions is so large 
that the probability of falling upon the correct one by 
mere chance is very slight. X^ven when we obtain the 
law it is by a deductive process, not by showing that the 
numbers give the law, but that the law gives the numbers^ 

In the second way, we may, by a survey of the 
numbers, gain a general notion of the kind of law they 
are likely to obey, and we may be much assisted in this 

1 Haughton, Principles of Anirml Mechanics^ 1873, pp. 444—450. 
Jevona, Naturey 30th of June, 1870, vol. ii. p. 158. See also the 
experiments of Professor Nipher, of Washington University, St* 
Louis, in American Journal of IScience, vol. ix. p. 130, voL x. p. i ; 
Nature, xi pp. 256, 276.^ 
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process by drawing them out in the form of a curve. We 
can in this way ascertain with some probability whether 
the curve is likely to return into itself, or whether it has 
infinite branches ; whether such branches are asymptotic, 
that is, approach infinitely towards straight lines ; whether 
it is logarithmic in character, or trigonometric. This 
indeed we can only do if we remember the results of pre- 
vious investigations. The process ie still inversely deduc- 
tive, and consists in noting what laws give particular curves, 
and then inferring inversely that such curves belong to 
such laws. If we can in this way discover the class of 
functions to which the required law belongs, our chances 
of success are much increased, because our haphazard 
trials are now reduced within a narrower sphere. But, 
unless we have almost the whole curve before us, the 
identification of its character must be a matter of great 
uncertainty ; and if, as in most physical investigations, 
we have a mere fragment of the curve, the assistance 
given would be quite illusory. Curves of almost any 
character can be made to approximate to each other for 
a limited extent, so that it is only by a kind of divina- 
tion that we faU upon the actual function, unless we have 
theoretical knowledge of the kind of function applicable 
to the case. 

When we have once obtained what we believe to be the 
correct form of function, the remainder of the work is 
mere mathematical computation to be performed infallibly 
according to fixed rules, ^ which include those employed 
in the determination of empirical formulae (p. 487). The 
function will involve two or three or more unknown 
constants, the values of which we need to determine by 
our experimental results. (Selecting some of our results 
widely apart and nearly equidistant, we form by means 
of them as many equations as there are .constant quantities 
to be determined.^ The solution of these equations will 
then givfe us the constants required, and having now the 
actual function we can try whether it gives with sufficient 
accuracy the remainder of our experimental resultsj If 
not, we must either make a new selection of results to 
give a new set of equations, and thus obtain a new set of 
values for the constants, or we must acknowledge that our 
^ Jamin, Cown de Physique yol. ii. p. 50. 
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form of function has been wrongly chosen: If it appeaJb 
that the form of function has been correctly ascertained, 
we may regard the constants as only approximately accurate 
and may proceed by the Method of Least Squares (p. 393) 
to determine the most probable values as given by the 
whole of the experimental results. 

In most cases we shall find ourselves obliged to fall 
back upon the third mode, that is, anticipation of the 
form of the law to be expected on the ground of previous 
knowledge. Theo ry and analogical reasoning must be our 
gu ide s. The general nature of the phenomenon will often 
indicate the kind of law to be looked for. If one form of 
energy or one kind of substance is being converted into 
another, we may expect the law of direct simple proportion. 
In one distinct class of cases the effect already produced 
influences the amount of the ensuing effect, as for instance 
in the cooling of a heated body, when the law will be of 
an exponential form. When the direction of a force in- 
fluences its action, trigonometrical functions enter. Any 
influence which spreads freely through tridimensional 
space will be subject to the law of the inverse square 
of the distance. From such considerations we may some- 
times arrive deductively and analogically at the general 
nature of the mathematical law required. 

J The Graphical Method. 

In endeavouring to discov^^ the mathematical law 
obeyed by experimental results it is often desirable to 
call in the aid of spa ce-representatio ns. Every equation 
involving two variable quantities corresponds to some kind 
of plane curve, and every plane curve may be represented 
symbolically in an equation containing two unknown 
quantities. Nowlin an experimental research we obtain 
a number of values of the variant corresponding to an 
equal number of values of the variable; but* all the 
numbers are affected by more or less error, and the values 
of the variable will often be irregularly disposed.') Even 
if the numbers were absolutely correct and disposed at 
regidar intervals, there is, as we have seen, no direct mode 
of discoj/ering the law, but the difiSculty of discovery is much 
increased by the uncertainty and irregularity of the results. 
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CUnder such circumstances, the best mode of proceeding 
is^to prepare a paper divided into equal rectangular spaces, 
a convenient size for the spaces being one-tenth of an 
inch square. The values* of the variable being marked 
off on the lowest horizontal line, a point is marked for 
each corresponding value of the variant perpendicularly 
above that of the variable, and at such a height ae cor- 
responds to the value of the varianti 
The exact scale of the drawing is not of much import- 
ance, but it may require to be adjusted according to 
circumstances, and different values must often be attri- 
buted to the upright and horizontal divisions, so as to 
make the variations conspicuous but not excessive. 1 If 
a curved line be drawn through all the points or ends 
of the ordinates, it will probably exhibit irregular inflec- 
tions, owing to the errors which affect the numbers. But, 
when the results are numerous, it becomes apparent which 
results are more divergent than others, and guided by a 
so-called sense of continuity y it is possible to trace a line 
among the points which will approximate to the true law 
more nearly than the points themselves.) The accompany- 
ing figure sufficiently explains itself. 



Perkins employed this graphical method with much 
care in exhibiting the results of his experiments on the 
compression of water.^ The numerical results were marked 

^ FhUosophicdl Tramactiom, 1826, p. 544. 




• upon a sheet of paper very exactly ruled at intervals of 
one-tenth of an inch, and the original marks were left 
in order that the reader might judge of the correctness of 
the curve drawn, or choose another for himself. Eegnault 
carried the method to perfection by laying off the points 
with a screw dividing engine ; ^ and "he then formed a 
table of results by drawing a continuous curve, and 
measuring its height for equidistant values of the variable. 
Not only does a curve drawn in this manner enable us to 
infer numerical results more free from accidental errors 
, than any of the numbers obtained directly from experiment, 
but the form of the curve sometimes indicates the class of 
functions to which our results belong. 

Engraved sheets of paper prepared for the drawing of 
curves may be obtained from Mr. Stanford at Charing 
Cross, Messrs. W. and A. K. Johnston, of London and 
Edinburgh, Waterlow and Sons, Letts and Co., and probably 
other publishers. When we do not require great accuracy, 
paper ruled by the common machine-ruler into equal 
squares of about one-fifth or one-sixth of an inch square 
will serve well enough. I have met with engineers’ and 
surveyors’ memorandum books ruled with one-twelfth inch 
squares. When a number of curves have to be drawn, I 
have found it best to rule a good sheet of drawing paper 
with lines carefully adjusted at the most convenient 
distances, and then to prick the points of the curve 
through it upon another sheet fixed underneath. In this 
way we obtain an accurate curve upon a blank sheet, 
and need only introduce such division lines as are requisite 
to the understanding of the curve; 

In some cases our numerical results will correspond, 
not to the height of single ordinates, but to the area of 
the curve between two ordinates, or the average height of 
ordinates between certain limits. If we measurOi for in- 
stance, the q^uantities of heat absorbed by watfr when 
raised in temperature from o® to 5®, from 5® to 10®, and so 
on, these quantities will really be represented by areas of 
the curve denoting the specific heat of water ; and since 
the specific heat varies continuously between every two 
popts of temperature, we shall not g^t the correct curve 


^ Jamln, Cmn de Phygique, vol. IL p. 24, &c. 
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by simply laying off the quantities of heat at the mean tem- 
peratures, namely 2^°, and 7^^®, and so on. Lord Eayleigh 
has shown that if we have drawn such an incorrect curve, 
we can with little trouble correct it by a simple geo- 
metrical process, and obtain to a close approximation the 
true ordinates instead of those denoting areas.^ 

Interpolation and Extrapolation, 

When we have by experiment obtained two or more 
numerical results, and endeavour, without further experi- 
ment, to calculate intermediate results, we are said to 
interpolate. If we wish to assign by reasoning results 
lying beyond the limits Of experiment, we may be said, 
using an expression of Sir George Airy, to extrapolate. 
These two operations are the same in principle, but differ 
in practicability. It is a matter of great scientific im- 
portance to apprehend precisely how far we can practise 
interpolation or extrapolation, and on what grounds we 
proceed. 

In the first place, if the interpolation is to be more than 
empkical, We must have not only the experimental results, 
but the laws which they obey — we must in fact go through 
the complete process of scientific investigation. (Having 
discovered the laws of nature applying to the ca’se, and 
verified them by showing that they agree with the experi- 
ments in question, we are then in a position to anticipate 
the results of similar experiments. \ Our knowledge even 
now is not certain, because we cannot completely prove 
the truth of any assumed law, and we cannot possibly 
exhaust all the circumstances which may affect the result. 
At the best then our interpolations will partake of the 
want of certainty and precision attaching to all our know- 
ledge of nature. ^Yet, having the supposed laws, our results 
will be as sure and accurate as any we can attain to. But 
such a complete procedure is more than we commonly 
mean by interpolation, which usually denotes some method 
of estimating in a merely approximate manner the results 

' J. W. Strutt, On a correction sometimes required in ewrves pr<h 
fessing to represent the connexion between two physical magnitude. 
Philosophical Magazine^ 4th Series^ vol# xliL p. 441 . 
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which might have been expected independently of a the- 
oretical investigation. 

\Eegarded in this light, interpolation is in reality an inde- 
terminate problem:) From given values of a function it is 
impossible to determine that function ; for we can invent 
an infinite number of functions which will give those 
values if we are not restricted by any conditions, just as 
through a given series of points we can draw an infinite 
number of curves, if we may diverge between or beyond 
the points into bends and cusps as we think fit.^ ( In inter- 
polation we must in fact be guided more or less by a priori 
considerations; we must know, for instance, whether or not 
periodical fluctuations are to be expected. ’ Supposing that 
the phenomenon is non-periodic;we proceed to assume that 
the function can be expressed in a limited series of the 
powers of the variable. \ The number of powers which can 
be included depends upon the number of experimental 
results available, and must be at least one less than this 
number. (By processes of calculation, which have been 
already alluded to in the section on empirical formulae, we 
then calculate the coefiBcients of the powers, and obtain an 
empirical formula which will give the required intermediate 
results . } In reality, then, we return to the methods treated 
under the head of approximation and empirical formulae ; 
and interpolation, as commonly understood, consists in 
assuming that a curve of simple character is to pass through 
certain determined points. J£ we have, for instance, two 
experimental results, and only two, we assume that the 
curve is a straight line ; for the parabolas which can be 
passed through two points are infinitely various in mag- 
nitude, and quite indeterminate. One straight line alone 
can pass through two points, and it will have an equation 
of the form, y = mx + n, the constant quantities of which 
can be determined from two results. Thus, if the two 
values for x, 7 and ii, give the values for y, 3^ and 53, 
the solution of two equations gives y = 4*5 x a? + 3*5 
as the equation, and for any other value of a?, for instance 
io, we get a value of y, that is 48*5. When we take 
a mean value of x, namely 9, this process yields a simple 
result, namely 44. Three experimental results 

« Herschd : Lacroix’ Differmtud CaUndm, p. 551. 
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beiDg given, we assume that they fall upon a portion of a 
parabola and algebraic calculation gives the position of 
any intermediate point upon the parabola. Concerning 
the process of interpolation as practised in the science 
of meteorology the reader will find some directions in the 
French edition of Kaemtz’s Meteorology.^ 

When we have, either by direct experiment or by 
the use of a curve, a series of values of the variftnt for 
equidistant values of the variable, it is instructive to take 
the differences between each value of the variant and the 
next, and then the differences between those differences, 
and so on. If any series of differences approaches closely 
to zero it is an indication that the numbers may be 
correctly represented by ♦a finite empirical formula; if 
the nth. differences are zero, theu the forrll^la will contain 
only the first n — i powers of the variable. Indeed we 
may sometimes obtain by the calculus of differences a 
correct empirical formula ; for if p be the first term of 
the series of values, and Ap, A®^?, be the first num - 
ber in each column of differences, then the mth term of 
the series of values will be 

+ m A^+wi — _ ; — At + ^c. 

2 23 

A closely equivalent but more practicable formula for 
interpolation by differences, as devised by Lagrange, will 
be found in Thomson ''ud Tait’s Elements of Natural 
Philosophy, p. 115. 

If no column of differences shows any tendency to 
become zero throughout, it is an indication that the law 
is of a more complicated, for instance of an exponential 
character, so that it requires different treatment. Dr. J. 
Ilopkinson has suggested a method of arithmetical inter- 
polation, ^ which is intended to avoid much that is 
arbitrary in the graphical method. His process will yield 
the same results in, all hands. 

So far as we can infer the results likely to be obtained 
by variations beyond the limits of experiment, we must 

* CouTB complet de MitiorologU, Note A, p. 449. 

^ On the Calculation of Empirical Formuld The Meeeengar of 
Maihemaiiee, New Series, No. 17, 1872. 
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proceed upon the same principles. If possible we must 
detect the exact laws in action, and then trust to them as 
a guide when we have no experience. If not, an empirical 
formula of the same character as those employed in inter- 
polation is our only resource, But to extend our inference 
far beyond the limits of experience is exceedingly unsafe. 
Our knowledge is at the best only approximate, and 
takes *no account of small tendencies. Now it usually 
happens that tendencies small within our limits of ob- 
servation become perceptible or great under extreme 
circumstances. When the variable in our empirical 
formula is small, we are justified in overlooking the higher 
powers, and taking only two or three lower powers. But 
as the variable increases, the higher powers gain in impor- 
tance, and in time yield the principal part of the value of 
the function. 

This is no mere theoretical inference. Excepting the 
few primary laws of nature, such as the law of gravity, 
of the conservation of energy, &c., there is hardly any 
natural law which we can trust in circumstances widely 
different from those with which we are practically ac- 
quainted. From the expansion or contraction, fusion or 
vaporisation of substances by heat at the surface of the 
earth, we can form a most imperfect notion of what would 
happen near the centre of the earth, where the pressure 
almost infinitely exceeds anything possible in our experi- 
ments. The physics of the earth give us a feeble, and pro- 
bably a misleading, notion of a body like the sun, in 
which an inconceivably high temperature is united with an 
inconceivably high pressure. If there are in the realms of 
space nebulas consisting of incandescent and unoxidised 
vapours of metals and other elements, so highly heated 
perhaps that chemical composition is out of the question, 
we are hardly able to treat them as subjects of scientific 
inference. Hence arises the great importance of experi- 
ments in which we investigate the properties of shbstances 
under extreme circumstances of cold or heat, density or 
rarity, intense electric excitation, &c. This insecurity 
in extending our inferences arises from the approximate 
character of our measurements. Had we the power of 
^preciating infinitely small quantities, we should by 
0 $ principle of continuity discover some trace of every 
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change which a substance could undergo under unattain- 
able circumstances. By observing, for instance, the ten- 
sion of aqueous vapour between o° and lOO® C., we ought 
theoretically to be able to infer its tension at every other 
temperature; but this is out of the question practically 
because we cannot really ascertain the law precisely be- 
tween those temperatures. 

Many instances might be given to show that laws 
which appear to represent correctly the results of experi- 
ments within certain limits altogether fail beyond those 
limits. The experiments of Roscoe and Dittmar, on the ' 
absorption of gases in water ^ afford interesting illustrations, 
especially in the case of hydrochloric acid, the quantity of 
which dissolved in water under different pressures follows 
very closely a linear law of variation, from which however 
it diverges widely at low pressures.^ Herschel, having 
deduced from observations of the double star 7 Virginia 
an elliptic orbit for the motion of one component round 
the centre of gravity of both, found that for a time 
the motion of the star agreed very well with this orbit. 
Nevertheless divergence began to appear and after a time 
became so great that an entirely new orbit, of more than 
double the dimensions of the old one, had ultimately to be 
adopted.* 


Illustratiom of Empirical Quantitative Laws. 

Although our object in quantitative inquiry is to discover 
the exact or rational forrnulaB, expressing the laws which 
apply to the subject, it is instructive to observe, in how 
many important branches of science, no precise laws have 
yet been detected. The tension of aqueous vapour at 
different temperatures has been determined by a succession 
of eminent experimentalists — Dalton, Kaemtz, Dulong, 
Arago, Magnus, and Eegnault — and by the last mentioned 
the measurements were conducted with extraordinary cara 


^ Watts* Dictionary of Chemistry, ^ol. ii. p. 790. 

^ Quarterly Journal of the Chemical Society, vol. vni. p. 15. 
* Results of Ohservatiom at the Cape of Good Hope, p. 293. 

K K 2 



500 THE PRINCIPLES OF SCIENCE. [chap. 

Yet no incontestable general law has been established. 
Several functions have been proposed to express the 
elastic force of the vapour as depending on the tem- 
perature. The first form is that of Young, namely 
F =« (a + J t)^, in which a, 6, and m are unknown quan- 
tities to be determined by observation. Roche proposed, 
on theoretical grounds, a complicated formula of an ex- 
ponential form, and a third form of function is that of 
Biot,^ as follows — log F = a + + c iS*. I mention 
these formulae, because they well illustrate the feeble 
powers of empirical inquiry. None of the formulae can be 
made to correspond closely with experimental results, and 
the two last forms correspond almost equally well. There is 
very little probability that the real law has been reached, 
and it is unlikely that it will be discovered except by 
deduction from mechanical theory. 

Much ingenious labour has been spent upon the dis- 
covery of some general law of atmospheric refraction. 
Tycho Brahe and Kepler commenced the inquiry : Cassini 
first formed a table of refractions, calculated on theoretical 
grounds : Newton entered into some profound investiga- 
tions upon the subject : Brooke Taylor, Bouguer, Simpson, 
Bradley, Mayer, and Kramp successively attacked the 
question, which is of the highest practical importance 
as regards the correction of astronomical observations. 
Laplace next laboured on the subject without exhausting 
it, and Brinkley and Ivory have also treated it. The true 
law is yet undiscovered. A closely connected problem, 
that regarding the relation between the pressure and 
elevation in different strata of the atmosphere, has received' 
the attention of a long succession of physicists and was 
most carefully investigated by Laplace. Yet no invariable 
and general law has been detected. The same may be 
said concerning the law of human mortality; abundant 
statistics on this subject are available, and many hypotheses 
more or less satisfactory have been |lit forward as to the 
form of the curve of mortality, but it^seems to be im- 
possible to discover more than an approximate law. 

It may perhaps be urged that in such subjects no single 
invariable law can be expected. The atmosphere may be 

^ Jamin, Cown de Fh/jfngue, vol, ii. p. 138. 
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divided into several variable strata which by their uncon- 
nected changes frustrate the exact calculations of astro- 
nomers. Human life may be subject at different ages to 
a succession of different influences incapable of reduction 
under any one law. The results observed may in fact b^ 
aggregates of an immense number of separate results each 
governed by its own separate laws, so that the subjects 
may be complicated beyond the possibility of complete 
resolution by empirical methods. This is certainly true 
of the mathematical functions which must some time or 
other be introduced into the science of political economy. 


Simple Proportional Variation, 

When we first treat numerical results in any novel kind 
of investigation, our impression will probably be that one 
quantity varies in simple proportion to another, so as to 
obey the law y ^ n. We must learn to distinguish 
carefully between the cases where this proportionality is 
really, and where it is only apparently true. In con- 
sidering the principles of approximation we found that a 
small portion of any curve will appear to be a straight line. 
When our modes of measurement are comparatively rude, 
we must expect to be unable to detect the curvature. 
Kepler made meritorious attempts to discover the law of 
refraction, and he approximated to it when he observed 
that the angles of incidence and refraction if small bear 
a constant ratio to^each other. Angles when small are 
nearly as their sines, so that he reached an approxiniate 
result of the true law. Cardan assumed, probably as a 
mere guess, that the force required to sustain a body on 
an inclined plane was simply proportional to the angle of 
elevation of the plane. This is approximately the case 
when the angle is small, but in reality the law is much 
more colhplicated,4pie power required being proportional 
to the sine of the angle. The early thermometer-makers 
were unaware whether the expansion of mercury w,Bja 
proportional or not to the heat communicated to it, and 
it is only in the present century that we have learnt it 
to be not so. We now know that even gases obey the 
law of uniform expainsion by heat only in an approximate 
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manner. Until reason to title contrary is shown, we should 
J do well to' look upon every law of simple proportion as 
^only provisionally true. 

Nevertheless many important laws of nature are in the 
form of simple proportion^ Wherever a cause acts in 
independence of its previous effects, we may expect this 
relation! An accelerating force acts equally upon a 
moving' and a motionless body. Hence the velocity 
produced is in simple proportion to the force, and to the 
duration of its uniform action. As gravitating bodies 
never interfere with each other's gravity, this force is in 
direct simple proportion to the mass of each of the at- 
tracting bodies, the mass being measured by, or proportional 
to inertia. Similarly, in all cases of “ direct unimpeded 
action," as Herschel has remarked,^ we may expect simple 
proportion to manifest itself. In such cases the equation 
expressing the relation may have the simple form y =■■ mx. 

A similar relation holds true when there is conversion 
of one substance or form of energy into another. The 
quantity of a compound is equal to the quantity of the 
elements which combine. The heat produced in friction 
is exactly proportional to the mechanical energy absorbed. 
It was experimentally proved by Faraday that “ the chemi- 
cal power of the current of electricity is in direct pro- 
portion to the quantity of electricity which passes." When 
an electric current is produced, the quantity of electric 
energy is simply proportional to the weight of metal 
dissolved. If electricity is turned into heat, there is 
(again simple proportion. Wherever, in fact, one thing 
is but another thing with a new aspect, we may expect 
; to find the law of simple proportion. But it is only in 
the most elementary cases that this simple relation will 
hold true. Simple conditions do not, generally speaking, 
produce simple results. The planets move in approximate 
circles round the sun, but the apparent motions, as seen 
from the earth, are very vdrious. All ^ose motictos, again, 
are summed up in the law of gravity, of no great com- 
plexity; yet men never have been, and never will be, able 
to exhaust the complications of action and reaction arising 
from that law, even among a small number of planets. 


^ Frdimmofry IHscowMe, p. 1 52. 
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We should be on our guard against a tendency to assume 
that the connection of cause and effect is one of direct 
proportion. Bacon reminds us of the woman in ^Esop’s 
fable, who expected that her heit, with a double measure 
of barley, would lay two eggs a^ day instead of one, whereas 
it grew fat, and ceased to lay aity eggs at all./ It is a 
wise maxim that the half is often better than the whole. 



CHAPTER XXIIL 

THE TTSE OF HYPOTHESIS. 

If the views upheld in this work be correct, all inductive 
investigation consists in the marriage of hypothesis and 
experiment. When facts are in our possession, we frame } 
an hypothesis to explain their relations, and by the success 
of this explanation is the value of the hypothesis to be 
judged. In the invention and treatment of such hypotheses, 
we must avail ourselves of the whole body of science 
already accumulated, and when once we have obtained a 
probable hypothesis, we must not rest until we have verified 
it by comparison with new facts. We must endeavour by 
deductive reasoning to anticipate such phenomena, espe- 
<ially those of a singular and exceptional nature, as would 
iikppen if jthe hypothesis be true. Out of the infinite 
^umbfer of experiments which are possible, theory must 
lead , us to select those critical ones which are suitable for 
confirming or negativing our anticipations. 

This work of inductive investigation cannot be guided ; 
by any system of precise and inMlible rules, like those of \ 
deductive reasoning.* There is, in fact, nothing to which ■ 
we can apply rules of method, because the laws of nature 
must be in our possession before we , can treat them. If 
there were ^any rule of inductive metl#d,‘ it would direct 
us to make an exhaustive arrangement of facts in all 
possible orders. Given the specimens in^^a museum^ we 
might arrive at the best classification by going systematically 
through all possible classifications, and, were we endowed 
witji infinite time and patierfce, this w«uld be an effective 
method. It is the method by which the first simple steps 
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« • « 
are taken in an incipient branch of apienca Before the dig- 
nified name of science is applicable, some coincidences will 
force themselves upon the attention. Before there was a 
science of meteorolo^ observant* pfersons loai*ned to asso- 
ciate clearness of the atmosphere with ‘coming rain, and a 
colourless sunset with fine weather. Knowledge of this 
kind is called empirical , as seemjng to come directly from 
experience ; and there is a considerable portion of know- 
ledge which bears this character. 

We may be obliged to trust to the casual detection 
of coincidences in those branches of knowledge where 
we are deprived of the aid of any guidingf notions ; but 
a little reflection will show the utter insufficiency of 
haphazard experiment, when applied to investigations of 
a complicated nature. At the best, it will be the simple 
identity, or partial identity, of classes, as illustrated 
in pages 127 or 134, which can be thus detected. It was 
pointed out that, even when a law of nature involves only 
two circumstances, and there are one hundred distinct cir- 
cumstances which may possibly be connected, there wiU 
be no less than 4,950 pairs of circumstances between 
which coincidence may exist. When a law involves three 
or more circumstances, the possible number of relations 
becomes vastly greater. When considering the subject 
of combinations and permutations, it became apparent 
that we could never cope with the possible variety of 
nature. An exhaustive examination of the possible me- 
tallic alloys, or chemical compounds, was found to be out 
of the question (p. 191). 

It* is on such considerations that we can explain the 
very small additions made to our knowledge by the al- 
chemists. Many of them were men of the greatest acute- 
ness, and their indefatigable labours were pursued through 
many centuries. A few things were discovered by them, 
but a true insight into nature, now enables chemists to 
discoyef more useful facts in a year than were yielded by 
the alchemists during many centuries. There can be no 
doubt that Newton was an alchemist, and that he often 
laboured night and day at alchemical experiments. But 
in trying to discover the secret by which gross* metals 
might be rendered noble, his lofty powers of deduc- 
tive investigation were wholly useless. Deprived of all 
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guiduig clues, his experiments were like those of all the 
alchemists, ’purely tentative and haphazard. While his 
hypothetical and deductive investigations have given us 
the true system of the Universe, and opened the way in 
almost all the great branches of natural philosophy, the 
whole results of his tentative experiments are compre- 
hended in a few happy guesses, given in his celebrated 

Queries.*' 

Even when 'we are engaged in apparently passive 
observation of a phenomenon, which we cannot modify 
experimentally, it is advantageous that our attention 
should he guided by theoretical anticipations. A pheno- 
menon which seems simple is, in all probability, really 
complex, and unless the mind is actively engaged in 
looking for particular details, it is likely that the critical 
circumstances will be passed over. Bessel i*egretted that 
no distini(j^ theory of the constitution of comets had 
guided his observations of Halley's comet in attempting 
to verify or refute a hypothesis, not only would there be 
a chance of establishing a true theory, but if confuted^ 
the confutation would involve a store of useful observa- 
tions. 

It would be an interesting work, but one which I can- 
not undertake, to trace out the gradual reaction which has 
taken place in recent times against the purely empirical 
^or Baconian theory of induction. Francis Bacon, seeing 
the futility of the scholastic logic, which had long been 
predominant, asserted that the accumulation of facts and 
the orderly abstraction of axioms, or general laws from 
them, constituted the true method of induction. Even 
Bacoh was not wholly unaware of the value of hypothe- 
tical anticipation. In one or "two places he incidentally 
acknowledges it, as when he remarks that the subtlety of 
nature surpasses that of reason, adding that ‘'axioms ab- 
stracted from particular facts in a careful and orderly 
nmnner, readily suggest «Snd mark out new' particulars.” 

Nevertheless Bacon’s m^lthod, as far as we can gather 
the meaning of the teain portions of his writings, would 
correspond to the process of empirkaliy* collecting facts 

* Tyn^ll, On Comta/ry Theory, Phiio^phical Magazine, April 
1869. 4th Series, \ 6 i xxxvii. p. 243. 
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and exhaustively classifying them, to which I alluded. 
The value of this method may be estimated historically 
by the fact that it has not been followed by any of 
the great masters of science. Whether we look to Galileo, 
who preceded Bacon, to Gilbert, his contemporary, or 
to Newton and Descartes, Leibnitz and^Huyghens, his 
successors, we find that discovery was achieved by the 
opposite method to that advocated by Bacon. Through- 
out. Newton*s works, as I shall show, we find deductive 
reasoning wholly predominant, and experiments are em- 
ployed, as they should be, to confirm or refute hypothe- 
tical anticipations of nature. In my “Elementary Lessons 
in Logic” (p. 258), I stated my belief that there was no 
kind of reference to Bacon in Newton's works. I have 
since found that Newton does once or twice employ the 
expression experimentum crmis in his “ Opticks,” but this 
is the only expression, so far as I am aware, vj|ich could 
indicate on the part of Newton direct or indirect ac- 
quaintance with Bacon's writings.^ 

Other great physicists of the same age were equally 
pro4e to the use of hypotheses rather than the blind 
accumulation of facts in the Baconian manner. Hooke 
emphatically asserts in his posthumous work on Philo- 
sophical Method, that the first requisite of the Natural 
Philosopher is readiness guessing the solution of pheno- 
mena and making queries. “ He ought to be very well 
skilled in those several kinds of philosophy already 
known, to understand their several hypotheses, sup- 
positions, collections, observations, &c., their various ways 
of ratiocinations and proceedings, the several failings and 
defects, both in their way of raising and in their -v^y of 
managing their several theories : for by this means the 
mind will be somewhat more ready at guessing at the 
solution of many phenomena almost at first sight, and 
thereby be much more prompt at making queries, and at 
tracing the subtlety of Nature, ‘and in discovering and 
searching into the true reason of things.” 

We find Horrocks, again, than wh 5 m no one was more 

' See Philosophicaf Traruactiom, abridged by Lowthorp. 4th edit, 
vol. i. p. 130. I find tliaj opinions similar to those in the text have 
been briefly expressed by De Morgan in his remarkable preface to 
iVom MaUer to Spvrii, by C.p., pp. xxi. xxii. 
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filled with the scientific spirit, telling ns how he tried 
theory after theory in order to discovei one which was in 
accordance with the motions of Mars.^ Huyghens, who 
possessed one of the most perfect philosophical intellects, 
followed the deductive process combined with continual 
appeal to experinaent, with a skill closely analogous to 
that of Newton. As to Descartes and Leibnitz, they fell 
into excess in the use of hypothesis, since they sometimes 
adopted hypothetical reasoning to the exclusion of ex- 
perimental verification. Throughout the eighteenth cen- 
tury science was supposed to be advancing by the pur- 
suance of the Baconian method,, but in reality hypothetical 
investigation was the main instrument of progress. It is 
only in the present century that physicists began to recog- 
nise this truth. So much opprobrium had been attached 
by Bacon to the use of hypotheses, that we find Young 
speaking of them in an apologetic tone. " The practice of 
advancing general principles and applying them to par- 
ticular instances is so far from being fatal to truth in all 
sciences, that when those principles are advanced on suf- 
ficient grounds, it constitutes the essence of true phi- 
losophy;’'* and he quotes cases in which Davy trusted 
to his theories rather than Jiis experiments. 

Herschel, who was both a practical physicist and an 
abstract logician^ entertained the deepest respect for 
Bacon, and made the '"Novum Organum” as far as 
possible the basis of his own admirable Discourse on 
the Study of Natural Philosophy. Yet we find him in 
Chapter Vll. recognising the part which the formation 
and verification of theories takes in the higher and more 
general investigations of physical science. J. S. Mill 
carried on the reaction % describing the Deductive 
Method in which ratiocination, that is deductive rea- 
soning, is employed fo|r the discovery of new oppor- 
tunities of testing and verifying an hypothesis. Never- 
theless throughout the other prftts of his system he 
inveighed against the v^lue of the deductive process, 
and even asserted that empirical inference from par- 
ticulars to particulars is the true type of reasoning. 

^ ^ Horrocks, Op&ra Fosthtma, (1S73), P* ^7^* 

• Young's WorkSf voL i p. J93. 
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The irony of fate will probably decide that the most 
original and valuable part of MilTs System of Logic is 
irreconcilable with those views of the syllogism and of 
the nature of inference which occupy the main part of 
the treatise, and are said to have effected a revolution 
in logical science. Mill woidd have been saved from 
much confusion of thought had he not failed to observe 
that the inverse use of deduction constitutes induction. 
In later years Professor Huxley has strongly insisted 
upon the value of hypothesis. When he advocates the 
use of working hypotheses ” he means no doubt that 
any hypothesis is better that none, and that we cannot 
avoid being guided in our observations by some hypo- 
thesis or otlier. Professor Tyndalls views as to the 
use of the Imagination in the pursuit of Science put the 
same truth in another light. 

It ought to be pointed out that Neil in his Art of 
Reasoning, a popular but able exposition of the principles 
of Logic, published in 1853, fully recognises in Chapter 
XI. the value and position of hypothesis in the discovery 
of truth. He endeavours to show, too (p. 109), that 
Francis Bacon did not object to the use of hypothesis. 

The true course of inductive procedure is that which 
has yielded all the more lofty results of science. ' It 
consists in Anticipating Nature, in thq^ense of forming 
hypotheses as to the laws which are probably in opera- 
tion; and then observing whether the combinations of 
phenomena are such as would follow from the laws 
supposed. The investigator begins with facts and ends 
with them. He uses facts to suggest probable hypotheses ; 
deducing other facts which would happen if a parti- 
cular hypothesis* is true, he proceeds to test the truth 
of his notion by fresh observations. If any result prove 
different from what he expectsi^it leads him to modify 
or to abandon his hypothesis; but every new fact may 
give sdme new suggestion as to the laws in action. 
Even if the result in any case agrees with his anticipa- 
tions, he does not regard it as finally confirmatory of his 
theory, but proceeds to test the truth of the theory by new 
deductions and new trials. 

In such a process the investigator is assisted by the 
whole body of science previously accumulated. He may 
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employ analogy, as I shall point out, to guide him in the 
choice of hypotheses. The ii^anifold connections between 
one science and, another givoAim clues to the kind of laws 
to be expected, and out of the infinite number of possible 
hypotheses he selects those which are, as far as can be 
foreseen at the moment, mp^ probable. Each experiment, 
therefore, which he performs is that most likely to throw 
light upon his subject, and even if it frustrate his first 
views, it tends to put him in possession of the correct 
clue. 

Requisites of a good Hypothesis, 

There is little difficulty in pointing out to what condi- 
tion an hypothesis must conform in order to be accepted 
; as probable and valid. That condition, as I conceive, is 
the single one of enabling .us to infer the existence of 
i phenomena which occur in our experience. Agreement 
\with fact is the sole and sufficient test of a true hypothesis, 

Hobbes has named two conditions which he considers 
^j'equisite in an hypothesis, namely (i) That it should be 
|oonceivable and not absurd ; (2) That it should allow of 
phenomena being necessarily inferred. Boyle, in noticing 
Hobbes’ views, proposed to add a third condition, to the 
ieffect that the hypothesis should not be inconsistent with 
,|any otfier truth (Hi phenomenon of nature.^ I think that 
of these three conditions, the first cannot be accepted, 
unless by inconceivable and absurd we mean self-contra- 
dictory or inconsistent with the laws of thought and 
nature. I shall have to point out that some satisfactory 
theories involve ' suppositions which are wholly inconceiv^ 
able in a certain sense of the word, because the mind can- 
not sufficiently extend its ideas to frame a notion of the 
iietions supposed to take place. That the force of gravity 
should act instantaneously between the most distant parii 
of the planetary system, or that a ray of violet light 
should consist of about 700 billions of vibrations in a 
second, are statements of an inconceivable and absurd 
character in* one sense; but they^are so far from being 
opposed to fact that we cannot on any other suppositions 
a0count for phenomena observed. But if an hypothesis 
involve self-contradiction, or is inconsistent with known 
^ Boyle’s Physical Excmm^ p. 84. 
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laws of nature, it is self-condemned We cannot even 
apply deductive reasoning to a self-contradictory notion ; 
and being opposed to the r most generri and certain laws 
known to us, the primary laws of thought, it thereby con- 
spicuously fails to agree with facts. Since nature, again, 
is never self-contradicto^, w^n^cannot at the same time 
accept two theories which lead to contradictory results. 
If the one agrees with nature, the other cannot. Hence if 
there be a law which we believe with high probability to 
be verified by observation, we must not frame an hypothesis 
in conflict with it, otherwise the hypothesis will necessarily 
be in disagreement with observation. Since no law or 
hypothesis is proved, indeed, with absolute certainty, there 
is always a chance, however slight, that the new hypo- 
thesis may displace the old one ; but the greater the pro- 
bability which we assign to that old hypothesis, the greater 
must be the evidence required in favour of the liew and 
conflicting one. 

I assert, then, that there is but one test of a good 
hypothesis, namely, its conformity with observed facts ; but 
this condition may be said to involve three constituent 
conditions, nearly equivalent to those suggested by Hobbes 
and Boyle, namely: — 

(1) That it allow of the application of deductive.|eason- 
iiig and the inference of consequences capable oi . cpm- 
parison with the results of observation. 

(2) That it do not conflict with any laws of nature, or 
of mind, which we hold to be true. 

(3) That the consequences inferred do agree with facts 
of observation. 

Possibility of Deductive Beasoning. 

As the truth of an hypothesiai is to be proved by its 
conformity with fact, the first condition is that we be able 
to apply 'methods of deductive reasoning, and learn what 
should happen according to such an hypothesis. Even 
if we could imagine an object acting according to laws 
hitherto wholly unknown it would be useless to do so, 
because we could never decide whether it existed or not. 
We can only infer what would happen under supposed 
conditions by applying the knowledge of nature we possess 
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to those conditions. Hence, as Boscovich truly said, we 
are to" understand by hypotheses “not fictions altogether 
arbitrary, but suppositions conformable to experience or 
analogy.” It follows that every hypothesis worthy of 
consideration must suggest some likeness, analogy, or 
common law, acting in two or more things. If, in order 
to explain certain facts, a, a!, a", &c., we invent a cause A, 
then we must in some degree appeal to experience as to 
the mode in which A will act. As the laws of nature are 
not known to the mind intuitively, we must point out 
some other cause, B, which supplies the requisite notions, 
and all we do is to invent a fourth term to an analogy. 
As B is to its effects 6, Vy h", &c., so is A to its effects a, 
a\ al'y &c. When we attempt to explain the passage of 
light and heat radiations through space unoccupied by 
matter, we imagine the existence of the so-called ether. 
But if this ether were wholly different from anything 
else known to us, we should in vain try to reason about it. 
We must apply to it at least the laws of motion, that is 
we must so far liken it to matter. And as, when applying 
those laws to the elastic medium air, we are able to infer 
the phenomena of sound, so by arguing in a similar manner 
conn^rning ether we are able to inler the existence of light 
phenqpena corresponding to what do occur. All that we 
do.is w take an elastic substance, increase its elasticity 
imSiensely, and denude it of gravity and some other 
properties of matter, but we must retain sufficient likeness 
to matter to allow of deductive calculations. 

The force of gravity is in some respects an incompre- 
hensible existence, but in other respects entirely con- 
formable to experience. We observe that the force is 
proportional to mass, and that it acts in entire indepen- 
dence of other matter which may be present or intervening. 
The law of the decrease of intensity, as the square of the 
distance increases, is observed to hold true of light, sound, 
and other influences emanating from a point, and'spreading 
uniformly through space. The law is doubtless connected 
with the properties of space, and is so far in agreement 
with our necessary ideas. 

^ It may be said, however, that no hypothesis can' be so 
tauch ai^ framed in the mind unless it be more or less 
conformable to experience. As the material of our ideas 
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is derived from sensation we cannot figure to ourselves 
any agent, but as endowed with some of the properties of 
matter. All that the mind can do in the creation of new 
existences is to alter combinations, or the intensity of 
sensuous properties. The phenomenon of motion is 
familiar to sight and touch, and different degrees of rapidity 
are also familiar ; we can pass beyond the limits of sense, 
and imagine the existence of rapid motion, such as our 
senses could not observe. We know what is elasticity, 
and we can therefore in a way figure to ourselves elasticity 
a thousand or a million times greater than any which is 
sensuously known to us. The waves of the ocean are many 
times higher than our own bodies ; other wa.ves, are many 
times less ; continue the proportion, and we ultimately 
arrive at waves as small as those of light. Thus it is that 
the powers of mind enable us from a sensuous basis to 
reason concerning agents and phenomena different in an 
unlimited degree. If no hypothesis then can be absolutely 
opposed to sense, accordance with experience must always 
be a question of degree. 

In order that an hypothesis may allow of satisfactory 
comparison with experience, it must possess definiteness 
and in many cases mathematical exactness allowing of 
the precise calculation of results. We must be\able to 
ascertain whether it does or does not agree with’ 

The theory of vortices is an instance to the contrary, for 
it did not present any mode of calculating the exact 
relations between the distances and periods of the planets 
and satellites ; it could not, therefore, undergo that rigorous 
testing to which Newton scrupulously submitted his theory 
of gravity before its promulgation. Vagueness and in- 
capability of precise proof or disproof often enable a false 
theory to live ; but with those who love truth, vagueness 
should excite suspicion. The upholder^ of the ancient 
doctrine of Nature's abhorrence of a vacuum, had been 
unable tb anticipate the important fact that water would 
not rise more than 33 feet in a common suction pump. 
Nor when the fact was pointed out could they explain it, 
except by introducing a special alteration of the theory to 
the effect that Nature's abhorrence of a vacuum was 
limited to 33 feet. 
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Ctmmtency with the Laws of Nature. 

In the second place an hypothesis must not be contra- 
dictory to what we believe to be true concerning Nature. 
It must not involve self-inconsistency which is opposed to 
the highest and .simplest laws, namely, those of Logic. 
Neither ought it to be irreconcilable with the simple 
laws of motion, of gravity, of the conservation of energy, 
nor any parts of physical science which we consider to be 
established beyond reasonable doubt. Not that we are 
absolutely forbidden to entertain such an hypothesis, but 
if we do so we must be prepared to disprove some of the 
best demonstrated truths in the possession of mankind. 
The fact that conflict exists means that the consequences 
of the theory are not verified if previous discoveries are 
correct, and we must therefore show that previous dis- 
coveries are incorrect before we can verify our theory. 

An hypothesis will be exceedingly improbable, not to 
say absurd, if it supposes a sxibstance to act in a manner 
unknown in other cases ; for it then fails to be verified in 
our knowledge of that substance. Several physicists, 
especially Euler and Grove, have supposed that we might 
dispense with an ethereal basis of light, and infer from 
the. interstellar passage of rays that there was a kind of 
rare gas occupying space. But if so, that gas must be 
excessively rare, as we may infer from the apparent 
absence of an atmosphere around the moon, and from 
other facts known to us concerning gases and the atmo- 
sphere ; yet it must possess an elastic force at least a 
billion times as great as atmospheric air at the earth’s 
surface, in order to account for the extreme rapidity of 
light rays. Such an hypothesis then is inconsistent with 
our knowledge concerning gases. 

Provided that there be no clear and absolute conflict 
with known laws of nature, there is no. hypothesis so 
improbable or apparently inconceivable that it may not 
be rendered probable, or even approximately certain, by 
a. sufficient number of concordances. In fact the two best 
founded and most successful theories in physical science 
involve the most absurd suppositions. Gravity is a force 
jyhich appears to act between bodies through vacuous 
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space ; it is in positive contradiction to the old dictum 
that nothing can act but through some medium. It is 
even more puzzling that the force acts in perfect indiffer- 
ence to intervening obstacles. Light in spite of its 
extreme velocity shows much respect to matter, for it is 
almost instantaneously stopped by opaque substances, and 
to a considerable extent absorbed and deflected by trans- 
parent ones. But to gravity all media are, as it were, 
absolutely transparent, nay non-existent ; and two particles 
at opposite points of the earth affect each other exactly as 
if the globe were not between. The action is, so far as 
we can observe, instantaneous, so that every particle of the 
universe is at every moment in separate cognisance, as it 
were, of the relative position of every other particle through- 
out the universe at that same moment of time. Compared 
with such incomprehensible conditions, the theory of 
vortices deals with commonplace realities. Newton's 
celebrated saying hy;potheses non Jingo, bears the a^^pearance 
of irony; and it was not without apparent grounds that 
Leibnitz and the continental philosophers charged Newton 
with re-introducing occult powers and qualities. 

The undulatory theory of light presents almost equal 
difficulties of conception. We are asked by physical 
philosophers to give up our prepossessions, and to believe 
that interstellar space which seems empty is not empty at 
all, but filled with something immensely more solid and 
elastic than steel. As Young himself remarked,^ “ the 
luminiferous ether, pervading all space, and penetrating 
almost all substances, is not only highly elastic, but 
absolutely solid ! ! ! ” Herschel calculated the force which 
may be supposed, according to the undulatory theory of 
light, to be constantly exerted at each point in space, and 
finds it to be i,i48,(X)0,ocx),ooo times the elastic force of 
ordinary air at the earth’s surface, so that the pressure 
of ether per square inch must be about seventeen billions 
of pounds.^ Yet we live and move without appreciable 
resistance through this medium, immensely harder and 
more elastic than adamant. All our ordinary notions 
must be laid aside in contemplating such an hypothesis; 

^ Young’s Works, vol. i. p. 41 j. 

^ FamUiar^ Lectures on Scientific 8ul>jecte, p. 282 . 

L L 2 
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yet it is no more than the observed phenomena of light 
and heat force ns to accept. We cannot deny even the 
strange suggestion of Young, that there may be independent 
worlds, some possibly existing in different parts of space, 
but others perhaps pervading each other unseen and 
unknown in the same space.^ For if we are bound to 
admit the conception of this adamantine firmament, it is 
equally easy to admit a plurality of such. We see, then, 
that mere difficulties of conception must not disc]‘edit a 
theory which otherwise agrees with facts, and we must 
only reject hypotheses which are inconceivable in the 
sense of breaking distinctly the primary laws of thought 
and nature. 


Conformity with Facts. 

Before we accept a new hypothesis.it must be shown 
to agree not only with the previously known laws of na- 
:ture, but also with the particular facts which it is framed 
to explain. Assuming that these facts are properly 
established, it must agree with all of them. A single 
absolute conflict between fact and hypothesis, is fatal to 
the hypothesis ; falsa in uno, falsa in omnibus. 

Seldom, indeed, shall we have a theory free from 
difficulties and apparent inconsistency with facts. Though 
one real inconsistency would overturn the most plausible 
theory, yet there is usually some probability that the fact 
may be misinterpreted, or that some supposed law of 
nature, on which we are relying, may not be true. It may 
be expected, moreover, that a good hypothesis, besides 
agreeing with facts already noticed, will furnish us with 
distinct credentials by enabling us to anticipate deductively 
series of facts which are not already connected and 
accounted for by any equally probable hypothesis. We 
cannot lay down any precise rule as to the number of 
accordances which can establish the truth of an hypothesis, 
because the accordances will vary much in value. While, 
on the one hand, no finite number of accordances will 
give entire certainty, the probability of the hypothesis 
will increase very rapidly with the number of accordances. 


1 Foung^s Works, vol, i. p. 417 . 



XXIII.] THE USE OF HYPOTHESIS. 617 


Almost every problem in science thus takes the form of 
a balance of probabilities. It is only when difficulty 
I after difficulty has been successfully explained away, and 
decisive eoc^erimenta have, time after time, resulted 
;in favour of our theory, that we can venture to assert the 
^falsity of all objections. 

The sole real test of an hypothesis is its accordance 
with fact. Descartes* celebrated system of vortices is 
exploded, not because it was intrinsically absurd and 
inconceivable, but because it could not give results in 
accordance with the actual motions of the heavenly bodies. 
The difficulties of conception involved in the apparatus 
.of vortices, are child’s play compared with those of gravi- 
tation and the undulatory theory already described. 
Vortices are on the whole plausible suppositions; for 
planets and satellites bear at first sight much resemblance 
to objects carried round in whirlpools, an analogy which 
doubtless suggested the theory. The failure was in the 
first and third requisites ; for, as already remarked, the 
theory did not allow of precise calculation of planetary 
motions, and was thus incapable of rigorous verification. 
But so far as we can institute a comparison, facts are en- 
tirely against the vortices. Newton did not ridicule the 
theory as absurd, but showed ^ that it was pressed with 
many difficulties.” He carefully pointed out that- the 
Cartesian theory was inconsistent with the laws of Kepler, 
and would represent the planets as moving more rapidly 
at their aphelia than at their perihelia. ^ The rotatory 
motion of the sun and planets on their own axes is in 
striking conflict with the revolutions of the satellites 
carried round them ; and comets, the most flimsy of bodies, 
calmly pursue their courses in elliptic paths, irrespective 
of the vortices which they pass through. We may now 
also point to the interlacing orbits of the minor planets 
as a new^and insuperable difficulty in the way of the 
Cartesian*ideas. 

Newton, though he established the best of theories, was 
also capable of proposing one of the worst ; and if we 
want an instance of a theory decisively contradicted by 

1 Principia, bk. iii. Prop. 43 . General Scholium. 

^ Ibid. bk. ii. Sect. ix. Prop. C 3 . 
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facts, we have only to turn to his views concerning the 
origin of natural colours. Having analysed, with Incom- 
parable skill, the origin of the colours of thin plates, he 
suggests that the colours of all bodies are determined 
in like manner by the size of their ultimate particles. 
A thin plate of a definite thickness will reflect a de- 
finite colour; hence, if broken up into fragments it will 
form a powder of the same colour. But, if this be a 
sufficient explanation of coloured substances, then every 
coloured fluid ought to reflect the complementary colour of 
that which it transmits. Colourless transparency arises, 
according to Newton, from particles being too minute to 
reflect light ; but if so, every black substance should be 
transparent. Newton himself so acutely felt this last dif- 
ficulty as to suggest that true blackness is due to some 
internal refraction of the rays to and fro, and an ultimate 
stifling of them, which he did not attempt to explain 
further. Unless some other process comes into operation, 
neither refraction nor reflection, however often repeated, 
will destroy the energy of light. The theory therefore 
gives no account, as Brewster shows, of 24 parts out of 
25 of the light which falls upon a black coal, and the re- 
maining part which is reflected from the lustrous surface 
is equally inconsistent with the theory, because fine coal- 
dust is almost entirely devoid of reflective power.^ It is 
now generally believed that the colours of natural bodies 
are due to the unequal absorption of rays of light of dif- 
ferent refrangibility. 

JExperimentum Crucis, 

As we deduce more and more conclusions from a theory, 
and find them verified by trial, the probability of the 
theory increases in a rapid manner ; but we never escape 
the risk of error altogether. Absolute certainty is be- 
yond the powers of inductive investigation, and the most 

E lausible supposition may ultimately be proved false. 

uch is the groundwork of similarity in nature, that 
two very different conditions may often give closely 
similar results. We sometimes find ourselves therefore 


1 Brewster’s Life of Newton^ ist edit. chan. yiL 
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in possession of two or more hypotheses which both agree 
with so many experimental facts as to have great appear- 
ance of truth. Under such circumstances we have need 
of some new experiment, which shall give results agreeing 
with one hypothesis but not with the other. 

Any such experiment which decides between two rival 
theories may be called an Experimentum Crucis, an 
Experiment of the Finger Post. Whenever the mind 
stands, as it were, at cross-roads and knows not which 
way to select, it needs some decisive guide, and Bacon 
therefore assigned great importance and authority to in- 
stances which serve in this capacity. The name given by 
Bacon has become familiar ; it is almost the only one of 
Bacon’s figurative expressions which has passed into com- 
mon use. Even Newton, as I have mentioned (p. 507), 
used the name. 

I do not think, indeed, that the common use of the 
word at all agrees with that intended by Bacon. Her- 
schel says that ‘‘ we make an experiment of the crucial 
kind when we form combinations, and put in action 
causes from which some particular one shall be deliberately 
excluded, and some other purposely admitted.”^ This, 
however, seems to be the description of any special ex- 
periment not made at liaphazard. Pascal’s experiment 
of causing a barometer to be carried to the top of 
the Puy-de-D6me has often been considered as a per- 
fect experimentum cruds^ if not the first distinct one on 
record ; ® but if so, we must dignify the doctrine of 
Nature’s abhorrence of a vacuum with the position of a 
rival theory. A crucial experiment must not simply 
confirm one theory, but must negative another ; it must 
decide a mind which is in equilibrium, as Bacon says,* 
between two equally plausible views. “ When in search 
of any nature, the understanding comes to an equilibrium, 
as it were, or stands suspended as to which of two or 
more natures the cause of nature inquired after should 
be attributed or assigned, by reason of the frequent and 
common occurrence of several natures, then these Crucial 
Instances show the true and inviolable association of one 

^ Discourse on the Study of Natural Philosophy, p. tci. 

2 Ibid. p. 229. 

* N(mtm Organum^ bk. ii Aphorism 36. 
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of these natures to the nature sought, and the uncertain 
and separable alliance of the other, whereby the question 
is decided, the former nature admitted for the cause, 
and the other rejected. These instances, therefore, afford 
great light, and have a kind of overruling authority, so 
that the course of interpretation will sometimes terminate 
in them, or be finished by them.” 

The long-continued strife between the Corpuscular and 
^ TJndulatory theories of light forms the best possible illus- 
' tration of an Experimentum Crucis. It is remarkable in 
how plausible a manner both these theories agreed with 
the ordinary laws of geometrical optics, relating to reflec- 
tion and refraction. According to the first law of motion 
a moving particle proceeds in a perfectly straight line, 
when undisturbed by extraneous forces. If the particle 
being perfectly elastic, strike a perfectly elastic plane, it 
will bound off in such a path that the angles of incidence 
and reflection will be equal. Now a ray of light proceeds 
in a straight line, or appears to do so, until it meets a re- 
flecting body, when its path is altered in a manner exactly 
similar to that of the elastic particle. Here is a remark- 
able correspondence which probably suggested to Newton's 
mind the hypothesis that light consists of minute elastic 
particles moving with excessive rapidity in straight lines. 
The correspondence was found to extend also to the law 
of simple refraction ; for if particles of light be supposed 
capable of attracting matter, and being attracted by it at 
insensibly small distances, then a ray of light, falling on 
the surface of a transparent medium, will suffer an increase 
in its velocity perpendicular to the surface, and the law 
of sines is the consequence. This remarkable explanation 
of the law of refraction had doubtless a very strong 
effect in leading Newton to entertain the corpuscular 
theory, and he appears to have thought that the analogy 
between the propagation of rays of light and the motion 
of bodies was perfectly exact, whatever mighfr be the 
actual nature of light.^ It is highly remarkable, again, 
that Newton was able to give by his corpuscular theory, 
a plausible explanation of the inflection of light as dis- 

^ bk. i. Sect. xiv. Prop. 96. Scholium. Optioks, Prop. vi. 

3rd edit. p. 7a 
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covered by Grimaldi. The theory would indeed have been 
a very probable one could Newton’s own law of gravity 
have applied ; but this was out of the question, because the 
particles of light, in order that they may move in straight 
lines, must be devoid of any influence upon each other. 

The Huyghenian or Undulatoiy theory of light was also 
able to explain the same phenomena, but with one re- 
markable difference. If the undulatoiy theory be true, 
light must move more slowly in a dense refracting medium 
than in a rarer one ; but the Newtonian theory assumed 
that the attraction of the dense medium caused the par- 
ticles of light to move more rapidly than in the rare 
medium. On this point, then, there was complete discre 
pancy between the tlieories, and observation was required 
to show which theory was to be preferred. Now by 
simply cutting a uniform plate of glass into two pieces, 
and slightly inclining one piece so as to increase the 
length of the path of a ray passing through it, experi- 
menters were able to show that light does move more 
slowly in glass than in air.^ More recently Fizeau and 
Foucault independently measured the velocity of light in 
air and in water, and found that the velocity is greater in 
air.^ 

There are a number of other points at which experi- 
ence decides against Newton, and in favour of Huyghens 
and Young. Laplace pointed out that the attraction sup- 
posed to exist between matter and the corpuscular parti- 
cles of light would cause the velocity of light to vary 
with the size of the emitting body, so that if a star were 
250 times as great in diameter as our sun, its attraction 
would prevent the emanation of light altogether.® But 
experience shows that the velocity of light is uniform, 
and independent of the magnitude of the emitting body, as 
it should be according to the undulatory theory. Lastly, 
Newton’s explanation of diffraction or inflection fringes 
of coloifTs was only •plamiUe, and not true ; for Fresnel 
ascertained that the dimensions of the fringes are not what 
they would be according to Newton’s theory. 

Although the Science of Light presents us with the 

1 Airy^s Mathematicdl Tracts^ 3rd edit. pp. 286 — 288. 

2 Jamin, Corns de Physique, vol, iii. p. 372. % 

® Young^fi Lectures (m Natural Philosophy (1845), vol. i. p. 361, 
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most beautiful examples* of orucial experiments and ob- 
servations, instances are not wanting in other branches of 
science. Copernicus asserted, in opposition to the ancient 
Ptolemaic theory, that the earth moved round the sun, and 
he predicted that if ever the sense of sight could be 
rendered sufficiently acute and powerful, we should see 
phases in Mercury and Venus. Galileo with his telescope 
was able, in i6io to verify the prediction as regards Venus, 
and subsequent observations of Mercury led to a like con- 
clusion. The discovery of the aberration of light added a 
new proof, still further strengthened by the more recent 
determination of the parallax of fixed stars. Hooke pro- 
posed to prove the existence of the earth’s diurnal motion 
by observing the deviation of a falling body, an experi- 
ment successfully accomplished by Benzenberg ; and 
Foucault’s pendulum has since furnished an additional 
indication of the same motion, which is indeed also 
apparent in the trade winds. All these are crucial facts in 
favour of the Gopernican theory. 

Descriptive Eypotluses, 

There are hypotheses which we may caU descriptive 
hypotheses, and which serve for little else than to furnish 
convenient names. When a phenomenon is of an unusual 
kind, we cannot even speak of it without using some 
analogy. Every word implies some resemblance between 
the thing to which it is applied, and some other thing, 
which fixes the meaning of the word. If we are to speak 
of what constitutes electricity, we must search for the 
nearest analogy, and as electricity is characterised by the 
rapidity and facility of its movements, the notion of a fluid 
of a very subtle character presents itself as appropriate. 
There, is the single-fluid and the double-fluid theory of 
electricity, and a great deal of discussion has been uselessly 
spent upon them. The fact is, that if these theories be 
understood as more than convenient modes of describing 
the phenomena, they are altogether invalid. The analogy 
extends only to the rapidity of motion, or rather the fact 
that a phenomenon occurs successively at different points 
of the body. The so-called electric fluid adds nothing to 
the weight of the conductor, and to suppose that it really 
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consists of particles of i^atter is even more absurd than to 
reinstate the corpuscular theory of light. A far closer 
analogy exists between electricity and light undulations, 
which are about equally rapid in propagation. We shall 
probably continue for a long time to talk of the electric 
fluid, but there can be no doubt that this expression 
represents merely a phase of molecular motion, a wave of 
disturbance. The invalidity of these fluid theories is 
shown moreover in the fact that they have not led to the 
invention of a single new experiment. 

Among these merely descriptive hypotheses I should 
place Newton’s theory of Fits of Easy Eeflection and 
Eefraction. That theory did not do more than describe 
what took place. It involved no analogy to other pheno- 
mena of nature, for Newton could not point to any other 
substance which went through these extraordinary fits. 
We now know that the true analogy would have been 
waves of sound, of which Newton had acquired in other 
respects so complete a comprehension. But though the 
notion of interference of waves had distinctly occurred to 
Hooke, Newton failed to see how the periodic phenomena 
of light could be connected with the periodic character of 
waves. His hypothesis fell because it was out of analogy 
with everything else in nature, and it therefore did not 
allow him, as in other cases, to descend by mathematical 
deductiQii to consequences which could be verified or 
refuted. 

We are at freedom to imagine the existence of a new 
agent, and to give it an appropriate name, provided there 
are phenomena incapable of explanation from known 
causes. We may speak of vital fm'ce as occasioning life, 
provided that we do not take it to be more than a name 
for an undefined something giving rise to inexplicable 
facts, just as the French chemists called Iodine the Sub- 
stance X, so long as they were unaware of its real cha- 
racter a*nd place in chemistry.^ Encke was quite justifed 
in speaking of the resisting medium in space so long as the 
retardation of his comet could not be otherwise accounted 
for. But such hypotheses will do much harm whenever 
they divert us from attempts to reconcile the facts with 


1 Paris, Life of Davy, p. 274. 
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known laws, or when they lead us to mix up discrete things. 
Because we speak of vital force we must not assume that it 
is a really existing physical force like electricity ; we do not 
know what it is. We have no right to confuse Encke’s 
supposed resisting medium with the basis of light without 
distinct evidence of identity. The name protoplasm, now 
so familiarly used by physiologists, is doubtless legitimate 
so long as we do not mix up different substances under it, 
or imagine that the name gives us any knowledge of the 
obscure origin of life. To name a substance protoplasm 
no more explains the infinite variety of forms of life which 
spring out of the substance, than does the vital force, which 
may be supposed to reside in the protoplasm. Both ex- 
pressions are mere names for an inexplicable series of 
causes which out of apparently similar conditions pro- 
duce the most diverse results. 

Hardly to be distinguished from descriptive hypotheses 
are certain imaginary objects which we frame for the 
ready comprehension of a subject. The mathematician, 
in treating abstract questions of probability, finds it con- 
venient to represent the conditions by a concrete hypo- 
thesis in the shape of a ballot-box. Poisson proved the 
principle of the inverse method of probabilities by ima- 
gining a number of ballot-boxes to have their contents 
mixed in one great ballot-box (p. 244). Many such 
devices are used by mathematicians. The Ptolemaic 
theory of cycles and epi-cycles was no grotesque and use- 
less work of the imagination, but a perfectly valid mode 
of analysing the motions of the heavenly bodies ; in reality 
it is used by mathematicians at the present day. Newton 
employed the pendulum as a means of representing the 
natui’e of an undulation. Centres of gravity, oscillation, 
&c., poles of the magnet> lines of force, are other imaginary 
existences employed to assist our thoughts (p. 364). Such 
devices may be called Beprescntative Hypotheses, and they 
are only permissible so far as they embody analogies. 
Their further consideration belongs either to the subject 
of Analogy, or to that of language and representation, 
founded upon analogy. 
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EMPIRICAL KNOWLEDGE, EXPLANATION, AND PREDICTION. 

Inductive investigation, as we have seen, consists in the 
union of hypothesis and experiment, deductive reasoning 
being the link by which experimental results are made to 
confirm or confute the hypothesis. Now when we consider 
this relation between hypothesis and experiment it is 
obvious that we may classify our knowledge under four 
heads. 

(1) We may be acquainted with facts which have not 
yet been brought into accordance with any hypothesis. 
Such facts constitute what is called Empirical Knowledge, 

(2) Another extensive portion of our knowledge consists 
of facts* which having been first observed empirically, 
have afterwards been brought into accordance with other 
facts by an hypothesis concerning the general laws apply- 
ing to them. ’ This portion of our knowledge may be said 
to be explained, reasoned, or generalised, 

(3) In the third place comes the collection of facts, minor 
in number, but most important as regards their scientific 
interest, which have been anticipated by theory and after- 
wards verified by experiment. 

(4) Lastly, there exists knowledge which is accepted 
solely on the ground of theory, and is incapable of experi- 
mental confirmation, at least with the instrumental meansi 
in our possession. 

It is a work of much interest to compare and illustrate 
the relative extent and value of these four groups of know- 
ledge. We shall observe that as a general rule a great 
branch of science originates in facts observed accidentally, 
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or without distinct consciousness of what is to be expected. 
As a science progresses, its power of foresight rapidly 
increases, until the mathematician in his library acquires 
the power of anticipating nature, and predicting what will 
happen in circumstances which the eye of man has never 
examined. 


JEmpirical Knowledge, 

By empirical knowledge we mean such as is derived 
directly from the examination of detached facts, and rests 
entirely on those facts, without corroboration from other 
branches of knowledge. It is contrasted with generalised 
and theoretical knowledge, which embraces many series of 
facts under a few comprehensive principles, so that each 
series serves to throw light upon each other series of facts. 
Just as, in the map of a half-explored country, we see 
detached bits of rivers, isolated mountains, and undefined 
plains, not connected into any complete plan, so a new 
branch of knowledge consists of groups of facts, each group 
standing apart, so as not to allow us to reason from one to 
another. 

Before the time of Descartes, and Newton, and Huyghens, 
there was much empirical knowledge of the phenomena of 
light. The rainbow had always struck the attention of 
the most careless observers, and there was no difficulty 
in perceiving that its conditions of occurrence consisted in 
rays of the sun shining upon failing drops of rain. It was 
impossible to overlook the resemblance of the ordinary 
rainbow to the comparatively rare lunar rainbow, to the 
bow which appears upon the spray of a waterfall, or even 
upon beads of dew suspended on grass and spiders’ webs. 
In aU these cases the uniform conditions are rays of lijght 
and round drops of water. Roger Bacon had noticed these 
conditions, as well as the analogy of the rainbow colours 
to those produced by crystals.^ But the knowledge was 
empirical until Descartes and Newton showed how the 
phenomena were connected with facts concerning the 
refraction of light. 

There can be no better instance of an empirical truth 
1 Ofw Majus, Edit. 1733. Gap. x. p. 46a 
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than that detected hy Newton concerning the high re- 
fractive powers of combustible substances. Newton’s 
chemical notions were almost as vague as those prevalent 
in his day, but he observed that certain “ fat, sulphureous, 
unctuous bodies,” as he calls them, such as camphor, oils ^ 
spirit of turpentine, amber, &c., have refractive powers, 
two or three times greater than might be anticipated fix)m i 
their densities.^ The enormous refractive index of diamond, 
led him with great sagacity to regard this substance aS ' 
of the same unctuous or inflammable nature, so that hej. 
may be regarded as predicting the combustibility of the 
diamond, afterwards demonstrated by the Florentine 
Academicians in 1694. Brewster having entered into a 
long investigation of the refractive powers of different 
substances, confirmed Newton’s assertions, and found that 
the three elementary combustible substances, diamond, 
phosphorus, and sulphur, have, in comparison with their 
densities, by far the highest known refractive indices,^ and 
there are only a few substances, such as chromate of lead 
or glass of antimony, which exceed them in absolute power 
of refraction. The oils and liydrocarbons generally possess 
excessive indices. But all this knowledge remains to the 
present day purely empirical, no connection having been 
pointed out between this coincidence of inflammability and 
high refractive power, with other laws of chemistry dr optics. 
It is worth notice, as pointed out by Brewster, that if 
Newton had argued concerning two minerals, Greenockite 
and Octahedrite, as he did concerning diamond, his pre- 
dictions would have proved false, showing sufficiently that 
he did not make any sure induction on the subject. In 
the present day, the relation of the refractive index to the 
density and atomic weight of a substance is becoming a 
matter of theory ; yet there remain specific differences of 
refracting power known only on empirical grounds, and it 
is curious that in hydrogen an abnormally high refractive 
power Bas been found to be joined to inflammability. 

The science of chemistry, however much its theory n^ay 
have progressed, still presents us with a vast body of em- 
pirical knowledge. Not only is it as yet hopeless to attempt 

* Newton^s Optich, Third edit. p. 249. 

* Brewster, Treatise on New Pkiwsophical Instruments, p. 266, &C5. 




fc 28 THE PRINCIPLES OF SCIENCE. [chap. 

to account for the particular group of qualities belonging to 
each element, but there are multitudes of particular facts 
of which no further account can be given. Why should 
the sulphides of many metals be intensely black ? Why 
should a slight amount of phosphoric acid have so great 
a power of interference with the crystallisation of vanadic 
acid ? ^ Why should the compound silicates of alkalies and 
alkaline metals be transparent ? Why should gold be so 
highly ductile, and gold and silver the only two sensibly 
translucent metals ? Why should sulphur be capable of 
so many peculiar changes into allotropic modifications ? 

There are whole branches of chemical knowledge which 
are mere collections of disconnected facts. The properties 
of alloys are often remarkable ; but no laws have 3’'et been 
detected, and the laws of combining proportions seem to have 
no clear application.^ Not the slightest explanation can 
be given of the wonderful variations of the qualities of iron, 
according as it contains more or less carbon and silicon, nay, 
even the facts of the case are often involved in uncertainty. 
Why, again, should the properties of steel be remarkably 
affected by the presence of a little tungsten or manganese ? 
All that was determined by Matthiessen concerning the 
conducting powers of copjper, was of a purely empirical- 
character.^ Many animal substances cannot be shown to 
obey the laws of combining proportions. Thus for the most 
part chemistry is yet an empirical science occupied with 
the registration of immense numbers of disconnected facts, 
which may at some future time become the basis of a 
greatly extended theory. 

We must not indeed suppose that any science will ever 
"“entirely cease to be empirical. Multitudes of phenomena 
have been explained by the undulatory theory of light ; 
^but there yet remain many facts to be treated. The 
natural colours of bodies and the rays given off by them 
when heated, are unexplained, and yield few empirical 
coincidences. The theory of electricity is partiall>- under- 
stood, but the conditions of the production of frictional 
electricity defy explanation, although they have been 

J Roscoe, Bakerian Lecture, Philosophical Transactions (1868), 
voL clviii. p. 6, 

* Life of Fa/raday, vol. ii. p. 104. 

* Wat^ Dictionary of Ghemistiy, voL ii* p. 39, &c. 
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studied for two centuries. I shall subsequently point out 
that even the establishment of a wide and true law of 
nature is but the starting-point for the discovery of ex- 
ceptions and divergences giving a new scope to empirical 
discovery. 

There is probably no science, I have said, which is 
entirely free from empirical and unexplained facts. Logic 
approaches most nearly to this position, as it is merely a 
deductive development of the laws of thought and the 
principle of substitution. Yet some of the facts established 
in the investigation of the inverse logical problem may be 
considered empirical That a proposition of the form 
A=.BC -I* h c possesses the least number of distinct logical 
variations, and the greatest number of logical equivalents 
of the same form among propositions involving . three 
classes (p. 141), is a case in point. So also is the fact 
discovered by Professor Clifford that in regard to statements 
involving four classes, there is only one example of two 
dissimilar statements having the same distances (p. 144). 
Mathematical science often yields empirical truths. Why, 
for instance, should the value of tt, when expressed to a great 
number of figures, contain the digit 7 much less frequently 
than any other digit ? ‘ Even geometry may allow of 
empirical truths, when the matter does not involve 
quantities of space, but numerical results and the positive 
or negative character of quantities, as in De Morgan's 
theorem concerning negative areas. 

Accidental Discovery. 

There are not a few cases where almost pure accident 
has determined the moment when a new branch of know- 
ledge was to be created. The laws of the structure of crystals 
were not discovered until Haity happened to drop a 
beautiful crystal of calc-spar upon a stone pavement. His , 
momentary regret at destroying a choice specimen was 
quickly removed when, in attempting to join the fragments 
together, he observed regular geometrical faces, which did 
not correspond with the external facets of the crystals. A 
great many more crystals were soon broken intentionally, 

* Da Morgan’s Budget of Paradoxes, p. 29!. 

M M 
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to observe the planes of cleavage, and the discovery of the 
internal structure of ©rystalline substances was the result. 
Here we see how much more was due to the reasoning 
power of the philosopher, than to an accident which must 
often have happened to other persons. 

In a similar manner, a fortuitous occurrence led Malus 
to discover the polarisation of light by reflection. The 
phenomena of double refraction had been long known, and 
when engaged in Paris in 1808, in investigating the cha- 
racter of light thus polarised, Malus chanced to look 
through a double refracting prism at the light of the setting 
sun, reflected from the windows of the Luxembourg Palace. 
In turning the prism round, he was surprised to find that 
the ordinary image disappeared at two opposite positions 
of th§ prism. He remarked that the reflected light behaved 
like light which had been polarised by passing through 
another prism. He was induced to test the character of 
light reflected under other circumstances, and it was 
eventually proved that polarisation is invariably connected 
with reflection. Some of the general laws of optics, 
previously unsuspected, were thus discovered by pure 
accident. In the history of electricity, accident has had a 
large part. For centuries some of the more common 
effects of magnetism and of frictional electricity had pre- 
sented themselves as unaccountable deviations from the 
ordinary course of Nature. Accident must have first 
directed^ attention to such phenomena, but how few of 
*^080 who witnessed them had any conception of the all- 
pervading character of the power manifested. The very 
existence of galvanism, or electricity of low tension, was 
unsuspected until Galvani accidentally touched the leg of 
a frog with pieces of metal. The decomposition of water 
by voltaic electricity also was accidentally discovered by 
Nicholson in 1801, and Davy speaks of this discovery as 
the foundation of all that had since been done in electro- 
chemical science. 

It is otherwise with the discovery of electro-magnetism. 
Oersted, in common with many others, had suspected the 
existence of some relation between the magnet and 
electricity, and he appears to have tried to detect its exact 
nature. Once, as we are told by Hansteen, he had em- 
ployed a strong galvanic battery during a lecture, and at 
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the ckse it occurred to him to try the effect of placing 
the conducting wire parallel to a magnetic needle, instead 
of at right angles, as he had previously done. The needle 
immediately moved and took up a position nearly at right 
angles to the wire; he inverted the direction of the 
curreijt, and the needle deviated in a contrary direction. 
The great discovery was made, and if by accident, it was 
such an accident as happens, as Lagrange remarked of 
Newton, only to those who deserve it.^ There was, 
in fact, nothing accidental, except that, as in all totally 
new discoveries. Oersted did not know what to look for. 
He could not infer from previous knowledge the nature 
of the relation, and it was only repeated trial in different 
modes which could lead him to the right combination. 
High and happy powers of inference, and not accident, 
subsequently led Faraday to reverse the process, and to 
show that the motion of the magnet would ^ occasion an 
electric • current in the wire. 

Sufficient investigation would probably show that almost 
every branch of art and science had an accidental begin- 
ning. In historical times almost every important new 
instrument as the telescope, the microscope, or the compass, 
was probably suggested by some accidental occurrence. 
In pre-historic times the germs of the arts must have 
arisen still more exclusively in the same way. Culti- 
vation of plants probably arose, in Mr. Darwin’s opinion, 
from some such accident as the seeds of a fruit falling upon 
a heap of refuse, and producing an unusually fine variety. 
Even the use of fire must, some time or other, have been 
discovered in an accidental manner. 

(With the progress of a branch of science, the element 
of chance becomes much reduced. Not only are laws 
discovered which enable results to be predicted, as we 
shall see, but the systematic examination of phenomena 
and substg-nces often leads to discoferies* which can in no 
sense be said to be accidental. / It has been asserted that 
the ansesthetic properties of chloroform were disclosed by a 
little dog smelling at a saucerful of the liquid in a chemist’s 
shop in Linlithgow, the singular effects upon the dog being 
reported to Simpson, who turned the incident to good 

1 Life of Faraday, vol. ii p. 396. 
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account. This story, however, has been shown to be a 
fabrication, the fact being that Simpson had for many 
years been endeavouring to discover a better anaesthetic 
-than those previously employed, and that he tested the 
properties of chloroform, among other substances, at the 
suggestion of Waldie, a Liverpool chemist. The valuable 
powers of chloral hydrate have since been discovered in 
a like manner, and systematic inquiries are continually 
being made into the therapeutic or economic values of 
new chemical compounds. 

If we must attempt to draw a conclusion concerning 
the part which chance plays in scientific discovery, it 
must be allowed that it more or less affects the success of 
all inductive investigation, but becomes less important 
with the progress of science. Accident may bring a new 
and valuable combination to the notice of some person who 
had never expressly searched for a discovery of the kind, 
and the probabilities are certainly in favour of a discovery 
being occasionally made in this manner. But the greater 
the tact and industry with which a physicist applies him- 
self to the study of nature, the greater is the probability 
that he will meet with fortunate accidents, and will turn 
them to good account. Thus it comes to pass that, in the 
refined investigations of the present day, genius united to 
extensive knowledge, cultivated powers, and indomitable 
industry, constitute the characteristics of the successful 
discoverer. 

Empirical Observations s^ibsequently Explained. 

The second great portion of scientific knowledge consists 
of facts which have been first learnt in a purely empirical 
manner, but have afterwards been shown to follow from 
some law of nature, that is, from some highly probable 
hypothesis. Facts are said to be explained when they are 
thus broug ht into harmony with other facts, or** bodies of 
general knowledge. There are few words more familiarly 
used in scientific phraseology than this word explanation, 
and it is necessary to decide exactly what we mean by it, 
since the question touches the deepest points concerning 
the nature of science. Like most terms referring to men- 
actions, the verbs to explain, or to explicate, involve 
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material similes. The action is ex plicis plana reddere^ 
to take out the folds, and render a thing plain or even. 
Explanation thus renders a thing clearly comprehensible 
in all its points, so that there is nothing left outstanding 
or obscure. 

Every act of explanation consists in pointing out a 
resemblance between facts, or in showing that similarity 
exists between apparently diverse phenomena. This simi- 
larity may be of any extent and depth ; it may be a 
general law of nature, which harmonises the motions of 
all the heavenly bodies by showing that there is a similar 
force which governs all those motions, or the explanation 
may involve nothing more than a single identity, as .when 
we explain the appearance of shooting stars by showing 
that they are identical with portions of a comet. Wherever 
we detect resemblance, there is a more or less explanation. 
The mind is disquieted when it meets a novel pheno- 
menon, one which is sui generis; it seeks at once for 
parallels which may be found in the memory of past 
sensations.^ The so-called sulphurous smell which attends 
a stroke of lightning often excited attention, and it was 
not explained until the exact similarity of the smell 
to that of ozone was pointed oiitj The marks upon a 
flagstone are explained when they are shown to correspond 
with the feet of an extinct animal, whose bones are else- 
where found. Explanation, in fact, generally commences 
by the disqpvery of some simple resemblance ; the theory 
of the rainbow began as soon as Antonio de Dominis 
pointed out the resemblance between its colours and those 
presented by a ray of sunlight passing through a glass 
globe full of water. 

The nature and limits of explanation can only be fully 
considered, after we have entered upon the subjects of 
generalisation and analogy. It must suflice to remark, in 
this place, that the most important process of explanation ; 
consists ill showing that an observed fact is one case of a 
general law or tendency. Iron is always found combined 
with sulphur, when it is in contact with coal, whereas in 
other parts of the carboniferous strata it always occurs as 
a carbonate. We explain this empirical fact as being due 
to the reducing power of carbon an(J hydrogen, which pre* 
vents the iron frcyn combining with oxygen, and leaves it 
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open to the affinity of sulphur. The uniform strength and 
direction of the trade-winds were long familiar to mariners, 
before they were explained by H^ley on * hydrostatic^ 
principles. The winds were found to arise from the action 
of gravity, which causes a heavier body to displace a lighter 
one, while the direction from east to west was explained 
as a result of the earth’s rotation. Whatever body in the 
northern hemisphere changes its latitude, whether it be a 
bird, or a railway train, or a body of air, must tend towards 
the right hand. Dove’s law of the winds is that the winds 
tend to veer in the northern hemisphere in the direction 
N.E.S.W., and in the southern hemisphere in the direction 
N.W.S.E. This tendency was shown by him to be the 
necessary effect of the same conditions which apply to the 
trade winds. Whenever, then, any fact is connected by 
resemblance, law, theory, or hypothesis, with other facts, it 
is explained. 

Although the great mass of recorded facts must be 
empirical, and awaiting explanation, such knowledge is of 
minor value, because it does not admit of safe and extensive 
^inference. Each recorded result informs us exactly what 
-will be experienced again in the same circumstances, 
but has no bearing upon what will happen in other cir- 
cumstances. 


^ Overlooked Results of Theory. 

We must by no means suppose that, when *a scientific 
truth is in our possession, ail its consequences will be 
foreseen. Deduction is certain and infallible, in the sense 
that each step in deductive reasoning will lead us to some 
result, as certain as the law itself. But it does not follow 
that deduction will lead the reasoner to every result of a law 
or combination of laws. Whatever road a traveller takes, 
he is sure to arrive somewhere, but unless he proceeds in 
a systematic manner, it is unlikely that he ,will reach 
every place to which a network of roads will conduct him. 

In like manner there are many phenomena which were 
virtually within the reach of philosophers by inference from 
th^ir previous knowledge, but were never discovered . until 
accident or systematic empirical observation disclosed their 
jpxistence. 
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That light travels with a uniform high velocity was 
proved by Eoemer from observations of the eclipses of 
Jupiter’s satellites. Corrections were thenceforward made 
in all astronomical observations requiring it, for the 
difference of absolute time at which an event happened, 
and that at which it would be seen on the earth. But 
no person happened to remark that the motion of light 
compounded with that of the earth in its orbit would 
occasion a small apparent displacement gf the greater 
part of the heavenly bodies. Fifty years elapsed before 
Bradley empirically discovered this effect, called by him 
aberration, when reducing his observations of the fixed 
stars. 

When once the relation between an electric current and 
a magnet had been detected by Oersted and Faraday, it 
ought to have been possible for them to foresee the diverse 
results which must ensue in different circumstances. If, 
for instance, a plate of copper were placed beneath an 
oscillating magnetic needle, it should have been seen that 
the needle would induce currents in the copper, but as 
this could not take place without a certain reaction against 
the needle, it ought to have been seen that the needle 
would come to rest more rapidly than in the absence of the 
copper. This peculiar effect was accidentally discovered 
by Gambey in 1824. Arago acutely inferred from 
Gambey’s experiment that if the copper were ' set in 
rotation while the needle was stationary the motion 
would gradually be communicated to the needle. The 
phenomenon nevertheless puzzled the whole scientific 
world, and it required the deductive genius of Faraday 
to show that it was a result of the principles of electro- 
magnetism.^ 

Many other curious facts might be mentioned which 
when once noticed were explained as the effects of well- 
known laws. It was accidentally discovered that the 
navigatioli of canals of small depth could be facilitated 
by increasing the speed of the boats, the resistance being 
actually reduced by this increase of speed, which enables 
the boat to ride as it were upon its own forced wave. 
Now mathematical theory might have predicted this 

^ Experimental Beeearohee in Electricity, ist Series, pp. 24—44. 
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result had the right application of the formulas occurred 
to any one.^ Giffard’s injector for supplying steam boilers 
with water by the force of their own steam, was, I 
believe, accidentally discovered, but no new principles of 
mechanics are involved in it, so that it might have been 
theoretically invented. The same may be said of the 
curious experiment in which a stream of air or steam 
issuing from a pipe is made to hold a free disc upon the 
end of the pipe and thus obstruct its own outlet. Thj^ 
possession then of a true theory does not by any meadjj^^ 
imply the foreseeing of all the results. The effects of even 
a few simple laws may be manifold, and some of the 
most curious and useful effects may remain undetected 
until accidental observation brings them to our notice. 

Predicted Discoveries. 

The most interesting of the four classes of facts specified 
in p. 525, is probably the third, containing those the 
occurrence of which has been first predicted by theory and 
then verified by observation. There is no more convincing 
proof of the soundness of knowledge than that it confers 
the gift of foresight. Auguste Comte said that “ Prevision 
is the test of true theory ; ” I should say that it is one test 
of true theory, and that which is most likely to strike 
the public attention. Coincidence with fact is the test of 
true theory, but when the result of theory is announced 
before-hand, there can be no doubt as to the unprejudiced 
spirit in which the theorist interprets the results of his 
own theory. 

The earliest instance of scientific prophecy is naturally 
furnished by the science of Astronomy, which was the 
earliest in development. Herodotus ^ narrates that, in 
the midst of a battle between the Medes and Lydians, the 
day was suddenly turned into night, and the event had 
been foretold by Thales, the Father of Philosophy. A 
cessation of the combat and peace con^rmed by marriages 
were the consequences of this happy scientific effort. 
Much controversy has taken place concerning the date of 

* Aiiy, On Tides wad TTovca, Encyclopeedia Metpopolitana,^p. 348*. 

9 lib. i. cap. 74. 
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this occurrence, Baily assigning the year 6io b.g, but 
Airy has calculated that the exact day was the 28th of 
May, 584 B.C. There can be no doubt that this and other 
predictions of eclipses attributed to ancient philosophers 
were due to a knowledge of the Metonic Cycle, a period of 
6,585 days, or 223 lunar months, or about 19 years, after 
which a nearly perfect recurrence of the phases and 
eclipses of the moon takes place ; but if so, Thales must 
have had access to long series of astronomical records of 
J&e Egyptians or the Chaldeans. There is a well-known 
story as to the happy use which Columbus made of the 
power of predicting eclipses in overawing the islanders of 
Jamaica who refused him necessary supplies of food for his 
fleet. He threatened to deprive them of the moon’s light. 
''His threat was treated at first with indifference, but 
when the eclipse actually commenced, the barbarians vied 
with each other in the production of the necessary supplies 
for the Spanish fleet.” 

Exactly the same kind of awe which the ancients ex- 
perienced at the prediction of eclipses, has been felt' in 
modern times concerning the return of comets. Seneca 
asserted in distinct terms that comets would be found to 
revolve in periodic orbits and return to sight. The ancient 
Chaldeans and the Pythagoreans are also said to have 
entertained a like opinion. But it was not until the age 
of Newton and Halley that it became possible to calculate 
the path of a comet in future years. A great comet 
appeared in 1682, a few years before the first publication of 
tlie Principia, and Halley showed that its orbit corresponded 
with that of remarkable comets recorded to have appeared 
in the years 1531 and 1607. The intervals of time were 
not quite equal, but Halley conceived the bold idea that 
this difference might be due to the disturbing power of 
Jupiter, near which the comet had passed in the interval 
1607-1682. He predicted that the comet would return 
about lihe end of 1758 or the beginning of 1759, and 
though Halley did not live to enjoy the sight, it was 
actually detected on the night of Christmas-day, 1758. 
A second return of the comet was witnessed in 1835 
nearly at the anticipated time. 

In recent times the discovery of Neptune has been the 
most remarkable instance of prevision in astronomical 
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science. A full account of this discovery may be found in 
several works, as for instance HerscheVs Outlines, of 
AstroTiomy, and Ghrant's History of Physical Astronomy, 
Chapters XII and XIII. 

Predictions in the Science of Light. 

Next after astronomy the science of physical optics has 
furnished the most beautiful instances of the prophetic 
power of correct theory. These cases are the more striking 
because they proceed from the profound application of 
mathematical analysis and show an insight into the myste- 
rious workings of matter which is surprising to all, but 
especially to those who are unable to comprehend the 
methods of research employed. By its power of prevision 
the truth of the undulatory theory of light has been con- 
spicuously proved, and the contrast in this respect between 
the undulatory and Corpuscular theories is remarkable. 
Even Newton could get no aid from his corpuscular theory 
in the invention of new experiments, and to his followers 
who embraced that theory we owe little or nothing in the 
science of light. Laplace did not derive from the theory a 
single discovery. As Fresnel remarks : ^ 

“ The assistance to be derived from a good theory is not 
to be confined to the calculation of the forces when the 
laws of the phenomena are known. There are certain 
laws so complicated and so singular, that observation alone, 
aided by analogy, could never lead to their discovery. To 
divine these enigmas we must be guided by theoretical 
ideas founded on a true hypothesis. The theory of lu- 
minous vibrations presents this character, and these precious 
advantages ; for to it we owe the discovery of optical laws 
the most complicated and most difficult to divine.'' 

Physicists w£o embraced the corpuscular theory had 
nothing but their own quickness of observation to rely 
upon. Fresnel having once seized the conditions ‘of the 
true undulatory theory, as previously stated by Young, was 
enabled by the mere manipulation of his mathematical 
symbols to foresee many of the complicated phenomena, of 
light. Who could possibly suppose, that by stopping a 

* Taylor^s Scientific Memoirs, voL v. p. 24U 
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portion of the rays passing through a circular aperttb*e, 
the illumination of a point upon a screen behind the aper- 
ture might be many times multiplied. Yet this paradoxical 
effect was predicted by Fresnel, and verified both by him- 
self, and in a careful repetition of the experiment, by Billet. 
Few persons are aware that in the middle of the shadow 
of an opaque circular disc is a point of light sensibly as 
bright as if no disc had been interposed. This startling 
fact was deduced from Fresners theory by Poisson, and 
was then verified experimentally by Arago. Airy, again, 
was led by pure theory to predict that Newton’s rings 
would present a modified appearance if produced between 
a lens of glass and a plate of metal. This effect happened 
to have been observed fifteen years before by Arago, un- 
known to Airy. Another prediction of Aiiy, that there 
would be a further modification of the rings when made 
between two substances of very different refractive indices, 
was verified by subsequent trial with a diamond. A 
reversal of the rings takes place when the space intervening 
between the plates is filled with a substance of intermediate 
refractive power, another phenomenon predicted by theory 
and verified by experiment. There is hardly a limit to the 
number of other complicated effects of the interference of 
rays of light under different circumstances which might be 
deduced from the mathematical expressions, if it were 
worth while, or which, being previously observed, can be 
explained. An interesting case was observed by Herschel 
and explained by Airy.* 

By a somewhat different effort of scientific foresight,* 
Fresnel discovered that any solid transparent medium 
might be endowed with the power of double refraction by 
mere compression. As he attributed the double refracting 
power of crystals to unequal elasticity in different direc- 
tions, he inferred that unequal elg-sticity, if artificially 
produced, would give similar phenomena. With a power- 
ful screw and a piece of glass, he then produced not only 
the colours due to double refraction, but the actual duplica- 
tion of images. Thus, by a great scientific generalisation, 
are the remarkable properties of Iceland spar shown to 
belong to all transparentsubstances undercertain conditions.® 

J Airy's Mathematical 2 Vacte, 3rd edit. p. 312. 

* Young's Worhi^ voL i. p. 412. 
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^ All other predictions in optical science are, however, 
Jhrown into the shade by the theoretical discovery of 
conical refraction by the late Sir W. E. Hamilton, of 
Dublin. In investigating the passage of light through 
certain crystals, Hamilton found that Fresnel had slighdy 
misinterpreted his own formulae, and that, when rightly 
understood, they indicated a phenomenon of a kind never 
witnessed. A small ray of light sent into a crystal of 
arragonite in a particular direction, becomes spread out 
into an infinite number of rays, which form a hollow 
cone within the crystal, and a hollow cylinder when 
emerging from the opposite side. In another case, a 
different, but equally strange, effect is produced, a ray of 
light being spread out into a hollow cone at the point 
where it quits the crystal. These phenomena are pecu- 
liarly interesting, because cones and cylinders of light are 
not produced in any other cases. They are opposed to all 
analogy, and constitute singular exceptions, of a kind which 
we shall afterwards consider more fully. Their strangeness 
rendered them peculiarly fitted to test the truth of the 
theory by which they were discovered ; and when Professor 
Lloyd, at Hamilton’s request, succeeded, after considerable 
difficulty, in witnessing the new appearances, no further 
doubt could remain of the validity of the wave theory 
which we owe to Huyghens, Young, and Fresnel.^ 

Predictions from the Theory of Undulations: 

It is curious that the undulations of light, although in- 
conceivably rapid and small, admit of more accurate mea- 
surement than waves of any other kind. But so far as we 
can carry out exact experiments on other kinds of waves, 
we find the phenomena of interference repeated, and 
analogy gives considerable power of prediction. Herschel 
was perhaps the first to suggest that two sounds might be 
made to destroy each other by interference.* For tf one- 
half of a wave travelling through a tube could be sepa- 

1 Lloyd’s Wave Theory, Part ii pp. 52—58. Babbage, Ninth 
Bridgewater Treaiise, p. 104, quoting Lloyd, Transactions of the 
B(yyal Irish Acadertvy, vol. xvii. Clifton, Quarterly foumal of Pure 
and AppUed Mathernatics, J anuaiy 1 860. 

^ JSn^lopcedia Melro^Utana, art. p. 753. 
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rated, and conducted by a longer passage, so as, on rejoin- 
ing the other half, to be one-quarter of a vibration behind- 
hand, the two portions would exactly neutralise each 
other. This experiment has been performed with success. 
The interference arising between the waves from the two 
prongs of a tuning-fork was also predicted by theory, and 
proved to exist by Weber ; indeed it may be observed by 
merely holding a vibrating fork close to the ear and turn- 
ing it round.^ 

It is a result of the theory of sound that, if we move 
rapidly towards a sounding body, or if it move rapidly 
towards us, the pitch of the sound will be a little more 
acute ; and, vice versd, when the relative motion is in the 
opposite direction, the pitch will be more grave. This arises 
from the less or greater intervals of time elapsing between 
the successive strokes of waves upon the auditory nerve, 
according as the ear moves towards or from the source 
of sound relatively speaking. This effect was predicted 
by theory, and afterwards verified by the experiments of 
Buys Ballot, on Dutch railways, and of Scott Russell, in 
England. Whenever one railway train passes another, 
on the locomotive of which the whistle is being sounded, 
the drop in the acuteness of the sound may be noticed at 
the moment of passing. This change gives the sound a 
peculiar howling character, which many persons must have 
noticed. I have calculated that with two trains travelling 
thirty miles an hour, the effect would amount to rather 
more than half a tone, and with some express trains it 
would amount to a tone. A corresponding effect is pro- 
duced in the case of light undulations, when the eye and 
the luminous body approach or recede from each other. It 
is shown by a slight change in the refrangibility of the 
rays of light, and a consequent change in the place of the 
lines of the spectrum, which has been made to give impor- 
tant and unexpected information concerning the relative 
approach or recession of stars. 

Tides are vast waves, and were the earth’s surface en- 
tirely covered by an ocean of uniform depth, they would 
admit of exact theoretical investigation. The irregular 
form of the seas introduces unknown quantities and com- 


1 Tyndall^s Sound, pp. 261, 273. 
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plexittes with which theory cannot cope. Nevertheless, 
Whewell, observing that the tides of the German Ocean 
consist of interfering waves, which arrive partly round the 
North of Scotland and partly through the British Channel, 
was enabled to predict that at a point about midway be- 
tween Brill on the coast of Holland, and Lowestoft no tides 
would be found to exist. At that point the two waves 
would be of the same amount, but in opposite phases, so 
as to neutralise each other. This prediction was verified 
by a surveying vessel of the British navy.^ 

Prediction in other Sciences. 

Generations, or even centuries, may elapse before man- 
kind are in possession of a mathematical theory of the con- 
stitution of matter as complete as the theory of gravitation. 
Nevertheless, mathematical physicists have in recent years 
acquired a hold of some of the relations of the physical 
forces, and the proof is found in anticipations of curious 
phenomena which had never been observed. Professor 
James Thomson deduced from Carnot's theory of heat that 
the application of pressure would lower the melting-point 
of ice. He even ventured to assign the amount of this 
effect, and his statement was afterwards verified by Sir W. 
Thomson.^ “ In this very remarkable speculation, an en- 
tirely novel physical phenomenon was predicted, in antici- 
pation of any direct experiments on the subject ; and 
the actual observation of the phenomenon was pointed out 
as a highly interesting object for experimental research.” 
Just as liquids which expand in solidifying will have the 
temperature of solidification lowered by pressure, so liquids 
which contract in solidifying will exhibit the reverse effect. 
They will be assisted in solidifying, as it were, by pressure, 
so as to become solid at a higher temperature, as the pres- 
sure is greater. • This latter result was verified by Bunsen 
and Hopkins, in the case of paraffin, spermaceti, wax, and 
stearin. The effect upon water has more recently been 
carried to such an extent by Mousson, that under the vast 

^ Whewell’s History of fihs Inductive Sciences^ vol. ii. p. 471. 
Herschel’s Physical Geography, § 77. 

* Maxweirs Theory of Heat, p. 174, Philosophical Magasdne, 
Angtist 1850. Third Series, voL xxxviL p. 123. 
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pressure of 1300 atmospheres, water did not freeze until 
cooled down to— 18® 0. Another remarkable prediction 
of Professor Thomson was to the effect that, if a metallic 
spring be weakened by a rise of temperature, work done 
against the spring in bending it will cause a cooling effect. 
Although the effect to be expected in a certain apparatus 
was only about four-thousandths of a degree Centigrade, 
Dr. Joule ^ succeeded in measuring it to the extent of three- 
thousandths of a degree, such is the delicacy of modem 
heat measurements. I cannot refrain from quoting Dr. J oule’s 
reflections upon this fact. " Thus even in the above de- 
licate case,” he says, " is the formula of Professor Thomson 
completely verified. The mathematical investigation of the 
thermo-elastic qualities of metals has enabled my illustrious 
friend to predict with certainty a whole class of highly in- 
teresting phenomena. To him especially do we owe the 
important advance which has been recently made to a new 
era in the history of science, when the famous philosophical 
system of Bacon will be to a great extent superseded, 
and when, instead of arriving at discovery by induction 
from experiment, we shall obtain our largest accessions of 
new facts by reasoning deductively from fundamental 
principles.*’ 

The theory of electricity is a necessary part of the , 
general theory of matter, and is rapidly acquiring the ■ 
power of prevision. As soon as Wheatstone had proved '' 
experimentally that the conduction of electricity occupies 
time, Faraday remarked in 1838, with wonderful sagacity, 
that if the conducting wires were connected with the 
coatings of a large Leyden jar, the rapidity of conduction 
would be lessened. This prediction remained unverified 
for sixteen years, until the submarine cable was laid be- 
neath the Channel. A considerable retardation of the 
electric spark was then detected, and Faraday at once 
pointed out that the wire surrounded by water resembles 
a Leyden jar on a large scale, so that each message sent 
.through the cable verified his remark of 1838.* 

The joint relations of heat and electricity to the metals 
constitute a new science of thermo-electricity by which 

^ Phimophiccd Tramactiom, 1858, vol. cxlviii p. 127« 

• Tyndall^B Fcvraday, pp. 73, 74 ; Life o/Farada/y, voL ii pp. 82^ 83^ 
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Sir W. Thomson was enabled to anticipate the following 
curious effect, namely, that an electric current passing in 
an iron bar from a hot to a cold part produces a cooling 
effect, but in a copper bar the effect is exactly opposite in 
character, that is, the bar becomes heated.^ The action 
of crystals with regard to heat and electricity was partly 
foreseen on the grounds of theory by Poisson. ' 

Chemistry, although to a great extent an empirical 
science, has not been without prophetic triumphs. The 
existence of the metals potassium and sodium was fore- 
seen by Lavoisier, and their elimination by Davy was one 
of the chief experimmta crucis which established Lavoi- 
sier's system. The existence of many other metals 
which eye had never seen was a natural inference, and 
theory has not been at fault. In the above cases the 
compounds of the metal were well known, and it was 
the result of decomposition that was foretold. The dis- 
covery in 1876 of the metal gallium is peculiarly inter- 
esting because the existence of this metal, previously 
wholly unknown, had been inferred from theoretical con- 
siderations by M. Mendelief, and some of its properties 
had been correctly predicted. No sooner, too, had a 
theory of organic compounds been conceived by Professor 
A. W. Williamson than be foretold the formation of a 
complex substance consisting of water in which both 
atoms of hydrogen axe repkced by atoms of acetyle. 
This substance, known as the acetic anhydride, was after- 
wards produced by Gerhardt. In the subsequent progress 
of organic chemistry occurrences of this kind have become 
common. The theoretical chemist by the classification of 
his specimens and the manipulation of his formulas can 
plan out whole series of unknown oils, acids, and alcohols, 
just as a designer might draw out a multitude of patterns. 
Professor Cayley has even calculated for certain cases the 
possible numbers of chemical compounds.* The formation 
of many such substances is a matter of course ; but there 
is an interesting prediction given by Hofmann, concerning^ 
the possible existence of new compounds of sulphur and* 

1 Tait^s ThmMdynamicBf p. 77. 

^ On the Analytical Forms called Trees, with AppUoation to the 
Theory of Chemical Combvmtions, Report oi the British Association, 
i!^5>Pr357. 
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seleixium^ and even oxides of ammonium^ which it remainB 
for chemists to verify.^ 

Prediction “by Inversion of Cause and Effects 

There is one process of experiment which has so often led 
to important discoveries as to deserve separate illwstra- 
tion — I mean the inversion of Cause and l^ect. Thus if 
A and B in one experiment produce C as a consequent, 
then antecedents of the nature of B and C may usually be 
made to produce a consequent of the nature of A inverted 
in direction. When we apply heat to a gas it tends to 
expand ; hence if we allow the gas to expand by its own 
elastic force, cold is the result; that is, B (air) and C 
(expansion) produce the negative of A (heat). Again, B 
(air) and compression, the negative of C, produce A (heat). 
Similar results may be expected in a multitude of cases. 
It is a familiar law that heat expands iron. What may be 
expected, then, if instead of increasing the length of an 
iron bar by heat we use mechanical force and stretch the 
bar ? Having the bar and the former consequent, expan- 
sion, we should expect the negative of the former anteced- 
ent, namely cold. The truth of this inference was proved 
by Dr. Joule, who investigated the amount of the effect 
with his usual skill. ^ 

This inversion of cause and effect in the case of heat 
may be itself inverted in a highly curious manner. It 
happens that there are a few substances which are unex- 
plained exceptions to the general law of expansion by heat. 
India-rubber especially is remarkable for contracting when 
heated. Since, then, iron and india-rubber are oppositely 
related to heat, we may expect that as distension of the 
iron produced cold, distension of the india-rubber will 
produce heat. This is actually found to be the case, and 
anyone may detect the effect by suddenly stretching an 
india-rubber band while the middle part is in the mouth. 
When being stretched it grows slightly warm, and when 
relaxed cold. 

The reader will see that some of the scientific predictions 
mentioned in preceding sections were due to the principle 

1 Hofmann’s Introduction to Chemistry^ pp. 224, 225. 

* PhiloBopIUcal Transcuitiom (1855), voL cxlv. pp. 100, &G. 
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of iaveisioii; for instance, Thomson’s speculations on the 
relation between pressure and the melting-point But 
many other illustrations could be adduced. The usual 
agent by which we melt a substance is heat ; but if we can 
melt a substance without heat, then we may expect the 
negative of heat as an effect This is the foundation of all 
freezing mixtures. The affinity of salt for water causes it 
to inelt ice, and we may thus reduce the temperature to 
Fahrenheit’s zero. Calcium chloride has so much higher 
an attraction for water that a temperature of -45° C. may 
be attained by its use. Even the solution of a Certain 
alloy of lead, tin, and bismuth in mercury, may be made 
to reduce the temperature through 27° C. All the other 
modes of producing cold are inversions of more familiar 
uses of heat. Carry’s freezing machine is an inverted 
distilling apparatus, the distillation being occasioned by 
chemical affinity instead of heat. Another kind of freezing 
machine is the exact inverse of the steam-engine. 

A very paradoxical effect is due to another inversion. 
It is hard to believe that a current of steam at 100° C. can 
raise a body of liquid to a liigher temperature than the 
steam itself possesses. But Mr. Spence has pointed out 
that if the boiling-point of a saline solution be above 100°, 
it will continue, on account of its affinity for water, to con- 
dense steam when above 100° in temperature. It will con- 
dense the steam until heated to the point at which the ten- 
sion of its vapour is equal to that of the atmosphere, that 
is, its own boiling-point,^ Again, since heat melts ice, we 
might expect to produce heat by the inverse change from 
water into ice. This is accomplished in the phenomenon 
of suspended freezing. Water may be cooled in a clean 
glass vessel many degrees below the freezing-point, and 
yet retained in the liquid condition. But if disturbed, and 
especially if brought into contact with a small particle ot 
ice, it instantly solidifies and rises in temperature to 0° C. 
The effect is still better displayed in the lecture-room 
experiment of the suspended crystallisation of a solution 
of sodium sulphate, in which a sudden rise of temperature 
of I s'* or 20° C. is often manifested. 

The science of electricity is full of most interesting cases 

^ Froceedingn of the Manchester Phihsophical Society, Feb. 187 a 
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of inversion. As Professor Tyndall has remarked, Faraday 
had a profound belief in the reciprocal relations of the 
physical forces. The great starting-point of his researches, 
the discovery of electro-magnetism, was clearly an inversion. 
Oersted and Ampfere had proved that with an electric cur- 
rent and a magnet in a particular position as antecedents, 
motion is the consequent. If then . a magnet, a wire and 
motion be the antecedents, an opposite electric current will 
be the consequent. It would be an endless task to trace 
out the results of this fertile relationship. Another part of 
Faraday's researches was occupied in ascertaining the direct 
and inverse relations of magnetic and diamagnetic, amor- 
})hous and crystalline substances in various circumstances. 
In all other relations of electricity the principle of inver- 
sion holds. The voltameter or the electro-plating cell is 
the inverse of the galvanic battery. As heat applied to a 
junction of antimony and bismuth bars produces electricity, 
it follows that an electric current passed through, such 
a junction will produce cold. But it is now sufficiently ap- 
parent that inversion of cause and effect is a most fertile 
means of discovery and prediction. 

Facts hnown only hy Theory. 

Of the four classes of facts enumerated in p. 525 the 
last remains unconsidered. It includes the unverified pre- 
dictions of science. Scientific prophecy armsts the atten- 
tion of the world when it refers to such striking events as 
an eclipse, the appearance of a great comet, or any pheno- 
menon which people can verify with their own eyes. But 
it is surely a matter for greater wonder that a physicist 
describes and measures phenomena which eye cannot see, 
nor sense of any kind detect. In most cases this arises 
from the effect being too small in amount to affect our 
organs of sense, or come within the powers of our instru- 
ments as *at present constructed. But there is a class of 
yet more remarkable cases, in which a phenomenon cannot 
possibly be observed, and yet we can say what it would be 
if it were observed. 

In astronomy, systematic aberration is an effect of the 
sun’s proper motion almost certainly known to exist, but 
which we have no hope of detecting by observation in the 

N N 2 
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present age of the world. As the earth’s motion round the 
sun combined with the motion of light causes the stars to 
deviate apparently from their true positions to the extent 
of about iS" at the most, so the motion of the whole plane- 
tary system through space must occasion a similar displace- 
ment of at most 5". The ordinary aberration can be readily 
detected with modern astronomical instruments, because it 
goes through a yearly change in direction or amount ; but 
systematic aberration is constant so long as the planetary 
system moves uniformly in a sensibly straight line. Only 
then in the course of ages, when the curvature of the sun’s 
path becomes apparent, can we hope to verify the existence 
of this kind of aberration. A curious effect must also be 
produced by the sun’s proper motion upon the apparent 
periods of revolution of the binary stars. 

' To my mind, some of the most interesting truths in the 
whole range of science are those which have not been, and 
in many cases probably never can be, verified by trial. 
Thus the chemist assigns, with a very high degree of pro- 
bability, the vapour densities of such elements as carbon 
and silicon, which have never been observed separately in 
a state of vapour. The chemist is also familiar with the 
vapour densities of elements at temperatures at which the 
elements in question never have been, and probably never 
can be, submitted to experiment in the form of vapour. 

Joule and others have calculated the actual velocity of 
the molecules of a gas, and even the number of collisions 
which must take place per second during their constant 
circulation. Physicists have not yet given us the exact 
magnitudes of the particles of matter, but they have ascer- 
tained by several methods the limits within which their 
magnitudes must lie. Such scientific results must be for 
ever beyond the power of verification by the senses. I 
have elsewhere had occasion to remark that waves of light, 
the intimate processes of electrical changes, the properties 
of the ether which is the base of all phenomena, S.re neces- 
sarily determined in a hypothetical, but not therefore a 
less certain manner. 

Though only two of the metals, gold and silver, have 
ever been observed to be transparent, we know on the 
grounds of theory that they are all more or less so ; we 
can even estimate by theory their refractive indices, and 
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prove that they are exceedingly high. The phenomena 
of elliptic polarisation, and perhaps ^so those of internal 
radiation,^ depend upon the refractive index, and thus, even 
when we cannot observe any refracted rays, we can in- 
directly learn how they would be refracted. 

In many cases large quantities of electricity must be 
produced, which we cannot observe because it is instantly 
discharged. In the common electric machine the cylinder 
and rubber are made of non-conductors, so that we can 
separate and accumulate the electricity. But a little damp, 
by serving as a conductor, prevents this separation from 
enduring any sensible time. Hence there is no doubt that 
when we rub two good conductors against each other, for 
instance two pieces of metals, much electricity is produced, 
but instantaneously converted into some other form of 
energy. Joule believes that all the heat of friction is 
transmuted electricity. 

As regards phenomena of insensible amount, nature is 
absolutely full of them. We must regard those changes 
which we can observe as the comparatively rare aggregates 
of minuter changes. On a little reflection we must allow 
that no object known to us remains for two instants of 
exactly the same temperature. If so, the dimensions of 
objects must be in a perpetual state of variation. The 
minor planetary and lunar perturbations are • infinitely 
numerous, but usually too small to be detected by observa- 
tion, although their amounts may be assigned by theory. 
There is every reason to believe that chemical and electric 
actions of small amount are constantly in progress. The 
hardest substances, if reduced to extremely small particles, 
and diffused in pure water, manifest oscillatory movements 
which must be , due to chemical and electric changes, so 
slight that they go on for years without affecting appreciably 
the weight of the particles.^ The earth’s magnetism must 
more or less affect every object which we handle. As 
TyndaU temarks, ** An upright iron stone influenced by the 
earth's magnetism becomes a magnet, with its bottom a 
north and its top a south pole. Doubtless, though in an 
immensely feebler degree, every erect marble statue is a 

^ Balfour Stewart, Elementary Treatise on Heat, ist edit, p. 198 . 

^ Jevons, Proceedings of the Manchester Lit&rwry wnd Phmsophicdl 
Society, January, 1870, voL ix. p. 78. 
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true diam^et, with its head a north pole and its feet« 
south pole. The same is certainly true of man as he stands 
upon the earth’s surface, for aU the tissues of the human 
body are diamagnetic.” ^ The sun’s light produces a very 
quick and perceptible effect upon the photographic plate ; 
in all probability it has a less effect upon a great variety 
of substances. We may regard every phenomenon as an 
exaggerated and conspicuous case of a process which is, in 
infinitely numerous cases, beyond the means of observa- 
tion. 

^ FhttotufhieaX Trmuactiom, voL cxlvi. p. 249^ 



CHAPTEB XXV. 

ACCORDANCE OF QUANTITATIVE THEORIES. 

In the preceding chapter we found that facts may be 
classed under four heads as regards their connection with 
theory, and our powers of explanation or prediction. The 
facta hitherto considered were generally of a qualitative' 
rather than a quantitative nature; hut when we look 
exclusively to the quantity of a phenomenon, and the 
various modes in which we may determine its amount, 
nearly the same system of classification will hold good. 
There will, however, be five possible cases : — 

(1) We may directly and empirically measure a phe- 
nomenon, without being able to explain why it should 
have any particular quantity, or to connect it by theory 
with other quantities. 

(2) In a considerable number of cases we can theo- 
retically predict the existence of a phenomenon, but are 
unable to assign its amount, except by direct measure- 
ment, or to explain the amount theoretically when thus 
ascertained. 

(3) We may measure a quantity, and afterwards explain 
it as related to other quantities, or as governed by known 
quantitative laws. 

■ ^4) We may predict the quantity of an effect on theo- 
retieal grounds, and afterwards confirm the prediction by 
direct measurement 

(S) We may indirectly determine the quantity of an 
effect without being able to verify it by experiment 

These classes of quantitative facts might be illustrated 
by an immense number of interesting points in the history 
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of physical science. Only a few instances of each class 
can be given here. 

Empirical MeamrcrnmU, 

UDder the first head of purely empirical measurements, 
which have not been brought under any theoretical system, 
may be placed the great bulk of quantitative facts recorded 
by scientific observers. The tables of numerical results 
which abound in books on chemistry and physics, the huge 
quartos containing the observations of public observatories, 
the multitudinous tables of meteorological observations, 
which are continually being published, the more abstruse 
results concerning terrestrial magnetism — such results of 
measurement, for the most part, remain empirical, either 
because theory is defective, or the labour of calculation 
and comparison is too formidable. In the Greenwich 
Observatory, indeed, the salutary practice has been main- 
tained by the present Astronomer Royal, of always redu- 
cing the observations, and comparing them with the theories 
of the several bodies. The divergences from theory thus 
afford material for the discovery of errors or of new phe- 
nomena ; in short, the observations have been turned to 
the use for which they were intended. But it is to be 
feared that other establishments are too often engaged in 
merely recording numbers of which no real use is made, 
because the labour of reduction and comparison with* 
theory is too great for private inquirers to undertake. Iii 
meteorology, especially, great waste of labour and money 
is taking place, only a small fraction of the results recorded 
being ever used for the advancement of the science. For 
one meteorologist like Quetelet, Dove, or Baxendell, who 
devotes himself to the truly useful labour of reducing other 
people’s observations, there are hundreds who labour under 
the delusion that they are advancing science by loading 
our book-shelves with numerical tables. It is to b6 feared, 
in like manner, that almost the whole bulk of statistical 
numbers, whether commercial, vital, or moral, is of little 
scientific value. Purely empirical measurements may 
have a direct practical value, as when tables of the specific 
graevity, or strength of materials, assist the engineer ; the 
^^cific gravities of mixtures of water with acids, alcohols, 
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salts, &c., are useful in chemical manufactories, custom- 
house gauging, &c. ; observations of rainfall are requisite 
for questions of water supply; the refractive index of 
various kinds of glass must be known in making achro- 
matic lenses ; but in all such cases the use made of the 
measurements is not scientific but practical. It may be 
asserted, that no number which remains isolated, and 
uncompared by theory with other numbers, is of scientific 
value. Having tried the tensile strength of a piece of iron 
in a particular condition, we know wh^t will be the strength 
of the same kind of iron in a similar condition, provided 
we can ever meet with that exact kind of iron again ; but 
we cannot argue from piece to piece, nor lay down any laws 
exactly connecting the strengtn of iron with the quantity 
of its impurities. 


Quantities indicated hy Theory, hut JEmpirically Measured. 

In many cases we are able to foresee the existence of 
a quantitative effect, on the ground of general principles, 
but are unable, either from the want of numerical data, 
or from the entire absence of any mathematical theory, to 
assign the amount of such effect. We then have recourse 
to direct experiment to determine its amount. . Whether 
we argued from the oceanic tides by analogy, or deduc- 
♦tively from the theory of gravitation, there could be no 
doubt that atmospheric tides of some amount must occur 
in the atmosphere. Theory, however, even in the hands 
of Laplace, was not able to overcome the complicated 
mechanical conditions of the atmosphere, and predict the 
amounts of such tides ; and, bn the other hand, these 
amounts were so small, and were so masked by far larger 
undulations arising from the heatijig power of the sun, 
and from other meteorological disturbances, that they 
would •probably have never been discovered by purely 
empirical observations. Theory having, however, indi- 
cated their existence and their periods, it was easy to 
make series of barometrical observations in plaoes selected 
so as to be as free as possible from casual fluctuations, and 
then, by the suitable application of the method of means, to 
detect the small effects in question. The principal lunar 



654 THE PRINOIPLES OF SCIENCE. [cuat. 

atmospheric tide was .thus proved to amount to between 
•003 and -exH inch.^ 

Theory yields the greatest possible assistance in applying 
the method of means. For if we have a great number of 
empirical measurements, each representing the joint effect 
of a number of causes, our object will be to take the mean 
of all those in which the effect to be measured is present, 
and compare it with the mean of the remainder in which 
the effect is absent, or acts in the opposite direction. The 
difference will then represent the amount of the effect, or 
double the amount respectively. Thus, in the case of the 
atmospheric tides, we take the mean of all the observations 
when the moon was on the meridian, and compare it with 
the mean of all observations when she was on the horizon. 
In this case we trust to chance that all other effects will 
lie about as often in one direction as the other, and will 
neutralise themselves in the drawing of each mean. It is 
a great advantage, however, to be able to decide by theoiy 
when each principal disturbing effect is present or absent ; 
for the means may then be drawn so as to separate each 
such effect, leaving only minor and casual divergences to 
the law of error. Thus, if there be three principal effects, 
and we draw means giving respectively the sum of all 
three, the sum of the first two, and the sum of the last 
two, then we gain three simple equations, by the solution 
of which each quantity is determined. 

^ Ikplained Eesvlts of Measurement. 

The second class of measured phenomena contains those 
which, after being determined in a direct and purfely empi- 
rical application of measuring instruments, are afterwards 
shown to agree with some hypothetical explanation. Such 
results are turned to their proper use, and several advan- 
tages may arise from the comparison. The correspondence 
with theory will seldom or never be precise ; and, even if 
it be so, the coincidence must be regarded as accidental. 

If the divergences between theory and experiment be 
comparatively small, and variable in amount and direction, 
they may often be safely attributed to inconsiderablj 

^ Qrant’s Bistory of Fhysicai Astronomy^ p. 162. 
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sources of error in the experimental.processes. The strict 
method of procedure is to calculate the probable error of 
the mean of the observed results (p. 387), and then observe 
whether the theoretical result falls within the limits of 
probable error. If it does, and if the experimental results 
agree as well with theory as they agree with each other, 
then the probability of the theory is much increased, and 
we may employ the theory with more confidence in the 
anticipation of further results. The probable error, it 
should be remembered, gives a measure only of the effects 
of incidental and variable sources of error, but in no degree 
indicates the amount of fixed causes of error. Thus, if the 
mean results of two modes of determining a quantity are 
so far apart that the limits of probable error do not overlap, 
we may infer the existence of some overlooked source of 
fixed error in one or both modes. We will further consider 
in a subsequent section the discordance of measurements. 

Quantities determined by Theory and verified by 
Measurement. 

One of the most satisfactory tests of a theory consists in 
its application not only to predict the nature of a pheno- 
menon, and the circumstances in which it may be observed,' 
but also to assign the precise quantity of the phenomenon. 
If we can subsequently apply accurate instruments and 
measure the amount of the phenomenon witnessed, we have 
an excellent opportunity of verifying or negativing the 
theory. It was in this manner that Newton first attempted 
to verify his theory of gravitation. He knew approximately 
the velocity produced in falling bodies at the earth’s surface, 
and if the law of the inverse square of the distance held 
true, and the reputed distance of the moon was correct, he 
could infer that the moon ought to fall towards the earth at 
the raio of fifteen feet in one minute.^ Now, the actual 
divergence of the moon from the tangent of its orbit ap- 
peared to amount only to thirteen feet in one minute, and 
there was a discrepancy of two feet in fifteen, which eaused 
Newton to lay aside at that time any further thoughts of 
this matter.” Many years afterwards, probably fifteen or 
sixteen years, Newton obtained more precise data from 
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which he could calculate the size of the moon's orbit, and 
he then found the discrepancy to be inconsiderable. 

His theory of gravitation was thus verified as far as the 
moon was concerned ; but this was to him only the begin- 
ning of a long course of deductive calculations, each ending 
in a verification. If the earth and moon attract each other, 
and also the sun and the earth, there is reason to expect 
that the sun and moon should attract each other. Newton 
followed out the consequences of this inference, and showed 
that the moon would not move as if attracted by the earth 
only, but sometimes faster and sometimes slower. Com- 
parison with Flamsteed's observations of the moon showed 
that such was the case. Newton argued again, that as the 
waters of the ocean are not rigidly attached to the earth, 
they might attract the moon, and be attracted in return, 
independently of the rest of the earth. Certain daily 
motions resembling the tides would then be caused, and 
there were the tides to verify the reasoning. It was the 
extraordinary power with which Newton traced out geome- 
trically the consequences of his theory, and submitted them 
to repeated comparison with experience, which constitutes 
his pre-eminence over all physicists. 

Quantities determined hy Theory and not verified. 

It will continually happen that we are able, from certain 
measured phenomena and a correct theory, to determine 
the amount of some other -phenomenon which we may 
either be unable to measure at all, or to measure with an 
accuracy corresponding to that required to verify the pre- 
diction. Thus Laplace having worked out a theory of the 
motions of Jupiter's satellites on the hypothesis of gravi- 
tation, found that these motions were greatly affected by 
the spheroidal form of Jupiter. The motions of the 
satellites can be observed with great accuracy owing to 
their frequent eclipses and transits, and from these motions 
he was able to argue inversely, and assign the ellipticity 
of the planet. The ratio of the polar and equatorial axes 
thus determined was very nearly that of 13 to 14; aud it 
agrees well with such direct micrometrical measurements 
of 4he planet as have been made ; but Laplace believed that 
the theory gave a more accurate result than direct obser- 
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vation could yield, so that the theory could hardly be said 
to admit of direct verification. 

The specific heat of air was believed on the grounds of 
direct experiment to amount to 0 2669, the specific heat of 
water being taken as unity ; but the methods of experi- 
ment were open to considerable causes of error. Rankine 
showed in 1850 that it was possible to calculate from the 
mechanical equivalent of heat and other thermodynamic 
data, what this number should be, and he found it to be 
0'2378. This determination was at the time accepted as 
the most satisfactory result, although not verified; sub- 
sequently in 1853 Eegnault obtained by direct experiment 
the number 0*2377, proving that the prediction had been 
well grounded. 

It is readily seen that in quantitative questions verifi- 
cation is a matter of degree and probability. A less 
accurate method of measurement cannot verify the results 
of a more accurate method, so that if we arrive at a 
determination of the same physical quantity in several 
distinct modes it is often a delicate matter to decide which 
result is most reliable, and should be used for the indirect 
determination of other quantities. For instance. Joule's 
and Thomson’s ingenious experiments upon the thermal 
phenomena of fiuids in motion ^ involved, as one physical 
constant, the mechanical equivalent of heat; if requisite, 
then, they might have been used to determine that im- 
portant constant. But if more direct methods of experi- 
ment give the mechanical equivalent of heat with superior 
accuracy, then the experiments on fluids will be turned to 
a better use in determining various quantities relating to 
the theory of fluids. We will further consider questions 
of this kind in succeeding sections. 

Hiere are of course many quantities assigned on theo- 
retical grounds which we are quite unable to verify with 
corresponding accuracy. The thickness of a film of gold 
leaf, the average depths of the oceans, the velocity of a 
star’s approach to or regression from the earth as inferred 
from spectroscopic data (pp. 296-99), are cases in point ; 
but many others might be quoted where direct verifica- 
tion seems impossible. Newton and subsequent physicists 

^ PhUoaophieal Tranmctions (1854), vol. cxliv, p. 364. 
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have measured light undulations, and by several methods 
we learn the velocity with which light travels. Since an 
undulation of the middle green is about five ten-millionths 
of a metre in length, and travels at the rate of nearly 

300.000. 000 of metres per second, it follows that about 

600.000. 000.000.000 undulations must strike in one 
second the retina of an eye which perceives such light. 
But how are we to verify such an astounding calculation 
by directly counting pulses which recur six hundred 
billions of times in a second? 

Discordance of Theory and Experiment 

When a distinct want of accordance is found to exist 
between the results of theory and direct measurement, 
interesting questions arise as to the mode in which we can 
account for this discordance. The ultimate explanation 
of the discrepancy may be accomplished in at least four 
ways as follows : — 

(1) The direct measurement may be erroneous owing to 
various sources of casual error. 

(2) The theory may be correct as far as regards the 
general form of the supposed laws, but some of the con- 
stant numbers or other quantitative data employed in the 
theoretical calculations may be inaccumte. 

(3) The theory may be false, in the sense that the forms 
of the mathematical equations assumed to express the laws 
of nature are incorrect. 

(4) The theory and the involved quantities may be 
approximately accurate, but some regular unknown cause 
may have interfered, so that the divergence may be re- 
garded as a residual effect representing possibly a new and 
interesting phenomenon. 

Ifo precise rules can be laid down as to the best mode 
of proceeding to explain the divergence, and the experi- 
mentalist will have to depend upon his own insight and 
knowledge; but the following recommendations may be 
made. 

If the experimental measurements are not numerous, 
repeat them and take a more extensive mean result, the prob* 
able accuracy of which, as regards casual errors, will increase 
as tKe square root of the number of experiments. Supposing 
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that no considerable modification of the result is thtis 
effected, we may suspect the existence of more deep-seated 
sources of error in our method of measurement. The next 
resource will be to change the size and form of the appa- 
ratus employed, and to introduce various modifications in 
the materials employed or ihe course of procedure, in the 
hope (p. 396) that some cause of constant error may thus 
be removed. If the inconsistency with theory still remains 
unreduced we may attempt to invent some widely different 
mode of arriving at the same physical quantity, so that we 
may be almost sure that the same cause of error will not 
affect both the new and old results. In some cases it is 
possible to find five or six essentially different modes of 
arriving at the same determination. 

Supposing that the discrepancy still exists we may 
begin to suspect that our direct measurements are correct, 
and that the data employed in the theoretical calculations 
are inaccurate. We must now review the grounds on 
which these data depend, consisting as they must ulti- 
mately do of direct measurements. A comparison of the 
recorded data will show the degree of probability attaching 
to the mean result employed ; and if there is any ground 
for imagining the existence of error, we should repeat the 
observations, and vary the forms of experiment just as in 
the case of the previous direct measurements. The con- 
tinued existence of the discrepancy must show that we 
have not attained to a complete acquaintance with the 
theory of the causes in action, but two different cases still 
remain. W.e may have misunderstood the action of those 
causes which we know to exist, or we may have overlooked 
the existence of one or more other causes. In the first 
case our hypothesis appears to be wrongly chosen and 
inapplicable ; but whether we are to reject it will depend 
upon whether we can form another hypothesis which 
yields a more accurate accordance. The probability of an 
hypothesis, it will be remembered (p. 243), is to be judged, 
in the absence of d priori grounds of judgment, by the 
probability that if the supposed causes exist the observed 
result follows ; but as there is now little probability of 
reconciling the original hypothesis with our direct measure- 
ments the field is open for new hypotheses, and any one 
which gives a closer accordance with measurement wiU so 
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far have better claims to attention. Of course we must 
never estimate the probability of an hypothesis merely by 
its accordance with a few results only. Its general analogy 
and accordance with other known laws of nature, and the 
fact that it does not conflict with other probable theories, 
must be taken into account, as we shall see in the next 
book. The requisite condition of a good hypothesis, that 
it must admit of the deduction of facts verified in observa- 
tion, must be interpreted in the widest manner, as including 
all ways in which there may be accordance or discordance. 
All our attempts at reconciliation having failed, the only 
conclusion we can come to is that somqainknown cause of 
a new character exists. If the measurenl6nTfe be accurate 
and the rneory j^obable, then there remains a residual phe- 
nomemn, which, being devoid of theoretical explanation, 
must be set down as a new empirical fact worthy of further 
investigation. Outstanding residual discrepancies have 
often been found to involve new discoveries of the greatest 
importance. 


Accordance of Measurements of Astronomical Distances. 

One of the most instructive instances which we can 
meet, of the manner in which different measurements con- 
firm or check each other, is furnished by the determination 
of the velocity of light, and the dimensions of the planetary 
system. Eoemer first discovered that light requires time 
to travel, by observing that the eclipses of Jupiter's satellites, 
although they occur at fixed moments of absolute time, are 
visible at different moments in different parts of the earth's 
orbit, according to the distance between the earth and 
Jupiter. The time occupied by light in traversing the 
mean semi-diameter of the earth's orbit is found to be 
about eight minutes. The mean distance of the sun and 
earth was long assumed by astronomers as being about 
95,274,000 miles, this result being deduced by Bessel from 
the observations of the transit of Venus, which occurred in 
1769, and which were found to give the solar parallax, or 
which is the same thing, the apparent angular magnitude 
of ^the earth seen from the sun, as equal to 8"*578. 
l>ividing the mean distance of the sun and earth by the 
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number of seconds in 8“. I3*.3 we find the velocity of light 
to be about 192, ocx) miles per second. 

Nearly the same result was obtained in what seems a 
different manner. The aberration of light is the apparent 
change in the direction of a ray of light owing to the com- 
position of its motion with that of the earth’s motion 
round the sun. If we know the amount of aberration and 
the mean velocity of the earth, we can estimate that of 
light, which is thus found to be I9i,icx> miles per second. 
Now this determination depends upon a new physical 
quantity, that of aberration, which is ascertained by direct 
observation of the stars, so that the close accordance of the 
estimates of the velocity of light as thus arrived at by dif- 
ferent methods might seem to leave little room for doubt, 
the difference being less than one per cent. 

Nevertheless, experimentalists were not satisfied until 
they had succeeded in measuring the velocity of light by 
direct experiments performed upon the earth’s surface. 
Fizeau, by a rapidly revolving toothed wheel, estimated the 
velocity at 195,920 miles per second. As this result dif- 
fered by about one part in sixty from estimates previously 
accepted, there was thought to be room for further investi- 
gation. The revolving mirror, used by Wheatstone in 
measuring the velocity of electricity, was now applied in a 
more refined manner by Fizeau and by Foucault to deter- 
mine the velocity of light. The latter physicist came to 
the startling conclusion that the velocity was not really 
more than 185,172 miles per second. No repetition of the 
experiment would shake this result, and there was accord- 
ingly a discrepancy between the astronomical and the ex- 
perimental results of about j <000 miles per second. The 
latest experiments, those of M. Cornu, only slightly raise 
the estimate, giving 186, 660 miles per second. A little 
consideration shows that both the astronomical determina- 
tions involve the magnitude of the ’ earth’s orbit as one 
datum, because our estimate of the earth’s velocity in its 
orbit depends upon our estimate of the sun’s mean distance. 
Accordingly as regards this quantity the two astronomical 
results count only for one. Though the transit of Venus 
had been considered to give the best data for the calcula- 
tion of the sun’s parallax, yet astronomers had not neglected 
less favoxirable opportunities. Hansen, calculating from 

• 0 0 
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certain inequalities in the moon's motion, had estimated 
it at 8"*9 i 6; Winneke, from observations of Mars, at 
8"^4 ; Leverrier, from the motions of Mars, Venus, and 
the moon, at 8"'95o. These independent results agree 
much better with each other than with that of Bessel 
(8"*S78) previously received, or that of Encke (8''-58) 
deduced from the transits of Venus in 1761 and 1769, and 
though each separately might be worthy of less credit, yet 
their close accordance renders their mean result (8"*943) 
comparable in probability with that of Bessel. It was 
further found that if Foucault’s value for the velocity of 
light were assumed to be correct, and the sun’s distance 
were inversely calculated from that, the sun's parallax 
would be 8"‘96 o, which closely agreed with the above 
mean result. This further correspondence of independent 
results threw the balance of probability strongly against 
the results of the transit of Venus, and rendered it desir- 
able to reconsider the observations made on that occasion. 
Mr. E. J. Stone, having re-discussed those observations,^ 
found that grave oversights had been made in the calcula- 
tions, which being corrected would alter the estimate of 
parallax to 8"‘9i, a quantity in such comparatively close 
accordance with the other results that astronomers did not 
hesitate at once to reduce their estimate of the sun's mean 
distance from 95,274,000 to 91,771,000, miles, although 
this alteration involved a corresponding correction in the 
assumed magnitudes and distances of most of the heavenly 
bodies. The solar parallax is now (1875) believed to be 
about 8"’878, the number deduced from Cornu's experi- 
ments oh ♦the velocity of light. Tliis result agrees very 
closely with 8 "’ 8 /g, the estimate obtained from new obser- 
vations on the transit of Venus, by the French observers, 
and with 8"’873, the result of Galle's observations of the 
planet Flora. When all the observations of the late transit 
of Venus are fully discussed the sun's distance will probably 
be known to less than one part in a thousand, if not one 
part in ten thousand.^ 

' Monikly Notices of the Eoyal Astronomical Society^ vol, xxviH. 
p. 264. 

* It would seem to be absurd to repeat the profuse expenditure of 
1874 at the approaching transit in 1882. The aggregate sum spent in 
1874 by various governments and individuals can hardly be less than 
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In this question the theoretical relations between the^ 
velocity of light, the constant of aberration, the sun’s paral*- 
lax, and the sun’s mean distance, are of the simplest 
eharacter, and can hardly be open to any doubt, so that 
the only doubt was as to which result of observation waa 
the most reliable. Eventually the chief discrepancy was 
found to arise from misapprehension in the recbaction 
of observations, but we have a satisfactory example of the 
value of different methods of estimation in leadii^ to the 
detection of a serious error. Is it not surprising that 
Foucault by measuring the velocity of light when passing 
through the space of a few yards, should lead the way 
to a change in our estimates of the magnijfeudes of the 
whole universe ? 

Selection of the best Mode of Measmement. 

When we once obtain command over a question of 
physical science by comprehending the theory of the sub- 
ject, we often have a wide choice opened to us as regards 
the methods of measurement, which may thenceforth be 
made to give the most accurate results. If we can measure 
one fundamental quantity very precisely we may be able 
by theory to determine accurately many other quantitative 
results. Thus, if we determine satisfactorily the atomic 
weights of certain elements, we do not need to determine 
with equal accuracy the composition and atomic weights of 
their several compounds. Having learnt the relative 
atomic weights of oxygen and sulphur, we can calculate the 
composition by weight of the several oxides (jf sulphur. 
Chemists accordingly select with the greatest care that 
compound of two elements which seems to allow of the 
most accurate analysis, so as to give the ratio of their 
atomic weights. It is obvious that we only need the ratio 
of the atomic weight of each element to that of some com- 
mon eleqient, in order to calculate that of each to each. 
Moreover the atomic weight stands in simple relation to 
other quantitative facts. The weights of equal volumes of 
elementary gases at equal temperature and pressure have 
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Oie samf% ratios as the atomic weights ; now, as nitrogen 
under such circumstances weighs 14*06 times as much as 
hydrogen, we may infer that the atomic weight of nitrogen 
is about 14*06, or more probably 14*00, that of hydrogen 
being unity. There is much evidence, again, that the 
specific heats of elements are inversely as their atomic 
weights, so that these two classes of quantitative data 
throw light mutually upon each other. In fact the atomic 
weight, the atomic volume, and the atomic heat of an 
element, are quantities so closely connected that the deter- 
mination of one will lead to that of the others. The 
chemist has to solve a complicated problem in deciding in 
the case of each of 60 or 70 elements which mode of deter- 
mination is most accurate. Modern chemistry presents us 
with an almost infinitely extensive web of numerical ratios 
developed out of a few fundamental ratios. 

In hygrometry we have a choice among at least four 
modes of measuring the quantity of aqueous vapour con- 
tained in a given bulk of air. We cm extract the vapour 
by absorption in sulphuric acid, and directly weigh its 
amount; wV^^an place the air in a barometer tube and 
observe how much the absorntion of the vapour alters 
the elastic force of the air ; w\9?Can observe the dew-point 
of the air, that is the temperature at which the vapour 
becomes saturated ; or, lastl^we can insert a dry and wet 
bulb thermometer and observe the temperature of an 
evaporating surface. The results of each mode can be con- 
nected by theory with those of the other modes, and we 
can select for each experiment that mode which is most 
accurate or most convenient. The chemical method of 
direct measurement is capable of the greatest accuracy, but 
is troublesome; the dry and wet bulb thermometer is 
sufiBciently exact for meteorological purposes and is most 
easy to use. 

Agreement of Distinct Modes of Measureme'/tL 

Many illustrations might be given of the accordance 
which has been found to exist in some cases between the 
results of entirely different methods of arriving at the 
measurement of a physical quantity. While such acbord- 
andb must, in the absence of information to the contrary. 
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be regarded as the best possible proof of the approximate 
correctness of the mean result, yet instances have occurred 
to show that we can never take too much trouble in con- 
firming results of great importance. When three or even 
more distinct methods have given nearly coincident num- 
bers, a new method has sometimes disclosed a discrepancy 
which it is yet impossible to explain. 

The ellipticity of the earth is known with considerable 
approach to certainty and accuracy, for it has been esti- 
mated in three independent ways. The most direct mode 
is to measure long arcs extending north and south Upon 
the earth’s surface, by means of trigonometrical surveys, 
and then to compare the lengths of these arcs with their 
curvature as determined by observations of the altitude 
of certain stars at the terminal points. The most probable 
ellipticity of the earth deduced from all measurements of 

this kind was estimated by Bessel at^^, though subse- 
quent measurements might lead to a slightly different 
estimate. The divergence from a globular form causes a 
small variation in the force of gravity at different parts of 
the earth’s surface, so that exact pendulum observations 
give the data for an independent estimate of the ellipticity, 


which is thus found to be — • In the third place the 
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spheroidal protuberance about the earth’s equator, leads to 
a certain inequality in the moon’s motion, as shown by 
Laplace ; and from the amount of that inequality, as given 
by observations, Laplace was enabled to calculate back to 
the amount of its cause. He thus inferred that the ellip- 
ticity is which lies between the two numbers previously 

given, and w^as considered by him the most satisfactory 
determination. In this case the accordance is undisturbed 
by subsequent results, so that we are obliged to accept 
Laplacejs result as a highly probable one. 

The mean density of the earth is a constant of high 
importance, because it is necessary for the determination 
of the masses of all the other heavenly bodies. Astrono- 
mers and physicists accordingly have bestowed a great 
deal of labour upon the exact estimation of this con- 
stant, The method of procedure consists in comparing the* 
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gravitation of the globe with that of some body of matter of 
which the mass is known in terms of the assumed unit of 
mass. This body of matter, serving as an intermediate 
term of comparison, may be variously chosen; it may 
consist of a mountain, or a portion of the earth's crustj or 
a heavy ball of metal. The method of experiment varies 
so much according as we select one boc^y or the other, that 
we may be said to have three independent modes of arriving 
at the desired result. 

The mutual gravitation of two balls is so exceedingly 
small compared with their gravitation towards the immense 
mass of the earth, that it is usually quite imperceptible, 
and although asserted by Newton to exist, on the ground 
of theory, was never observed until the end of the i8th 
century. MicheU attached two small balls to the extremi- 
ties of a delicately suspended torsion balance, and then 
bringing heavy balls of lead alternately to either side of 
these small balls was able to detect a slight deflection of 
the torsion balance. He thus furnished a new verification 
of the theory of gravitation. Cavendish carried out the 
experiment with more care, and estimated the gravitation 
of the balls by treating the torsion balance as a pendulum ; 
then taking into account the respective distances of the 
balls from each other and from the centre of the earth, 
he was able to assign 5*48 (or as re-computed by Baily, 
5*448) as the probable mean density of the earth. New- 
ton's sagacious guess to the effect that the density of the 
earth was between five and six times that of water, was 
thus remarkably confirmed. The same kind of experiment 
repeated by Eeich gave 5*438. Baily having again per- 
formed the experiment with every possible refinement 
obtained a slightly higher number, 5-660. 

A different method of procedure consisted in ascertaining 
the effect of a mountain mass in deflecting the plumb-line ; 
for, assuming that we can determine the dimensions and 
mean density of the mountain, the plumb-line enables us 
to compare its mass with that of the whole earth. The moun- 
tain SchehaUien was selected for the experiment, and obser- 
vations and calculations performed by Maskelyne, Hutton, 
and Playfair, gave as the most probable result 4*713. The 
difference from the experimental results already mentioned 
is considerable and is important, because the instrumental 
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operations are of an entirely different character from thoi^ 
of Cavendish and Baily’s experiments. Sir Henry James* 
similar determination from the attraction of Arthur's Seat 
gave 5*14. 

A third distinct method consists in determining the force 
of gravity at points elevated above the surface of the earth 
on mountain ranges, or sunk below it in mines. Carlini 
experimented with a pendulum at the hospice of Mont 
Cenis, 6,375 feet above the sea, and by comparing the 
attractive forces of the earth and the Alps, found the 
density to be still smaller, namely, 4*39, or as corrected 
by Giulio, 4*950. Lastly, the Astronomer Eoyal has on 
two occasions adopted the opposite method of observing 
a pendulum at the bottom of a deep mine, so as to com- 
pare the density of the strata penetrated with the density 
of the whole earth. On the second occasion he carried his 
method into effect at the Harton Colliery, 1,260 feet deep ; 
all that could be done by skill in measurement and careful 
consideration of all the causes of errror, was accomplished 
in this elaborate series of observations ^ (p. 291). No doubt 
Sir George Airy was much perplexed when he found that 
his new result considerably exceeded that obtained by any 
other method, being no less than 6*566, or 6*623 as finally 
corrected. In this case we learn an impressive lesson 
concerning the value of repeated determinations by distinct 
methods in disabusing our minds of the reliance which we 
are only too apt to place in results which show a certain 
degree of coincidence. 

In 1844 Herschel remarked in his memoir of Francis 
Baily,^ that the mean specific gravity of this our planet is, 
in all human probability, quite as well determined as that 
of an ordinary hand-specimen in a mineralogical cabinet, 
— a marvellous result, which should teach us to despair of 
nothing which lies within the compass of number, weight 
and measure.’* But at the same time he pointed out that 
Baily*& final result, of which the probable error was only 
0 0032 , was the highest of aU determinations then known, 
and Airy’s investigation has since given a much higher 
result, quite beyond the limits of probable error of any of 

* Philosophical Transactions (1856), vol. cxlvi. p. 342. 

* Monihl/u Notices of the Boyal Astronomical Society, for 8th Nov 
1844, No. X. vol. vi p. 89. 
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the previous experuneuts. If we treat all determinations 
yet made as of equal weight, the simple mean is about 
5*45, the mean error nearly o*5, and the probable error 
dmost 0*2, so that it is as likely as not that the truth lies 
between 5 65 and 5*25 on this view of the matter. But it 
is remarkable that the two most recent and careful series 
of observations by Baily and Airy,^ lie beyond these limits, 
and as with the increase of care the estimate rises, it seems 
requisite to reject the earlier results, and look upon the 
question as still requiring further investigation. Physicists 
often take Sf or 5*67 as the best guess at the truth, but it 
is evident that new experiments are much required. I 
cannot help thinking that a portion of the great sums of 
money which many governments and private individuals 
spent upon the transit of Venus expeditions in 1874, and 
which they will probably spend again in 1882 (p. 562), 
would be better appropriated to new determinations of 
the earth’s density. It seems desirable to repeat Baily’s 
experiment in a vacuous case, and with the greater me- 
chanical refinements which the progress. of the last forty 
years places at the disposal of the experimentalist. It 
would be desirable, also, to renew the pendulum experi- 
ments of Airy in some other deep mine. It might even 
be well to repeat upon some suitable mountain the obser- 
vations performed at Schehallien. Ail these operations 
might be carried out for the cost of one of the superfluous 
transit expeditions. 

Since the establishment of the dynamical theory of heat 
it has become a matter of the greatest importance to 
determine with accuracy the mechanical equivalent of 
heat, or the quantity of energy whieh must be given, or 
received, in a definite change of temperature effected in a 
definite quantity of a standard substance, such as water. 
No less than seven almost entirely distinct modes of 
^determining this constant have been tried. Dr. Joule first 
ascertained by the friction of water that to raise the tem- 
perature of one kilogram of water through one degree 
centigrade, we must employ energy sufficient to raise 424 
kilograms through the height of one metre against the 
force of gravity at the earth’s surface. Joule, Mayar, 

* Philosophical Magazine, 2nd Series, voL xxvL p. 61. 
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Clausius,^ Favre and other experimentalists have made 
determinations by less direct methods. Experiments on 
the mechanical properties of gases give 426 kilogram- 
metres as the constant ; the work done by a steam-engine 
gives 413 ; from the beat evolved in electrical experiments 
several determinations have been obtained ; thus from 
induced electric currents we get 452; from the electro- 
magnetic engine 443 ; from the circuit of ^ a battery 420 ; 
and, from an electric current, the lowest result of all, 
namely, 400.^ 

Considering the diverse and in many cases difficult 
methods of observation, these results exhibit satisfactory 
accordance, and their mean (423*9) comes very close to 
the number derived by Dr. Joule from the apparently 
most accurate method. The constant generally assumed 
as the most probable result is 423*55 kilogramme tres. 

Residual Phenomena, 

Even when the experimental data employed in the 
verification of a theory are sufficiently accurate, and the 
theory itself is sound, there may exist discrepancies 
demanding further investigation. Herschel pointed out 
the importance of such outstanding quantities, and called 
them residual phenome 7 ia? Now if the observations and 
the theory be really correct, such discrepancies must be 
due to the incompleteness of our knowledge of the causes 
in action, and the ultimate explanation must consist in 
showing that there is in action, either 

(i) Some agent of known nature whose presence was 
not suspected ; 

Or (2) Some new agent of unknown nature. 

In the first case we can hardly be said to make a new 
discovery, for our ultimate success consists merely in 
reconciling the theory with known facts when our in- 
vestigaJiou is more comprehensive. But in the second 
case we meet with a totally new fact, which may lead us 

* Clausius in Philosophical Magaziney 4th Series, vol ii. p. 119. 

^ Watts* Dictionary of Chemistry, vol. iil p. 129. 

® Preliminary Discourse, §§ 158, 174. Outlines of Astronomy, 4th 
edit. § 856. 
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to realms of new discovery. Take the instance adduced by 
Herschel. The theory of Newton and Halley concerning 
comets was that they were gravitating bodies revolving 
round the sun in elliptic orbits, and the return of Halley’s 
Comet, in 1758, verified this theory. But, when accurate 
observations of Encke’s Comet came to be made, the veri- 
fication was not found to be exact. Encke’s Comet returned 
each time a little sooner than it ought to do, the period 
regularly decreasing from 12 1279 days, between 1786 and 
1789, to 1210*44 between 1855 and 1858; and the hypo- 
thesis has been started that there is a resisting medium 
filling the space through which the comet passes. This 
hypothesis is a ex macMnd for explaining this solitary 
phenomenon, and cannot possess much probability unless 
it can be shown that other phenomena are deducible from it. 
Many persons have identified this medium with that through 
which light undulations pass, but I am not aware that 
there is anything in the undulatory theory of light to show 
that the medium would offer resistance to a moving body. 
If Professor Balfour Stewart can prove that a rotating disc 
would experience resistance in a vacuous receiver, here is 
an experimental fact which distinctly supports the hypo- 
thesis. But in the mean time it is open to question 
whether other known agents, for instance electricity, may 
not be brought in, and I have tried to show that if, as is 
believed, the tail of a comet is an electrical phenomenon, 
it is a necessary result of the conservation of energy 
that the comet shall exhibit a loss of energy manifested 
in a diminution of its mean distance from the sun 
and its period of revolution.^ It should be added that if 

^ Proceedings of the Manchester Literal^ and Philosophical Society, 
28th November, 1871, vol. xi. p. 33. Since the above remarks were 
written, Professor Balfour Stewart has pointed out to me his paper 
in the Proceedings of the Manchester Literary and Philosophical 
Society for 15th November, 1870 (voL x. p. 32), in which he shows 
that a body moving in an enclosure of uniform temperature would 
probably experience resistance independently of the presence of a 
ponderable medium, such as gas, between the moving body and the 
enclosure. The proof is founded on the theory of the dissipation of 
energy, and this view is said to be accepted by Professors Thotnson and 
Tait. The enclosure is used in this case by Professor Stewnrt simply 
as a means of obtaining a proof, just as it was used by him on a 
previous occasion to obtain a proof of certain consequences of the 
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Professor Tait's theory be correct, as seems very probable, 
and comets consist of swarms of small meteors, there is no 
difiSculty in accounting for the retardation. It has long 
been known that a collection of small bodies travelling 
together in an orbit round a central body will tend to fall 
towards it. In either case, then, this residual phenomenon 
seems likely to be reconciled with known laws of nature. 

In other cases residual phenomena have involved im- 
portant inferences not recognised at the time. Newton 
showed how the velocity of sound in the atmosphere 
could be calculated by a theory of pulses or undulations 
from the observed tension and density of the air. He 
inferred that the velocity in the ordinary state of the 
atmosphere at the earth’s surface would be 968 feet per 
second, and rude experiments made by him in the cloisters 
of Trinity College seemed to show that this was nob far 
from the truth. Subsequently it was ascertained by other 
experimentalists that the velocity of sound was more 
nearly 1,142 feet, and the discrepancy being one-sixth 
part of the whole was far too much to attribute to casual 
errors in the numerical data. Newton attempted to 
explain aw^ay this discrepancy by hypotheses as to the 
reactions of the molecules of air, but without success. 

New investigations having been made from time to time 
concerning the velocity of soimd, both as observed experi- 
mentally and as calculated from theory, it was found that 
each of Newton’s results was inaccurate, the theoretical 
velocit y being qi6 feet per second, and the r eal ^oc itv 
about i,OQO feet. The discrepancy, nevertheless, remained 
as seriousas ever, and it was not until th^ 1816 that 
Laplace showed it to b e due to th e heat developed by tlie 
sudden compTfi 9 ifiQn„of Jhe am 

this heat having the effect oT^Tfit?rear§tng^ elasticity of 
the air and accelerating the impulse.^ It is now perceived 

Theory of Exchanges. He is of opinion that in both of these 
cases wnen once the proof has been obtained, the enclosure may be 
dispensed with. We know, for instance, that the reflation between the 
inductive and absorptive powers of bodies — although this relation 
may have been proved by means of an enclosure, does not depend 
upon its presence, and Professor Stewart thinks that m like manner 
two bodies, or at least two bodies possessing heat such as the sun 
and the earth in motion relative to each other, wiU have the differ- 
ential motion retarded until perhaps it is ultimately d^^yed. 
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that this discrepancy really involves the doctrine of the 
equivalence of heat and energy, and it was applied by 
Mayer, at least by implication, to give an estimate of the 
mechanical equivalent of heat. The estimate thus derived 
agrees satisfactorily with direct determinations by Dr. 
Joule and other physicists, so that the explanation of the 
residual phenomenon which exercised Newton’s ingenuity 
is now complete, and forms an important part of the new 
science of thermodynamics. 

As Herschel observed, almost all great astronomical dis- 
coveries have been disclosed in the form of residual dif- 
ferences. It is the practice at weU-conducted observatories 
to compare the positions of the heavenly bodies as actually 
observed with what might have been expected theoretically. 
This practice was introduced by Halley when Astronomer 
Eoyal, and his reduction of the lunar observations gave a 
series of residual errors from 1722 to 1739, by the examina- 
tion of which the lunar theory was improved. Most of 
the greater astronomical variations arising from nutation, 
aberration, planetary perturbation were discovered in the 
same manner. The precession of the equinox was perhaps 
the earliest residual difference observed; the systematic 
divergence of Uranus from its calculated places was one of 
the latest, and was the clue to the remarkable discovery 
of Neptune. We may also class under residual phenomena 
all the so-called proper motiom of the stars. A complete 
star catalogue, such as that of the British Association, gives 
a greater or less amount of proper motion for almost every 
star, consisting in the apparent difference of position of the 
star as derived from the earliest and latest good obser- 
vations. But these apparent motions are often due, as 
explained by Baily,^ the author of the catalogue, to errors 
of observation and reduction. In many cases the best 
astronomical authorities have differed as to the very direc- 
tion of the supposed proper motion of stars, and as regards 
the amount of the motion, for instance of a Polaris, the 
most different estimates have been formed. Eesidual 
quantities will often be so small that their very existence 
is doubtful. Only the gradual progress of theory and of 
measurement will show clearly whether a discrepancy is to 


} BriHsh Association Catalog of StarSf p. 49. 
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be referred to casual errors of observation or to some new 
phenomenon. But nothing is more requisite for the pro- 
egress of science than the careful recording and investigation 
of such discrepancies. In no part of physical science can 
we be free from exceptions and outstanding facts, of which 
our present knowledge can give no account. It is among 
such anomalies that we must look for the clues to new 
realms of facts worthy of discovery. They are like the 
floating waifs which led Columbus to suspect, the existence 
of the new world. 



CHAPTEE XXVI. 

CHAEACTER OF THE EXPERIMENTALIST. 

In the present age there seems to be a tendency to be- 
lieve that the importance of individual genius is less than 
it was — 

** The individual withers, and the world is more and more.” 

Society, it is supposed, has now assumed so highly deve- 
loped a form, that what was accomplished in past times by 
the solitary exertions of a great intellect, may now be 
worked out by the united labours of an army of investi- 
gators. Just as the well-organised power of a modern artny 
supersedes the single-handed bravery of the mediaeval 
knights, so we are to believe that the combination of in- 
tellectual labour has superseded the genius of an Archi- 
medes, a Newton, or a Laplace. So-called original research 
is now regarded as a profession, adopted by hundreds of 
men, and communicated by a system of training. All that 
we need to secure additions to our knowledge of nature is 
the erection of great laboratories, museums, and observa- 
tories, and the offering of pecuniary rewards to those who 
can invent new chemical, compounds, detect new species, or 
discover new comets. Doubtless this is not the real mean- 
ing of the eminent men who are how urging upon Govern- 
ment the endowment of physical research. They can only 
mean that the greater the pecuniary and material assistance 
given to men of science, the greater the result which the 
available genius of the country may be expected to 
produce. Money and opportunities of study can no more 
produce genius than sunshine and moisture can generate 
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living beings ; the inexplicable germ is wanting in both 
cases. Bat as, when the germ is present, the plant will grow 
more or less vigorously according to the circumstances in 
which it is placed, so it may b e thaf. 

ance may favour development ^of.intellfict Public opinion 

however is not discriminating, and is likely to interpret 
the agitation for the endowment of science as meaning 
that science can be had for money. 

All such notions are erroneous. In no branch of human 
affairs, neither in politics, war, literature, industry, nor 
science, is the influence of genius less considerable than it 
was. It is possible that the extension and organisation, of 
scientific study, assisted by the printing-press and the 
accelerated means of communication, has increased the 
rapidity with which new discoveries are made known, and 
their details worked out by many heads and hands. A 
Darwin now no sooner propounds original ideas concerning^ 
the evolution of living creatures, than those ideas are dis- 
cussed and illustrated, and applied by naturalists in every 
part of the world. In former days his discoveries would 
have been hidden for decades of years in scarce manu- 
scripts, and generations would have passed away before his 
theory had enjoyed the same amount of criticism and cor- 
roboration as it has already received. The result is that 
the genius of Darwin is more* valuable, not less- valuable, 
than it would formerly have' been. The advance of mili- 
tary science and the organisation of enormous armies has 
not decreased the value of a skilful general ; on the con- 
trary, the rank and file are still more in need than they 
used to be of the guiding power of a far-seeing intellect. 
The swift destruction of the Fi-ench military power was 
not due alone to the perfection of the German army, nor to 
the genius of Moltke ; it was due to the combination of a 
weU-disciplined multitude with a leader of the highest 
powers. So in eveiy branch of human affairs the in- 
fluence •of the individual is not withering, but is growing 
with the extent of the material resources which are at 
his command. 

Turning to our own subject, it is a work of undimlnished 
interest to r6fl;ect upon those qualities of* mind which lead 
to great advances in natural knowledge. Nothing, indeed* 
is less amenable than genius to scientific analysis and 
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explanation. Even definition is out of the question. Buffon 
said that ‘‘genius is patience,” and certainly patience is one 
of its most requisite components. But no one can suppose 
that patient labour alone will invariably lead to those con- 
spicuous results which we attribute to genius. In every 
branch of science, literature, art, or industry, there are 
thousands of men and women who work with unceasing 
patience, and thereby ensure moderate success ; but it 
would be absurd to suppose that equal amounts of intellec- 
tual labour yield equal results. A Newton may modestly 
attribute his discoveries to industry and patient thought, 
and there is reason to believe that genius is unconscious 
and unable to account for its own peculiar powers. As 
genius is essentially creative, and consists in divergence 
from the ordinary grooves of thought and action, it must 
necessarily be a phenomenon beyond the domain of the 
laws of nature. Nevertheless, it is always an interesting 
and instructive work to trace out, as far as possible, the 
characteristics of mind by which great discoveries have 
been achieved, and we shall find in the analysis much to 
illustrate the principles of scientific method. 

Error of the Baconian Method, 

-Hundreds of investigators may be constantly engaged in 
experimental inquiiy ; they may compile numberless note- 
books full of scientific facts, and endless tables of numerical 
results ; but, if the views of induction here maintained be 
true, they can never by such work alone rise to new and 
great discoveries. By a system of research they may work 
out deductively the details of a previous discovery, but to 
arrive at a new principle of nature is another matter. 
Francis Bacon spread abroad the notion that to advance 
science we must begin by accumulating facts, and then 
draw from them, by a, process of digestion, successive laws 
of higher and higher generality. In protesting against the 
false method of the scholastic logicians, he exaggerated a 
partially true philosophy, until it became as false as liat 
which preceded it His notion of scientific method was a 
kind of scientific bookkeeping. Facts were to be indis- 
eriniinately gathered from every source, and posted in a 
ledger, from which would emerge in time a balanp^ of 
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truth. It is difficult to imagine a less likely way of arriv- 
ing at great discoveries. The greater the array of facts, 
the less is the probability that they will by any routine 
system of classification disclose the laws of nature they 
embody. Exhaustive classification in all possible orders is 
out of the question, because the possible orders are practi- 
cally infinite in number. 

It is before the glance of the philosophic mind that 
facts must display their meaning, and fall into logical order. 
The natural philosopher must therefore have, in the first 
place, a mind ot impressionable character, which is affected 
by the slightest exceptional phenomenon. His associating 
and identifying powers must be great, that is, a strange fact 
must suggest to his mind whatever of like nature has pre- 
viously come within his experience. His nhagination must 
be active, and bring before his mind multitudes of relations 
in which the unexplained facts may possibly stand with 
regard to each other, or to more common facts.^^^Sure and 
vigorous powers of deductive reasoning must then come into 
play, and enable 'him to infer what will happen under each 
supposed condition. Lastly, and above all, there must be 
the love of certainty leading him diligently and with per- 
fect candour, to compare his speculations with the test of 
fact and experiment. 

Freedom of Theorising. 

It would be an error to suppose that the ^eat discoverer 
seizes at once upon the truth, or has any unerring method 
ef divining it. In all probability the errors of the great 
mind exceed in number those of the less vigorous one. 
Fertility of imagination and abundance of guesses at truth 
are among the first requisites of discovery; but the erroneous 
guesses must be many times as numerous as those which 
prove well founded. The weakest analogies, the most 
whimsical notions, the most apparently absurd theories, 
may pass through the teeming brain, and no record remain 
of more than the hundredth part. There is nothing really 
absurd except that Which proves contrary to logic and ex- 
penence. The truest theories involve suppositions which , 
axe" inconceivable, and no limit can really be placed to the ; 
freedom of hypothesis. 
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Kepler is an extraordinary instance to this effect. No 
Biinor laws of nature are more firmly established than those 
which he detected concerning the orbits and motions of 
planetary masses, and on these empirical laws the theory 
of gravitation was founded. Did we not learn from his 
own writings the multitude of errors into which he fell, we 
might have imagined that he had some special faculty of 
seizing on the trutL But, as is well known, he was full of 
chimerical notions; his favourite and long-studied theory 
was founded on a fanciful analogy between the planetary 
orbits and the regular solids. His celebrated laws were the 
outcome of a lifetime of speculation, for the most part vain 
and groundless. We know this because he had a curious 
pleasure in dwelling upon erroneous and futile trains of 
reasoning, which most persons consign to oblivion. But 
Kepler's name was destined to be immortal, on account of 
the patience with which be submitted his hypotheses to 
comparison with observation, the candour with which he 
acknowledged failure after failiire, and the perseverance 
and ingenuity with which he renewed his attack upon the 
riddles of nature. 

Next after Kepler perhaps Faraday is the physical philo- 
sopher who has given us the best insight into the progress 
of^ discovery, by recording erroneous as well as successful 
^speculations. The recorded notions, indeed, are probably 
but a tithe of the fancies which arose in his active brain. 
As Faraday himself said — “ The world little knows how 
many of the thoughts and theories which have passed 
through the mind of a scientific investigator, have been 
crushed in silence and secresy by his own severe criticism 
and adverse examination ; that in the most successful in- 
stances not a tenth of the suggestions, the hopes, the wishes, 
the preliminary conclusions have been realised." 

Nevertheless, in Famday's researches, published in* the 
Philosophical Transactions, in minor papers, in manuscript 
note-books, or in other materials, made knownin hie inter- 
esting life by Dr. Bence Jones, we find invaluable lessons 
for the experimentalist. These writings are full of specula- 
tions which we must n6t judge by the light of subsequent 
discovery It taay perhaps be said that Faraday com- 
mitted to the printing press brude ideas which a friend 
would have counsell^ him to keep back. There was 
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occasionally even a wildness and vagueness in his notions, 
which in a less careful experimentalist would have been 
fatal to the attainment of truth. This is especially apparent 
in a curious paper concerning Ray-vibrations ; but fortu- 
nately Faraday was aware of the shadowy character of his 
speculations, and expressed the feeling in words which 
muyt be quoted. " I think it likely,” he says,^ ** that I 
have made many mistakes in the preceding pages, for 
even to myself my ideas on this point appear only as the 
shadow of a speculation, or as one of those impressions 
upon the mind, which are allowable for a time as guides to 
thought and research. He who labours in experimental 
inquiries knows how numerous these are, and how often 
their apparent fitness and beauty vanish before the progress 
and development of real natural truth.” If, then, the ex- 
perimentalist has no royal road to the discovery of the 
truth, it is an interesting matter to consider by what logical 
procedure he attains the truth. 

If I have taken a correct view of logical method, there 
is really no such thing as a distinct process of induction. 
The probability is infinitely small that a collection of 
complicated facts will fall into an arrangement capable 
of exhibiting directly the laws obeyed by them. The 
mathematician might as well expect to integrate his 
functions by a ballot-box, as the experimentalist, to draw 
deep truths from haphazard trials. Ail induciion is but 
the inverse application of deduction, and it is by the 
inexplicable action of a gifted mind that a multitude of 
heterogeneous facts are ranged in luminous order as the 
results of some uniformly acting law. So different, indeed, 
are the qualities of mind required in different branches of 
science, that it would be absurd to attempt to give an 
exhaustive description of the character of mind which 
leads to discovery. The labours of. Hewton could not 
have been accomplished except by a mind of the utmost 
mathematical genius; Faraday, on the other hand, has, 
made the most extensive additions to human knowledge, 
without passing beyond common arithmetic, I do not 
remember meeting in Faraday’s writings with a’ single 

1 ExpeHrmntal Besea/rehes in Chemistry cmd Bhysics^ p. 372. 
Philosophical Magazine^ 3rd Series, May 1846, vol. xxviiii p. 350. 
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algebraic formula or mathematical problem of any com- 
plexity. Professor Clerk Maxwell, indeed, in the preface 
to his new Treatise on Electricity, has strongly recommended 
the reading of Faraday’s researches by all students of 
science, and has given his opinion that though Faraday 
seldom or never employed mathematical formulae, his 
methods and conceptions were not the less mathematical 
in their nature.^ I have myself protested against the 
prevailing confusion between a mathematical and an exact 
science,^ yet I certainly think that Faraday’s experiments 
were for the most part qualitative, and that his mathe- 
matical ideas were of a rudimentary character. It is true 
that he could not possibly investigate such a subject as 
magne-crystallic action without involving himself in 
geometrical relations of some complexity. Nevertheless 
I think that he was deficient in mathematical deduc- 
tive power, that power which is so highly developed by 
the modern system of mathematical training at Cam- 
bridge.- 

Faraday was acquainted with the forms of his celebrated 
lines of force, but I am not aware that he ever entered 
into the algebraic nature of those curves, and I feel sure 
that he could not have explained their forms as depending 
on the resultant attractions of all the magnetic particles. 
There are even occasional indications that he did not 
understand some of the simpler mathematical doctrines of 
modern physical science. Although he so clearly foresaw 
the correlation of the physical forces, and laboured so hard 
with his own hands to connect gravity with other forces, 
it is doubtful whether he understood the doctrine of the 
conservation of energy as applied to gravitation. Faraday 
was probably equal to Newton in experimental skill, and 
in that pecidiar kind of deductive power which leads to 
the invention of simple qualitative experiments; but it 
must be allowed that he exhibited little of that mathe- 
matical power which enabled Newton to follow out intui- 
tively the quantitative results of a complicated problem 
with such wonderful facility. Two instances, Newton and 
Faraday, are sufficient to show that minds of widely 

* See also Nature, September i8, 1873 ; voL viil p, 398. 

* Theory oj FoliiieaX Economy, pp. 3 — 14. 
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different conformation will meet with, suitable regions of 
research. N'evertheless, there are certain traits which we 
may discover in all the highest scientific minds. 

The Newtmmn Method, the True Organvm. 

Laplace was of opinion that the Prindpia and the 
Optich^ of Newton furnished the best models then avail- 
able of the delicate art of experimental and theoretical 
investigation. In these, as he says, we meet with the 
most happy illustrations of the way in which, from a 
series of inductions, we may rise to the causes of pheno- 
mena, and thence descend again to all the resulting 
details. 

The popular notion concerning Newton’s discoveries is 
that in early life, when driven into the country by the 
Great Plague, a falling apple accidentally suggested to 
him the existence of gravitation, and that, availing himself, 
of this hint, he was led to, the discovery .of the law of 
gravitation, the explanation of which constitutes the 
Prindpia, It is difficult to imagine a more ludicrous and 
inadequate picture of Newton’s labours. No originality, 
or at least priority, was claimed by Newton as regards the. 
discovery of the law of the inverse square, so closely 
associated with his name. In a well-known Scholium ^ 
he acknowledges that Sir Christopher Wren, Hooke, and 
Halley, had severally observed the accordance of Kepler’s 
third law of motion with the principle of the inverse 
square. 

Newton’s work was really that of developing the 
methods of deductive reasoning and experimental verifica- 
tion, by which alone great hypotheses can be brought to 
the touchstone of fact. Archimedes was the greatest of . 
ancient philosophers, for he showed how mathematical 
theory could be wedded to physical experiments; and 
his works are the first true Organum. Newton is the 
modern Archimedes, and the Prindpia forms the true 
Novum Organum of scientific method. The laws which 
he established are great, but his example of the maftiner of 
establishing them is greater still. Excepting perhaps 

^ Prindpia, bk. i Prop. iv. 
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chemistry and electricity, there is hardly a progressive 
branch of physical and mathematical science^ which has 
not been developed from the germs of true scientific pro- 
, cedure which he disclosed in the Principia or the Opticks, 
"Overcome by the success of his theory of universal gravi- 
tation, we are apt to forget that in his theory of sound he 
originated the mathematical investigation of waves and 
the mutual action of particles ; that in his corpuscular 
theory of light, however mistaken, he first ventured to 
apply mathematical calculation to molecular attractions 
and repulsions; that in his prismatic experiments he 
showed how far experimental verification could be pushed; 
that in his examination of the coloured rings named after 
him, he accomplished the most remarkable instance of 
minute measurement yet known, a mere practical appli- 
cation of which by Fizeau was recently deemed worthy 
of a medal by the Royal Society. We only learn by degrees 
how complete was his scientific insight ; a few words in his 
third law of motion display his acquaintance with the 
fundamental principles of modern thermodynamics and 
the conservation of energy, while manuscripts long over- 
looked prove that in his inquiries concerning atmospheric 
refraction he had overcome the main difficulties of ap- 
plying theory to one of the most complex of physical 
.prqWems. 

.vA^5[fter all, it is only by examining the way in which he 
elfected discoveries, that we can rightly appreciate his 
greatness. The Principia treats not of gravity so much 
as of forces in general, and the methods of reasoning 
about them. He investigates not one hypothesis only, 
but mechanical hypotheses in general. Nothing so much 
strikes the reader of the work as the exhaustiveness of his 
treatment, and the unbounded power of his insight. If he 
treats of central forces, it is not one law of force which he 
discusses, but many, or almost all imaginable laws, the 
results of each of which, he sketches out in a few pregnant 
words. If his subject is a resisting medium, it is not air 
dr wat^r alone, but resisting media in general. We have 
a good example of his method in the scholium to the 
twenty-second proposition of the second book, in which he 
juns rapidly over many suppositions as to the laws of the 
compressing forces which m^ht conceivably act in an 
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atmosphere of gas, a consequenoe beiug drawn from esu^ 
case, and that one hjrpothesis ultimately selected which 
yields results agreeing with experiments upon the pressure 
and density of the terrestrial atmosphere. 

Newton said that he did not frame hypotheses, but, in 
reality, the greater part of the Frincipia is purely hy- 
pothetical, endless varieties of causes and laws being 
imagined which have no counterpart in nature. The 
most grotesque hypotheses of Kepler or Descartes were 
not more imaginary. But Newton’s comprehension of 
logical method was perfect ; no hypothesis was entertained 
u^ess it was definite in conditions, and admitted of un- 
questionable deductive reasoning; and the value of each 
hypothesis was entirely decided by the comparison of its 
consequences with facts. I do not entertain a doubt that 
the general course of his procedure is identical with that 
view of the nature of induction, as the inverse application 
of deduction, which I advocate throughout this book. 
Francis Bacon held that science should be founded on 
experience, but he mistook the true mode of using experi- 
ence, and, in attempting to apply his method, ludicrously 
failed. Newton did not less found his method on experi- 
ence, but he seized the true method of treating it, and 
applied it with a power and success never since equalled. 
It is a great mistake to say that modern science is the 
result of the Baconian philosophy ; it is the Newtonian 
philosophy ahd the Newtonian method which have led to 
aU the great triumphs of physical science, and I repeat 
that the FriTicipia forms the true ” Novum Organum.” 

In bringing his theories to a decisive experimental verifi- 
cation, Newton showed, as a general rule, exquisite skill 
and ingenuity. In his hands a few simple pieces of appa- 
ratus were made to give results involving an unsuspected 
depth of meaning. His most beautiful experimental in- 
quiry was that by which he proved the differing refrangibi- 
lity of Icays of light. To suppose that he originally dis- 
covered the power of a prism to break up a beam of white 
light would be a mistake, for he speaks of procuring a 
glass prism to try the ^'celebrated phenomena of cblonrs/’ 
But we certainly owe to him the theory that white light is 
a mixture of rays differing in refrangibility, and that lights 
which differ in colour, differ also in refrangibility. Qt^ir 
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persons might have conceived this theory; in fact/ any 
person regarding refraction as a quantitative effect must 
see that different parts of the spectrum have suffered 
different amounts of refraction. But the power of Newton 
is shown in the tenacity with which he followed his theory 
into every consequence, and tested each result by a simple 
but conclusive experiment. He first shows that different 
coloured spots are displaced by different amounts when 
viewed through a prism, and that their images come to a 
focus at different distances from the lense, as they should 
do, if the refrangibility differed. After excluding by many 
experiments a variety of indifferent circumstances, he fixes 
his attention upon the question whether the rays are 
merely shattered, disturbed, and spread out in a chance 
manner, as 6rima;ldi supposed, or whether there is a con- 
stant relation between the colour and the refrangibility. 

If Grimaldi was right, it might be expected that a part 
of the spectrum taken separately, and subjected to a second 
refraction, would suffer a new breaking up, and produce 
some new spectrum. Newton inferred from his own theory 
that a particular ray of the spectrum would have a con- 
stant refrangibility, so that a second prism would merely 
bend it more or less, but not further disperse it in any con- 
siderable degree. By simply cutting off most of the rays of 
the spectrum by a screen, and allowing the remaining 
narrow ray to fall on a second prism, he proved the truth 
of this conclusion ; and then slowly turning the first prism, 
so as to vary the colour of the ray falling on the second one, 
he found that the spot of light formed by the twice-refracted 
ray travelled up and down, a palpable proof that the amount 
of refrangibility varies with the colour. For his further 
satisfaction, he sometimes refracted the light a third or 
fourth time, and he found that it might be refracted up- 
wards or downwards or sideways, and yet for each colour 
there was a definite amount of refraction through each 
prism. He completed the proof by showing that the sepa 
rated rays may again be gathered together into white l^ht 
by an inverted prism, so that no number of refractions 
alters tlie character of the light. The conclusion thus ob- 
tained serves to explain the confusion arising in the use of 
a common lense ; he shows that with homogeneous light 
there is one distinct focus, with mixed light an infinite 
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number of foci, which prevent a clear view from being ob- 
tained at any point. 

What astonishes the reader of the O'ptidcB is the per- 
sistence with which Newton follows out the consequences 
of a preconceived theory, and tests the one notion by a 
wonderful variety of simple comparisons with fact. The 
ease with which he invents new combinations, and fore- 
sees the results, subsequently verified, produces an insuper- 
able conviction in the reader that he has possession of the 
t?:uth. And it is certainly the theory which leads him to 
the experiments, most of which could hardly be devised by 
accident. Newton actually remarks that it was by mathe- 
matically determining all kinds of phenomena of colours 
which could be produced by refraction that he had “ in- 
vented ” almost all the experiments in the book, and he 
promises that others who shall argue truly,” and try the 
experiments with care, will not be disappointed in the 
results.^ 

The philosophic method of Huyghens was the same as 
that of Newton, and Huyghens’ investigation of double 
refraction furnishes almost equally beautiful instances of 
theory guiding experiment. So far as we know double re- 
fraction was first discovered by accident, and was described 
by Erasmus Bartholinus in 1669. The phenomenon then 
appeared to be entirely exceptional, and the laws governing 
the two paths of the refracted rays were so unapparent 
and complicated, that Newton altogether misunderstood the 
phenomenon, and it was only at the latter end of the last 
century that scientific men began to comprehend its laws. 

Nevertheless, Huyghens had, with rare genius, arrived 
at the true theory as early as 1678. He regarded light 
as an undulatory motion of some medium, and in his 
TraiU de la Lumi^re he pointed out that, in ordinary 
refraction, the velocity of propagation of the wave is 
equal in all directions, so that the front of an advancing 
wave is spherical, and reaches equal distances in equal 
times. But in crystals, as he supposed, the medium would 
be of unequal elasticity in different directions, so that a 
disturbance would reach unequal distances in equal times, 
and the wave produced would have a spheroidal form. 

* OpUdka, bk. I part ii. Prop, 3. 3rd ed. p. 115* 
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Huyghans was not satisfied with an unverified theory. 
He calculated what , might he expected to happen when a 
crystal of calc-spar was cut in various directions, and he 
says : “ I have examined in detail the properties of the 
extraordinary refraction of this crystal, to see if each 
phenomenon which is deduced from theory would agree 
with what is really observed. And this being so, it is 
no slight*prQof of the truth of our suppositions and prin- 
ciples ; but what I am * going to add here confirms them 
stni more wonderfully; that is, the diMrent modes of 
cutting this crystal, in which the surfaces produced give 
rise to refraction exactly such as they ought to be, and as 
I had foreseen them, according to the preceding theory.” 

Newton’s mistaken corpuscular theory of light caused 
the theories and experiments of Huyghens to be disregarded 
for more than a century ; but it is not easy to imagine a 
more beautiful or successful application of the true method 
of inductive investigation, theory guiding experiment, and 
yet wholly relying on experiment for confirmation. 

Candour and Courage of the Philosophic Mind, 

Perfect readiness to reject a theory inconsistent with 
fact is a primary requisite of the philosophic mind. But it 
would be a mistake to suppose that this candour has any- 
thing akin to fickleness ; on the contrary, readiness to reject 
a false theory may be combined with a peculiar pertinacity 
and courage in maintaining an hypothesis as long as its 
falsity is not actually apparent. There must, indeed, be no 
prejudice or bias distorting the mind, and causing it to pass 
over the unwelcome results of experiment. There must be 
that scrupulous honesty and flexibility of mind, which 
assigns adequate value to all evidence ; indeed, the more a 
man loves his theory, the more scrupulous should be his 
attention to its faults. It is common in life to meet 
with some theorist, who, by long cogitation over u sjn^ 

' theory, has allowed it to mould his mind, and render mtn 
incapable of receiving anything but as a contribution to the 
truth of his one theory. A narrow and intense course of 
thought may sometime lead to great results, but the adop- 
tion^ of a wrong theory at the outset is in such a mind irre- 
ftrievabla The man of one idea has but a single ohanoe of 
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truth. The fertile discoverer, on the contrary, chooses 
between many theories, and is never, wedded to any one, 
unless impartial and repeated comparison has convinced 
him of its validity. He does not choose and then com- 
pare ; but he compares time after time, and then chooses. 

Having once deliberately chosen, the philosopher mayi 
rightly entertain his theory with the strongest fidelity. | 
He will neglect no objection ; for he may chande at any 
time to meet a fatal one ; but he will bear in mind the in- 
considerable powers of the human mind compared with 
the tasks it has to undertake. He will see that no theory 
can at first be reconciled with all objections, because there 
may be many interfering causes, and the very consequences 
of the theory may have a complexity which prolonged 
investigation by successive generations of men may not 
exhaust. If, then, a theory exhibit a number of striking 
coincidences with fact, it must not be thrown aside until, at 
least one conclusive discordance is proved, regard being had 
to possible error in establishing that discordance. In 
science and philosophy something must be risked. He 
who quails at the least difficulty will never establish a new 
truth, and it was not unphilosophic in Leslie to remark 
concerning his own inquiries into the nature of heat — 

“In the course of investigation, I have found myself 
compelled to relinquish some preconceived notions ; but 
I have not abandoned them hastily, nor, till after a 
warm and obstinate defence, I was driven from every 
post.'' 1 

Faraday’s life, again, furnishes most interesting illustra- 
tions of this tenacity of the philosophic mind. Though so 
candid in rejecting some theories, there were others to 
which he clung through everything. One of his favourite 
notions resrilted in a brilliant discovery ; another remains 
in doubt to the present day. 

The Philosophic Character of Faraday. 

In Faraday’s researches concerning the connection of 
magnetism and light, we find an excellent instance of the 
pertinacity with which a favourite theory may be pursued, 

1 Experimental Inquiry into the Natwre of Meat. Preface, p, xv. 
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so long as the results of experiment do not clearly negative 
the notions entertained. In purely quantitative questions, 
as we have seen, the absence of apparent effect can seldom 
be regarded as proving the absence of all effect. Now 
Faraday was convinced that some mutual relation must 
exist between magnetism and light. As early as 1822, he 
attempted to produce an effect upon a ray of polarised light, 
by passing it through water placed between the poles of a 
voltaic battery ; but he was obliged to record that not the 
slightest effect was observable. During miany years the 
subject, we are told,^ rose again and again to his mind, 
and no failure could make him relinquish his search after 
this unknown relation. It was in the year 1845 that he 
gained the first success; on August 30th he began to 
work with common electricity, vainly trying glass, quartz, 
Iceland spar, &c. Several days of labour gave no result ; 
yet he did not desist. Heavy glass, a transparent medium 
of great refractive powers, composed of borate of lead, was 
now tried, being placed between the poles of a powerful 
electro-magnet while a ray of polarised light was trans- 
mitted through it. When the poles of the electro-magnet 
were anunged in certain positions with regard to the 
substance under trial, no effects were apparent; but at 
last Faraday happened fortunately to place a piece of 
heavy glass so that contrary magnetic poles were on the 
same side, and now an effect was witnessed. The glass 
was found to have the power of twisting the plane of 
polarisation of the ray of light. 

All Faraday^s recorded thoughts upon this great experi- 
ment are replete with curious interest. He attributes his 
success to the opinion, almost amounting to a conviction, 
that the various forms, under which the forces of matter 
are made . manifest, have one common origin, and are so 
directly related and mutually dependent that they are 
convertible. This s,trong persuasion,” hesays,^ " extended 
to the powers of light, and led to many exertions "'having 
for their object the discovery of the direct relation of light 
and electricity. -These ineffectual exertions could not 
remove* my strong persuasion, and I have at last sue- 

* Bence Jones, Life of Faraday, vol. i. p, 362, 

Ibid. vol. ii. p. 199. 
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ceeded.” He describes the phenomenon in somewhat figu- 
rative language as the magnetisation of a ray of lights 
and also as the illumination of a magnetic cwrve or linA 
of force. He has no sooner got the efiPect in one case,* 
than he proceeds, with his characteristic comprehensive- 
ness of research, to test the existence of a like phenomenon 
in all the substances available. He finds that not only 
heavy glass, but solids and liquids, acids and alkalis, 
oils, water, alcohol, ether, all possess this power ; but he 
was not able to detect its existence in any gaseous sub- 
stance. His thoughts cannot be restrained trom running 
into curious speculations as to the possible results of the 
power in certain cases. " What effect,” he says, “ does this 
force have in the earth where the magnetic curves of the 
earth traverse its substance ? Also what effect in a mag- 
net ? ” And then he falls upon the strange notion that 
perhaps this force tends to make iron and oxide of iron 
transparent, a phenomenon never observed. We can meet 
with nothing more instructive as to the course of mind by 
which great discoveries are made, than these records of 
Faraday’s patient labours, and his varied success and 
failure. Nor are his unsuccessful experiments upon the 
relation of gravity and electricity less interesting, or less 
worthy of study. 

Throughout a large part of his life, Faraday was pos- 
sessed by the idea that ^ gravity cannot be unconnected 
with the other forces of nature. On March 19th, 1849, 
he wrote in his laboratory book, — “ Gravity. Surely this 
force must be capable of an experimental relation to elec- 
tricity, magnetism, and the other forces, so as to bind it 
up with them in reciprocal action and equivalent effect ? ” ^ 
He filled twenty paragraphs or more with reflections and 
suggestions, as to the mode of treating the subject by ex- 
periment. He anticipated that the mutual approach of 
two bodies would develop electricity in them, or that a 
body falling through a conducting helix would excite a 
current changing in direction as the motion was reversed. 

“ All this is a dream** he remarks ; “ still examine it by a 
few experiments. Nothing is too wonderful to be’ true, if 

t ^ee also his more formal statement in the EixperimentalReaearchei 
in Electricity, 24th Series, § 2702, voL iii, p. 161. 
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it be consistent ’with the lawa of nature; and in such 
things as these, experiment is the best test of such con* 
sistency.” 

He executed many difficult and tedious experiments, 
which are described in the 24th Series of Experimental 
Besearches, The result was nil, and yet he concludes ; 
*'Here end my trials for the present. The results are 
negative; they do not shake my strong feeling of the 
existence of a relation between gravity and electricity, 
though they give no proof that such a relation exists.*' 

* He returned to the work when he was ten years older, 
and in 1858-9 recorded many remarkable reflections and 
experiments. He was much struck by the fact that elec- 
tricity is essentially a dual force, and it had always been 
a conviction of Faraday that no body could be electrified 
positively without some other body becoming electrified 
negatively; some of his researches had been simple de- 
velopments of this relation. But observing that between 
two mutually gravitating bodies there was no apparent 
circumstance to determine which should be positive and 
which negative, he does not hesitate to call in question an 
old opinion. The evolution of one electricity would be a 
new and very remarkable thing. The idea throws a doubt 
on the whole ; but still try, for who knows what is possible 
in dealing with gravity ? ” We cannot but notice the 
candour with which he thus acknowledges in his laboratory 
book the doubtfulness of the whole thing, and is yet pre- 
pared as a forlorn hope to frame experiments in opposition 
to all his previous experience of the course of nature. For 
a time his thoughts flow on as if the strange detection were 
already made, and he had only to trace out its conse- 
quences throughout the universe. ‘'Let us encourage 
ourselves by a little more imagination prior to experiment,** 
he says ; and then he reflects upon the infinity of actions 
in nature, in which the mutual relations of electricity and 
gravity would come into play ; he pictures to himfeeif the 
planets and the comets charging themselves as they ap- 
proach the sun ; cascades, rain, rising vapour, circulating 
currents of the atmosphere, the fumes of a volcano, the 
smoke in a chimney become so many electrical machines. 
A multitude of events and changes in the atmosphere 
seem to be ut once elucidated by such actions ; for a 
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moment his reveries have the vividness of fact. “ I think 
we have been dull and blind not to have suspected some 
such results,” and he sums up rapidly the consequences of 
his great but imaginary theory ; an entirely new mode of 
exciting heat or electricity, an entirely new rektion of the 
natural forces, an analysis of gravitation, and a justification 
of the conservation of force. 

Such were Faraday's fondest dreams of what might be, 
and to many a philosopher they would have been sufficient 
basis for the writing of a great book. But Faraday's 
imagination was within his full control; as he himself 
says, Let the imagination go, guarding it by judgment 
and principle, and holding it in and directing it by experi- 
ment.” His dreams soon took a very practical form, and 
for many days he laboured with ceaseless energy, on the 
staircase of the Eoyal Institution, in the clock tower of the 
Houses of Parliament, or at the top of the Shot Tower in 
Southwark, raising and lowering heavy weights, and com- 
bining electrical helices and wires in every ’ conceivable 
way. His skill and long experience in experiment were 
severely taxed to eliminate the effects of the earth's mag- 
netism, and time after time he saved himself from accepting 
mistaken indications, which to another man might have 
seemed conclusive verifications of his theory. When all 
was done there remained absolutely no results. ‘‘The 
experiments,” he says, “were well made, but the results 
are negative ; '' and yet, he adds, “ I cannot accept them as 
conclusive.” In this position the question remains to the 
present day ; it may be that the effect was too slight to be 
detected, or it may be that the arrangements adopted were 
not suited to develop the particular relation which exists, 
just as Oersted could not detect electro-magnetism, so long 
as his wire was perpendicular to the plane of motion of his 
needle. But these are not matteijs which concern us 
further here. We have only to notice the profound con- 
viction ^n the unity of natural laws, the active powers of 
inference and imagination, the unbounded licence of theo- 
rising, combined above all with the utmost diligence in 
experimental verification which this remarkable research 
exUbits. 
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Rcsmation of Judgment 

There is yet another characteristic needed in the 
philosophic mind; it is that of suspending judgtnent 
-when the data are insufficient. Many people will express 
a confident opinion on almost any question which is put 
before them, but they thereby manifest not strength, but 
narrowness of mind. To see all sides of a complicated 
subject, and to weigh all the different facts and probabili- 
ties correctly, require no ordinary powers of comprehension. 
Hence it is most frequently the philosophic mind which is 
in doubt, and the ignorant mind wliich is ready with a 
positive decision. Faraday has himself said, in a . very 
interesting lecture:^ “Occasionally and frequently the 
exercise of the judgment ought to end in absolute reser- 
vation. It may be very distasteful, and great fatigue, to 
suspend a conclusion ; but as we are not infallible, so we 
ought to be cautious ; we shall eventually find our ad- 
vantage, for the man who rests in his position is not so far 
from right as he who, proceeding in a wrong direction, is 
'ever increasing his distance.” 

Arago presented a conspicuous example of this high 
quality of mind, as Faraday remarks ; for when he made 
known his curious discovery of the relation of a magnetic 
needle to a revolving copper plate, a number of supposed 
men of science in different countries gave immediate and 
confident explanations of it, which were all wrong.^ But 
Arago, who had both discovered the phenomenon and 
personally investigated its conditions, declined ' to put 
forward publicly any theory at all. 

At the same time we must not suppose that the truly 
philosophic mind can tolerate a state of doubt, while a 
chance of decision remains open. In science nothing like 
compromise is possible, and truth must be one. Hence, 
doubt is the confession of ignorance, and involves a painful 
feeling of incapacity. But doubt lies between eiror and 
truth, so that if we choose wrongly we are further away 
than eyer from our goal. 

Summing up, then, it would seem as if the min d of 
the great discoverer must combine contradictory attributes. 

> Printed in Modem Culture, edited by Youinans, p. 219. 
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He must be fertile in theories and hypotheses, and yet full 
of facts and precise results of experienpe. He must enter- 
tain the feeblest analogies, and the merest guesses at 
truth, and yet he must hold them as worthless till they 
are verified in experiment. When there are any grounds 
of probability he must hold tenaciously to an old opinion, 
and yet he must be prepared at any moment to relinquish 
it when a clearly contradictory fact is encountered. The 
philosopher,” says Faraday,^ should be a man willing to 
listen to every suggestion, but determined to judge for 
himself. He should not be biased by appearances ; havdf 
no favourite hypothesis ; be of no school ; and in doctrine 
have no master. He should not be a respecter of persons, 
but of things. Truth should be his primary object. If to 
these qualities be added industry, he may indeed hope to 
walk within the veil of the temple of nature.” 


* Xi/e of Farada/y^ voL i. p. 22^ 




BOOKV. 

GENERALISATION, ANALOGY, AND 
CLASSIFICATION. 


CHAPTER XXVIL 

OENESALISATIOX. 

I HAVE endeavoured to show in preceding chapters that 
all inductive reasoning is an inverse application of de- 
ductive reasoning, and consists in demonstrating that the 
consequences of certain assumed laws agree with fi^ts of 
nature gathered by active or passive observation.' The 
fundamental process of reasoning, as stated in the outset, 
consists in inferring of a thing what we know of similar 
objects, and it is on this principle that the whole of deduc- 
tive reasoning, whether simply logical or mal^ematico- 
logical, is founded. AU , inductive reasoning must be 
founded on the same principle. It might heem that by a 
plain use of this principle we could avoid the complicated 
processes of induction and deduction, and ar^e .directly 
from one particular case to another, as Mill proposed. If 
the Earth, Yenus, Mars, Jupiter, and other planets move 
indliptic orbits, cannot we dispense with elaborate pre- 
cautions, and assert that Neptune, Ceres, and the last 
discovered planet must do so likewise ? Bo we not know 
that Mr. Gladstone must die, because he is like other 
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men? May we not argue that because srnne men die 
thei^fore he must ? Is it requisite to ascend by induction 
to the general' J)Toposition " all men must die,” and then 
descend by deduction from that general proposition to the 
case of Mr. Gladstone ? My answer undoubtedly is that 
we must ascend to general propositions. The fundamental 
principle of the aubstitujbion of similars gives us no urarrant 
in affirming of Mr. Gladstone what we know of other men, 
because we cannot be sure that Mr. Gladstone is exactly 
similar to other men. Until his death we cannot be per- 
fectly sure that he possesses all the attributes of other 
men ; it is a question of probability, and I have endeavoured 
to explain the mode in which the theory of probability is 
applied to calculate the probability that from a series of 
similar events we may infer the recurrence of like events 
under identical circumstances. There is then no such| 
process as that of inferring from particulars to particulars.! 
A careful analysis of the conditions under which sudh an 
inference appears to be made, shows that the process is 
really a general one, and that what is inferred of a par- 
ticular case might be inferred of all similar cases. All 
reasoning is essentially general, and all science implies 
generalisation. In the very birth-time of philosophy this 
was held to be so : " Nulla scientia est de individuis, sed 
de solis universalibus,” was the doctrine of Plato, delivered 
by Porphyry. And Aristotle^ held a like opinion — 
Ovhefxia 8^ ri'xyv fTKoirel to Kad' e/cacTTov ... to Be tcaO* 
€/ca<TTov aireipov Kal ovk eTncrrrjTov, ‘'No art treats of 
particular cases ; for particulars are infinite aiid cannot be 
known.” No one who holds the doctrine that reasoning 
may be from particulars to particulars, can be supposed 
to have the most rudimentary notion of what constitutes 
reasoning and science. 

At the same time there can be na dotibt that practi- 
cally what we find to be true of many similar objects will 
probabl]^ be true of the next similar object. This is the 
result to which an analysis of the Invemei Method of 
Probabilities leads us, alnd, in the absence of precise data 
from Which we may calculate probabiliti^, we are usually 
obliged to make a rough assumption Jihsit similars in sM.e 

^ Aristofle’s 2. 11. 

; Q Q 2 
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respects are similars in other respects. Thus it comes to 
pass that a large part of the reasoning processes in which 
scientific men are engaged, consists in detecting similarities 
between objects, and then rudely assuming that the like 
similarities will be detected in other cases. 

Distinction of Generalisation and Analogy. 

There is no distinction but that of degree between what 
is known as reasoning by generalisation and reasoning by 
analogy. In both cases from certain observed resemblances 
we infer, with more or less probability, the existence of 
other resemblances. In generalisation the resemblances 
have great extension and usually little intension, whereas 
in analogy we "rely upon the great intension, the ex- 
tension being of small amount (p. 26). If we find that the 
qualities A and B are associated together in a great 
many instances, and have never been found separate, it is 
highly probable that on the next occasion when we meet 
with A, B will also be present, and vice versd. Thus 
wherever we meet with an object possessing gravity, it is 
|fbund to possess inertia also, nor have we met with any 
material objects possessing inertia without discovering that 
they also possess gravity. The probability has therefore 
become very great, as indicated by the rules founded on 
the Inverse Method of Probabilities (p. ^57), that whenever 
in the future we meet an object possessing either of the 
properties of gravity and inertia, it will be found on 
examination to possess the other of these properties. 
This is a clear instance of the employment of generalisation. 

In analogy, on the other hand, we reason from likeness 
in many points to likeness in other points. The qualities 
or points of resemblance are now numerous, not the 
objects. At the poles of Mars are two white spots which 
resemble in many respects the white regions of ice and 
snow at the poles of the earth. There probably ifexist no 
other similar objects with which to compare these, yet the 
ek&ctness of the resemblance enables us to infer, With high 
pibbability, that the spots on Mars consist of ice and snow. 
Ip fihort, many points of resemblance imply many more, 
the appearance and behaviour «of those white spots 
we infer that they have all the chemical and physical 
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properties of frozen water. The inference is of course only 
probable, and based upon the improbability that aggregates 
of many qualities should be formed in a like manner in 
two or more cases, without being due to some uniform 
condition or cause. 

In reasoning by analogy, then, we observe that two 

objects ABODE and A'B'C'D'E' have 

many like qualities, as indicated by the identity of the 
letters, and we infer that, since the first has another 
quality, X, we shall discover this quality in the second case 
by sufficiently close examination. As Laplace says, — 
Analogy is founded on the probability that similar things 
have causes of the same kind, and produce the same effects. 
The more perfect this similarity, the greater is this pno^ 
bability.”^ The nature of analogical inference is aptly 
described in the work on Logic attributed to Kant, where 
the rule of ordinary induction is stated in tiie words, ** Eines 
in vielen, also in dlleni* one quality in many tnings, there- 
fore in all ; and the rule of analogy is " Vieles in einem, also 
auch das illrige in demselben'"^ many (qualities) in one, 
therefore also the remainder in the same. It is evident 
that there may be intermediate cases in which, from the 
identity of a moderate number of objects in several pro- 
perties, we may infer to other objects. Probability must 
rest either upon the number of instances or the depth of 
resemblance, or upon the occurrence of both in sufficient 
degrees. What there is wanting in extension must be 
made up by intension, and vice versd. 


The term generalisation, as commonly used, includes two 
processes which are of different character, but are often 
closely associated together. In the first place, we generalise, 
when we recognise even in two objects a common nature.^ 
We cariuot detect the slightest similarity without opening' 
the way to inference from one case to the other. If we 
compare a cubical crystal with a regular octahedron, there ^ 
is little apparent similarity ; but, as soon as we perceive 


' Bism PMloiopJiwtt'e mr les FrohahiUUs^ p. 86, 
^ Kant’s Logikf § 84, Konigsherg, 1800, p. 207* 
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that either can be produced by the symmetrical modification 
of the other, we discover a groundwork of similarity in the 
crystals, which enables us to infer many things of one, 
because they are true of the other. Our knowledge of 
ozone took its rise from the time when the similarity of 
smell, attending electric sparks, strokes of lightning, and 
the slow combustion of phosphorus, was noticed by 
Schonbein. There was a time when the rainbow was an 
inexplicable phenomenon — a portent, like a comet, and a 
cause of superstitious hopes and fears. But we find the 
true spirit of science in Eoger Bacon, who desires us to 
consider the objects which present the same colours as the 
rainbow ; he mentions hexagonal crystals from Ireland and 
India, but he bids us not suppose that the hexagonal form 
is essential, for similar colours may be detected in many 
transparent stones. Drops of water scattered by the oar 
in the sun, the spray from a water-wheel, the dewdrops 
lying on the grass in the summer morning, all display a 
similar phenomenon. No sooner have we grouped together 
these apparently diverse instances, than we have begun to 
generalise, and have acquired a power of applying to one 
instance what we can detect of others. Even w|ien we do 
not apply the knowledge gained to new objects, our com- 
prehension of those already observed is greatly strengthened 
and deepened by learning to view them as particular cases 
of a more general property. ^ 

A second process, to which the name of generalisation 
is often given, consists in passing from a fact or partial law 
1 10 a multitude of unexamined cases, which we believe to 
'he subject to the same conditions. Instead of merely 
recognising similarity as it is brought before us, w^j)redi(jt 
its existence before our senses can detect it, so that 
generalisation of this kind endows us with a prophetic 
power of more or less probability. Having observed that 
'many substances assume, like water and mercury, the three 
states of solid, liquid, and gas, and having assured ourselves 
by frequent trial that the greater the means we possess of 
heating and cooling, the more substances we can vaporise 
and freeze, we pass confidently in advance of fact, and 
assume that' all substances are capable of these three forms. 
Such a generalisation was accepted, by Lavoisier and 
Laplace ^fore many of the coirobor^iye facts no^ in c>ur 
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possession were known. The reduction of a single cemet 
beneath the sway of gravity was considered sufiStcient 
indication that all comets obey the same power. ¥ew 
persons doubted that the law of gravity extended over the 
whole heavens; certainly the fact that a few stars out of 
many millions manifest the action of gravity, is now held 
to be sufficient evidence of its general extension over the 
visible universe. 


Value of Generalisation. 

It might seem that if we know particular facts, there can 
be little use in connecting them together by a general law. 
The particulars must be more fuU of useful information 
than an abstract general statement. If we know, for 
instance, the properties of an ellipse, a circle, a parabola, 
and hyperbola, wliat is the use of learning all these pro- 
perties over again in the general theory of curves of the 
second degree ? If we understand the phenomena of sound 
and light and water-waves separately, what is the need of 
erecting a general theory of waves, which, after all, is 
inapplicable to practice until resolved again into particular 
cases ? But, in reality, we never do obtain an adequate 
knowledge of particulars until we regard them as cases of 
the general Not only is there a singular delight in dis- 
covering the many in the one, and the one in the many, 
but there is a constant interchange of light and knowledge. 
Properties which are unapparent in the hyperbola may be 
readily, observed in the ellipse. Most of the complex 
relations which old geometers discovered in the circle will 
be reprpduced mutatis mutandis in the other conic sections. 
The undulatory theory of light might have been unknown 
at the present day, had not the theory of sound supplied 
hints by analogy. The study of light has made known 
many phenomena* of interference and polarisation, the 
existence of which had hardly been suspected in the case 
of sound, but which may now be sought out, and perhaps 
found to possess imexpected interest. The careful study 
of water-waves shows how waves alter in form and Velocity 
with varying depth of water. . Analogous changes may 
some time be detected in sound waves. Thus there is 
mutual interchange of aid. 
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Every study of a generalisation or extension,” Be 
Morgan has well said,^ “ gives additional power over the 
particular form by which the generalisation is suggested. 
Nobody who has ever returned to quadratic equations 
after the study of equations of all degrees,* or who has 
done the like, will deny my assertion that ov, ^XeTrei 
Skeircdv may be. predicated of any one who studies a branch * 
or a case, without afterwards making it part of a larger 
whole. Accordingly it is always worth while to gener- 
alise, were it only to give power over the particular. This 
principle, of daily familiarity to the mathematician, is 
almost unknown to the logician.” 

Comparative Generality of Properties. 

Much of the value of science depends upon the know- 
ledge which we gradually acquire of the different degrees 
of generality of properties and phenomena of various kinds. 
The use of science consists in enabling us to act with 
confidence, because we can foresee the result. Now this 
foresight must rest upon the knowledge of the powers 
which wdll come into play. That knowledge, indeed, can 
never be certain, because it rests upon imperfect induc- 
tion, and the most confident beliefs and predictions of the 
physicist may be falsified. Nevertheless, if we always 
estimate the probability of each belief according to the 
due teaching of the data, and bear in mind that probability 
when forming our anticipations, we shall ensure the mini- 
mum of disappointment. Even when he cannot exactly 
apply the theory of probabilities, the physicist may acquire 
the habit of making judgments in general agreement with 
its principles and results. 

Such is the constitution of nature, that the physicist 
ilearns to distinguish those properties which have wide 
and uniform extension, from those which vary between 
case and case.. Not only are certain laws distinc^y laid 
down, with their extension carefully defined, but a scien- 
tific training gives a kind of tact in judging how far other 
la^s are likely to apply under any particular circumstances, 
learn by degrees that crystals exhibit phenomena de- 


^ Syllabus of a Proposed^ By sUm of Logic, p. 34. 
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pending upon the directions of the axes of elasticity, which 
we must not expect in uniform solids. Liquids, compared 
even with non-crystalline solids, exhibit laws of far less 
complexity and variety; and gases assume, in many 
respects, an aspect of nearly complete uniformity. To 
trace out the branches of science in which varying degrees 
of generality prevail, would be an inquiry of great interest 
and importance ; but want of space, if there were no other 
reason, would forbid me to attempt it, except in a very 
slight manner. 

Gases, so far as they are really gaseous, not only have 
exactly the same properties in all directions of space, but 
one gas exactly resembles other gases in many qualities. 
All gases expand by heat, according to the same law, and 
by nearly the same amount ; the specific heats of equiva- 
lent weights are equal, and the densities are exactly pro- 
portional to the atomic weights. All such gases obey the 
general law, that the volume multiplied by the pressure, 
and divided by the absolute temperature, is constant or 
nearly so. The laws of diffusion and transpiration are the 
same in all cases, and, generally speaking, all physical 
laws, as distinguished from chemical laws, apply equally 
to all gases. Even when gases differ in chemical or phy- 
sical properties, the differences are minor in degree. Thus 
the differences of viscosity are far less marked than in the 
liquid and solid states. Nearly all gases, again, are colour- 
less, the exceptions being chlorine, the vapours of iodine, 
bromine, and a few other substances. 

Only in one single point, so far as I am aware, do gases 
present distinguishing marks unknown or nearly so, in the 
solid and liquid states. I mean as regards the light given 
off when incandescent. Each gas when sufiBciently heated, 
yields its own peculiar series of rays, arising from the free 
vibrations of the constituent parts of the molecules. Hence 
the possibility of distinguishing gases by the spectroscope. 
But tlA molecules of solids and liquids appear to be con- 
tinually in conflict with each other, so that only a confused 
nom of atoms is produced, instead of a definite series of 
luminous chords. At the same temperature, accordingly, 
all solids and liquids give off nearly the same rays when 
strongly heated, and we have in this case an exception to 
tfie greater generality of properties in gases. 
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liquids axe in many ways intermediate in character 
between gases and solids. While incapable of possessmg 
^different elasticity in different directions, and thus denuded 
of the rich geometrical complexity of solids, they retain the 
variety of density, colour degrees of transparency great 
diversity in surface tension, viscosity, coeflScients of expan- 
sion, compressibility, and many other properties which we 
observe in solids, but not for the most part in gases. 
Though our knowledge of the physical properties of liquids 
is much wanting in generality at present, there is ground 
to hope that by degrees laws connecting and explaining the 
variations may be traced out. 

Solids are in every way contrasted to gases. Each solid 
substance has its own peculiar degree of density, hardness, 
compressibility, transparency, tenacity, elasticity, power 
of conducting heat and electricity, magnetic properties, 
capability of producing frictional electricity, and so forth. 
Even different specimens of the same kind of substance will 
differ widely, according to the accidental treatment received. 
And not only has each substance its own specific properties, 
but, when crystallised, its properties vary in each direction 
with regard to the axes of crystallisation. The velocity of’ 
radiation, the rate of conduction of heat, the coefficients of 
expansibility and compressibility, the thermo-electric pro- 
perties, all vary in different crystallographic directions. 

It is probable that many apparent differences between 
liquids, and even between solids, will be explained when 
we learn to regard them under exactly corresponding 
circumstances. The extreme generality of the properties 
of gases is in reality only true at an infinitely high tempe- 
rature, when they are all equally remote from their con- 
densing points. Now, it is found that if we compare 
liquids — for instance, different kinds of alcohols — not 
at equal temperatures, but at points equally distant 
from their respective boiling points, the laws and co- 
efficients of expansion are nearly equal. The ♦apour- 
tensions of liquids also are more nearly equal, when com- 
pared at corresponding points, and the boiling-points 
appear in many cases to be simply related to the chemical 
composition. No doubt the progress of investigation will 
enSble us to discover generality, where at present we onjy 
see variety and puzzling complexity. 
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In some cases substances ezbibit the same physical pro- 
perties in the liquid as in the solid state. Lead has a Ugh 
refractive power, whether in solution, or in solid salts, 
crystallised or vitreous. The magnetic power of iion is 
conspicuous, whatever be its chemical condition ; indeed, 
the magnetic properties of substances, though varying 
with temperature, seem not to be greatly affected by other 
physical changes. Colour, absorptive power for heat or 
light rays, and a few other properties are also often the 
same in liquids and gases. Iodine and bromine possess a 
deep colour whenever they are chemically uncombined. 
Nevertheless, we can seldom argue safely from the pro- 
perties of a substance in one condition to those in another 
condition. Ice is an insulator, water a conductor of 
electricity, and the same contrast exists in most other 
substances. The conducting power of a liquid for elec- 
tricity increases with the temperature, while that of a solid 
decreases. By degrees we may learn to distinguish 
between those properties of matter which depend upon the 
intimate construction of the chemical molecule, and those 
which depend upon the contact, conflict, mutual attraction, 
or other relations of distinct molecules. The properties 
of a substance with respect to light seem generally to 
depend upon the molecule ; thus, the power of certain 
substances to cause the plane of polarisation of a ray of 
light to rotate, is exactly the same whatever be its degree 
of density, or the diluteness of the solution in which it is 
contained. Taken as a whole, the physical properties of 
substances and their quantitative laws, present a problem 
of infinite complexity, and centuries must elapse before any 
moderately complete generalisations on the subject become 
possible. 


Uniform Properties of <ill Matter 

Some laws are held to be true of all matter in the 
universe absolutely, without exception, no instance to the 
contrary having ever been noticed. This is the case with 
the laws of motion, as laid down by Galileo and Newton. 
It is also conspicuously true of the law of universal gravi- 
tation. The rise of modem physical science may perhapa 
be considered as beginning at the time when Galileo 
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showed, in opposition to the Aristotelians, that matter is 
equally affected by gravity, irrespective of its form, 
magnitude, or texture. All objects fall with equal rapidity, 
when disturbing causes, such as the resistance of the air, 
are removed or allowed for. That which was rudely 
demonstrated by Galileo from the leaning tower of Pisa, 
was proved by Newton to a high degree of approximation, 
in an experiment which has been mentioned (p. 443). 

Newton formed two pendulums, as nearly as possible the 
same in outward shape and size by taking two equal round 
wooden boxes, and suspending them by equal threads, 
eleven feet long. The pendulums were therefore equally 
subject to the resistance of the air. He filled one box 
with wood, and in the centre of oscillation of the other he 
placed an equal weight of gold. The pendulums were then 
equal in weight as well as in size ; and, on setting them 
simultaneously in motion, Newton found that they vibrated 
for a length of time with equal vibrations. He tried the 
same experiment with silver, lead, glass, sand, common 
salt, water, and wheat, in place of the gold, and ascertained 
that the motion of his pendulum was exactly the same 
whatever was the kind of matter inside.^ He considered 
that a difference of a thousandth part would have been 
apparent. The reader must observe that the pendulums 
were made of equal weight only in order that they might 
suffer equal retardation from the air. The meaning of the 
experiment is that all substances manifest exactly equal 
acceleration from the force of gravity, and that therefore the 
inertia or resistance of matter to force, which is the only 
independent measure of mass known to us, is always 
proportional to gravity. 

These experiments of Newton were considered conclu- 
sive up to very recent times, when certain discordances 
between the theory and observations of the movements 
of planets led Nicolai, in 1826, to suggest that the equal 
gravitation of different kinds of matter might not be 
absolutely exact It is perfectly philosophical thus to 
call in question, from time to time, some of the best 
accepted laws. On this occasion Bessel carefully repeated 
the experiments of Newton with pendulums composed of 

^ Frvacipiaf bk. iii. Prop. YL Motte^s translation, voL iL p. 220 , 
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ivory, glass, marble, quartz, meteoric stones, &c., but was 
unable to detect the least difference. This conclusion is 
also confirmed by the ultimate agreement of all the calcu- 
lations of physical astronomy based upon it "Whether 
the mass of »Jupiter be calculated from the motion of its 
own satellites, from the effect upon the small planets, 
Vesta, Juno, &c., or from the perturbation of Encke's 
Comet, the results are closely accordant, showing that 
precisely the same law of gravity applies to the most 
different bodies which we can observe. The gravity of 
a body, again, appears to be entirely independent of its 
other physical conditions, being totally unaffected by 
any alteration in the temperature, density, electric or 
magnetic condition, or other physical properties of the 
substance. 

One paradoxical result of the law of equal gravitation 
is the theorem of Torricelli, to the effect that all liquids 
of whatever density fall or flow with equal rapidity. If 
there . be two equal cisterns respectively filled with mer- 
cury and water, the mercury, though thirteen times as 
heavy, would flow from an aperture neither more rapidly 
nor more slowly than the water, and the same would be 
true of ether, alcohol, and other liquids, allowance being 
made, however, for the resistance of the air, and the 
differing viscosities of the liquids. 

In its exact equality and its perfect independence of 
all circumstances, except mass and distance, the force of 
gravity stands apart from all the other forces and pheno- 
mena of nature, and has not yet been brought into any 
relation with them except through the general principle 
of the conservation of energy. Magnetic attraction, as 
remarked by Newton, follows very different laws, de- 
pending upon the chemical quality and molecular struc- 
ture of each particular substance. 

We must remember that in saying ‘'all matter gravi- 
tates,'* •we exclude from the term matter the basis of light- 
undulations, which is immensely more extensive in amount, 
and obeys in many respects the laws of mechanics. This 
adamantine substance appears, so far as can be ascertained, 
to be perfectly uniform in its properties when existing in 
space unoccupied by matter. Light and heat are conveyed 
by it with equal velocity in all Sections, and in all parts 
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of sp<w3e so far as observation informs us. But the presence 
of gravitating matter modifies the density and mechanical 
properties of the so-called ether in a way which is yet 
quite unexplained.^ 

Leaving gravity, it is somewhat difficult to discover 
other laws which are equally true of all matter. Boer- 
haave was considered to have established that all bodies 
expand by heat ; but not only is the expansion very dif- 
ferent in different substances, but we now know positive 
exceptions. Many liquids and a few solids contract by 
^heat at certain temperatures. There are indeed other 
^ijelations of heat to matter which seem to be universal 
and uniform ; all substances begin to give off rays of light 
at the same temperature, according to the law of Draper ; 
and gases will not be an exception if sufficiently condensed, 
as in the experiments of Frankland. Grove considers it 
to be universally true that all bodies in combining produce 
heat : with the doubtful exception of sulphur and selenium, 
all solids in becoming liquids, and all liquids in becoming 
gases, absorb heat; but the quantities of heat absorbed 
vary with the chemical qualities of the matter. Carnot’s 
Thermodynamic Law is held to be exactly true of all matter 
, without distinction ; it expresses the fact that the amount 
. of mechanical energy which might be theoretically obtained 
from a certain amount of heat energy depends only upon 
the change of the temperatures, so that whether an engine 
be work^ by water, air, alcohol, ammonia, or any other 
substance, the result would theoretically be the same, if 
the boiler and condenser were maincained at similar 
temperatures. 


Varwhle Properties of Matter, 

I have enumerated some of the few properties of matter, 
which are manifested in exactly the same manner by all 
substances, whatever be their differences of chenlical or 
physical constitution. But by far the greater number of 

* Profeasor Levering has pointed out how obwsure and uncertain 
the ideas of scientific men about this ether are, in his interesting 
J^resideutial Address before the American Association at Hartford, 
1874. 8UUman*8 Journal^ October' 1874, P* 297. FhUosophieal 
Magtmne, voL xlviii p. 493, 
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qualities 'vary in degree; substances are more or less 
dense, more or less transparent, more or less compressible, 
more or less magnetic, and so on. One common result q£ 
the progress of science is to show that qualities supposed 
to be entirely absent from many substances are present 
only in so low a degree of intensity that the means of 
detection were insufiBcient Newton believed that most 
bodies were quite unaffected by the magnet ; Faraday and 
Tyndall have rendered it very doubtful whether any sub- 
stance whatever is wholly devoid of magnetism, including 
under that term diamagnetism. We are rapidly learning 
to believe that there are no substances absolutely opaque, 
or non-conducting, non-electric, non-elastic, non-viscous, 
non-compressible, insoluble, infusible, or non-volatile. All 
tends to become a matter of degree, or sometimes of direc- 
tion. There may be some substances oppositely affected 
to others, as ferro-magnetic substances are oppositely 
affected to diamagnetics, or as substances which contract 
by heat are opposed to those which expand; but the 
tendency is certainly for every affection of one kind of 
matter to be represented by something similar in other 
kinds. On this account one of Newton’s rules of philo- 
sophising seems to lose all validity; he said, ‘'Those 
qualities of bodies which are not capable of being 
heightened, and remitted, and which are found in afi 
bodies on which experiment can be made, must be con- 
sidered as universal qualities of all bodies.” As far as 
can see, the contrary is more probable, namely, that 
qualities variable in degree will 1^ found in every sub- 
stance in a greater or less degree. 

It is remarkable that Newton whose method of investi- 
gation was logically perfect, seemed incapable of generalis- 
ing and describing his own procedure. His celebrated 
“Eules of Eeasoning in Philosophy,” described at the 
commencement of the third book of the Prineipia, are 
gf questionable truth, and still more questionable value. 

Extreme Imtamee of Prop&rtiee. 

Although substances usually differ only in degree, great 
interest may attach to particular substances which manifest 
a property in a conspicuous and intense manner. £v^ 



608 


THE PRINCIPLES OF SCIENCE. 


[CHAK 


branch of physical science has usually been developed from 
the attention forcibly drawn to some singular substance. 
Just as the loadstone disclosed magnetism and amber 
frictional electricity, so did Iceland spar show the existence 
of double refraction, and sulphate of quinine the pheno- 
menon of fluorescence. When one such startling instance 
has drawn the attention of the scientific world, numerous 
less remarkable cases of the phenomenon will be detected, 
and it will probably prove that the property in question is 
actually universal to all matter. Ifevertheless, the extreme 
instances retain their interest, partly in a historical point 
of view, partly because they furnish the most convenient 
substances for experiment. 

Francis Bacon was fully aware of the value of such 
examples, which he called Ostensive Instances or Light- 
giving, Free and Predominant Instances. “ They are those,” 
he says,^ ‘'which show the nature under investigation 
naked, in an exalted condition, or in the highest degree 
of power; freed from impediments, or at least by its 
strength predominating over and suppressing them.” He 
mentions quicksilver as an ostensive instance of weight or 
density, thinking it not much less dense than gold, and 
more remarkable than gold as joining density to liquidity. 
The magnet is mentioned as an ostensive instance of’ 
attraction. It would not be easy to distinguish clearly 
between these ostensive instances and those wliich he calls 
Instantiae Monodicae^ or Irregulares, or Heteroclitae, under 
which he places whatever is extravagant in its properties 
or magnitude, or exhibits least similarity to other things, 
such as the sun and moon among the heavenly bodies, the 
elephant among animals, the letter s among letters^ or the 
magnet among stones.^ 

In optical science great use has been made of the high 
dispersive power of the transparent compounds of lead, 
that is, the power of giving a long spectrum (p. 432). 
DoUond, having noticed this peculiar dispersive power in 
lenses made of flint glass, employed them to produce an 
achromatic arrangement. The element strontium presents 
a contrast to lead in this respect, being characterised by a 
remarkably low dispersive power; but I am not aWare 
that this property has yet been turned to account. 

^ Nmm Orgmum^ bk. ii Apborisma, 24, 25. > Ibid. Aph. 28. 
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Compounds of lead have both a high dispersive and 
a high refractive index, and in the latter respect they 
proved very useful to Faraday. Having spent much 
labour in preparing various kinds of optical glass, Fara- 
day happened to form a compound of lead, silica, and 
boracic acid, now known as hmvy glass, which possessed 
an intensely high refracting power. Many years after- 
wards in attempting to discover the action of magnetism 
upon light he failed to detect any effect, as has been 
already mentioned, (p. 588), until he happened to test a 
piece of the heavy glass. The peculiar refractive power of 
this medium caused the magnetic strain to be apparent, 
and the rotation of the plane of polarisation was discovered. 

In almost every part of physical science there is some 
substance of powers pre-eminent for the special purpose to 
which it is put. Rock-salt is invaluable for its extreme 
diathermancy or transparency to the least refrangible rays 
of the spectrum. Quartz is equally valuable for its trans- 
parency, as regards the ultra-violet or most refrangible rays. 
Diamond is the most highly refracting substance which is 
at the same time transparent ; were it more abundant and 
easily worked it would be of great optical importance. 
Cinnabar is distinguished by possessing a power of rotating 
the plane of polarisation of light, from 15 to 17 times as 
much as quartz. In electric experiments copper is em- 
ployed for its high conducting powers and exceedingly low 
magnetic properties ; iron is of course indispensable for its 
enormous magnetic powers; while bismuth holds a like 
place as regards its diamagnetic powers, and was of much 
importance in Tyndall’s decisive researches upon the polar 
character of the diamagnetic force.^ In regard to 
magne-crystallic action the mineral cyanite is highly 
remarkable, being so powerfully affected by the earth’s 
magnetism, that, when delicately suspended, it assumes a 
constant position with regard to the magnetic meridian, \ 
and may almost be used like the compass needle. Sodium* 
is distinguished by its unique light-giving powers, which 
are so extraordinary that probably one half of the whole 
number of stars in the heavens have a yellow tinge in 
consequenca 

^ Fhihsophicdl Tnmsactima (iSsCi) vol. czlvi. p. 246. 

E K 
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It is remarkable that water, though the most common 
of all fluids, is distinguished in almost every respect by 
extreme qualities. Of all known substances water has the 
highest specific heat, being thus peculiarly fitted for the 
purpose of warming and cooling, to which it is often put. 
It rises by capillary attraction to a height more than twice 
that of any other liquid. In the state of ice it is nearly 
twice as dilatable by heat as any other known solid 
substance.^ In proportion to its density it has a far 
higher surface tension than any other substance, being 
sui*passed in absolute tension only by mercury; and it 
would not be difficult to extend considerably the list of its 
remarkable and useful properties. 

Under extreme instances we may include cases of re- 
markably low powers or qualities. Such cases seem to 
correspond to what Bacon call^UZa^^^fes^1^M which 

exhibit a given nature in the least intensity, and as it 
were in a rudimentary state.^ They may often be im- 
portant, he thinks, as allowing the detection of the cause 
of the property by difference. I may add that in some 
cases they may be of use in experiments. Thus hydrogen 
is the least dense of all known substances, and has the least 
atomic weight. Liquefied nitrous oxide has the lowest 
refractive index of all known fluids.^ The compounds of 
strontium have the lowest dispersive power. It is obvious 
that a property of very low degree may prove as curious 
and valuable a phenomenon as a property of very high 
degree. 


The Detection of Gontimiity. 

We should bear in mind that phenomena which are in 
reality of a closely similar or even identical nature, may 
present to tlie senses very different appearances. Without 
a careful analysis of the changes which take place, we may 
often be in danger of widely separating facts and processes, 
which are actually instances of the same law. Extreme 
difference of degree or magnitude is a frequent cause of 

^ Philosophical Magazine, 4th Series, January 1870, vpl, xxxix. p. 2. 

* Novum Organum^ bk. ii. Aphorism 25. ' 

^ Paraday^s Expervmmtal ^searches in Chemistry <md Physics, 
P-93* 
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error. It is truly difficult at the first moment to recognise 
any similarity between the gradual rusting of a piece of 
iron, and the rapid combustion of a heap of straw. Yet 
Lavoisier's chemical theory was founded upon the similarity 
of the oxydising process in one case and the other. We 
have only to divide the iron into excessively small particles 
to discover that it is really the more combustible of the 
two, and tliat it actually takes fire spontaneously and burns 
like tinder. It is the excessive slowness of the process in 
the case of a massive piece of iron which disguises its real 
character. 

If Xenophon reports truly, Socrates was misled by not 
making sufficient allowance for extreme differences of de- 
gree and quantity. Anaxagoras held that the sun is a fire, 
but Socrates rejected this opinion, on the ground that we 
can look at a fire, but not at the sun, and that plants grow 
by sunshine while they are killed by fire. He also pointed 
out that a stone heated in a fire is not luminous, and soon 
cools, whereas the sun ever remains equally luminous and 
hot.i All such mistakes evidently arise from not perceiv- 
ing that difference of quantity may be so extreme as to 
assume the appearance of difference of quality. It is the' 
least creditable thing we know of Socrates, that after point- 
ing out these supposed mistakes of earlier philosophers, he 
advised his followers not to study astronomy. 

Masses of matter of very different’ size may be expected 
to exhibit apparent differences of conduct, arising from the 
various intensity of the forces brought into play. Many 
persons have thought it requisite to imagine occult forces 
producing the suspension of the clouds, and there have even 
been absurd theories representing cloud particles as minute 
water-balloons buoyed up by the warm air within them. 
But we have only to take proper account of the enormous 
comparative resistance which the air opposes to the fall of 
minute particles, to see that all cloud particles are probably 
constautty falling through the air, but so slowly that there 
is no apparent effect. Mineral matter again is always re- 
garded as inert and incapable of spontaneous movement. 
We are struck by astonishment on observing in a powerful 
microscope, that every kind of solid matter suspended in' 


^ Memorabilia, iv. 7 . 
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extremely minute particles in pure water, acquires an 
oscillatory movement, often so marked as to resemble dan- 
cing or skipping. I conceive that this movement is due to 
the comparatively vast intensity of chemical action when 
exerted upon minute particles, the effect being 5,cxx) or 
10,000 greater in proportion to the mass than in fragments 
of an inch diameter (p. 406). 

Much that was formerly obscure in the science of elec- 
^tricity arose from the extreme differences of intensity and 
quantity in which this form of energy manifests itself. 
I^tween the brilliant explosive discharge of a thunder-cloud 
and the gentle continuous current produced by two pieces 
of metal and some dilute acid, there is no apparent analogy 
whatever. It was therefore a work of great importance 
when Faraday demonstrated the identity of the forces in 
action, showing that common frictional electricity would 
decompose water like that from the voltaic battery. The 
relation of the phenomena became plain when he succeeded 
in showing that it would require 800,000 discharges of his 
large Leyden battery to decompose one single grain of 
water. Lightning was now seen to be electricity of ex- 
cessively high tension, but extremely small quantity, the 
difference being somewhat analogous to that between the 
force of one million gallons of water falling through one 
foot, and one gallon of water falling through one million 
feet. Faraday estimated that one grain of water acting on 
four grains of zinc, would yield electricity enough for a 
great thunderstorm. 

It was long believed that electrical conductors and in^ 
'sulators belonged to two opposed classes of substances. 
Between the inconceivable rapidity with which the current 
passes through pure copper wire, and the apparently com- 
plete manner in which it is stopped by a thin partition of 
gutta-percha or gum-lac, there seemed to be no resem- 
blance. Faraday again laboured successfully to show that 
these were but the extreme cases of a chain of substances 
varying in all degrees in their powers of conduction. Even 
the best conductors, such as pure copper or silver, offer 
resistance to the electric current. The other metals have 
considerablv higher powers of resistance, and we pass 
graauaUy down through oxides and sulphiqies. The best 
Ibsuiatorsi on the other hand, allow of an atomic induction 
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which is the necessary antecedent of conduction. Hence 
Faraday inferred that whether we can measure the effect or 
not, all substances discharge electricity more or less.^ One 
consequence of this doctrine must be, that every discharge 
of electricity produces an induced current. In the case of 
the common galvanic current we can readily detect the in- 
duced current in any parallel wire or other neighbouring 
conductor, and can separate the opposite currents which 
arisevat the moments when the original current begins and 
ends. But a discharge of high tension electricity like 
lightning, though it certainly occupies time and has a 
beginning and an end, yet lasts so minute a fraction of a 
second, that it would be hopeless to attempt to detect and 
separate the two opposite induced currents, which are 
nearly simultaneous and exactly neutralise each other. 
Thus an apparent failure of analogy is explained away, land 
we are furnished with another instance of a phenomenon 
incapable of observation and yet theoretically known to 
exist.2 

Perhaps the most extraordinary case of the detection of 
unsuspected continuity is found in the discovery of Cag- 
niard de la Tour and Professor Andrews, that the liquid 
and gaseous conditions of matter are only remote points in 
a continuous course of change. Nothing is at first sight, 
more apparently distinct than the physical condition of 
water and aqueous vapour. At the boiling-point there is 
an entire breach of continuity, and the gas produced is sub-* 
ject to laws incomparably more simple than the liquid from 
which it arose. But Cagniard de la Tour showed that if 
we maintain a liquid under sufficient pressure its boiling 
point may be indefinitely raised, and yet the liquid will 
ultimately assume the gaseous condition with but a small 
increase of volume. Professor Andrews, recently following 
out this course of inquiry, has shown that liquid carbonic 
acid may, at a particular temperature (30°*92 C.), and 
under the pressure of 74 atmospheres, be at the same time 
in a state indistinguishable from that of liquid and gas. 
At higher pressures carbonic acid may be made to pass 
from a palpably liquid state to a truly gaseous state without 

* Experimented. Researches in ElectricUy^ Series xii. voL i. p. 42a 

* lAfe qf Maraday, voL ii. p. 7. 
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any abrupt change whatever. As the pressure is greater 
the abruptness of the change from liquid to gas gradually 
decreases, and finally vanishes. Similar phenomena or an 
approximation to them have been observed in other liquids, 
and there is little doubt that we may make a wide genera- 
lisation, and assert that, under adequate pressure, every 
liquid might he made to pass into a gas without breach of 
continuity.^ The liquid state, moreover, is considered by 
Professor Andrews to be but an intermediate step between 
the solid and gaseous conditions. There are various in- 
dications that the process of melting is not perfectly abrupt ; 
and could experiments be made under adequate pressures, 
it is believed that every solid could be made to pass by in- 
sensible degrees into the state of liquid, and subsequently 
into that of gas. 

These discoveries appear to open the way to most im- 
portant and fundamental generalisations, but it is probable 
that in many other cases phenomena now regarded as dis- 
crete may be shown to be different degrees of the same 
process. Graham was of opinion that chemical affinity 
differs but in degree from the ordinary attraction which 
holds different particles of a body together. He found that 
sulphuric acid continued to evolve heat when mixed even 
with thp fiftieth equivalent of water, so that there seemed 
to be no distinct limit to chemical affinity. He concludes, 
“ There is reason to believe that chemical affinity passes 
in its lowest degree into the attraction of aggregation.” ^ 

The atomic theory is well established, but its limits are 
not marked out. As Grove points out, we may by 
selecting sufficiently high multipliers express any combi- 
nation or mixture of elements in terms of their equivalent 
weights.® Sir W. Thomson has suggested that the power 
which vegetable fibre, oatmeal, and other substances possess 
of attracting and condensing aqueous vapour is probably 
continuous, or, in fact, identical with capillary attraction, 
which is capable of interfering with the pressure of aqueous 
vapour and aiding its condensation.* There are many cases 
of so-called catalytic or surface action, such as the extra- 

^ Naiwre^ vol. ii. p. 278. 

2 Journal of the Chemical Society^ vol. viii. p. 51. 

3 Correlation of Physical Forces^ 3rd edit. p. 

* Philosophical Magaame^ 4th Series, vol. juii p. 45 
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ordinary power of animal charcoal for attracting organk 
matter, or of spongy platinum for condensing hydrogen, 
which can only be considered as exalted cases of a ^iore 
general power of attraction. The number of substances 
which are decomposed by light in a striking manner is very 
limited; but many other substances, such as vegetable 
colours, are affected by long exposure ; on the principle of 
continuity we might expect to find that all kinds of matter 
are more Or less susceptible of change by the incidence of 
light rays.^ It is the opinion of Grove that wherever an 
electric current passes there is a tendency to decomposition, 
a strain on the molecules, which when sufficiently intense 
leads to disruption. Even a metallic conducting wire may 
be regarded as tending to decomposition. Davy was pro- 
bably correct in describing electricity as chemical affinity 
acting on masses, or rather, as Grove suggests, creating a 
disturbance through a chain of particles.^ Laplace went so 
far as to suggest that all chemical phenomena may be results 
of the Newtonian law of attraction, applied to atoms of 
various mass and position ; but the time is probably far 
distant when the progress of molecular philosophy and of 
mathematical methods will enable such a generalisation to 
be verified or refuted. 

The Law of Contimdty, 

Under the title of the Law of Continuity we may place 
many applications of the general principle of reasoning, 
tthat what is true of one case will be true of similar cases, 
and probably true of what are probably similar. When- 
ever we find that a law or similarity is rigorously fulfilled 
up to a certain point in time or space, we expect with a 
high degree of probability that it will continue to be 
fulfilled at least a little further. If we see part only of a 
circle, we naturally expect that the’ circular form will be 
continued in the part hidden from us. If a body has moved 
uniformly over a certain space, we expect that it will 
continue to move uniformly. The ground of such inferences 
is doubtless identical with that of other inductive inSereucoa* 

* Grove, Correlation of Fh^ical Forces, 3rd edit p. nit 

’ Ibid. pp. 166, 199, &c. ' 
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In Continuous motion every infinitely small space passed 
over constitutes a separate constituent fact, and had we 
perfect powers of observation the smallest finite motion 
would include an infinity of information, which, by the 
principles of the inverse method of probabilities, would 
enable us to infer with certainty to the next infinitely 
small portion of the path. But when we attempt to infer 
from one finite portion of a path to another finite portion, 
inference will be only more or less probable, according to 
the comparative lengths of the portions and the accuracy 
of observation ; the longer our experience is, the more 
probable our inference will be ; the greater the length of 
time or space over which the inference extends, the less 
probable. 

This principle of continuity presents itself in nature in 
a great variety of forms and cases. It is familiarly ex- 
jpressed in the dictum Natura non agit •per saltum. As 
iGrabam expressed the maxim, there are in nature no abrupt 
Iferansitions, and the distinctions of class are never absolute.^ 
There is always some notice — some forewarning of every 
phenomenon, and every change begins by insensible 
degrees, could we observe it with perfect accuracy. The 
cannon ball, indeed, is forced from the cannon in an 
inappreciable portion of time ; the trigger is pulled, the fuze 
fired, the powder inflamed, the ball expelled, all simul- 
taneously to our senses. But there is no doubt that time 
is occupied by every part of the process, and that the ball 
begins to move at first with infinite slowness. Captain 
Noble is able to measure by his chronoscope the progress 
of the shot in a 300-pounder gun, and finds that the whole 
motion within the barrel takes place in something less than 
one 200th part of a second. It is certain that no finite 
force can produce motion, except in a finite space of time. 
The amount of momentum communicated to a body is 
proportional to tl le accelerating force multiplied by the time 
during which it acts uniformly. Thus a slight force pro- 
duces a great velocity only by long-continued action. In 
a powerful shock, like that of a railway collision, the stroke 
of a hammer on an anvil, or the discharge of a gun, the 

Philoaophdcid Trcuisactions, 1861. Chemical omd Physical Be- 
tearekee^ p. 598. 
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time is very short, and therefore the accelerating forces 
brought into play are exceedingly great, but never infinite. 
In the case of a large gun the powder in exploding is said 
to exert for a moment a force equivalent to at least 2,8cx),cxx) 
horses. 

Our belief in some of the fundamental laws of nature 
rests upon the principle of continuity. Galileo is held to 
be the first philosopher 'who consciously employed this 
principle in his arguments concerning the nature of motion, 
and it is certain that we can never by mere experience 
assure ourselves of the truth even of the first law of motion. 
A material 'particle, we are told, 'whe'ri not acted on hy 
extraneous forces will continue in the same state of rest or 
motion. This may be true, but as we can find no body 
which is free from the action of extraneous causes, how are 
we to prove it 1 Only by observing that the less the 
amount of those forces the more nearly is the law found to 
be true. A ball rolled along rough ground is soon stopped ; 
along a smooth pavement it continues longer in movement. 
A delicately suspended pendulum is almost free from 
friction against its supports, but it is gradually stopped by 
the resistance of the air ; place it in the vacuous receiver of 
an air-pump and we find the motion much prolonged. A 
large planet like Jupiter experiences almost infinitely less 
friction, in comparison to its vast momentum, than we can 
produce experimentally, and we find in such a case that 
there is not the least evidence of the falsity of the law. 
Experience, then, informs us that we may approximate 
indefinitely to a uniform motion by sufficiently decreasing 
the disturbing forces. It is an act of inference which 
enables us to travel on beyond experience, and assert that, 
in the total absence of any extraneous force, motion would 
be absolutely uniform. The state of rest, again, is a 
limiting case in which motion is infinitely small or zero, 
to which we may attain, on the principle of continuity, by 
successively considering cases of slower and slower motion. 
There are many classes of phenomena, in which, by 
gradually passing from the apparent to the obscure, we can 
assure ourselves of the nature of phenomena which would 
otherwise be a matter of great doubt. Thus we can suf- 
ficiently prove in the manner of Galileo, that a musical 
sound consists of rapid uniform pulses, by causing strokes 
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to be made at intervals which we gradually diminish until 
the separate strokes coalesce into a uniform hum or uote. 
With great advantage we approach, as Tyndall says, the 
sonorous through the grossly mechanical. In listening to 
a great organ we cannot fail to perceive that the longest 
pipes, or their partial tones, produce a tremor and fluttering 
of the building. At the other extremity of the scale, there 
is no fixed limit to the acuteness of sounds which we can 
hear ; some individuals can hear sounds too shrill for other 
ears, and as there is nothing in the nature of the atmosphere 
to prevent the existence of undulations far more rapid than 
any of which we are conscious, we may infer, by the principle 
of continuity, that such undulations probably exist. 

There jare many habitual actions which we perform we 
know not how. So rapidly are acts of minds accomplished 
that analysis seems impossible. We can only investigate 
them when in process of formation, observing that the best 
formed habit is slowly and continuously acquired^ and it is 
in the early stages that we can perceive the rationale of 
the process. 

Let it be observed that this principle of continuity must 
be held of much weight only in exact physical laws, those 
which doubtless repose ultimately upon the simple laws of 
motion. If we fear]t3ssly apply the principle to all kinds 
of phenomena, we may often be right in our inferences, but 
also often wrong. Thus, before the development of spectrum 
analysis, astronomers had observed that the more they 
increased the powers of their telescopes the more nebulae 
they could resolve into distinct stars. This result had 
been so often found true that they almost irresistibly 
assumed that all nebulae would be ultimately resolved by 
telescopes of sufficient power ; yet Huggins has in recent 
years proved by the spectroscope, that certain nebulae are 
actually gaseous, and in a truly nebulous state. 

The principle of continuity must have been continually 
employed in the inquiries of Galileo, Newton, and other 
experimental philosophers, but it appears to have been 
distinctly formulated for the first time by Leibnitz. He at 
least claims to have first spoken of “ the law of continuity 
in a letter to Bayle, printed in the Nowodlm de la 
lique des Ldf/res^ an extract from which is given in 
i^dmann’s edition of Leibnitz’s works, p. 104, under the 
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title ‘^Sur un Principe General utile k rexplication des 
Lois de la Nature.*' ^ It has indeed been asserted that the 
doctrine of the la^ens processibs of Francis Bacon involves 
the principle of continuity, ^ but I think that this doctrine, 
like that of the natures of substances, is merely a vague 
statement of the principle of causation. 

Failure of the Law of Continuity. 

There are certain cautions which must be given as to the 
application of the principle of continuity. In the first, 
place, where this principle really holds true, it may seem to 
fail owing to our imperfect means of observation. Though 
a physical law may not admit of perfectly abrupt change, 
there is no limit to the approach which it may make to 
abruptness. When we warm a piece of very cold ice, the 
absorption of heat, the temperature, and the dilatation of 
the ice vary according to apparently simple laws until we 
come to the zero of the Centigrade scale. Everything is 
then changed ; an enormous absorption of heat takes place 
without any rise of temperature, and the volume of the ice 
decreases as it changes into water. Unless carefully in- 
vestigated, this change appears to be perfectly abrupt ; but 
accurate observation seems to show that there is a certain 
forewarning ; the ice does not turn into water all at once, 
but through a small fraction of a degree the change is 
gradual. All the phenomena concerned, if measured very 
exactly, would be represented not by angular lines, but 
continuous curves, undergoing rapid flexures ; and we may 
probably assert with safety that between whatever points 
of temperature we examine ice, there would be found some 
indication, though almost infinitesimally small, of the 
apparently abrupt change which was to occur at a higher 
temperature. It might also be pointed out that the im- 
portant and apparently simple physical laws, such as those 
of Boyle and Marriotte, Dalton and Gay-Lussac, &c., are 
only approximately true, and the divergences from the 
simple laws are forewarnings of abrupt changes, which 
would otherwise break the law of continuity. 

' Life of Sir W. B.amilUm, p. 439. 

® PowelPs History of Natural Philosophy^ p. 201. Novum 
Orgahwm‘y bk. ii. Aphorisms 5 — •j. 



^20 


THE PRINCIPLES OP SCIENCE. 


{CHAF* 


Secondly, it must be remembered that mathematical laws 
of some complexity will probably present singular cases oi* 
Negative results, which may bear the appearance of discon- 
tinuity, as when the law of refraction suddenly yields us 
iwith perfect abruptness the phenomenon of total internal 
reflection. In the undulatory theory, however, there is 
no real change of law between refraction and reflection. 
Faraday in the earlier part of his career found so many 
substances possessing magnetic power, that he ventured on 
a great generalisation, and asserted that all bodies shared 
in the magnetic property of iron. His mistake, as he 
afterwards discovered, consisted in overlooking the fact 
that though magnetic in a certain sense, some substances 
have negative magnetism, and are repelled instead of being 
attracted by the magnet. 

Thirdly, where we might expect to find a uniform 
mathematical law prevailing, the law may undergo abrupt 
change at singular points, and actual discontinuity may 
arise. We may sometimes be in danger of treating under 
’one law phenomena which really belong to diflerent laws. 
For instance, a spherical shell of uniform matter attracts 
an external particle of matter with a force varying inversely 
as the square of the distance from the centre of the sphere. 
But this law only holds true so long as the particle is 
external to the shell. Within the shell the law is wholly 
different, and the aggregate gravity of the sphere becomes 
zero, the force in every direction being neutralised by 
an exactly equal opposite force. If an infinitely small 
particle be in the superficies of a sphere, the law is again 
different, and the attractive power of the shell is half what 
it would be with regard to particles infinitely close to the 
surface of the shell. Thus in approaching the centre of a 
shell from a distance, the force of gravity shows double 
discontinuity in passing through the shell.^ 

It may admit of question, too, whether discontinuity is 
really unknown in nature. We perpetually do meet wdth 
events which are real breaks upon the previous law, though 
the discontinuity may be a sign that some independent 
cause h&s come into operation. If the ordinary course, of 

^ Thomson and Tait, Treatige on Natural Philogophy^ voL I pp. 
346—351. 
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the tides is interrupted by an enormous irregular wave, we 
attribute it to an earthquake, or some gigantic natural dis- 
turbance. If a meteoric stone falls upon a person and kills 
him, it is clearly a discontinuity in his life, of which he 
could have had no anticipation^ A sudden sound may pass 
through the air neither preceded nor followed by any con- 
tinuous efiect. Although, then, we may regard the Law of 
Continuity as a principle of nature holding rigorously true 
in many of the relations of natural forces, it seems to be a 
matter of difficulty to assign the limits within which the 
law is verified. Much caution is required in its applica- 
tion. 

Negative 'Arguments on the Principle of Continuity. 

Upon the principle of continuity we may sometimes { 
found arguments of great force which prove an hypothesis 
to be impossible, because it would involve a continual re- 
petition of a process ad infinitum, or else a purely arbitrary 
breach at some point. Bonnet’s famous theory of reproduc- 
tion represented every living creature as containing germs 
which were perfect representatives of the next generation, 
so that on the same principle they necessarily included 
germs of the next generation, and so on indefinitely. The 
theory was sufficiently refuted when once clearly stated, 
as in the following poem called the Universe,^ by Henry 
Baker ; — 

" Each seed includes a x>lant : that plant, again, 

Has other seeds, which other plants contain : 

Those other plants have all their seeds, and those 
More plants again, successively inclose, 

" Thus, ev^ry single berry that we fin(^ 

Has, really, in itself whole forests of its kind, 

Empire and wealth one acorn m^y dispense, 

By fleets to sail a thousand ages hence.'' 

The^general principle of inference, that what we know 
of one case must be true of similar cases, so far as they 
are similar, prevents our asserting anything which ‘We can- 
not apply time after time under the same circumstances, 

' Philosophkal TromactionB (1740), voL xli. p. 454, 
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On this principle Stevinns beautifully demonstrated that 
weights resting on two inclined planes and balancing each 
other must be proportional to the lengths of the planes be- 
tween their apex and a horizontal plane. He imagined a 
uniform endless chain to be hung over the planes, and to 
hang below in a symmetrical festoon. If the chain were 
ever to move by gravity, there would be the same reason 
for its moving on for ever, and thus producing a perpetual 
motion. As this is absurd, the portions of the chain 
lying on the planes, and equal in length to the planes, 
must balance each other. On similar grounds we may 
disprove the existence of any self -moving machine ; for if 
it could once alter its own state of motion or rest, in how- 
ever small a degree, there is no reason why it should not 
do the like time after time ad infinitum, Newton’s proof 
of his third law of motion, in the case of gravity, is of 
this character. For he remarks that if two gravitating 
bodies do not exert exactly equal forces in opposite direc- 
tions, the one exerting tire strongest pull will carry both 
away, and the two bodies will move off into space together 
with velocity increasing ad infinitum. But though the 
argument might seem sufficiently convincing, Newton in his 
characteristic way made an experiment with a loadstone 
and iron floated upon the surface of water.^ In recent 
years the very foundation of the principle of conservation 
of energy has been placed on the assumption that it is 
impossible by any combination of natural bodies to pro- 
duce force continually from nothing.^ The principle admits 
of application in various subtle forms. 

Lucretius attempted to prove, by a most ingenious argu- 
ment of this kind, that matter must be indestructible. 
For if a finite quantity, however small, were to fall out 
of existence in any finite time, an equal quantity might 
be supposed to lapse in every equal interval of time, so 
that in the infinity of past time the universe must have 
ceased to exist.^ But the argument, however ingemious, 
seems to fail at several points. If past time be infinite, 
why may not matter have been created infinite also ? It 
would be most reasonable, again, to suppose the matter 

* Principiaf bk. i. Law iii Corollary 6. 

* Helmholtz, Taylor’s SdenUfic Memows (1853), voL vi p. 1 18. 

* LucretkiB, bk. 1. lines 232—264.' 
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destroyed in any time to be proportional to the matter 
then remaining, and not to the original quantity ; under 
this hypothesis even a finite quantity of original matter 
could never wholly disappear from the universe. For like 
reasons we cannot hold that the doctrine of the conserva- 
tion of energy is really proved, or can ever be proved to 
be absolutely true, however probable it may be regarded. 

Tendency to Hasty Generalisation. 

In spite of all the powers and advantages of generaU^ 
sation, men require no incitement to generalise ; they ar|- 
too apt to draw hasty and ill-considered inferences. 
Francis Bacon said, our intellects want not wings, but 
rather weights of lead to moderate their course.^ The 
process is inevitable to the human mind ; it begins with 
childhood and lasts through the second childhood. The 
child that has once been hurt fears the like result on all 
similar occasions, and can with difficulty be made to dis- 
tinguish between case and case. It is caution and dis- 
crimination in the adoption of conclusions that we have 
chiefly to learn, and the whole experience of life is one 
continued lesson to this effect. Baden Powell has excel- 
lently described this strong natural propensity to hasty 
inference, and the fondness of the human mind for tracing 
resemblances real or fanciful. “ Our first inductions.” he 
says,^ ‘‘are always imperfect and inconclusive ; we advance 
towards real evidence by successive approximations; and 
accordingly we find false generalisation the besetting error 
of most first attempts at scientific research. The faculty 
to generalise accurately and philosophically requires large 
caution and long training, and is not fully attained, espe- 
cially in reference to more general views, even by some 
who may properly elaim the title of .very accurate scientific 
observers in a more limited field. It is an intellectual 
habit which acquires immense and accumulating force 
from the contemplation of wider analogies.” 

Hasty and superficial generalisations have always been 
the bane of science, and there would be no difficulty in 

' Novum Organtm, bk, i Apboiism 104. 

* The Unity of Worlds and of Nature, 2nd edit. p. 116. 
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finding endless illustrations. Between things which are 
the same in number there is a certain resemblance, namely 
in number ; but in the infancy of science men could not be 
persuaded that there was not a deeper resemblance im- 
plied in that of number. Pythagoras was not the inventor 
of a mystical science of number. In the ancient Oriental 
religions the seven metals were connected with the seven 
planets, and in the seven days of the week we still have, 
and probably always shall have, a relic of the septiform 
system ascribed by Dio Cassius to the ancient Egyptians. 
The disciples of Pythagoras carried the doctrine of the 
number seven into great detail. Seven days are men- 
tioned in Genesis ; infants acquire their teeth at the end 
of seven months ; they change them at the end of seven 
years ; seven feet was the limit of man's height ; every 
seventh year was a climacteric or critical year, at which a 
change of disposition took place. Then again there were 
the seven sages of Greece, the seven wonders of the world, 
the seven rites of the Grecian games, the seven gates of 
Thebes, and the seven generals destined to conquer that 
city. 

In natural science there were not only the seven 
planets, and the seven metals, but also the seven primi- 
tive colours, and the seven tones of music. So deep a 
hold did this doctrine take that we still have its results 
in many customs, not only in the seven days of the week, 
but the seven years* apprenticeship, puberty at fourteen 
years, the second climacteric, and legal majority at twenty- 
one years, the third climacteric. The idea was reproduced 
in the seven sacraments of the Eoman Catholic Church, 
and the seven year periods of Comte's grotesque system 
of domestic worship. Even in scientific matters the loftiest 
inteUects have occasionally yielded, as when Newton was 
misled by the analogy between the sevei|. tones of music 
and the seven colours of his spectrum. Other numerical 
analogies, though rejected by Galileo, held Kepler in^ thral- 
dom ; no small part of Kepler's labours during seventeen 
years was spent upon numerical and geometrical analogies 
of the. most baseless character; and he gravely held that 
there could not be more than six planets, because there 
were not more than five r^ular solids. Even the genius 
of Huyghens did not prevent him from inferring that but 
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one satellite could belong to Saturn, because, with those of 
Jupiter and the Earth, it completed the perfect number of 
six. A whole series of other superstitions and fallacies 
attach to the numbers six and nine. 

It is by false generalisation, again, that the laws of 
nature have been supposed to possess that perfection which 
we attribute to simple forms and relations. The heavenly 
bodies, it was held, must move in circles, for the circle was 
the perfect figure. Newton seemed to adopt the question- 
able axiom that nature always proceeds in the simplest 
way ; in stating his first rule of philosophising, he adds : ^ 
“ To this purpose the philosophers say, that nature does 
nothing in vain, when less will servo ; for nature is pleased 
with simplicity, and affects not the pomp of superfluous 
causes.” Keill lays down ^ as an axiom that “ The causes 
of natural things are such, as are the most simple, and are 
sufficient to explain the phenomena : for nature always 
pipceeds in the simplest and most expeditious method; 
because by this manner of operating the Divine Wisdom 
displays itself the more.” If this axiom had any clear 
grounds of truth, it would not apply to proximate laws ; 
for even when the ultimate law is simple the results may 
be infinitely diverse, as in the various elliptic, hyperbolic, 
parabolic, or circular orbits of the heavenly bodies. Sim- 
plicity is naturally agreeable to a mind of limited powers, 
but to an infinite mind all things are simple. 

Every great advance in science consists in a great gene- 
ralisation, pointing out deep and subtle resemblances. 
The Copernican system was a generalisation, in that it 
classed the earth among the planets; it was, as Bishop 
Wilkins expressed it, the discovery of a new planet,” but 
it was opposed by a more shallow generalisation. Those 
who argued from the condition of things upon the earth’s 
surface, thought ^that every object must be attached to 
and rest upon something else. Shall’ the earth, they said, 
alone he free ? Accustomed to certain special results of 
gravity they could not conceive its action under widely 
different circumstances.® No hasty thinker could seize 
the deep analogy pointed out by Horrocks between* a pen- 

^ Principiaf bk. iii, ad initmm. 

® Eeill, Introduction to Natural Philosophy^ p. 89. 

® JerenuuB Horroocii Opera Posthurm (1673), pp. 26, 27 
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dulttm and a planet^ true in substance though mistaken in 
some details. All the advances of modem science rise 
from the conception of Galileo, that in the heavenly 
bodies, however apparently diflei'ent their condition, we 
shall ultimately recognise the same fundamental principles 
of mechanical science which are true on earth. 

Generalisation is the great prerogative of the intellect, 
but it is a power only to be exercised safely with much 
caution and after long training. Every mind must gene- 
ralise, but there are the widest differences in the depth of 
the resemblances discovered and the care with wliich the 
discovery is verified. There seems to be an innate power 
of insight which a few men have possessed pre-eminently, 
and which enabled them, with no exemption indeed from 
labour or temporary error, to discover the one in the 
many. Minds of excessive acuteness may exist, wliich 
have yet only the powers of minute discrimination, and of 
storing up, in the treasure-house of memory, vast accumu- 
lations of words and incidents. But the power of dis- 
covery belongs to a more restricted class of minds. La- 
place said that, of all inventors who had contributed the 
most to the advancement of human knowledge, Newton 
and Lagrange appeared to possess in the highest degree 
the happy tact of distinguishing general principles among 
a multitude of objects enveloping them, and this tact 
he conceived to be the true characteristic of scientific 
genius.^ 

1 Young’s Works, vo]. li. p. ^u4 



CHAPTEE XXVm. 

ANALOGY. 

As we have seen in the previous chapter, generalisation 
passes insensibly into reasoning by analogy, and the diffe- 
rence is one of degree. We are said to generalise when we! 
view many objects as agreeing in a few properties, so that i 
the resemblance is extensive rather than deep. When we 
have only a few objects of thought, but are able to discover 
many points of resemblance, we argue by analogy that the 
correspondence will be even deeper than appears. It 
may not be true that the words are always used in such 
distinct senses, and there is great vagueness in the employ- 
ment of these and many logical terms ; but if any clear 
discrimination can be drawn between generalisation and 
analogy, it is as indicated above. 

It has been said, indeed, that analogy denotes not a 
resemblance between things, but between the relations of 
things. A pilot is a very different man from a prime 
minister, but he bears the same relation to a ship that the 
minister does to the state, so that we may analogically 
describe the prime minister as the pilot of the state. A 
man differs still more from a horse, nevertheless four men 
bear to three meh the same relation as four horses bear to 
three horses. There is a real analogy between the tones of 
the Monochord, the Sages of Greece, and the Gates of 
Thebes, but it does not extend beyond the fact that they 
were all seven in number. Between the most fiscrete 
notions, as, for instance, those of time and space, analc^ 
may. exist, arising from the fact that the mathematical 
conditions of the lapse of tme and of motion along a line 

■' 8 .8 2 
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are similar. There is no identity of nature between a word 
and the thing it signifies ; the substance iron is a heavy 
solid, the word iron is either a momentary disturbance of 
the air, or a film of black pigment on white paper ; but 
there is analogy between words and their significates. 
The substance iron is to the substance iron-carbonate, as 
the name iron is to the name iron-carbonate, when these 
names are used according to their scientific definitions. 
The whole structure of language and the whole utility of 
signs, marks, symbols, pictures, and representations of 
various kinds, rest upon analogy. I may hope perhaps 
to enter more fully upon this important subject at some 
future time, and to attempt to show how the invention of 
signs enables us to express, guide, and register our thoughts. 
It will be sufficient to observe here that the use of 
constantly involves analogies of a subtle kind ; we shffi| 
often be at a loss how to describe a notion, were we nBt 
at liberty to employ in a metaphorical sense the name of 
anything sufficiently resembling it. There would be no 
expression for the sweetness of a melody, or the brilliancy 
of an harangue, unless it were furnished by the taste of 
honey and the brightness of a torch. 

A cursory examination of the way in which we popu- 
larly use the word analogy, shows that it includes all 
degrees of resemblance or similarity. The analogy may 
, consist only in similarity of number or ratio, or in like re- 
lations of time and space. It may also consist in simple 
^resemblance between physical properties. We should not 
be using the word inconsistently with custom, if we said 
that there was an analogy between iron, nickel, and 
cobalt, manifested in the strength of their magnetic 
powers. There is a still more perfect analogy between 
iodine and chlorine ; not that every property of iodine is 
identical with the correspondiig property of chlorine; 
for then they would be one and the s^e kind of sub- 
stance, and not two substances,; but every property of 
iodine resembles in all but degree some property of chlo- 
rine. For almost every substance in which iodine forms 
a conftponent, a corresponding substance may be dis- 
covered containing chlorine, so that we may confidently 
infer from the compounds of the one to the compounds 
of the other substance. PolMsium iodide crystallises in 
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cubes ; therefore it is to be expected that potassium chlo- 
ride win also crystallise in cubes. The science of chemistry, 
as now developed rests almost entirely upon a careful 
and extensive comparison of the properties of substances, 
bringing deep-lying analogies to light. When any new 
substance is encountered, the chemist is guided in his 
treatment of it by the analogies which it seems to present 
with previously known substances. 

In this chapter I cannot hope to illustrate the all- 
pervading influence of analogy in human thought and 
science. All science, it has been said, at the outset, arises 
from the discovery of identity, and analogy is but onej 
name by which we denote the deeper-lying cases of re-‘ 
semblance. I shall only try to point out at present how. 

S ogy between apparently diverse classes of phenomena 
1 serves as a guide in discovery. We thus commonly 
the first . insight into the nature of an apparently 
unique object, and thus, in the progress of a science, we 
often discover that we are treating over again, in a new 
form, phenomena which were well known to us in another 
form. 


Analogy as a Guide in Discovery, 

There can be no doubt that discovery is most frequently 
accomplished by following up. hints received from, analogy, 
as Jeremy Bentham remarked.^ Whenever a phenomenon; 
is perceived, the first impulse of the mind is to connect it 
with the most nearly similar phenomenon. If we could 
ever meet a thing wholly sni generis, presenting no 
analogy to anything else, we should be incapable of 
investigating its nature, except by purely haphazard 
trial. The probability of success by such a process is 
so slight, that it is preferable to follow up the faintest 
clue. As I hawB pointed out already (p. 418), the pos- 
sible experimehts are almost infinite in number, and very 
numerous also are the hypotheses upon which we may 
proceed. Now it is self-evident that, however slightly 
superior the probability of success by one course of proce- 
dure may be over another, the most probable one should 
always be adopted first. 

^ Essay on Logie, Iforks, vot viiL p. ^ 76 . 
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The chemist having discovered , what he believes to be a 
new element, will have before him an infinite variety of 
modes of treating and investigating it. If in any of its 
"^lualities the substance displays a resemblance to an aklaline 
metal, for instance, he will naturally proceed to try whether 
it possesses other properties of the alkaline metals. Even 
the simplest phenomenon presents so many points for 
notice that we have a choice from' among many hypo- 
theses. 

It would be difQcult to find a more instructive instance 
of the way in which the mind is guided by analogy than 
An the description by Sir John Herschel of the course of 
thought by which he was led to anticipate in theory one 
of Faraday’s greatest discoveries. (Herschel noticed that 
a screw-like form, technically called helieoiflftl dissymmetry, 
was observed in three cases, namely, in electrical helices, 
plagihedral quartz crystals, and the rotation of the plane 
of polarisation of light. As he said,^ I reasoned thus : 
Here are three phenomena agreeing in a venj strange 
peculiarity. Probably, this peculiarity is a connecting 
link, physically speaking, among them. Now, in the case 
of the crystals and the light, this probability has been 
turned into certainty by my own experiments. Therefore, 
induction led me to conclude that a similar connection 
exists, and must turn up, soinehow or other, betweei^the 
electric current and polarised light, and that the plane of 
polarisation would be deflected by magneto-electricity.” 
By this course of analogical thought Herschel had actually 
been led to anticipate Faraday’s great discovery of the 
influenca of magnetic strain upon polarised light. He had 
tried in 1822-25 to discover the influence of electricity on 
light, by sending a ray of polarised light through a helix, 
or near a long wire conveying an electric current. Such a 
course of inquiry, followed up with the persistency of 
Faraday, and with his experimental resources, would 
doubtless have eBected the discovery. Herschel also 
suggests that the plagihedral form of quartz crystals must 
be due to a screw-like strain during crystallisation ; but 
the notion remains unverified by e^cperiment. 

^ Life of Faradoj/f by Bence Jones, yol. ii. p. 206 . 
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' Analogy in the Mathematical Sciences, 

Whoever wishes to acquire a deep acquaintance with 
Nature miist observe that there are analogies which con- 
nect whole branches of science in a parallel manner, 
and enable us to infer of one class of phenomena what 
we know of another. It has thus happened on several 
occasions that the discovery of an unsuspected analogy 
between two branches of knowledge has been the starting- 
point for a rapid course of discovery. The truths readily 
observed in the one may be of a different character from 
those which present themselves in the other. The analogy, 
once pointed out, leads us to discover regions of one 
science yet undeveloped, to which the key is fiirnished by 
the corresponding truths in the other science. An in- 
terchange of aid most wonderful in its results may thus 
take place, and at the same time the mind rises to a higher 
generalisation, and a more comprehensive view of nature. 

No two sciences might seem at first sight more difierent 
in their subject matter than geometry and algebra. The 
first deals with circles, squares, parallelograms, and other 
forms in space ; the latter with mere symbols of number. 
Prior to the time of Descartes, the sciences were developed 
slowly and painfully in almost entire independence of each 
otiler. The Greek philosophers indeed could not avoid 
noticing occasional analogies, as when Plato in the Thsee- 
tetus describes a square number as eqyally equals and a 
number produced by multiplying two unequal factors 
as oblong, Euclid, in the 7 th and 8 th books his Ele- 
ments, continually uses expressions displaying a conscious- 
ness of the same analogies, as when he calls a number 
of two factors a ylane number, €7rt7reSo9 dpi0p.6^, and 
distinguishes a square number of which the two factors are 
equal as an e(|ual-sided and plane number, laoTrXevpo^ 
KoX e'ftVeSo? opiOpo^, He also calls the root of a cubic 
number its side, ifKevpd. In the Diophantine algebra 
many problems of a geometrical character were solved by 
algebraic or numerical processes ; but there was n© general 
system, so that the solutions were of an isolated character; 
In general the ancients were far more advanced in geometric 
than symbolic methods ; thus Euclid in his 4 th book gives 
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the means ef dividing a circle by purely geometric means 
into 2, 3, 4, 5, 6, 8, lo, 12, 15, 16, 20, 24, 30 parts, but he 
was totally unacquainted with the theory of the roots of 
unity exactly corresponding to this division of the circle. 

During the middle ages, on the contrary, algebra ad- 
vanced beyond geometry, and modes of solving equations 
were gradually discovered by those who had no notion that 
at every step they were implicitly solving geometric prob- 
lems. It is true that Eegiomontanus, Tartaglia, Bombelli, 
and possibly other early algebraists, solved isolated geo- 
metrical problems by the aid of algebra, but particular 
numbers were always used, and no consciousness of a 
general method was displayed. Vieta in some degree 
anticipated the final discovery, and occasionally repre- 
sented the roots of an equation geometrically, but it was 
reserved for Descartes to show, in the most general manner, 
that every equation may be represented by a curve or 
figure in space, and that every bend, point, cusp, or other 
peculiarity in the curve indicates some peculiarity in the 
equation. It is impossible to describe in any adequate 
manner the importance of this discovery. The advantage 
was two-fold : algebra aided geometry, and geometry gave 
reciprocal aid to algebra. Curves such as the well-known 
sections of the cone were found to correspond to quadratic 
equations ; and it was impossible to manipulate the equa- 
tions without discovering properties of those all-important 
curves. The way was thus opened for the algebraic 
treatment of motions and forces, without which Newton’s 
Principia could never have been worked out. Newton 
indeed w^s possessed by a strong infatuation in favour of 
the ancient geometrical methods; but it is well known 
that he employed symbolic methods to discover his theo- 
rems, and he now and then, by some accidental use of 
algebraic expression, confessed its greater power and 
generality. 

Geometry, on the other hand, gave great assistemce to 
algebra, by affording concrete representations of relations 
which would otherwise be too abstract for easy compre- 
hensions A curve of no great complexity may give the 
.whole history of the variations of value of a troublesome 
mathematical expression. As soon as we know, too, that 
every regular geometrical curve represents some algebraic 
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equation, we are presented by observation of mecbanioal 
movements with abundant suggestions towards the dis- 
covery of mathematical problems. Every particle of a 
carriage-wheel when moving on a level road is constantly 
describing a cycloidal curve, the curious properties of 
which exercised the ingenuity of all the most skilful 
mathematicians of the seventeenth century, and led to 
important advancements in algebraic power. It may be 
held that the discovery of the Differential Calculus was 
mainly due to geometrical analogy, because mathematicians, 
in attempting to treat algebraically the tangent of a curve, 
were obliged to entertain the notion of infinitely small 
quantities.^ There can be no doubt that Newton’s 
fluxional, that is, geometrical mode of stating the dif- 
ferential calculus, however much it subsequently retarded 
its progress in England, facilitated its apprehension at first, 
and I should think it almost certain that Newton discovered 
the principles of the calculus geometrically. 

We may accordingly look upon this discovery of 
analogy, this happy alliance, as Bossut calls it,^ between 
geometry and algebra, as the chief source of discoveries 
>vhich have been made for three centuiies past in mathe- 
matical methods. This is certainly the opinion of La- 
grange, who says, So long as algebra and geometry have 
been separate, their progress was slow, and their employ- 
ment limited; but since these two sciences have been 
united, they have lent each other mutual strength, and 
have marched together with a rapid step towards perfec- 
tion.” 

The advancement of mechanical science has also been 
greatly aided by analogy. An abstract and intangible 
existence like force demands much power of conception, 
but it has a perfect concrete representative in a line, the 
end of which may denote the point of application, and the 
direction the line of action of the force, while the length 
can b® made arbitrarily to denote the amount of the force. 
Nor does the analogy end here ; for the moment of the 
force about any point, or its product into the perpen- 
dicular distance of its line of action from the point, is 

^ Lacroix, TraiU MlSmentaire de Odleul THffer&aiiel et de Caical 
Intigral^ 5“® 6dit. p. 6^9. 

^ Histoire des MaiheimtiqueSy voL i p. 298. 
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found to be represented by an area, namely twice the area 
of the triangle contained between the point and the ends 
of the line representing the force. Of late years a great 
generalisation has been effected ; the Double Algebra of De 
Morgan is true not only of space relations, but of forces, so 
that the triangle of forces is reduced to a case of pure 
geometrical addition. Nay, the triangle of lines, the tri- 
angle of velocities, the triangle of forces, the triangle oi 
couples, and perhaps other cognate theorems, are reduced 
by analogy to one simple theorem, which amounts to this, 
that there are two ways of getting from one angular point 
of a triangle to another, which ways, though different in 
length, are identical in their final results.^ In the system 
of quaternions of the late Sir W. R. Hamilton, these 
analogies are embodied and carried out in the most 
general manner, so that whatever problem involves the 
threefold dimensions of space, or relations analogous to 
those of space, is treated by a symbolic method of the 
most comprehensive simplicity. 

It ought to be added that to the discovery of analogy 
between the forms of mathematical and logical expressions, 
we owe the greatest advance in logical science. Boole 
based his extension of logical processes upon the notion 
that logic is an algebra of two quantities o and I . His 
profound genius for symbolic investigation led him to per- 
ceive by analogy that there must exist a general system of 
logical deduction, of which the old logicians had seized 
only a few fragments. Mistaken as he was in placing 
algebra as a higher science than logic, no one can deny that 
the development of the more complex and dependent 
science had advanced far beyond that of the simpler science, 
and that Boole, in drawing attention to the connection, 
made one of the most important discoveries in the history 
of science. As Descartes had wedded algebra and geo- 

* See Goodwin, Cawbridge PhiloBophical Transactions (1845), voJ. 
viii. p. 269. O^Brien, “On Symoolical Statics,’^ Philosophical 
Magazine, 4th Series, voL i. pp. 491, &c. See also Professor Clerk 
Maxwell's delightful Mmual of Mementary Science, called Matter 
and Motion, published by the Society for Promoting Christian. 
Knowledge. In this admirable little work some of the most advanced 
results of mechanical and physiccd science are explained according to 
the method of quaternions, but with hardly any use of algebraic 
lymbola. 
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wetry, so did Boole accomplish the marriage of logic and 
algebra. 


Analogy in the Theory of Undulations, 

There is no class of phenomena which more thoroughly 
illustrates alike the power and weakness of analogy than 
the waves which agitate every kind of medium. All waves, 
whatsoever be the matter through which they pass, obey 
the principles of rhythmical or harmonic motion, and the 
subject therefore presents a fine field for mathematical 
generalisation. Each kind of medium may allow of waves 
peculiar in their conditions, so that it is a beautiful exercise 
in analogical reasoning to decide how, in making inferences 
from one kind of medium to another, we must make allow- 
ance for difference of circumstances. The waves of the 
ocean are large and visible, and there are the yet greater 
tidal waves which extend around the globe. From . such 
palpable cases of rhythmical movement we pass to waves 
of sound, varying in length from about 32 feet to a small 
fraction of an inch. We have but to imagine, if we can, 
the fortieth octave of the middle C of a piano, and we 
reach the undulations of yellow light, the ultra-violet being 
about the forty-first octave. Thus we pass from the 
palpable and evident to that which is obscure, if not in- 
comprehensible. Yet the same phen o^mena of refle ction, 
inter ferenc e, and refr action , which we find in some kinds of 
waves, may be expected to occur, mutatis mutandis, in 
other kinds. 

From the great to the small, from the evident to the 
obscure, is not only the natural order of inference, but it is 
the historical order of discovery. The physical science of 
the Greek philosophers must have remained incomplete, 
and their theories groundless, because they did not under- 
stand the nature of undulations. Their systems were based 
upon^the notion .of movement of translation from place to 
place! Modern science tends to the opposite notion that 
all motion is alternating or rhythmical, energy flowing on- 
wards but matter remaining comparatively fixed in position. 
Diogenes Laertius indeed correctly compared the propaga- 
tion of sound with the spreading of waves on the surface 
of water when disturbed by a ston^ and Vitruvius dis- 
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played a more complete comprehension of the same ana- 
logy. It remained for Newton to create the theory of nn- 
dulatory motion in showing by mathematical deductive 
reasoning that the particles of an elastic fluid by vibrating 
backwards and forwards, might carry a pulse or wave moving 
from the source of disturbance, while the disturbed particles 
return to their place of rest. He was even able to make a 
first approximation by theoretical calculation to the velocity 
of sound-waves in the atmosphere. His theory of sound 
formed a hardly less important epoch in science than bis far 
more celebrated theory of gravitation. It opened the way to 
all the subsequent applications of mechanical principles to 
the insensible motion of molecules. He seems to have been, 
too, upon the brink of another application of the same 
)rinciples which would have advanced science by a century 
f progress, and made him the undisputed founder of all the 
heories of matter. He expressed opinions at various times 
hat light might be due to undulatory movements of a 
nedium occupying space, and in one intensely interesting 
lentence remarks^ that colours are probably vibrations of 
iiflferent lengths, “ much after the manner that, in the sense 
)f hearing, nature makes use of aerial vibrations of several 
>ignesses to generate sounds of divers tones, for the analogy 
of nature is to be observed." He correctly foresaw that 
red and yellow light would consist of the longer undulations, 
and blue and violet of the shorter, while white light would 
be composed of an indiscriminate mixture of waves of 
various lengths. Newton almost overcame the strongest 
apparent difficulty of the undulatory theory of light, 
namely, the propagation of light in straight lines. For he 
observed that though waves of sound bend round an ob- 
stacle to some extent, they do not do so in the same degree 
as water-waves.^ He had but to extend the analogy 
proportionally to light-waves, and not only would the 
difficulty have vanished, but the true theory of diffraction 
would have been open to him. Unfortunately he had a 
preconceived theory that rays of light are bent from and 
not towards the shadow of a body, a theory which for once 
he did not sufficiently compare with observation to detect 

1 Birch, History of Hie Itoyal Society, voL iiu p. 262, quoted by 
Young, Worke, voL i. p. 246. 

^ Opticks, Query 28, 3rd edit p. 337. 
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its falsity. I am not aware, too, that Newton has, in any 
of his works, displayed an understanding of the phenomena 
of interference without which his notion of waves must 
have been imperfect. 

While the general principles of undulatory motion will 
be the same in whatever medium the motion takes place, 
the circumstances may be excessively different. Between 
light travelling 186,000 miles per second and sound 
travelling in air only about 1,100 feet in the same time, or 
almost Q00,000 times as slowly, we cannot expect a close 
outward resemblance. There are great differences, too, in 
the character of the vibrations. Gases scarcely admit of 
transverse vibration, so that sound travelling in air is a 
longitudinal wave, the particles of air moving backwards 
and forwards in the same line in which the wave moves on- 
w’ards. * Light, on the other hand, appears to consist entirely 
in the movement of points of force transversely to the direc- 
tion of propagation of the ray. The light-wave is partially 
analogous to the bending of a rod or of a stretched cord 
agitated at one end. Now this bending motion may take 
place in any one of an infinite number of planes, and waves 
of which the planes are perpendicular to each other cannot 
interfere any more than two perpendicular forces can 
interfere. The complicated phenomena of polarised lights 
arise out of this transverse character of the luminous wave, 
and we must not expect to meet analogous phenomena in 
atmospheric sound-waves. It is conceivable that in solids, 
we might produce transverse sound ’undulations, in which 
phenomena of polarisation might be reproduced. But it 
would appear that even between transverse sound and light- 
waves the analogy holds true rather of the principles of 
harmonic motion than the circumstances of the vibrating 
medium ; from experiment and theory it is inferred that the 
plane , of polarisation in plane polarised light is perpen- 
dicular to instead of being coincident with the direction of , 
vibration, as it would be in the case of transverse sound/ 
unduljitions. If so the laws of elastic forces are essentially; 
different in application to the luminiferous ether and to 
ordinary solid bodies.^ 


^ Bonkine, PhUosophiedl Tramactiona (1856), voL cxlvi. p. 282. 
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Analogy in Astronomy, 

We shall be much assisted in gaining a true apprecia* 
tion of the value of analogy in its feebler degrees, by con- 
sidering how much it has contributed to the progress of 
astronomical science. Our point of observation is so fixed 
with regard to the universe, and our means of examining 
distant bodies are so restricted, that we are necessarily 
guided by limited and apparently feeble resemblances. In 
many cases tlie result has been confirmed by subsequent 
direct evidence of the most forcible character. 

While the scientific world was divided in opinion 
between the Copernican and Ptolemaic systems, it was 
analogy which furnished the most satisfactory argument. 
Galileo discovered, by the use of his new telescope, the 
four small satellites which circulate round Jupiter, and 
make a miniature planetary world. These four Medicean 
Stars, as they were called, were plainly seen to revolve 
round Jupiter in various periods, but approximately in 
one plane, and astronomers irresistibly inferred that what 
might happen on the smaller scale might also be found true 
of the greater planetary system. This discovery gave the 
holding turn,” as Herschel expressed it, to the opinions of 
mankind. Even Praiicis Bacon, who, little to the credit of 
his scientific sagacity, had previously opposed the Coper- 
nican views, now became convinced, saying “We affirm the 
solisequium of Venus and Mercury; since it has been found 
by Galileo that Jupiter also has attendants.” Nor did 
Huyghens think it superfluous to adopt the analogy as a 
valid argument.^ Even in an advanced stage of physical 
astronomy, the Jovian system has not lost its analogical 
interest ; for the mutual perturbations of the four satellites 
passthrough all their phases within a few centuries, and 
thus enable us to verify in a miniature case the principles 
of stability, which Laplace established for the great plane- 
tary system. Oscillations or disturbances which ip the 
motions of the planets appear to be secular, because^ their 
periods extend over millions of years, can be watched, in 
the case of Jupiter’s satellites, through complete revolutions 
within the historical period of astronomy 

’ CosmofAeoros (1699), p. i6. 

* Laplace, System of ike Worlds vol ii. p. 316- 
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In obtaining a knowledge of the stellar universe we 
must sometimes depend upon precarious analogies. We 
still hold upon this ground the opinion, entertained by 
Bruno as long ago as 1591, that the stars may be suns 
attended by planets like our earth. This is the most 
probable first assumption, and it is supported by spectrum 
observations, which show the similarity of light derived 
from many stars with that of the sun. But at the same 
time we learn by the prism that there are nebulae and stars 
in conditions wide’y diflerent from anything known in our 
system. In the course of time the analogy may perhaps 
be restored to comparative completeness by the discovery 
of suns in various stages of nebulous condensation. The 
history of the evolution of our own world may be traced 
back in bodies less, developed, or traced forwards in systems 
more advanced towards tiie dissipation of energy, and the 
extinction of life. As in a gi’eat workshop, we imy perhaps 
see the material work of Creation as it has progressed 
through thousands of millions of years. 

In speculations concerning the physical condition of 
the planets and their satellites, we depend upon analogies 
of a weak character. We may be said to know that the 
moon has mountains and valleys, plains and ridges, vol- 
canoes and streams of lava, and, in spite of the absence of 
air and water, the rocky surface of the moon presents so 
many familiar appearances that we do not hesitate to 
compare them with the features of our globe. We infer 
with high probability that Mars has polar snow and an 
atmosphere absorbing blue rays like our own; Jupiter 
undoubtedly possesses a cloudy atmosphere, possibly not 
unlike a magnified copy of that surrounding the earth, but 
our tendency to adopt analogies receives a salutary correc- 
tion in the recently discovered fact that the atmosphere of 
Uranus contains hydrogen. 

Philosophers have not stopped at these comparatively 
safe inferences, but have speculated on the existence of 
living* creatures in other planets. Huyghens remarked 
that as we infer by analogy from the dissected body of a 
dog to that of a pig and ox or other animal of the same 
general form, and as we expect to find the same viscera, 
the heart, stomach, lungs, intestines, &c., in corresponding 
positioiis^ so when we notice the similarity of the planets 
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in many respects, we must expect to find them alike in 
other respects^ He even enters into an inquiry whether 
the inhabitants of other planets would possess reason and 
knowledge of the same sort as ours, concluding in the 
afiSrmative. Although the power of intellect might be 
different, he considers that they would have the^ same 
geometry if they had any at all, and that what is true 
with us would be true with them.^ As regards the sun, 
he wisely observes that every conjecture fails. Laplace 
entertained a strong belief in the existence of inhabitants 
on other planets. The benign influence of the sun gives 
birth to animals and plants upon the surface of the earth, 
and analogy induces us to believe that his rays would tend 
to have a similar effect elsewhere. It is not probable that 
matter which is here so fruitful of life would be sterile 
upon so great a globe as Jupiter, which, like the earth, has 
Hs days and nights and years, and changes w’hich indicate 
active forces. Man indeed is formed for the temperature 
and atmosphere in which he lives, and, so far as appear., 
could not live upon the other planets. But there might 
be an infinity of organisations relative to the diverse 
constitutions of the bodies of the universe. The most 
active imagination cannot form any idea of such various 
creatures, but their existence is not unlikely.® 

We now know that many metals and other elements 
never found in organic structures are yet capable of form- 
ing compounds with substances of vegetable or animal 
origin. It is therefore just possible that at different tem- 
peratures creatures formed of different yet analogous com- 
pounds might exist, but it would seem indispensable that 
carbon should form the basis of organic structures. We 
have no analogies to lead us to suppose that in the absence 
of that complex element life can exist. Could we find 
globes surrounded by atmospheres resembling our own in 
temperature and composition, we should be almost forced 
to believe them inhabited, but the probability of any ana- 
logical argument decreases rapidly as the condition of a 
globe diverges from that of our own. The Cardinal 
Nicholas de Cusa held long ago that the moon was 
♦ 

I Cosmotheoros (i^), p. 17. ® Ibid. p. 36. 

^ ^item of ths Worlds vol. ii. p« 326. Essai Pkilo 8 ophiqm» p. 87. 
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inhabited, but the absence of any appreciable atmosphere 
renders the existence of inhabitants highly improbable. 
Speculations resting upon weak analbgies hardly belong 
to the scope of true science, aud can only be tolerated as 
an antidote to the far worse dogmas which assert that the 
thousand million of persons on earth, or rather a small 
fraction of them, are the sole objects of care of the Power 
which designed this limitless Universe. 

Failures of Analogy, 

So constant is the aid which we derive from the use of • 
analogy in all attempts at discovery or explanation, that it 
is most important to observe in what cases it may lead us 
into difficulties. That which we expect by analogy to 
exist 

(1) May be found to exist; 

(2) May seem not to exist, but nevertheless may really 
exist ; 

(3) May actually be non-existent. 

In the second case the failure is onl^ apparent, and 
arises from our obtuseness of perception, the smallness of 
the phenomenon to be noticed, or the disguised character 
in which it appears. 1 have already pointed out that the 
analogy of sound and light seems to fail because light does 
not apparently bend round a corner, the fact being that 
it does so bend in the phenomena of diffraction, which 
present the effect, however, in such an unexpected and 
minute form, that even Newton was misled, and turned 
from the correct hypothesis of undulations which he had 
partially entertained. 

In the third class of cases analogy fails us altogether, 
and we expect that to exist which really does not exist. 
Thus we fail to discover the phenomena of polarisation in 
sound travelling through the atmosphere, since air is not 
capablaof any appreciable transverse undulations. These 
failures of analogy are of peculiar interest, because they^ 
make the mind aware of its superior powers. There have 
been many philosophers who said that we can conceive 
nothing in the intellect which we have not previously 
received through the senses. This is true in the sen^e 
that we cannot image them to the mind in the concrete 

TT 
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form of a shape or a colour ; but we can speak of them and 
reason concerning them; in short, we often know them 
in everything but i sensuous manner. Accurate investi- 
gation shows that all material substances retard tlie 
motion of bodies through them by subtracting energy 
by impact. By the law of continuity we can frame the 
notion of a vacuous space in which there is no resistance 
whatever, nor need we stop there ; for we have only to 
proceed by analogy to the case where a medium should 
accelerate the motion of bodies passing through it, some- 
what in the mode which Aristotelians attributed falsely 
to the air. Thus we can frame the notion of negative 
density, and Newton could reason exactly concerning it, 
although no such thing exists.^ 

In every direction of thought we may meet ultimately 
with similar failures of analogy. A moving point gene- 
rates a line, a moving line generates a surface, a moving 
surface generates a solid, but what does a moving solid 
generate ? When we compare a polyhedron, or many- 
sided solid, with a polygon, or plane figure of many sides, 
the volume of the first is analogous to the area of the 
second ; the face of the solid answers to the side of the 
polygon ; the edge of the solid to the point of the figure ; 
but the corner, or junction of edges in the polyhedron, 
is left wholly unrepresented in the plane of the polygon. 
Even if we attempted to draw the analogies in some 
other manner, we should still find a geometrical notion 
embodied in the solid which has no representative in the 
figure of two dimensions.^ 

Faraday was able to frame some notion of matter in a 
fourth condition, which should be to gas what gas is to 
liquid.* Such substance, he thought, would not fall far 
short of radiant matter, by which apparently he meant 
the supposed caloric or matter assumed to constitute heat, 
according to the coi'puscular theory. Even if we could 
frame the notion, matter in such a state cannot be, known 
to exist, and recent discoveries concerning the continuity 

* Pfincwia, bk. ii. Section ii. Prop. x. 

2 Pe Moigan, Cambridge Fhimophical Transactions vol. xl 
Part ii, p. 246. 

* L^e of Fwrada/g, toL L p, 2id 
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of the solid, liquid, and gaseous states remove the basis 
of the speculation. 

From these and many other instances which might be 
adduced, we learn that analogical reasoning leads us to 
the conception of many things which, so far as we can 
ascertain, do not exist. In this way great perplexities 
have arisen in the use of language and mathematical 
symbols. All language depends upon analogy; for we 
join and arrange words so that they may represent the 
corresponding junctions or arrangements of things and 
their equalities. But in the use of language we are 
obviously capable of forming many combinations of words 
to which no corresponding meaning apparently exists. 
The same difSculty arises in the use of mathematical 
signs, and mathematicians have needlessly puzzled them- 
selves about the square root of a negative quantity, which 
is, in many applications of algebraic calculation, simply a 
sign without any analogous meaning, there being a failure 
of analogy 
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CHAPTEE XXIX. 

EXCEPTIONAL PHENOMENA. 

Ip science consists in the detection of identity and the 
recognition of uniformity existing in many objects, it 
follows that the progress of science depends upon the study 
of exceptional phenomena. Such new phenomena are the 
raw material upon which we exert our faculties of obser- 
vation and reasoning, in order to reduce the 
benea th the sway of the laws of nature, eithe r those law s 
already well Uot only 

are strange and inexplicable facts those which are on the 
whole most likely to lead us to some novel and important 
discovery, but they are also best fitted to arouse our 
attention. So long as events happen in accordance with 
our anticipations, and the routine of every-day observation 
is unvaried, there is nothing to impress upon the mind the 
smallness of its knowledge, and the depth of mystery, which 
may be hidden in the commonest sights and objects. In 
early times the myriads of stars which remained in appa- 
rently fixed relative positions upon the heavenly sphere, 
received less notice from astronomers than those few 
planets whose wandering and inexplicable, motions formed 
a riddle. Hipparchus was induced to prepare the first 
catalogue of stars, because a single new star had been 
added to those nightly visible ; and in the middle ages two 
brilliant but temporary stars caused ipore popular interest 
in astrbnomy than any other events, and to one of them we 
owe all the observations of l^cho Brahe, the mediaeval 
Hipparchus. 

In other sciences, as w^as in that of the l^vensi 
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exceptional events are commonly the points &om which 
we start to explore new regions of knowledge. It has been 
beautifully said that^ Wpinder is the daughto of Ignorance, 
hut the mother of Invention; and though the most familiar 
and slight events, if fully examined, will afford endless food 
for wonder and for wisdom, yet it is the few peculiar and 
unlooked-for events which most often lead to a course of 
discovery. It is true, indeed, that it requires much 
philosophy to observe things which are too near to us. 

The high scientific importance attaching, then, to ex* 
ceptions, renders it desirable that we should carefully 
consider the various modes in which an exception may be 
disposed of; while some new facts will be found to confirm 
the very laws to which they seem at first sight clearly 
opposed, others will cause us to limit the generality of our 
previous statements. In some cases the exception may be 
proved to be no exception ; occasionally it will prove fatal 
to our previous most confident speculations ; and there are 
some new phenomena which, without really destroying any 
of our former theories, open to us wholly new fields of scien- 
tific investigation. The study of this subject is especially 
interesting and important, because, as I have before said 
(p. 587), no important theory can be built up complete 
and perfect all at once. When unexplained phenomena 
present themselves as objections to the theory, it. will often 
demand the utmost judgment and sagacity to assi^ to 
them their proper place and force. The acceptance or 
rejection of a theory will depend upon discriminating the 
one insuperable contradictory fact from many, which, 
however singular and inexplicable at first sight, may 
afterwards be shown to be results of different causes, or 
possibly the most striking results of the very law with 
which they stand in apparent conflict. 

I can enumerate at least eight classes or kinds of ex- 
ceptional phenomena, to one or other of which any 
supposed exception to the known laws of nature can 
usually be referred; they may be briefly described as 
below, and will be sufficiently illustrated in the succeeding 
Actions. 

(i) Imaginary, or false exceptions, that is, facts, objects, 
or events which are not really what they are supposed 
to be, . 
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(2) Apparent, but congruent exceptions, which, though 
apparently in conflict with a law of nature, are really in 
agreement with it. 

(3) Singular exceptions, which really agree with a law 
of nature, but exhibit remarkable and unique results of it. 

(4) Divergent exceptions, which really proceed from the 
ordinary action of known processes of nature, but which 
are excessive in amount or monstrous in character. 

(5) Accidental exceptions, arising from the interference 
of some entirely distinct but known law of nature. 

(6) Novel and unexplained exceptions, which lead to 
the discovery of a new series of laws and phenomena, 
modifying or disguising the effects of previously known 
laws, without being inconsistent with them. 

(7) Limiting exceptions showing the falsity of a sup- 
posed law in some cases to which it had been extended, 
but not affecting its truth in other cases. 

(8) Contradictory or real exceptions which lead us to 
the conclusion that a supposed hypothesis or theory is in 
opposition to the phenomena of nature, and must therefore 
be abandoned. 

It ought to be clearly understood that in no case is a 
law of nature really thwarted or prevented from being 
fulfilled. The effects of a law may be disguised and 
hidden from our view in some instances: in others the 
law itself may be rendered inapplicable altogether; but 
if a law is applicable it must be carried out. Every 
law of nature must therefore be stated with the utmost 
generality of all the instances really coming under it 
Babbage proposed to distinguish between universal prin- 
cipleSf which do not admit of a single exception, such 
as that every number ending in 5 is divisible by five, 
and general principles which are more frequently obeyed 
than violated, as that “men will be governed by what 
they believe to be their interest”^ But in a scientific 
point of view general principles must be univ^Psal as 
regards some distinct class of objects, or they are not 
principles at all. If a law to which exceptions exist is 
stated without allusion to those exceptions, the statement 
is erroneous. 1 have no right to say that ^ All liqtuds 

I Babbage, The Erpodtion of 1851, p. x. 
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expand by heat/* if I know that water below 4® C. does 
not ; I ought to say, “ All liquids, except water below 4® C., 
expand by heat ; ** and every new exception discovered will 
falsify the statement until inserted in it. To speak of 
some laws as being generally true, meaning not universally 
but in the majority of cases, is a hurtful abuse of the word, 
but is quite usual. General should mean that which is 
true of a whole genus or class, and every true statement 
must be true of some assigned or assignable class. 

Imaginary or False Eooceptions. 

When a supposed exception to a law of nature is brought 
to our notice, the first inquiry ought properly to be — Is 
there any breach of the law at all ? It may be that the 
supposed exceptional fact is not a fact at all, but a mere 
figment of the imagination. When King Charles requested 
the Royal Society to investigate the curious fact that a live 
fish put into a bucket of water does not increase the weight 
of the bucket and its contents, the Royal Society wisely 
commenced their deliberations by inquiring whether the 
fact was so or not. Every statement, however false, must 
have some cause or prior condition, and the real question 
for the Royal Society to investigate was, how the King 
came to think that the fact was so. Mental conditions, as 
we have seen, enter into all acts of observatioti, and are 
often a worthy subject of inquiry. But there are many 
instances in the history of science, in which trouble and 
error have been caused by false assertions carelessly made, 
and carelessly accepted without verification. 

The reception of the Copernican theory was much 
impeded by the objection, that if the earth were moving, a 
stone dropped from the top of a high tower should be left 
behind, and should appear to move towards the west, just 
as a stone dropped from the mast-fiead of a moving ship 
would, fall behind, owing to the motion of the ship. The 
Copernicans attempted to meet this grave objection in eveiy 
way but the true one, namely, showing by trial that the 
assejrted facts are not correct. In thcf first place, if a stone 
had been dropped with suitable precautions from the mast-, 
head of a moving ship, it would have fallen close to the foot 
of th^mast, beciause, by the first law of motion, it would 
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remain in the same state of horizontal motion commu- 
nicated to it by the mast. As the anti-Gopemicans had 
assumied the contrary result as certain to ensue, their 
argument would of course have fallen through. Had the 
Copernicans next proceeded to test with great care the other 
assertion involved, they would have become still better 
convinced of the truth of their own theory. A stone 
dropped from the top of a high tower, or into a deep well, 
would certainly not have been deflected from the vertical 
direction in the considerable degree required to agree with 
the supposed consequences of the Copernican views ; but, 
with very accurate observation, they might have discovered, 
as Benzenberg subsequently did, a very small deflection 
towards the east, showing that the eastward velocity is 
greater at the top than the bottom. Had the Copernicans 
then been able to detect and interpret the meaning of the 
small divergence thus arising, they would have found in it 
corroboration of their own views. 

Multitudes of cases might be cited in which laws of 
nature seem to be evidently broken, but in which the 
apparent breach arises from a misapprehension of the case. 
It is a general law, absolutely true of all crystals yet sub- 
mitted to examination, that no crystal has a re-entrant 
angle, that is an angle which towards the axis of the crystal 
is greater than two right angles. Wherever the faces of a 
crystal meet they produce a projecting edge, and wherever 
e4ges meet they produce a corner. Many crystals, however, 
when carelessly examined, present exceptions to this law, 
but closer observation always shows that thejl" apparently 
re-entrant angle really arises froin the oblique union of two 
distinct crystalsi Other crystals seem to possess faces 
contradicting all the principles of crystallography; but 
careful examination shows that the supposed faces are not 
true faces, but surfaces produced by the orderly junction 
of an immense number of distinct thin crystalline plates, 
each plate being in fact a separate crystal, in which the 
laws of crystallography are strictly observed. The rough- 
ness of the supposed face, the striae detected by the 
microscope, or inference by continuity from other specimens 
^where the true faces of the plates are clearly seen, prove the 
mistaken character of the supposed exceptions. Again, four 
of the faces of a regular octahedron may become so enlarged 
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in the crystallisation of iron pyrites and some other sub- 
stances, that the other four faces become imperceptible and 
a regular tetrahedron appears to be produced, contrary to 
the laws of crystallographic symmetry. Many other cry- 
stalline forms are similarly modified, so as to produce a 
series of what are called hemihedral forms. 

In tracing out the isomorphic relations of the elements, 
great perplexity has often been caused by mistaking one 
substance for another. It was pointed out that though 
arsenic was supposed to be isomorphous with phosphorus, 
the arseniate of soda crystallised in a form distinct from 
that of the corresponding phosphate. Some chemists held 
this to be a fatal objection to the doctrine of isomorphism ; 
but it was afterwards pointed out by Clarke, that the 
arseniate and phosphate in question were not correspond- 
ing compounds, as they difered in regard to the water 
of crystallisation.^ Vanadium again appeared to be an 
exception to the laws of isomorphism, until it was proved 
by Professor Eoscoe, that what Berzelius supposed to be 
metallic vanadium was really an oxide of vanadium.® 

Apparent Ivt Congruent Exceptions, 

Not unfrequently a law of nature will present results 
in certain circumstances which appear to be entirely in 
conflict with the law itself. Not only may the. action of 
the law be much complicated and disguised, but it may 
in various ways be reversed or inverted, so that careless 
observers are misled. Ancient philosophers generally 
believed that while some bodies were heavy by nature, 
others, such as flame, smoke, bubbles, clouds, &c., were 
essentially light, or possessed a tendency to move upwards. 
So acute an inquirer as Aristotle failed to perceive the 
true nature of buoyancy, and the doctrine of intrinsic 
lightness, expounded in his works,, became the accepted 
view for many centuries. It is true that Lucretius was 
aware* why flame tends to rise, holding that — 

“ The flame has weight, though highly rare, 

Nor mounts h'nt ymen compelled by heavier 

' Daubeny’s Atomic Theory, p. 76. 

® Bakermi Lecture, Philosophtcdl Transactions (1868), vol dviil 

p,2. 




660 THE PETNCIPLIS OF SCIENCE. [chap, 

Archimedes also was so perfectly acquainted with the 
buoyancy of bodies immersed in water, that he could not 
fail to perceive the existence of a parallel effect in air. 
Yet throughout the early middle ages the light of true 
science could not contend with the glare of the Peripatetic 
doctrine. The genius of Galileo and Newton was required 
to convince people of the simple truth that all matter 
is heavy, but that the gravity of one substance may be 
overborne by that of another, as one scale of a balance is 
carried up by the preponderating weight in the opposite 
scale. It is curious to find Newton gravely explaining 
the difference of absolute and relative gravity, as if it 
were a hew discovery proceeding from his theory.^ More 
tlian a century elapsed before other apparent exceptions 
to the Newtonian philosopliy were explained away. 

Newton himself allowed that the motion of the apsides 
of the moon’s orbit appeared to be irreconcilable with the 
law of gravity, and it remained for Clairaut to remove the 
difficulty by more complete mathematical analysis. There 
must always remain, in the motions of the heavenly bodies, 
discrepancies of some amount between theory and obser- 
vation ; but such discrepancies have so often yielded in past 
times to prolonged investigation that physicists now regard 
them as merely apparent exceptions, which will afterwards 
be found to agree with the law of gravity. 

The most beautiful instance of an apparent exception, is 
found in the total reflection of light, which occurs when a 
beam of light within a medium falls very obliquely upon 
the boundary separating it from a rarer medium. The 
general law is that when a ray strikes the limit between two 
media of different refractive indices, part of the light is 
reflected and part is refracted; but when the obliquity of 
the ray within the denser medium passes beyond a certain 
point, there is a sudden apparent breach of continuity, and 
the whole of the light is reflected. A clear reason can be 
given for this exceptional conduct of the light. According 
to the law of refraction, the sine of the angle of incidence 
bears a fixed ratio to the sine of the angle of refraction, so 
that the' greater of the two angles, which is always that in 
the less dense medium, may increase up to a right ^ngle ; 


^ Prmcipia, bk. ii Prop. 20. Corollaries, 5 and 6, 



XXIX.] EXCEPTIONAL PHENOMENA. 651 


but when the media differ in refractive power, the less 
angle cannot become a right angle, as this would require 
the sine of an angle to be greater than the radius. It might 
seem that this is an exception of the kind described below 
as a limiting exception, by which a law is shown to be in- 
applicable beyond certain limits; but in the explanation 
of the exception according to the undulatory theory, we 
find that there is really no breach of the general law. 
When an undulation strikes a point in a bounding surface, 
spherical waves are produced and spread from the point. 
The refracted ray is the resultant of an infinite number of 
such spherical waves, and the bending of the ray at the 
common surface of two media depends upon the compa- 
rative velocities of propagation of the undulations in those 
media. But if a ray falls very obliquely upon the surface 
of a rarer medium, the waves proceeding from successive 
points of the surface spread so rapidly as never to intersect, 
and no resultant wave will then be produced. We thus 
perceive that from similar mathematical conditions arise 
distinct apparent effects. 

There occur from time to time failures in our best 
grounded predictions. A comet, of which the orbit has been 
well determined, may fail, like LexelTs Comet, to appear at 
the appointed time and place in the heavens. In the 
present day we should not allow such an exception to our 
successful predictions to weigh against our belief in the 
theory of gravitation, but should assume that some unknown 
body had through the action of gravitation deflected the 
comet. As Clairaut remarked, in publishing his calculations 
concerning the expected reappearance of Halley’s Comet, a 
body which passes into regions so remote, and which is 
hidden from our view during such long periods, might be 
exposed to the influence of forces totally unknown to us, 
such as the attraction of other comets, or of planets too far 
removed from the sun to be ever perceived by us. In the 
case of Lexell’s Comet it was afterwards shown, curiously 
enough, that its appearance was not one of a regular series 
of periodical returns within the sphere of our vision, but a 
single exceptional visit never to be repeated, and* probably 
due to the . perturbing powers of Jupiter. This solit^ 
visit became a strong confirmation of the law of gravity 
with which it seemed to be in conflict 



65S 


THE PRINCIPLES OF SCIENCE. 


[OflAP 


‘ Singular Exceptions. 

Among the most interesting of apparent exceptions are 
those which I call singular exceptions^ because they are 
more or less analogous to the singular cases or solutions 
which occur in mathematical science. A general mathe- 
matical law embraces an infinite multitude of cases which 
perfectly agree with each other in a certain respect. It may 
nevertheless happen that a single case, while really obeying 
the general law, stands out as apparently different from all 
the rest. The rotation of the earth upon its axis gives to 
all the stars an apparent motion of rotation from east, to 
west; but while countless thousands obey the rule, the Pole 
Star alone seems to break it. Exact observations indeed 
show that it also revolves in a small circle, but a star 
might happen for a short time to exist so close to the pole 
that no appreciable change of place would be caused by the 
earth's rotation. It would then constitute a perfect singular 
exception ; while really obeying the law, it would break the 
terms in which it is usually stated. In the same way the 
poles of every revolving body are singular points. 

Whenever the laws of nature are reduced to a mathe- 
matical form we may expect to meet with singular cases, 
and, as all the physical sciences will meet in the mathema- 
tical principles of mechanics, there is no part of nature 
where we may not encounter them. In mechanical 
science the motion of rotation may be considered an ex- 
ception to the motion of translation. It is a general law 
that any number of parallel forces, whether acting in the 
same or opposite directions, will have a resultant which 
may be substituted for them with like effect. This re- 
sultant will be equal to the algebraic sum of the forces, or 
the difference of those acting in one direction and the 
other ; it will pass through a point which is determined by 
a simple formula, and which may be described as theanean 
point of all the points of application of the parallel forces 
(p. 364). Thus we readily determine the resultant of 
parallel forces except in one peculiar case, namely, when 
two forces are equal and opposite but not in the same 
straight line. Being equal and opposite the amount of the 
resultant is nothing, yet, as the forces are not in the same 
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straight Kne, they do not balance each other. Examining 
the formula for the point of application of the resultant, 'we 
find that it gives an infinitely great magnitude, so that the 
resultant is nothing at all, and acts at an infinite distance, 
which is practically the same as to say that there is no 
resultant. Two such forces constitute what is known in 
mechanical science as a couple, which occasions rotatory 
instead of rectilinear motion, and can only be neutralised 
by an equal and opposite couple of forces. 

The best instances of singular exceptions are furnished 
by the science of optics. It is a generd law that in passing 
through transparent media the plane of vibration of pola- 
rised light remains unchanged. But in certain liquids, 
some peculiar crystals of quartz, and transparent solid 
media subjected to a magnetic strain, as in Faraday’s ex- 
periment (pp. $88, 630), the plane of polarisation is rotated 
in a screw-like manner. This effect is so entirely sui 
generis, so unlike any other phenomena in nature, as to 
appear truly exceptional ; yet mathematical analysis shows 
it to be only a single case of much more general laws. As 
stated by Thomson and Tait,^ it arises from the com- 
position of two uniform circular motions. If while a point 
is moving round a circle, the centre of that circle move 
upon another circle, a great variety of curious curves will 
be produced according as we vary the dimensions of the 
circles, the rapidity or the direction of the motions. When 
the two circles are exactly equal, the rapidities nearly so, 
and the directions opposite, the point will be found to 
move gradually round the centre of the stationary circle, 
and describe a curious star-like figure connected with the 
molecular motions out of which the rotational power of the 
media rises. Among other singular exceptions in optics 
may be placed the conical refraction of light, already 
noticed (p. 540), arising from the peculiar form assumed 
by a wave of light when passing through certain double- 
refracting crystals. The laws obeyed by the wave are 
exactly the same as in other cases, yet the results are 
entirely sui generis. So far are such cases from contra- 
dicting the law of ordinary cases, that they afford the best 
opportunities for verification. 

^ TreaJtm m Naiwral Philosophy, voL L p. 5a 
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In astronomy singular exceptions might occur, and in an 
approximate manner they do occur. We may point to the 
rings of Saturn as objects which, though undoubtedly obey- 
ing the law of gravity, are yet unique, as far as our obser- 
vation of the universe has gone. They agree, indeed, with 
the other bodies of the planetary system in the stability of 
their movements, which never diverge far from the mean 
position. There seems to be little doubt that these rings 
are composed of swarms of small meteoric stones ; formerly 
they were thought to be solid continuous rings, and mathema- 
ticians proved that if so constituted an entirely exceptional 
event might have happened under certain circumstances. 
Had the rings been exactly uniform all round, and with a 
centre of gravity coinciding for a moment with that of 
Saturn, a singular case of unstable equilibrium would have 
arisen, necessarily resulting in the sudden collapse of the 
rings, and the fall of their debris upon the surface of the 
planet. Thus in one single case the theory of gravity would 
give a result wholly unlike anything else known in the 
mechanism of the heavens. 

It is possible that we might meet with singular exceptions 
in crystallography. If a crystal of the second or dimetric 
system, in which the third axis is usually unequal to either 
of the other two, happened to have the three axes equal, it 
might be mistaken for a crystal of the cubic system, but 
would exhibit different faces and dissimilar properties. 
There is, again, a possible class of diclinic crystals in which 
two axes are at right angles and the third axis inclined to 
the other two. This class is chiefly remarkable for its 
non-existence, since no crystals have yet been proved to have 
such axes. It seems likely that the class would constitute 
only a singular case of the more general triclinic system, in 
which all three axes are inclined to each other at various 
angles. Now if the diclmic form were merely accidental, 
and not produced by any general law of molecular consti- 
tution, its actual occurrence would be infinitely improbable, 
just as it is infinitely improbable that any star should indi- 
cate the North Pole with perfect exactness. 

In the curves denoting the relation between the tem- 
perature and pressure of water there is, as shown by 
Professor J. Thomson, one very remarkable point entirely 
unique, at which alone water can remain in the three 
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conditions of gas^ liquid, and solid in the same vessel It is 
the triple point at which three lines meet, namely (i) the 
steam line, which shows at what temperatures and pressures 
water is just upon the point of becoming gaseous; (2) the 
ice line, showing when ice is just about to melt ; and (3) the 
hoar-frost line, which similarly indicates the pressures and 
temperatures at which ice is capable of passing directly 
into the state of gaseous vapour.^ 

^ ^ Divergent Exceptions. 

Closely analogous to singular exceptions are those diver- 
gent exceptions, in which a phenomenon manifests itself in 
unusual magnitude or character, without becoming subject 
to peculiar laws. Thus in throwing ten coins, it happened 
in four cases out of 2,048 throws, that all the coins fell with 
heads uppermost (p. 208) ; these would usually be regarded 
as very singular events, and, according to the theory of 
probabilities, they would be rare ; yet they proceed only 
from an unusual conjunction of accidental events, and from 
no really exceptional causes. In all classes of natural 
phenomena we may expect to meet with similar divergencies 
from the average, sometimes due merely to the principles 
of probability, sometimes to deeper reasons. Among every 
large collection of persons, we shall probably find some 
persons who are remarkably large or remarkably small, 
giants or dwarfs, whether in bodily or mental conformation^ 
Such cases appear to be not mere lusus naturae, since they 
occur with a frequency closely accordant with the law of 
error or divergence from an average, as shown by Quetelet 
and Mr. Galton.^ The rise of genius, and the occurrence of 
extraordinary musical or mathematical faculties, are attri- 
buted by Mr. Gallon to the same principle of divergence. 

When several distinct forces happen to concur together, 
we may have surprising or alarming results. Great storms, 
floods^ droughts, and other extreme deviations from the 
average condition of the atmosphere thus arise. They 
must be expected to happen from time to time, and will 
yet be very infrequent compared with minor disturbances. 

1 Maxwell’s Theory of Heat, (1871), p. 175. 

* Galton, on the Height and Weight of Boys. Journal of the 
Anthropological Institute, 1875, p. 174. 
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They are not anomalous but only extreme events, analogous 
to extreme runs of luck. There seems, indeed, to be a 
fallacious impression in the minds of many persons, that 
the theory of probabilities necessitates uniformity in the 
happening of events, so that in the same space of time there 
will always be nearly the same number of railway accidents 
and murders. Buckle has superficially remarked upon the 
constancy of such events as ascertained by Quetelet, and 
some of his readers acquire the false notion that there is a 
mysterious inexorable law producing uniformity in human 
affairs. But nothing can be more opposed to the teachings 
of the theory of probability, which always contemplates the 
occurrence of unusual runs of luck. That theory shows 
the great improbability that the number of railway accidents 
per month should be always equal, or nearly so. The 
public attention is strongly attracted to any unusual con- 
junction of events, and there is a fallacious tendency to 
suppose that such conjunction must be due to a peculiar 
new cause coming into operation. Unless it can be clearly 
shown that such unusual conjunctions occur more frequently 
than they should do according to the theory of probabilities, 
we should regard them as merely divergent exceptions. 

Eclipses and remarkable conjunctions of the heavenly 
bodies may also be regarded as results of ordinary laws 
which nevertheless appear to break the regular course of 
nature, and never fail to excite surprise. Such events vary 
greatly in frequency. One or other of the satellites . of 
Jupiter is eclipsed almost every day, but the simultaneous 
eclipse of three satellites can only take place, according to 
the calculations of Wargentin, after the lapse of 1,317,900 
years. The relations of the four satellites are so remarkable, 
that it is actually impossible, according to the theory of 
gravity, that they should all suffer eclipse simultaneously. 
But it may happen that while some of the satellites are 
really eclipsed by entering Jupiter’s shadow, the others are 
either occulted or rendered invisible by passing over his 
disk. Thus on four occasions, in 1681, 1802, 1826, and 
1843, Jupiter has been witnessed in the singular condition 
of being apparently deprived of satellites. A close con- 
“ junction of two planets always excites admiration, though 
such conjunctions must occur at intervals in the ordinary 
course of their motions. We cannot wonder that when 
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three or four planets approach each other closely, the event 
is long remembered. A most remarkable conjvmction of 
Mars, Jupiter, Saturn, and Mercury, which took place in 
the year 2446 B.G., was adopted by the Chinese Emperor, 
Chuen Hio, as a new epoch for the chronology of his 
Empire, though there is some doubt whether the conjunc- 
tion was really observed, or was calculated from the supposed 
laws of motion of the planets. It is certain that on the 
nth November, 1524, the planets Venus, Jupiter, Mars, 
and Saturn were seen very close together, while Mercury 
was only distant by about 16° or thirty apparent diameters 
of the sun, this conjunction being probably the most re- 
markable which has occurred in historical times. 

Among the perturbations of the planets we find divergent 
exceptions arising from the peculiar accumulation of effects, 
as in the case of the long inequality of Jupiter and Saturn 
(p. 45 s). Leverrier has shown that there is one place between 
the orbits of Mercury and Venus, and another between those 
of Mars and Jupiter, in either of which, if a small planet 
happened to exist, it would suffer comparatively immense 
disturbance in the elements of its orbit. Now between 
Mars and Jupiter there do occur the minor planets, the 
orbits of which are in many cases exceptionally divergent.^ 

Under divergent exceptions we might place aU or nearly 1 
all the instances of substances possessing physical pro-j 
perties in a very high or low degree, which were (iescribe(S 
in the chapter on Generalisation (p. 607). Quicksilver ia 
divergent among metals as regards its melting point, an(f 
potassium and sodium as regards their specific gravities. 
Monstrous productions and variations, whether in the anipial 
or vegetable kingdoms, should probably be assigned to this 
class of exceptions. 

It is worthy of notice that even in such a subject as 
formal logic, divergent exceptions seem to occur, not of 
course due to chance, but exhibiting in an unusual degree 
a phenomenon which is more or less manifested in all 
other cases. I pointed out in p. 141 that propositions of 
the general type A = BC *|- he are capable of expression 
in six equivalent logical forms, so that they manifest in a 
higher degree than any other proposition yet discovered 
the phenomenon of logical equivalence. 

* Graat^s History of Physical Astronomy, p. I id 
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Accidental Exceptions. 


The third and largest class of exceptions contains those 
which arise from the casual interference of extraneous 
causes. A law may be in operation, and, if so, must be 
perfectly fulfilled ; but, while we conceive that we are 
examining its results, we may have before us the effects 
of a different cause, possessing no connexion with the 
subject of our inquiry. The law is not really broken, but 
at the same time the supposed exception is not illusory. 
It may be a phenomenon which cannot occur but under 
the condition of the law in question, yet there has been 
such interference that there is an apparent failure of 
science. There is, for instance, no subject in which more 
rigorous and invariable laws have been established than in 
crystallography. As a general rule, each chemical sub- 
stance possesses j|pp^<jwn definite form, by which it can be 
infallibly recognwed ; but the mineralogist has to be on his 
guard against what are called pseudomorphic crystals. In 
some circumstances a substance, having assumed its proper 
crystalline form, may afterwards undergo chemical change ; 
a new ingredient may be added, a former one removed, or 
one element may be substituted for another. In calcium 
carbonate the carbonic acid is sometimes replaced by 
sxQphuric acid, so that we find gjrpsum in the form of 
calcite; other cases are known where the change is inverted 
and odcite is found in the form of gypsum. Mica, talc, 
steatite, hematite, are other minerals subject to these curious 
transmutations. Sometimes a crystal embedded in a matrix 
is entirely dissolved away, and a new mineral is subse- 
quently deposited in the cavity as in a mould. Quartz? is 
thus found cast in many forms wholly unnatural to it: A 
still more perplexing case sometimes occurs. Calcium 
carbonate is capable of assuming two distinct foims of 
crystallisation, in which it bears respectively the names of 
calcite and arragonite. Now arragonite, while retaining its 
outward form unchanged, may undergo an internal mole- 
cular change into calcite, as indicated by the altered 
cleavage. Thus we may come across crystals apparently 
of arragonite, which seem to break all the laws of crystello- 
gfaphy, by possessing the cleavage of a different system of 
crysts^ation. 
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Some of the most invariable laws of nature are disguised 
by interference of uiilooked-for causes. While the baro- 
meter was yet a new and curious subject of investigation, 
its theory, as stated by Torricelli and Pascal, seemed to be 
contradicted by the fact that in a well-constructed in- 
strument the mercury would often stand far above 3 1 inches 
in height. Boyle showed^ that mercury could be made 
to stand as high as 75 inches in a perfectly cleansed tube, 
or about two and a half times as high as could be due to 
the pressure of the atmosphere. Many theories about 
the pressure of imaginary fluids were in consequence put 
forth, ^ and the subject was involved in much confusion 
until the adhesive or cohesive force between glass and 
mercury, when brought into perfect contact, was pointed 
out as the real interfering cause. It seems to me, how- 
ever, that the phenomenon is not thoroughly understood 
as yet. 

Gay-Lussac observed that the temperature of boiling 
water was very different in some kinds of vessels from 
what it was in others. It is only when in contact with 
metallic surfaces or sharply broken edges that the tem- 
perature is fixed at 100® C. The suspended freezing of 
liquids is another case where the action of a law of nature 
appears to be interrupted. Spheroidal ebullition was at 
first sight a most anomalous phenomenon ; it was almost 
incredible that water should not boil in a red-hot vessel, or 
that ice could actually be produced in a red-hot crucible. 
These paradoxical results are now fully explained as due to 
the interposition of a non-conducting film of vapour between 
the globule of liquid and the sides of the vessel. The feats 
of conjurors who handle liquid metals are accounted for in 
the same manner. At one time the passive state of steel 
was regarded as entirely anomalous. It may be assumed 
as a general law that when pieces of electro-negative and 
electro-positive metal are placed in nitric acid, and made to 
touch*each other, the electro-negative metal will undergo 
rapid solution. But when iron is the electro-negative and 
platinum the electro-positive, the solution of the iron 
entirely and abruptly ceases. Faraday ingeniously proved 

* Discourse to the Royal Society^ 28U1 May, 1684. 

* Robert Hooke’s Fosilmmcms Works^ p. 365. 

u u 2 
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that this effect is due to a thin film of oxide of iron, which 
forms upon the surface of the iron and protects it.^ 

The law of gravity is so simply, and disconnected from 
the other laws of nature, that it never suffers any disturb- 
ance, and is in no way disguised, but by the complication 
of its own effects. It is otherwise with those secondary 
laws of the planeta^ system which have only an em- 
pirical basis. The fact that all the long known planets 
and satellites have a similar motion from west to east is 
not necessitated by any principles of mechanics, but 
points to some common condition existing in the nebulous 
mass from which our system has been evolved. The 
retrograde motions of the satellites of Uranus constituted 
a distinct breach in this law of uniform direction, which 
became all the more interesting when the single satellite of 
Neptune was also found to be retrograde. It now became 
probable, as Baden Powell well observed, that the anomaly 
would cease to be singular, and become a case of another 
law, pointing to some general interference which has taken 
place on the bounds of the planetary system. Not only 
have the satellites suffered from this perturbance, but 
Uranus is also anomalous in having an axis of rotation 
lying nearly in the ecliptic ; and Neptune constitutes a 
partial exception to the empirical law of Bode concerning 
the distances of the planets, which circumstance may 
possibly be due to the same disturbance. 

Geology is a science ir^ which accidental exceptions are 
likely to occur. Only when we find strata in their original 
relative positions can we surely infer that the order of 
succession is the order of time. But it not uncommonly 
happens that strata are inverted by the bending and 
doubling action of extreme pressure. Landslips may carry 
one body of rock into proximity with an unrelated series, 
and produce results apparently inexplicable.^ Floods, 
streams, icebergs, and other casual agents, may lodge 
remains in places where they would be wholly unexpected. 
Though such interfering causes have been sometimes 
wrongly supposed to explain important discoveries, the 
geologist' must bear the possibility of interference in mind. 

* Experimental Researches in Electricity ^ vol. ii. pp. 240- -2^5. 

* Murchison^s Silurian System, vol. ii. p. 733, &c. 
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Scarcely more than a century ago it was held that fossils 
were accidental productions of nature, mere forms into 
which minerals had been shaped by no peculiar cause. 
Voltaire appears not to have accepted such, an explanation ; 
but fearing that the occurrence of fossil fishes on the Alps 
would support the Mosaic account of the deluge, he did 
not hesitate to attribute them to the remains of fishes 
accidentally brought there by pilgrims. In archasologicai 
investigations the greatest caution is requisite in allowing 
for secondary burials in ancient tombs and tumuli, for 
imitations, forgeries, casual coincidences, disturbance by 
subsequent races or by other archaeologists. In commoni 
life extraordinary events will happen from time to time,! 
as when a shepherdess in France was astonished at an iron^ 
chain falling out of the sky close to her, the fact being that^ 
Gay-Lussac had thrown it out of his balloon, which was 
passing over her head at the time. 

((pi 

JVdvel and Unexplained Exceptions. 

When a law of nature appears to fail because some other 
law has interfered with its action, two cases may present 
themselves ; — ^the interfering law may be a known one, or 
it may have been previously undetected. In the first case, 
which we have sufficiently considered in the preceding 
section, we have nothing to do but calculate as exactly as 
possible the amount of interference,, and make allowance 
for it ; the apparent failure of the law under examination 
should then disappear. But in the second case the results 
may be much more important. A phenomenon which 
cannot be explained by any known laws may indicate the 
interference of undiscovered natural forces. The ancients 
could not help perceiving that the general tendency of 
bodies downwards failed in the case of the loadstone, nor 
would the doctrine of essential lightness explain the excep- 
tion, •since the substance drawn upwards by the loadstone 
is a heavy metal. We now see that there was no breach in 
the perfect generality of the law of gravity, but that a new 
form of energy manifested itself in the loadstone for the first 
time. 

Other sciences show us that laws of nature, rigorously 
tiue and exact, may be developed by those who are 
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ignorant of more complex phenomena involved in their 
application. Newton’s comprehension of geometrical optics 
was sufficient to explain all the ordinary refractions and 
reflections of light. The simple laws of the bending of 
rays apply to all rays, whatever the character of the 
undulations composing them. Newton suspected the 
existence of other classes of phenomena when he spoke of 
rays as having sides; but it remained for later experi- 
mentalists to show that light is a transverse undulation, 
like the bending of a rod or cord. 

Dalton’s atomic theory is doubtless true of all chemical 
compounds, and the essence of it is that the same com- 
pound will always be found to contain the same elements 
in the same definite proportions. Pure calcium carbonate 
contains 48 paits by weight of oxygen to 40 of calcium 
and 12 of carbon. But when careful analyses were made 
of a great many minerals, this law appeared to fail. What 
was unquestionably the same mineral, judging by its 
crystalline form and physical properties, would give varying 
proportions of its components, and would sometimes contain 
unusual elements which yet could not be set dowii as 
mere impurities. Dolomite, for instance, is a compound of 
the carbonates of magnesia and lime, but specimens from 
different places do not exhibit any fixed ratio between the 
lime and magnesia. Such facts could be reconciled with 
the laws of Dalton only by supposing the interference of a 
new law, that of Isomorphism. 

It is now established that certain elements are related to 
each other, so that they can, as it were, step into each other’s 
‘^Jaces without apparently altering the shapes of the crystals 
%hich they constitute. The carbonates of iron, calcium, 
and magnesium, are nearly identical in their crystalline 
forms, hence they may crystallise together in harmony, 
producing mixed minerals of considerable complexity, 
which nevertheless perfectly verify the laws of equivalent 
proportions. This principle of isomorphism once esta- 
blished, not only explains what was formerly a stumbling- 
block, but gives valuable aid to chemists in deciding upon 
the constitution of new salts, since compounds of isomor- 
phous elements which have identical crystalline forms 
must possess corresponding chemical formulas. 

We may expect that from time to time extraordinary 
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phenomena will be discovered^ and will lead to new viewe 
of nature. The recent observation, for instance, that the 
resistance of a bar of selenium to a current of electricity is 
affected in an extraordinary degiee by rays of light felHng 
upon the selenium, po||its to a new relation .between light 
and electricity. The allotropic changes which sulphur, 
selenium, and phosphorus undergo by an alteration in the 
amount of latent heat which they contain, will probably 
lead at some future time to important inferences concerning 
the molecular constitution of solids and liquids. . »The 
curious substance ozone has perplexed many chemists, and 
Andrews and Tait thought that it afforded evidence of the 
decomposition of oxygen by the electric discharge. The 
researches of Sir B. C. Brodie negative this notion, and afford 
evidence of the real constitution of the substance,^ which 
still, however, remains exceptional in its properties and 
relations, and affords a hope of important discoveries in 
chemical theory. 

^ Limiting Exceptions, 

We pass to cases where exceptional phenomena are 
actually irreconcilable with a law of nature previously 
regarded as true. Error must now be allowed to have been 
committed, but the error may be more or less extensive. 
It may happen that a law holding rigorously true of the 
facts actudly under notice had been extended by generalisa- 
tion to other series of facts then unexamined. Subsequent 
investigation may show the falsity of this generalisation, 
and the result must be to Limit the law for the future to 
those objects of which it is really true. The contradiction 
to our previous opinions is partial and not total. 

Newton laid down as a result of experiment that every 
ray of homogeneous light has a definite refrangibility, which 
it preserves throughout its course until extinguished. This 
is one case of the general principle of undulatory movement, 
which Herschel stated under the title “ Principle of Forced 
Vibrations ” (p. 45 1), and asserted to be absolutely without 
exception. But Herschel himself described in the Philo-- 
sophical Transactions for 1845 a curious appeara^noe in a 

^ Philosophical Tramactiom yoL clxii No. aj. 
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solution of quinine ; as viewed by transmitted light the 
solution appeared colourless, but in certain aspects it exhi- 
bited a beautiful celestial blue tint. Curiously enough the 
colour is seen only in the first portion of liquid which the 
light enters* Similar phenomena jin fluor-spar had been 
described by Brewster in 1838. Rofessor Stokes, having 
^nutely investigated the phenomena, discovered that they 
^vere more or less present in almost all vegetable infusions, 
and in a number of mineral substances. He came to the 
conclusion that this phenomenon, called by him Fluores- 
cence, could only be explained by an alteration in the 
refrangibility of the rays of light ; he asserts that light-rays 
of very short length of vibration in falling upon certain 
atoms excite undulations of greater length, in opposition to 
the principle of forced vibrations. No complete explana- 
tion of the mode of change is yet possible, because it depends 
upon the intimate constitution of the atoms of the sub- 
stances concerned ; but Professor Stokes believes that the 
principle of forced vibrations is true only so long as the 
excursions of an atom are very small compared with the 
magnitude of the complex molecules.^ 

It is well known that in Calorescence the refrangibility 
of rays is increased and the wave-length diminished. Bays 
of obscure heat and low refrangibility may be concentrated 
so as to heat a solid substance, and make it give out rays 
belonging to any part of the spectrum, and it seems pro- 
bable that this effect arises from the impact of distinct but 
conflicting atoms. Nor is it in light only that we discover 
limiting exceptions to the law of forced vibrations ; for if 
we notice gentle waves lapping upon the stones at the edge 
of a lake we shall see that each larger wave in breaking 
upon a stone gives rise to a series of smaller waves. Thus 
there is constantly in progress a degradation in the magni- 
tude of water-waves. The principle of forced vibrations 
seems then to be too generally stated by Herschel, but it 
must be a diflBcult question of mechanical theory to dis- 
criminate the circumstances in which it does and does not 
hold true. 

We sometimes foresee the possible existence of exceptions 
yet unknown by experience, and limit the statement of our 
-discoveries accordingly. Extensive inquiries have shown 

^ FhUoioph4>c(d Tramactions (1852), vol. cxlii. pp. 465, 548, &c. 
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that all substances yet-examined fall into one of two classes ; 
they are all either ferro-magnetic, that is, ma^etic in the 
same way as iron, or they are diamagnetic like bismuth. 
But it does not follow that every substance must be ferro- 
magnetic or diamagn^c. The magnetic properties are' 
shown by Sir W. Thomson ^ to depend upon the specific 
inductive capacities of the substance in three rectangular 
directions. If these inductive capacities are all positive, we 
have a ferro-magnetic substance ; if negative, a diamagnetic 
substance ; but if the specific inductive capacity 'stere 
positive in one direction and negative in the others, we 
should have an exception to previous experience, and 
could not place the substance under either of the present 
recognised classes. 

So many gases have been reduced to the liquid state, and 
so many solids fused, that scientific men rather hastily 
adopted the generalisation that all substances could exist 
in all three states. A certain number of gases, such as 
oxygen, hydrogen, and nitrogen, have resisted all efforts to 
liquefy them, and it now seems probable from the experi- 
ments of Dr, Andrews that they are limiting exceptions. 
He finds that above 31° C. carbonic acid cannot be liquefied 
by any .pressure he could apply, whereas below this tem- 
perature liquefaction is always possible. By analogy it 
becomes probable that even hydrogen might be liquefied if 
cooled to a very low temperature. We must modify our 
previous views, and either assert that helow a certain critical 
temperature every gas may be liquefied, or else we must 
assume that a highly condensed gas is, when above the 
critical temperature, undistinguishable from a liquid. At 
the same time we have an explanation of a remarkable 
exception presented by liquid carbonic acid to the general 
rule that gases expand more by heat than liquids. Liquid 
carbonic acid was found by Thilorier in 1835 to expand 
more than four times as much as air ; but by the light of 
Andrews* experiments we learn to regard the liquid as 
rather a highly condensed gas than an ordinary liquid, and 
it is actually possible to reduce the gas to the apparently 
liquid condition without any abrupt condensation.^ 

' Philosophical MagazmCy 4tli Series, vol. i p. 182. 

2 Maxwell, Theory of Beaty p. 123. . 
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Limiting exceptions occur most frequently in the natural 
sciences of Botany, Zoology, Geology, &c., the laws of which 
are empirical. In innumerable instances the confident 
belief of one generation has been falsified by the wider 
observation of a succeeding one Aristotle confidently 
held that all swans are white,^ and the proposition seemed 
true until not a hundred years ago black swans were 
covered in Western Austr^ia. In zoology and physiology 
we may expect a fundamental identity to exist in the^'b ’tai 
prcteesses, but continual discoveries show that there .Fiores’- 
limit to the apparently anomalous expedients by.^ipuch 
life is ‘reproduced. Alternate generation, fertilisation for 
several successive generations, hermaphroditism, are op- 
posed tq all we should expect from induction founded 
upon the liigher animals. But such phenomena are only 
limiting exceptions showing that what is true of one 
class is not true of another. In certain of the cephal- 
opoda we meet the extraordinary fact that an arm of the 
male is cast off and lives independently until it encounters 
the female. 


Beal Exceptions to Supposed Laws, 

The exceptions which we have lastly to consider are 
the most important of all, since they lead to the entire 
rejection of a law or theory before accepted. No law of 
nature can fail; there are no such things as real excep- 
tidhs to real laws. Where contradiction exists it must be 
^ the mind of the experimentalist. Either the law is 
Imaginary or the phenomena which conflict with it ; if, 
then, by our senses we satisfy ourselves of the actual 
occurrence of the phenomena, the law must be rejected 
as illusory. The followers of Aristotle held that nature 
abhors a vacuum, and thus accounted for the rise of water 
in a pump. When Torricelli pointed out the visible fact 
that water would not rise more than 33 feet in a^pump, 
nor mercury more than about 30 inches in a glass tube, 
they attempted to represent these facts as limiting excep- 
tions, saying that nature abhorred a vacuum to a certain 
extent and no further. But the Academicians del Cimento 


^ Prior Analyties, ii. .2, 8, and elsewhere. 
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completed their discomfiture by showing that if we remove 
the pressure of the surrounding air, and in proportion as 
we remove it, nature’s feelings of abhorrence decrease and 
finally disappe;..r altogether. Even Airistotelian doctrines 
could not stand such direct contradiction. 

Lavoisier’s ideas concerning utie constitution of acids 
received complete refutation. He named oxygen the acid 
' gcTierator, because he believed that all acids were com-- 
pounds of oxygen, a generalisation based on insufficient 
data. Berthollet, as early as 1789, proved by analysis that 
hydrogen sulphide and prussic acid, both clearly acting 
the part of acids, were devoid of oxygen ; the former might 
perhaps have been interpreted as a limiting exception, but 
when so powerful an acid as hydrogen chloride (muriatic 
acid) was found to contain no oxygen the theory had to be 
relinquished. Berzelius’ theory of the dual formation of 
chemical compounds met a similar fate. 

It is obvious that all conclusive experimenta crucis con- 
stitute real exceptions to the supposed laws of the theory 
which is overthrown. Newton’s corpuscular theory of light 
was not rejected on account of its absurdity or incon- 
ceivability, for in these respects it is, as we have seen, far 
superior to the undulatory theory. It was rejected because 
certain small fringes of colour did not appear in the exact 
place and of the exact size in which calculation showed 
that they ought to appear according to the theory (pp. 516- 
521). One single fact clearly irreconcilable with a theory 
involves its rejection. In the greater number of cases, 
what appears to be a fatal exception may be afterwards 
explained away as a singular or disguised result of the 
laws with which it seems to conflict, or as due to the inter- 
ference of extraneous causes ; but if we fail thus to reduce 
the fact to congruity, it remains more powerful than any 
theories or any dogmas. 

Of late years not a few of the favourite doctrines of 
geologists have been rudely destroyed. It was the general’ 
belief tLat human remains were to be found only in those 
deposits which are actually in progress at the present day, 
so that the creation of man appeared to have taken place 
in this geological age. The discovery of a single worked 
ffint in older strata and in connexion with the remains of 
extinct mammals was sufficient to explode such a doctrine. 
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Similarly, the opinions of geologists have been altered by 
the discovery of the Eozoon in the Laurentian rocks of 
Canada ; it was previously held that no remains of life 
occurred in any older strata than those of the Cambrian 
system. As the examination of the strata of the globe 
becomes more complete, our views of the origin and suc- 
cession of life upon the globe must undergo many changes., 

' ^ ^ Unclassed Exceptions. 

Al every period of scientific progress there will exist a 
multitude of unexplained phenomena which we know not 
how to regard. They are the outstanding facts upon 
which the labours of investigators must be exerted, — the 
ore from which the gold of future discovery is to be ex- 
tracted. It might be thought that, as our knowledge of 
the laws of nature increases, the number of such exceptions 
should decrease ; but, on the conti*ary, the more we know 
the more there is yet to explain. This arises from several 
reasons ; in the first place, the principal laws and forces in 
nature are numerous, so that he who bears in mind the 
wonderfully large numbers developed in the doctrine of 
combinations, will anticipate the existence of immensely 
numerous relations of one law to another. When we are 
once in possession of a law, we are potentially in possession 
of all its consequences ; but it does not follow that the 
mind of man, so limited in its powers and capacities, can 
actually work them all out in detail. Just as the aberra- 
tion of light was discovered empirically, though it should 
have been foreseen, so there are multitudes of unexplained 
facts, the connexion of which with laws of nature already 
known to us, we should perceive, were we not hindered by 
the imperfection of our deductive powers. But, in the 
second place, as will be more fully pointed out, it is not to 
be supposed that we have approximated to an exhaustive 
knowledge of nature’s powers. The most familiar facts 
may teem with indications of forces, now secrets hidden 
from us, because we have not mind-directed eyes to 
discriminate them. The progress of science will consist 
in the discovery from time to tii^ie of new exceptional 
{)henomena, and their assignment by degrees to one or 
other of the heads already described. When a new fact 
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proves to be merely a false, apparent, singular, divergent, 
or accidental exception, we gain a more minute and ac- 
curate acquaintance with the effects of laws already known 
to exist. We have indeed no addition to what was im- 
plicitly in our possession, but there is much difference 
between knowing the laws of nature and perceiving all 
their complicated effects. Should a new fact prove to be a 
limiting or real exception, we have to alter, in part or in 
whole, our views of nature, and are saved from errors into 
which we had fallen. Lastly, the new fact may come 
under the sixth class, and may eventually prove to be a 
novel phenomenon, indicating the existence of new laws 
and forces, complicating but not otherwise interfering with 
the effects of laws and forces previously known. 

The best instance which I can find of an unresolved 
exceptional phenomenon, consists in the anomalous vapour-' 
densities of phosphorus, arsenic, mercury, and cadmium. 
It is one of the most important laws of chemistry, dis- 
covered by Gay-Lussac, that equal volumes of gases exactly 
correspond to equivalent weights of the substances. Never- 
theless phosphorus and arsenic give vapours exactly twice 
as dense as they should do by analogy, and mercury and 
cadmium diverge in the other direction, giving vapours 
half as dense as we should expect. We cannot treat these 
anomalies as limiting exceptions, and say that* the law 
holds true of substances generally but not of these ; for 
the properties of gases (p. 6oi), usually admit of the 
widest generalisations. Besides, the preciseness of the 
ratio of divergence points to the real observance of the law 
in a modified manner. We might endeavour to reduce the 
exceptions by doubling the atomic weights of phosphorus 
and arsenic, and halving those of mercury and cadmium. 
But this step has been maturely considered by chemists, 
and is found to conflict with all the other analogies of the 
substances and with the principle of isomorphism. One 
of the niost probable explanations is, that phosphorus and 
arsenic produce vapour in an allotropic condition, which 
might perhaps by intense heat be resolved into a simpler 
gas of half the density ; but facts are wanting to support 
this hypothesis, and it cannot be applied to the other two 
exceptions without supposing that gases and vapours 
generally are capable of resolution into something simpler. 
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In short, chemists can at present make nothing of these 
anomahes. As Hofmann says, “ Their philosophical inter- 
pretation belongs to the future . . . They may turn out to 
be typical facts, round which many others of the like kind 
may come hereafter to be grouped ; and they may prove to 
be allied with special properties, or dependent on particular 
conditions as yet unsuspected/* ^ 

It would be easy to point out a great number of other 
unexplained anomalies. Physicists assert, as an absolutely 
universal law, that in liquefaction heat is absorbed 
^et sulphur is at least an apparent exception. The two 
substances, sulphur and selenium, are, in fact, very ano- 
malous in their relations to heat. Sulphur may be said 
to have two melting points, for, though liquid like water 
at 120° C., it becomes quite thick and tenacious between 
22 1° and 249°, and melts again at a higher temperature. 
Both sulphur and selenium may be thrown into several 
curious states, which chemists conveniently dispose of by 
calling them allotropies a term freely used when they are 
puzzled to know what has happened The chemical and 
physical history of iron, again, is full of anomalies ; not 
only does it undergo inexplicable changes of hardness and 
texture in its alloys with carbon and other elements, but 
it is almost the only substance which conveys sound with 
greater velocity at a higher than at a lower temperature, 
the velocity increasing from 20° to icx)° C., and then de- 
creasing. Silver also is anomalous in regard to sound. 
These are instances of inexplicable exceptions, the bearing 
of which must be ascertained in the future progress of 
science. 

When the discovery of new and peculiar phenomena 
conflicting witn our theories of the constitution of nature 
is reported to us, it becomes no easy task to steer a philo- 
sophically correct course between credulity and scepticism. 
We are not*to assume, on the one hand, that there is any 
limit to the wonders which nature can present 4o us. 
Nothing except the contradictory is really impossible, and 
many things which we now regard as common-place were 
considered as little short of the miraculous when first 


' Hofmann’s Introduction to Chemistry, p. 198. 
* Stewart^s Elementary Treatise on Heat, p. 80. 
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perceived. The electric telegraph was a vicionary dreath 
among mediaeval physicists ; ^ it has hardly yet ceased to 
excite our wonder ; to otir descendants centuries hence 
it will probably appear inferior in Ingenuity to some 
inventions which they will possess. Now every strange 
phenomenon may be a secret spring which, if rightly 
touched, will open the door to new chambers in the palace 
of nature. To refuse to believe in the occurrence of any- 
thing strange would be to neglect the most precious chances 
of discovery. We may say with Hooke, that " the believing 
strange things possible may perhaps be an occasion of taking 
notice of such things as another would pass by without 
regard as useless.” We are not, therefore, to shut our ears 
even to such apparently absurd stories as those concerning 
second-sight, clairvoyance, animal magnetism, ode ftrce, 
table-turning, or any of the popular delusions which from 
time to time are current. The facts recorded concerning 
these matters are facts in some sense or other, and they 
demand explanation, either as new natural phenomena, or 
as the results of credulity and imposture. Most of the 
supposed phenomena referred to have been, or by careful 
investigation would doubtless be, referred to the latter 
head, and the absence of scientific ability in many of 
those who describe them is sufficient to cast a doubt upon 
their value. 

It is to be remembered that according to the principle 
of the inverse method of probability, the probability 
of any hypothetical explanation is affected by the pro- 
bability of each other possible explanation. If no other 
reasonable explanation could be suggested, we should be 
forced to look upon spiritualist manifestations as indicating 
mysterious causes. But as soon as it is shown that fraud 
has been committed in several important cases, and that in 
other cases persons in a credulous and 'excited state of mind 
have deceived themselves, the probability becomes very con- 
siderable that similar explanations may apply to most like 
manifestations. The performances of conjurors sufficiently 
prove that it requires no very great skill to perform tricks 
the modm opemindi of which shall entirely escape the 

^ Jevons, Proceedmgs of the Manchester Literary ar^ FhUosoMcal 
Society, 6th March, 1877, vol. xvi. p. 164. See also Mr. W. E. 
A. Axon’s note on the same subject, ibid. p. 166. 
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notice of spectators. It is on these grounds of proba- 
bility that we should reject the so-called spiritualist 
stories, and not simply because, they are strange. 

Certainly in the obscure phenomena of mind, those 
relating to memory, dreams, somnambulism, and other 
peculiar states of the nervous system, there are many 
inexplicable and almost incredible facts, and it is equally 
unphilosophical to believe or to disbelieve without clear 
evidence. There are many facts, too, concerning the 
instincts of animals, and the mode in which they find 
their way from place to place, which are at present quite 
inexplicable. No doubt there are many strange things 
not dreamt of in our philosophy, but this is no reason 
why we should believe in every strange thing which is 
reported to have happened. 



CHAPTER XXX. 

CLASSIFICATION. 

The extensive subject of Classification has been deferred 
to a late part of this treatise, because it involves questions 
of difficulty, and did not seem naturally to fall into an 
earlier place. But it must not be supposed that, in now 
formally taking up the subject, we are for the first time 
entertaining the notion of classification. All logical in-, 
ference involves classification, which is indeed the necessary! 
accompaniment of the action of judgment. It is impossiblel 
to detect similarity between objects without thereby joining! 
them together in thought, and forming an incipient class.l 
Nor can we bestow a common name upon objects without! 
implying the existence of a class. Every common name ii^ 
the name of a class, and every name of a class is a commonl 
name. It is evident also that to speak of a general notion* 
or concept is but another way of speaking of a class. Usage 
leads us to employ the word classification in some cases 
and not in others. We are said to form the general notion 
parallelogram when we regard an infinite number of possible 
four-sided rectilinear figures as resembling each other in 
the common property of possessing parallel sides. We 
should be said to form a class, Triloffite, vihen we place 
together in a museum a number of specimeiJf resembling 
each dther in certain defined characters. But the logical 
nature of the operation is the same in both cases. W^e 
form 0, ' class of figures called parallelograms and form 
a general notion of trilobites. 

Science, it was said at the outset, is the detection of 
identity, and classification is the placing together, either in 

X X 
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|thought or in actual proximity of space, those objects be- 
tween which identity has been detected. Accordingly, the 
lvalue of classification is co-ex tensive with the value of 
Iscience and general reasoning. Whenever we form a class 
we reduce multiplicity to unity, and detect, as Plato said, 
the one in the many. The result of such classification is 
to yield generalised knowledge, as distinguished from the 
direct and sensuous knowledge of particular facts. Of 
every class, so far as it is correctly formed, the principle 
of substitution is true, and whatever we know of one object 
in a class we know of the other objects, so far as identity 
has been detected between them. The facilitation and 
abbreviation of mental labour is at the bottom of all mental 
progress. The reasoning faculties of Newton were not 
different in nature from those of a ploughman; the dif- 
ference lay in the extent to which they were exerted, and 
the number of facts which could be treated. Every think- 
ing being generalises more or less, but it is the depth and 
extent of his generalisations which distinguish the philo- 
sopher. Now it is the exertion of the classifying and 
generalising powers which enables the intellect of man to 
cope in some degree with the infinite number of natural 
phenomena. In the chapters upon combinations and 
permutations it was made evident, that from a few element- 
ary differences immense numbers of combinations can be 
produced. The process of classification enables us to resolve 
these combinations, and refer each one to its place according 
to one or other of the elementary circumstances out of which 
it was produced. We restore nature to the simple condi- 
tions out of which its endless variety was developed. As 
Professor Bowen has said,^ “ The first necessity which is 
imposed upon us by the constitution of the mind itself, is 
to break up the infinite wealth of Nature into groups and 
classes of th^gs, with reference to their resemblances and 
affinities, md tWs to enlarge the grasp of our mental 
faculties, even at the expense of sacrificing the mimiteness 
of information which can be acquired only by studying 
objects in detail. The first efforts in the pursuit of know- 
ledge, then, must be directed to the business of classification. 

* A Treatise on Logicy or, the Laws of Fwre Thought, by Francis 
Bowen, ^ofes^. of Moral Philosophy in Harvard College, Cam- 
bridge, United Stktes, 1866, p. 315. 
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Perhaps it will be found in the sequel, that classification 
is not only the beginning, but the culmination and the end, 
of human knowledge.” 

Classification Involving Induction, 

The purpose of classification is the detection of the laws 
of nature. However much the process may in somo cases 
be disguised, classification is not really distinct from the 
process of perfect induction, whereby we endeavour to 
ascertain the connexions existing between properties of the 
objects under treatment. There can be no use in placing 
an object in a class unless something more than the fact 
of being in the class is implied. If we arbitrarily formed 
a class of metals and placed therein a selection from the 
list of known metals made by ballot, we should have no 
reason to expect that the metals in question would resemble 
each other in any points except that they are metals, and 
have been selected by the ballot. But when chemists 
select from the list the five metals, potassium, sodium, 
caesium, rubidium, and lithium and call them the Alkaline 
metals, a great deal is implied in this classification. On 
comparing the qualities of these substances they are all 
found to combine very energetically with oxygen, to decom- 
pose water at all temperatures, and to form strongly basic 
oxides, which are highly soluble in water, yielding power- 
fully caustic and alkaline hydrates from which water cannot 
be expelled by heat. Their carbonates are also soluble in 
water, and each metal forms only one chloride. It may also 
be expected that each salt of one of the metals will correspond 
to a salt of each other metal, there being a general an^ogy 
between the compounds of these metals and their properties. 

Now in forming this class of alkaline metals, we have 
done more than merely select a convenient order of 
statement. We have arrived at a discovery of certain 
empirical laws of nature, the probability being very con- 
siderable that a metal which exhibits some of the properties 
of alkaline metals will also possess the others. If we 
discovered another metal whose carbonate was soluble in 
water, and which energetically combined with water at all 
temperatures, producing a strongly basic oxide, we should 
infer that it would form only a single chloride, and that 

X x 2 
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generally speaking, it would enter into a series of com- 
pounds corresponding to the salts of the other alkaline 
metals. The formation of this class of alkaline metals 
then, is no mere matter of convenience ; it is an important 
and successful act of inductive discovery, enabling us to 
register many undoubted propositions as results of perfect 
induction, and to make a great number of inferences 
depending upon the principles of imperfect induction. 

An excellent instance as to what classification can do, is 
found in Mr. Lockyer’s researches on the sun.^ Wanting 
some guide as to what more elements to look for in the 
sun’s photosphere, he prepared a classification of the ele- 
ments according as they had or had not been traced in 
the sun, together with a detailed statement of the chief 
chemical characters of each element. He was then able 
to observe that the elements found in the sun were for the 
most part those forming stable compounds with oxygen. 
He then inferred that other elements forming stable 
oxides would probably exist in the sun, and he was 
rewarded by the discovery of five such metals. Here 
we have empirical and tentative classification leading to 
the detection of the correlation between existence in the 
sun, and the power of forming stable oxides and then 
leading by imperfect induction to the discovery of more 
coincidences between these properties. 

Professor Huxley has defined the process of classifica- 
tion in the following terms.* “By the classification of any 
series of objects, is meant the actual or ideal arrangement 
together of those which are like and the separation of 
those which are unlike ; the purpose of this arrangement 
being to facilitate the operations of the mind in clearly 
conceiving and retaining in the memory the characters of 
the objects in question,” 

This statement is doubtless correct, so far as it goes, but it 
does not include all that Professor Huxley himself implicitly 
treats under classification. He is fully aware that deep 
correlations, or in other, terms deep uniformities or laws of 
nature, will be disclosed by any well chosen and profound 
system *of classification. I should therefore, propose to 

^ Fromdvn^s of the Royal Society^ November, 1873, vol. xxL p. 512. 

* Lectmei on the Elementt of Comparative Anatomy^ 1864, p. 1. 
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modify the above statement, as follows : — '‘By the classifica- 
tion of any series of objects, is meant the actual or ideal i 
arrangement together of those which are like and the separa- 
tion of those which are unlike, the purpose of this arrange- 
ment being, primarily, to disclose the correlations or laws of 
union of properties and circumstances, and, secondarily, to 
facilitate the operations of the mind in clearly conceiving 
and retaining in the memory the characters of the objecte 
in question/' 

Multiplicity of Modes of Clarification, 

In approaching the question how any given group 
of objects may be best classified, let it be remarked that 
there must generally be an unlimited number of modes 
of classifying a group of objects. Misled, as we shall see, 
by the problem of classification in the natural sciences, 
philosophers seem to think that in each subject there 
must be one essentially natural system of classification 
which is to be selected, to the exclusion of aU others. 
This erroneous notion probably arises also in part from the 
limited powers of thought and the inconvenient mechani- 
cal conditions under which we labour. If we arrange the 
books in a library catalogue, we must arrange them in 
some one order ; if we compose a treatise on mineralogy, 
the minerals must be successively described in some one 
arrangement ; if we treat such simple things as geometrical 
figures, they must be taken in some fixed order. We shall 
naturally select that arrangement which appears to be most 
convenient and instructive for our principal purpose. But 
it does not follow that this method of arrangement possesses 
any exclusive excellence, and there will be usually many 
other possible arrangements, each valuable in its own way. 
A perfect intellect would not confine itself to one order of 
thought, but would simultaneously regard a group of 
objects as classified in all the ways of which they are 
capable. Thus the elem.3nts may be classified according 
to their atomicity into the groups of monads, dyads, triads, 
tetrads, pentads, and hexads, and this is probably the most . 
instructive classification ; but it does not prevent us from 
also classifying them according as they are metallic or non- 
metallic, solid, liquid or gaseous at ordinary temperatures, 
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useful or useless, abundant or scarce, ferro- magnetic or 
diamagnetic, and so on. 

Mineralogists have spent a great deal of labour in trying 
to discover the supposed natural system of classification for 
minerals* They have constantly encountered the difficulty 
that the chemical composition does not run together with 
the crystallographic form, and the various physical pro- 
perties of the mineral. Substances identical in the forms 
of their crystals, especially those belonging to the first or 
cubical system of crystals, are often found to have no 
resemblance in chemical composition. The same sub- 
stance, again, is occasionally found crystallised in two 
essentially difterent crystallographic forms; calcium car- 
bonate, for instance, appearing as calc-spar and arragonite. 
The simple truth is that if we are unable to discover any 
correspondence, or, as we may call it, any correlation between 
the properties of minerals, we cannot make any one arrange- 
ment Vhich will enable us to treat all these properties in a 
single system of classification. We must classify minerals 
in as many ditferent ways as there are different groups of 
unrelated properties of sufficient importance. Even if, for 
the purpose of describing minerals successively in a treatise, 
we select one chief system, that, for instance, having regard 
to chemical composition, we ought mentally to regard the 
minerals as classified in all other useful modes. 

Exactly the same may be said of the classification of 
plants. An immense number of different modes of classi- 
fying plants have been proposed at one time or other, an 
exhaustive account of which will be found in the article on 
classification in Rees’ “ Cyclopaedia, ” or in the introduc- 
tion to Lindley’s ‘'Vegetable Kingdom.” There have been 
the Eructists, such as Csesalpinus, Morison, Hermann, 
Boerhaave or Gaertner, who arranged plants according to 
the form of the fruit. The Corollists, Rivinus, Ludwig, 
and Tournefort, paid attention chiefly to the number and 
arrangement of the parts of the corolla. Magnol selected 
the calyx as the critical part, while Sauvage arranged plants 
according to their leaves ; nor are these instances more than 
a small selection from the actual variety of modes of classi- 
fication which have been tried. Of such attempts it may 
be said that every system will probably yield some infor- 
mation concerning the relations of plants, and it is only 
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after trying many modes that it is possible to approximate 
to the best. 

Natural and Artificial Systems of Classification, 

It has been usual to distinguish systems of classifica- 
tion as natural and artificial, those being called natural 
-which seemed to express the order of existing things as 
determined by nature. Artificial methods of classification, 
on the other hand, included those formed for the mere 
convenience of men in remembering or treating natural 
objects. 

The difference, as it is commonly regarded, has been well 
described by Ampere,^ as follows: “We can distinguish 
two kinds of classifications, the natural and the artificial. 
In the latter kind, some characters, arbitrarily chosen, 
serve to determine the place of each object; we abstract 
all other characters, and the objects are thus found to be 
brought near to or to be separated from each other, often 
in the most bizarre manner. In natural systems of classi- 
fication, on the contrary, we employ concurrently all the 
characters essential to the objects with which we are 
occupied, discussing the importance of each of them ; and 
the results of this labour are not adopted unless the 
objects which present the closest analogy are brought 
most near together, and the groups of the several orders 
which are formed from them are also approximated in pro- 
portion as they offer more similar characters. In this way 
it arises that there is always a kind of connexion, more or 
less marked, between each group and the group which 
follows it.” 

There is much, however, that is vague and logically 
false in this and other definitions which have been pro- 
posed by naturalists to express their notion of a natural 
system. We are not informed how the importance of a 
resem])lance is to be determined, nor what is the measure 
of the closeness of analogy. Until all the words employed 
in a definition are made clear in meaning, the definition 
itself is worse than useless. Now if the views concerning 
classification here upheld are true, there can be no sharp 

^ Emi 8ur la Philosophie dea p. 9 . 
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and precise distinction between natural and artificial 
systems. All arrangements which serve any purpose at 
all must be more or less natural, because, if closely enough 
scrutinised, they will involve more resemblances than 
those whereby the class was defined. 

It is true that in the biological sciences there would be 
one arrangement of plants or animals which would be 
conspicuously instructive, and in a certain sense natural, 
if it could be attained, and it is that after which natural- 
ists have been in reality striving for nearly two centuries, 
namely, that arrangement which would display the genea- 
logical descent of every form from the original life germ. 
Those morphological resemblances upon which the classi- 
fication of living beings is almost always based are in- 
herited resemblances, and it is evident that descendants 
will usually resemble their parents and each other in a 
great many points. 

I have said that a natural is distinguished from an 
arbitrary or artificial system only in degree. It will be 
found almost impossible to arrange objects according to 
any circumstance without finding that some correlation of 
other circumstances is thus made apparent. No arrangement 
could seem more arbitrary than the common alphabetical 
arrangement according to the initial letter of the name. 
But we cannot scrutinise a list of names of persons without 
noticing a predominance of Evans's and Jones's, under the 
letters E and J, and of names beginning with Mac under 
the letter M. The predominance is so great that we could 
not attribute it to chance, and inquiry would of course 
show that it arose from important facts concerning the 
nationality of the persons. It would appear that the 
Evans’s and Jones’s were of Welsh descent, and those 
whose names bear the prefix Mac of Keltic descent. 
With the nationality would be more or less strictly 
correlated many peculiarities of physical constitution, 
language, liabits, or mental character. In other oases I 
have been interested in noticing the empirical inferences 
which aro displayed in the most arbitrary arrangements. 
If a large register of the names of ships be examined it 
will often be found that a number of ships bearing the same 
name were built about the same time, a correlation due to 
the occurrence of some striking incident shortly previous 
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to the building of the ships. The age of ships or other 
structures is usually correlated with their general form, 
nature of materials, &c, so that ships of the same name will 
often resemble each other in many points. 

It is impossible to examine the details of some of the 
so-called artificial systems of classification of plants, 
without finding that many of the classes are natural in 
character. Thus in Tourneforfs arrangement, depending 
almost entirely on the formation of the corolla, we find 
the natural orders of the Labiatse, Cruciferse, Eosaceae, 
Umbel] ifersB, Liliaceae, and Papilionaceee, recognised in his 
4th, 5th, 6bh, 7th, 9th, and loth classes. Many of the 
classes in Linnaeus* celebrated sexual system also approxi- 
mate to natural classes. 

Correlation of Properties, 

Habits and usages of language are apt to lead us into 
the error of imagining that when we employ different 
words we always mean* different things. In introducing the 
subject of classification nominally I was careful to draw 
the reader*s attention to the fact that all reasoning and all 
operations of scientific method really involve classification, 
though we are accustomed to use the name in some cases 
and not in others. The name correlation requires to be 
used with the same qualification. Things are correlated ‘ 
{con, relata) when they are so related or bound to each 
other that ivhere one is the other is, arhd where one is not the 
other is not Throughout this work we have then been 
dealing with correlations. In geometry the occurrence 
of three equal angles in a triangle is correlated with the 
existence of three equal sides ; in physics gravity is cotre- 
lated with inertia ; in botany exogenous growth is correlated 
with the possession of two cotyledons, or the production 
of flowers with that of spiral vessels. Wherever a propo- 
sition. of the form A = B is true there correlation exists. 
But it is in the classificatory sciences especially that 
the word correlation has been employed. 

We find it stated that in the class Mammalia the 
possession of two occipital condyles, with a well-ossified 
basi-occipital, is correlated with the possession of man- 
dibles, each ramus of which is composed of a single piece 
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of bone, articulated with the squamosal element of the 
skull, and also with the possession of mammse and non- 
nucleated red blood-corpuscles. Professor Huxley remarks ^ 
that this statement of the character of the class mammalia 
is something more than an arbitrary definition ; it is a 
statement of a law of correlation or co-existence of animal 
structures, from which most important conclusions are 
deducible. It involves a generalisation to the effect that 
in nature the structures mentioned are always found 
associated together. This amounts to saying that the 
formation of the class mammalia involves an act of induc- 
tive discovery, and results in the establishment of certain 
empirical laws of nature. Professor Huxley has excellently 
expressed the mode in which discoveries of this kind enable 
naturalists to make deductions- or predictions with con- 
siderable confidence, but he has also pointed out that sucli 
inferences are likely from time to time to prove mistaken. 
I will quote his own words : 

" If a fragmentary fossil be discovered, consisting of no 
more than a ramus of a mandible; and that part of the 
skull with which it articulated, a knowledge of this law 
may enable the palaeontologist to affirm, with great con- 
fidence, that the animal of which it formed a part 
suckled its young, and had non-nucleated red blood-cor- 
puscles and to predict that should the back part of that 
skull be discovered, it will exhibit two occipital condyles 
and a well-ossified basi-occipital bone. 

“ Deductions of this kind, such as that made by Cuvier 
in the famous case of the fossil opossum of Montmartre, 
have often been verified, and are well calculated to im- 
press the vulgar imagination; so that they have taken 
rank as the triumphs of the anatomist. But it should 
carefully be borne in mind, that, like all merely empirical 
laws, which rest upon a comparatively narrow observa- 
tional basis, the reasoning from them may at any time 
break down. If Cuvier, for example, had had to do vith a 
fossil Thylacinus instead of a fossil Opossum, he would 
notdiave found the marsupial bones, though the inflected 
angle of' the jaw would -have been obvious enough. And 

Lectv/res on the Elements of Comparative Anatomy, and on the 
Clamfication of Animals, 1864, p. 3*. 
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so, though, practically, any one who met with a character- 
istically mammalian jaw would be justified in expecting 
to find the characteristically mammalian occiput asso- 
ciated with it ; yet, he would be a bold man indeed, who 
should strictly assert the belief which is implied in this 
expectation, viz., that at no period of the world*s history 
did animals exist which combined a mammalian occiput 
with a reptilian jaw, or vice versd!* 

One of the most distinct and remarkable instances of 
correlation in the animal world is that which occurs in 
ruminating animals, and which could not be better stated 
than in the following extract from the classical work of 
Cuvier 

'' I doubt if any one would have divined, if untaught 
by observation, that all ruminants have the foot cleft, 
and that they alone have it. I doubt if any one would 
have divined that there are frontal horns only in this 
class : that those among them which have sharp canines 
for the most part lack horns. 

" However, since these relations are constant, they must 
have some sufficient cause ; but since we are ignorant of 
it, we must make good the defect of the theory by means 
of observation : it enables us to establish empirical laws 
which become almost as certain as rational laws when 
they rest on sufficiently repeated observations ; so that 
now whoso sees merely the print of a cleft foot may con- 
clude that the animal which left this impression rumi- 
nated, and this conclusion is as certain as any other in 
physics or morals. This footprint alone then, yields, to 
him who observes it, the form of the teeth, the form of 
the jaws, the form of the vertebrae, the form of all the 
bones of the legs, of the thighs, of the shoulders, and of 
the pelvis of the animal which has passed by; it is a 
surer mark than all those of Zadig.’* 

We meet with a good instance of the purely empirical 
correlation of circumstances when we classify the planets 
according to their densities and periods of axial rotation.^ 
If we examine a table specifying the usual astronomical , 
elements of the solar system, we find that four planets 

^ Osseviens Fossiles, 4th edit. vol. i. p. 164. Quoted by Huxley, 
Lectures, &c., p. 5. 

^ Chambers, Descriptive Astronomy, ist edit. p. 23, 
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resemble each other very closely in the period of axial 
rotation, and the same four planets are all found to have 
high densities, thus : — 


Name of 
Planet. 


Period of Axi^ 
Rotation. 


Density. 


Mercury . . 

. . 24 hours 5 minutes • . 

. 7’94 

Venus . . . 

. . 23 „ 21 „ 

. 5’33 

Earth . . . 

. . 23 ,, S6 „ 

. 5'67 

Mars . . . 

• • 24 „ 37 „ 

• S'84 


A similar table for the other larger planets, is as 
follows : — 


Jupiter 9 hours 5 5 minutes ... 1*36 

Saturn 10 „ 29 „ ... 74 

Uranus 9 3° » • • • ’97 

Neptune .... — „ — ... 1*02 

It will be observed that in neither group is the equality 
of the rotational period or the density more than rudely 
approximate ; nevertheless the difference of the numbers in 
the first and second group is so very well marked, the 
periods of the first being at least double and the densities 
four or five times those of the second, that the coincidence 
cannot be attributed to accident. The reader will also 
notice that the first group consists of the planets nearest 
to the sun ; that with the exception of the earth none of 
them possess satellites; and that they are all comparatively 
small. The second group are furthest from the sun, and 
all of them possess several satellites, and are comparatively 
great. Therefore, with but slight exceptions, the following 
correlations hold true : — 


Interior planets. Long period. Small size. High Density. No satellites. 

Exterior „ Short „ Great „ Low „ Many „ 

These coincidences point with much probabilty to a 
difference in the origin of the two groups, but no further 
explanation of the matter is yet possible. 

The classification of comets according to their periods 
by Mr. Hind and Mr. A. S. Davies, tends to establish the 
conclusion that distinct groups of comets have* been 
brought into the solar system by the attractive powers of 
Jupiter, Uranus, or other planets.^ The classification of 
nebulae a’s commenced by the two Herschels, and continued 


^ Philosophical Magazine^ 4th Series, vol. xxxix. p. 396 ; vol xl. 
». 183 ; vol. xli. p. 44. See also Proctor, Popular Science Beview, 
)ctober 1874, P- 350* 
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by Lord Eosse, Mr. Huggins, and others, will probably lead 
at some future time to the discovery of important empirical 
laws concerning the constitution of the universe. The 
minute examination and classification of meteorites, as 
carried on by Mr. Sorby and others, seems likely to afford 
us an insight into the formation of the heavenly bodies. 

We should never fail to remember the slightest and most > 
inexplicable correlations, for they may prove of importance i 
in the future. Discoveries begin when we are least ex- 
pecting them. It is a significant fact, for instance, that 
the greater number of variable stars are of a reddish 
colour. Not all variable stars are red, nor all red stars 
variable ; but considering that only a small fraction of the 
observed stars are known to be variable, and only a small 
fraction are red, the number which fall into both classes is 
too great to be accidental.^ It is also remarkable that the 
greater number of stars possessing great proper motion are 
double stars, the star 6i Cygni being especially noticeable 
in this respect.^ The correlation in these cases is not 
without exception, but the preponderance is so great as 
to point to some natural connexion, the exact nature of 
which must be a matter for future investigation. Herschel 
remarked that the two double stars 6i Cygni and a Centauri 
of which the orbits were well ascertained, evidently be- 
longed to the same family or genus.® 

Classification in Crystallography, 

Perhaps the most perfect and instructive instance of 
classification which we can find is furnished by the science 
of crystallography (p. 133). The system of arrangement 
now generally adopted is conspicuously natural, and is even 
mathematically perfect. A crystal consists in every part 
of similar molecules similarly related to the adjoining 
molecules, and connected with them by forces the nature 
of wl^ch we can only learn by their apparent effects. But 
these forces are exerted in space of three dimensions, so 
that there is a limited number of suppositions which can . 
be entertained as to the relations of these forces*. In one 

1 Humboldt, Cosmos (Bohu), vol. iii. p. 224. 

a Baily, British Association Catalogue, p. 48. 

^ Outlines of Astronomy, § 850, 4th emt. p. 578. 
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case each molecule will be similarly related to all those 
which are next to it ; in a second case, it will be similarly 
related to those in a certain plane, but differently related 
to those not in that plane. In the simpler cases the arrange- 
ment of molecules is rectangular ; in the remaining cases 
oblique either in one or two planes. 

In order to simplify the explanation and conception of 
the complicated phenomena which crystals exhibit, an 
hypothesis has been invented which is an excellent instance 
of the Descriptive Hypotheses before mentioned (p. 522). 
Crystallographers imagine that there are within each 
crystal certain axes, or lines of direction, by the comparative 
length and the mutual inclination of which the nature of 
the crystal is determined. In ane class of crystals there 
are three such axes lying in one plane, and a fourth perpen- 
dicular to that plane ; but in all the other classes there are 
imagined to be only three axes. Now these axes can be 
varied in three ways as regards length : they may be (i) all 
equal, or (2) two equal and one unequal, or (3) all unequal. 
They may also be varied in four ways as regards direction : 
(i) they may be all at right angles to each other; (2) two 
axes may be oblique to each other and at right angles to 
the third ; (3) two axes may be at right angles to each other 
and the third oblique to both ; (4) the three axes may be 
all oblique. Now, if all the variations as regards length 
were combined with those regarding direction, it would 
seem to be possible to have twelve classes of crystals in all, 
the enumeration being then logically and geometrically 
complete. But as a matter of empirical observation, many 
of these classes are not found to occur, oblique axes being 
seldom or never equal. There remain seven recognised 
classes of crystals, but even of these one class is not posi- 
tively known to be represented in nature. 

The first class of crystals is defined by possessing three 
equal rectangular axes, and equal elasticity in all directions. 
The primary or simple form of the crystals is the cuh^, but 
by the removal of the corners of the cube by planes vari- 
ously inclined to the axes, we have the regular octohedron, 
the dodecahedron, and various combinations of these forms. 
Now it is a law of this class of crystals that as each axis is 
^exactly like each other axis, every modification of any 
corner of a crystal must be repeated symmetrically with 
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regard to the other axes ; thus the forms produced are 
symmetrical or regular, and the class is called the Begul^ 
of crystals. It includes a great variety of substances, 
some of them being elements, such as carbon in the form 
of diamond, others more or less complex compounds, such 
as rock-salt, potassium iodide and bromide, the several 
kinds of alum, fluor-spar, iron bisulphide, garnet, spinelle, 
&c. No correlation then is apparent between the form of 
crystallisation and the chemical composition. But what 
we have to notice is that the physical properties of the 
crystallised substances with regard to light, heat, electricity, 
&c., are closely similar. Light and heat undulations, wher- 
ever they enter a crystal of the regular system, spread with 
equal rapidity in all directions, just as they would in a uni- 
form fluid. Crystals of the regular system accordingly do 
not in any case exhibit the phenomena of double refraction, 
unless by mechanical compression we alter the conditions 
of elasticity. These crystals, again, expand equally in all 
directions when heated, and if we could cut a sufficiently 
large plate from a cubical crystal, and examine ‘the sound 
vibrations of which it is capable, we should find that they 
indicated an equal elasticity in every direction. Thus we 
see that a great number of important properties are corre- 
lated with that of crystallisation in the regular system, and 
as soon as we know that the primary form of a substance 
is the cube, we are able to infer with approximate certainty 
that it possesses all these properties. The class of regular 
crystals is then an eminently natural class, one disclosing 
many general laws connecting together the physical and 
mechanical properties of the substances classified 

In the second class of crystals, called the dinpietric, square 
prismatic, or pyramidal system, there are also three axes at 
right angles to each other ; two of the axes are equal, but 
the third or principal axis is unequal, being either greater 
or less than either of the other -two. In such crystals 
accor,dingly the elasticity and other properties are alike 
in all directions perpendcular to the principal axis, but 
vary in all other directions. If a point within a crystal of 
this system be heated, the heat spreads with equal rapidity 
in planes perpendicular to the principal axis, but more oi 
less rapidly in the direction of this axis, so that the iso- 
thermal surface is an ellipsoid of revolution round that axis. 
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Nearly the same statement may be made concerning the 
third or hexagonal or rhombohedral system of crystal, in 
which there are three axes lying in one plane and meeting 
at angles of 6o®, while the fourth axis is perpendicular to 
the ether three. The hexagonal prism and rhombohedron 
are the commonest forms assumed by crystals of this system, 
and in ice, quartz, and calc-spar, we have abundance of 
beautiful specimens of the various shapes produced by the 
modification of the primitive form. Calc-spar alone is said 
to crystallise in at least 700 varieties of form. Now of all 
the crystals belonging both to this and the dimetric class, 
we know that a ray of light passing in the direction of the 
principal axis will be refracted singly as in a crystal of 
the regular system ; but in every other direction the light 
will suffer double refraction being separated into two rays, 
one of which obeys the ordinary law of refraction, but the 
other a much more complicated law. The other physical 
properties vary in an analogous manner. Thus calc-spar 
expands by heat in the direction of the principal axis, but 
contracts^ a little in directions perpendicular to it. So 
closely are the physical properties .correlated that Mits- 
cherlich, having observed the law of expansion in calc- 
spar, was enabled to predict that the double refracting 
power of the substance would be decreased by a rise of 
temperature, as was proved by experiment to be the 
case. 

In the fourth system, called the trimetric, rhombic, or 
right prismatic system, there are three axes, at right angles, 
but all unequal in length. It may be asserted in general 
terms that the mechanical properties vary in such crystals 
in every direction, and heat spreads so that the isothermal 
surface is an ellipsoid with three unequal axes. 

In the remaining three classes, called the monoclinic, 
diclinic, and triclinic, the axes are more or less oblique, 
and at the same time unequal. The complication of 
phenomena is therefore greatly increased, and it need only 
be stated that there are always two directions in which a 
ray is singly refracted, but that in all other directions 
double refraction takes place. The conduction of heat is 
unequal in all directions, the isothermal surface being an 
ellipsoid of three unequal axes. The relations of such 
crystals to other phenomena' are often very complicated. 
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and hardly yet reduced to law. Some crystals, called 
pyro-electric, manifest vitreous electricity at some poinfe 
of their surface, and resinous electricity at other points 
when rising in temperature, the character of the electricity 
being changed when the temperature sinks again. This 
production of electricity is believed to be connected with 
the hemihedral character of the crystals exhibiting it. 
The crystalline structure of a substance again influences 
its magnetic behaviour, the general law being that the 
direction in which the molecules of a crystal are most 
approximated tends to place itself axially or equatorially 
between the poles of a magnet, respectively as the body is 
magnetic or diamagnetic. Further questions arise if we 
apply pressure to crystals. Thus doubly refracting crystals 
with one principal axis acquire two axes when the pressure 
is perpendicular in direction to the principal axis. 

All the phenomena peculiar to crystalline bodies are 
thus closely correlated with the formation of the crystal, or 
will almost certainly be found to be so as investigation 
proceeds. It is upon empirical observation indeed that 
the laws of connexion are in the first place founded, but 
the simpleTiypothesis that the elasticity and approximation 
of the particles vary in the directions of the crystalline 
axes allows of the application of deductive reasoning. 
The whole of the phenomena are gradually being proved 
to be consistent with this hypothesis, so that we have in 
this subject of crystallography a beautiful instance of 
successful classification, connected with a nearly perfect 
physical hypothesis. Moreover this hypothesis was verified 
experimentally as regards the mechanical vibrations of 
sound by Savart, who found that the vibrations in a plate 
of biaxial crystal indicated the existence of varying 
elasticity in varying directions. 

Classification an Inverse and Tentative Operation. 

If attempts at so-caUed natural classification are really 
attempts at perfect induction, it follows that they are 
subject to the remarks which were made upon the inverse 
character of the inductive process, and upon the difficulty 
of every inverse operation (pp. ii, 12, 122, &c.). There 
will be no royal road to the discovery of the best system, 

Y Y 
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and it will even be impossible to lay down tules of pro- 
cedure to assist those who are in search of a good arrange- 
ment. The only logical rule would be as follows : — Having 
jgiven certain objects, group them in every way in which 
they can be grouped, and then observe in which method 
of grouping the correlation of properties is most con- 
spicuously manifested. But this method of exhaustive 
classification will in almost every case be impracticable, 
owing to the immensely great number of modes in which 
a comparatively small number of objects may be grouped 
together. About sixty-three elements have been classified 
by chemists in six principal groups as monad, ‘dyad, triad, 
&c., elements, the numbers in the classes varying from three 
to twenty elements. Now if we were to calculate the 
whole number of ways in which sixty-three objects can be 
arranged in six groups, we should find the number to be so 
great that the life of the longest lived man would be wholly 
inadequate to enable him to go through these possible 
groupings. The rule of exhaustive arrangement, then, is 
absolutely impracticable. It follows that mere haphazard 
trial cannot as a general rule give any useful result. If 
we were to write the names of the elements in succession 
upon sixty-three cards, throw them into , a ballot-box, and 
draw them out haphazard in six handfuls time after time, 
the probability is excessively small that we should take 
them out in a specified order, that for instance at present 
adopted by chemists. 

The usual mode in which an investigator proceeds to 
form a classification of a new group of objects seems to 
consist in tentatively arranging them according to their 
most obvious similarities. Any two objects which present 
a close resemblance to each other will be joined and formed 
into the rudiment of a class, the definition of which will 
at first include all the apparent points of resemblance. 
Other objects as they come to our notice will be gradually 
assigned to those groups with which they present the 
greatest number of points of resemblance, and the defi- 
nition of a class will often have to be altered in order to 
admit them. The early chemists could hardly avoid 
classing together the common metals, gold, silver, copper, 
lead, and iron, which present such conspicuous points of 
similairity as regards density, metallic lustre, malleability, 
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&c. With the progress of discovery, however, difl&culties 
began to present themselves in such a grouping. Anti- 
mony, bismuth, and arsenic are distinctly metallic as 
regards lustre, density, and some chemical properties, but 
are wanting in malleability. The recently discovered 
tellurium presents greater difficulties, for it has many of 
the physical properties of metal, and yet all its chemical 
properties are analogous to those of sulphur and selenium, 
which have never been regarded as met^s. Great chemical 
differences again are discovered by degrees between the five 
metals mentioned ; and the class, if it is to have any che- 
mical validity, must be made to include other elements, 
having none of the original properties on which the class 
was founded. Hydrogen is a transparent colourless gas, 
and the least dense of all substances ; yet in its chemical 
analogies it is a metal, as suggested by Faraday^ in 1838, 
and almost proved by Graham it must be placed in 
the same class as silver. In this way it comes to pass that 
almost every classification which is proposed in the early 
stages of a science will be found to break down as the 
deeper similarities of the objects come to be detected. Thia 
most obvious points of difference will have to be neglected. 
Chlorine is a gas, bromine a liquid, and iodine a solid, and 
at first sight these might have seemed formidable circum- 
stances to overlook ; but in chemical analogy the substances 
are closely united. The progress of organic chemistry, 
again, has yielded wholly new ideas of the similarities of 
compounds. Who, for instance, would recognise without 
extensive research a close similarity between glycerine and 
alcohol, or between fatty substances and ether ? The class 
of paraffins contains three substances gaseous at ordinary 
temperatures, several liquids, and some crystalline solids. 
It required much insight to detect the analogy which exists 
between such apparently different substances. 

The science of chemistry now depends to a great extent 
on a correct classification of the elements, as will be learnt 
by consulting the able article on Classification by Pro- 
fessor G. C. Foster in Watts' Dictionary of Chemistry. 
But the present system of chemical classification Was not 

1 Life of Faraday f vol. iL p. 87. 

* Proceedings of the Boyal Society, rol. xviL p. 312. Chemical and 
Physical Besearches, reprint, by Young and An^ Smith, p. 29a 
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reached until at least three previous false systems had 
been long entertained. And though there is much reason 
to believe that the present mode of classification according 
to atomicity is substantially correct, errors may yet be 
discovered in the details of the grouping. 


^ Symbolic Statement of the Theory of Classification, 

The theory of classification can be explained in the most 
complete and general manner, by reverting for a time to 
the use of the Logical Alphabet, which was found to be of 
supreme importance in Formal Logic. That form expresses 
the necessarj’’ classification of all objects and ideas as depend- 
ing on the laws of thought, and there is no point concerning 
the purpose and methods of classification wliich may not be 
stated precisely by the use of letter combinations, the only 
inconvenience being the abstract form in which the subject 
is thus represented. 

If we pay regard only to three qualities in which things 
may resemble each other, namely, the qualities A, B, C, 
there are according to the laws of thought eight possible 
classes of objects, shown in the fourth column of the 
Logical Alphabet (p. 94)! If there exist objects belonging 
to all these eight classes, it follows that the qualities A, B, 
C, are subject to no conditions except the primary laws of 
thought and things (p. 5). There is then no special law of 
nature to discover, and, if we arrange the objects in any 
one order rather than another, it must be for the purpose of 
showing that the combinations are logically complete. 

Suppose, however, that there are but four kinds of objects 
possessing the qualities A, B, C, and that these kinds are 
represented by the combinations ABO, AJC, aBc, ale. 
The order of arrangement will now be of importance ; for if 
we place them in the order 


/ABC CAJO 

( oBc ( ale 

placing the B’s first and those which are 6's last, we shall 
perhaps overlook the law of correlation of properties in- 
volved. Bub if we arrange the combinations as follows 
/ABC /aBc 

(AiO \ahc'^ 

it becomes apparent at once that where A is, and only 
where A is, the property C is to be found, B being 



XXX.] 


CLASSIFICATION. 


m 


indifferently present and absent. The second arrangement 
then would be called a natural one, as rendering mani- 
fest the conditions under which the combinations exist. 

As a further instance, let us suppose that eight objects 
are presented to us for classification, which exhibit combi- 
nations of the five properties, A, B, 0 , D, E, in the folio w- 


mg manner : — 


ABCdE 

aBCtiE 

ABcde 

aBcde 

A6CDE 

abCDE 

AbcDe . 

aJcDe 

They are now classified, so that those containing A stand 
first, and those devoid of A second, but no other property 

seems to be correlated with A. 

Let us alter this arrange- 

ment and group the combinations thus : — 

ABCJE 

AJCDE 

ABcde 

AhcDe 

aBGdB 

aftCDE 

aBcde 

abcDe 

It requires little examination to discover that in the first 
group B is always present and D absent, whereas in the 
second group, B is always absent and D present. This is 

the result which follows from 

a law of the form B = d 

(p. 136), so that in this mode of arrangement we readily 
discover correlation between two letters. Altering the 

groups again as follows : — 


ABCciE 

ABcde 

aBCffE 

aBcde 

A6CDE 

AbcDe 

aiCDE 

abcDe, 


we discover another evident correlation between C and E. 
Between A and the other letters, or between the two pairs 
of letters B, D and C, E, there is no logical connexion. 

This example may seem tedious, but it will be found 
instructive ih this way. We are classifying only eight 
objects or combinations, in each of which only five qualities 
are considered. There are only two laws of correlation 
between four of those five qualities, and those aws are 
of the simplest logical character. Yet the reader would 
hardly discover what those laws are, and confidently assign 
them by rapid contemplation of the combinations, as given 
in the first group. Several tentative classifications must 
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probably be made before we can resolve the question. Let 
us now suppose that instead of eight objects and five 
qualities, we have, say, five hundred objects and fifty 
qualities. If we were to attempt the same method of 
exhaustive grouping which we before employed, we should 
have to arrange the five hundred objects in fifty differentj 
ways, before we could be sure that we had discovered 
even the simpler laws of correlation. But even the succes- 
sive grouping of all those possessing each of the fifty 
properties would not necessarily give us all the laws. 
There might exist complicated relations between several 
properties simultaneously, for the detection of which no 
rule of procedure whatever can be given. 

Bifurcate Claasijicatidn. 

Every system of classification ought to be formed on 
the principles of the Logical Alphabet. Each superior 
class should be divided into two inferior classes, distin- 
jguished by the possession and non-possession of a single 
I specified difference. Each of these minor classes, again, is 
i divisible by any other quality whatever which can be 
suggested, and thus every classification logically consists 
of an infinitely extended series of subaltern genera and 
species. The classifications which we form are in reality 
very small fragments of those which would correctly and 
fully represent the relations of existing things. But if we 
take more than four or five qualities into account, the 
number of subdivisions grows impracticably large. Our 
finite minds are unable to treat any complex group ex- 
haustively, and we are obliged to simplify and generalise 
scientific problems, often at the risk of overlooking 
particular conditions and exceptions. 

Every system of classes displayed in the manner of the 
Logical Alphabet may be called hifyrcaUy because every 
class branches out at each step into two minor classes, 
existent or imaginary. It would be a great mistake to 
regard this arrangement as in any way a peculiar or 
special method; it is not only a naturad and important 
one, but it is the inevitable and only system which is 
logically perfect, according to the fundamental laws of 
thought. All other arrangements of classes correspond to 
the bifurcate arrangement, with the implication that some 
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oi the minor classes are not represented among existing 
things. If we take the genus A and divide it into the 
species AB and AC, we imply two propositions, namely 
that in the class A, the properties of B and C never occur 
together, and that they are never both absent; these 
propositions are logically equivalent to one, namely 
AB = Ac. Our classification is then identical with the 
following bifurcate one: — 

A 



ABC = 0 ABc A6C Ahc = 0 

If, again, we divide the genus A into three species, AB, 
AC, AD, we are either logically in error, or else we must 
be understood to imply that, as regards the other letters, 
there exist only three combinations containing A, namely 
ABcd, AbCd, and AbcD, 

The logical necessity of bifurcate classification has been 
clearly and correctly stated in the Outline of a New System 
of Logic by George Bentham, the eminent botanist, a work 
of which the logical value has been quite overlooked until 
lately. Mr. Bentham points out, in p. 113, that every 
classification must be essentially bifurcate, and takes, as 
an example, the division of vertebrate animals into four 
sub-classes, as follows ; — 

Mammifera — endowed with mammae and lungs. 

Birds without mammae but with lungs and wings. 

Fish deprived of lungs. 

Beptiles deprived of mammae and wings but with 
lungs. 

We have, then, as Mr. Bentham says, three bifid divi- 
sions, thus represented ; — 

Vertebrata 

I 

^ 

deprived of lungs 
= Fish. 


without wings 
=: Beptiles. 
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It is quite evident that according to the laws of thought 
even this arrangement is incomplete. The sub-class mam- 
inifera must either have wings or be deprived of them ; we 
must either subdivide this class, or assume that none of 
the mammifera have wings, which is, as a matter of fact, the 
case, the wings of bats not being true wings in the meaning 
of the term as applied to birds. Fish, again, ought to be 
considered with regard to the possession of mammas and 
wings ; and in leaving them undivided we really imply that 
they never have mammae nor wings, the wings of the flying- 
fish, again, being no exception. If we resort to the use of 
our letters and define them as follows — 

A = vertebrata, 

B = having lungs. 

C = having mammae, 

D = having wings, 

then there are four existent classes of vertebrata which 
appear to be thus described — 

ABC ABcD ABcd Ab. 

But in reality the combinations are implied to be 
ABGd = Mammifera, 

ABcD = Birds, 

ABcd = Reptiles, 

Abed = Fish, 

and we imply at the same time that the other four con- 
ceivable combinations containing B, C, or D, namely ABCD, 
A6CD, AbGd, and AbcD, do not exist in nature. 

Mr. Bentham points out ^ that it is really this method of' 
classification which was employed by Lamarck and De Can- 
dolle in their so-called analytical arrangement of the French 
Flora. He gives as an example a table of the principal 
classes of De Candolle’s system, as also a bifurcate arrange- 
ment of animals after the method proposed by Dum^ril in 
his Zoologie Analytique, this naturalist being distinguished 
by his clear perception of the logical importance of the 
method. A bifurcate classification of the animal kingdom 
may also be found in Professor Eeay Greene’s Mamuil of 
tM Ccdent&rata, p. i8. 

The bifurcate form of classification seems to be needless 
whtn the quality according to which we classify any group 

^ h 8 a 4 > 8 ur la Nomenclature et la Classification, Paris, 1823, pp. 
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of things admits of numerical discrimination. It would > 
seem absurd to arrange things according as they have one 
degree of the quality or not one degree, two degrees or not 
two degrees, and so on. The elements are classified accord- 
ing as the atom of each saturates one, two, three, or more 
atoms of a monad element, such as chlorine, and they are 
called accordingly monad, dyad, triad, tetrad elements, and 
so on. It would be useless to apply the bifid arrangement, 
thus : — 

Element 


Monad not-Monad 


Dyad not-Dyad 

' ) 

Triad not-Triad 

I 

Tetrad not-Tetrad. 

The reason of this is that, by the nature of number (p. 157) 
every number is logically discriminated from every other 
number. There can thus be no logical confusion in a nume- 
rical arrangement, and the series of numbers indefinitely 
extended is also exhaustive. Every thing admitting of a 
quality expressible in numbers must find its place some- 
where in the series of numbers. The chords in music 
correspond to the simpler numerical ratios and must admit 
of complete exhaustive classification in respect to the 
complexity of the ratios forming them. Plane rectilinear 
figures may be classified according to the numbers of their 
sides, as triangles, quadrilateral figures, pentagons, hexagons, 
heptagons, &c. The bifurcate arrangement is not false when 
applied to such series of objects ; it is even necessarily 
involved in the arrangement whicH we do apply, so that 
its formal statement is needless and tedious. The same 
may ‘be said of the division of portions of space. Eeid 
and Karnes endeavoured to cast* ridicule on the bifurcate 
arrangement^ by proposing to classify the parts of England 
into Middlesex and what is not Middlesex, (iividing the 
latter again into Kent and what is not Kent, Sussex and 

1 George Bentham, Outline of a Neuo System of Logic, p. 115. 
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what is not Sussex ; an<i so on. This is so f&T, however, 
from being an absurd proceeding that it is requisite to 
assure us that we have made an e^austive enumeration of 
the parts of EnglancL 

The Five Predieablee, 

As a rule it is highly desirable to consign t6 oblivion the 
ancient logical names and expressions, which have infested 
the science for many centuries past. If logic is ever to be 
a useful and progressive science, logicians must (Jistinguish 
between logic and the history of logic. As in the case of 
any other science it may be desirable to examine the course 
of thought by which logic has, before or since the time of 
Aristotle, been brought to its present state ; the history of a 
science is always instructive as giving instances of the 
mode in which discoveries take place. But at the same 
time we ought carefully to disencumber the statement of 
the science itself of all names and other vestiges of antiquity 
which are not actually useful at the present day. 

Among the ancient expressions which may well be 
excepted from such considerations and retained in use, are 
the ‘'Five Words” or "Five Predicables” which were 
described by Porphyry in his introduction to Aristotle’s 
Organum. Two of them, Gerncs and Species, are the most 
venerable names in philosophy, having probably been first 
employed in their present logical meanings by Socrates. 
In the present day it requires some mental effort, as 
remarked by Grote, to see anything important in the 
invention of notions now so familiar as those of Genus and 
Species. But in reality the introduction of such terms 
showed the rise of the first germs of logic and scientific 
method; it showed that men were beginning to analyse 
their processes of thought. 

The Five Predicables are Genus, Species, Difference, 
Property, and Accident or in the original Greek, ^761/09, 
€l8o9, hiai^opa, tSmv, crvfi^e^TjKo^, Of these, Genus may 
be taken to mean any class of objects which is regarded as 
'broken up into two minor classes, which form Species of it. 
The genus is defined by a certain number of qualities or 
circumstances which belong to all objects included in the 
class, and which are sufficient to mark out these objects 
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from alj others which we do. not intend to include. Inter- 
preted as regards intension^ then, the genus is a group of 
qualities ; interpreted as regards extension, it is a group of 
objects possessing those qualities. If another quality be 
taken into account which is possessed by some of the 
objects and not by the others, this quality becomes a 
difference which dmdes the genus into two species. We 
may interpret the species either in intension or extension ; 
in the former respect it is more than the genus as containing 
one more quality, the difference : in the latter respect it is 
less than the genus as containing only a portion of the group 
constituting the genus. We may say, then, with Aristotle, 
that in one sense the genus is in the species, namely in 
intension, and in another sense the species is in the genus, 
namely in extension. The difference, it is evident, can be 
interpreted in intension only. 

A Property is a quality which belongs to the whole of 
a class, but does not enter into the definition of that class. 
A generic property belongs to every individual object 
contained in the genus. It is a property of the genus 
parallelogram that the opposite angles are equal. If we 
regard a rectangle as a species of parallelogram, the 
difference being that om angle is a right angle, it follows 
as a specific property that all the angles are right angles. 
Though a property in the strict logical sense must belong 
to each of the objects included in the class of which it is a 
property, it may or may not belong to other objects. The 
property of having the opposite angles equal may belong 
to many figures besides parallelograms, for instance, 
regular hexagons. It is a property of the circle that all 
triangles constructed upon the diameter with the apex 
upon the circumference are right-angled triangles, and 
vice versd, all curves of which this is tacue must be circles. 
A property which thus belongs to the whole of a class and 
only to that class, corresponds to the iStov of Aristotle and 
Porphyry; we might conveniently call it a peculiar jprc^erty. 
Every such property enables us to make a statement in the 
form of a simple identity (p. 37). Thus we know it to be 
a peculiar property of the circle that for a givenJength of 
perimeter it encloses a greater area than any other possible 
cuiye ; hence we may say — 

Curve of equal curvature = curve of greatest area. 
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It is a peculiar property of equilateral triangles that they 
are equiangular, and vice versd, it is a peculiar property of 
equiangular triangles that they are equilateral It is a 
property of crystals of the regular system that they are 
devoid of the power of double refraction, but this is not a 
property peculiar to them, because liquids and gases are 
devoid of the same property. 

An Accident, the fifth and last of the Predicables, is any 
quality which may or may not belong to certain objects, 
and which has no connexion with the classification adopted. 
The particular size of a crystal does not in the slightest 
degree affect the form of the crystal, nor does the manner 
in which it is grouped with other crystals ; these, then, are 
accidents as regards a crystallographic classification. With 
respect to the chemical composition of a substance, again, 
it is an accident whether the substance be crystallised or 
not, or whether it be organised or not. As regards botan- 
ical classification the absolute size of a plant is an accident. 
Thus we see that a logical accident is any quality or cir- 
cumstance which is not known to be correlated with those 
qualities or circumstances forming the definition of the 
species. 

The meanings of the Predicables can be clearly explained 
by our symbols. Let A be any definite group of qualities 
and B another quality or group of qualities ; then A will 
constitute a genus, and AB, A6 will be species of it, B 
being the difference. I^et C, D and E be other qualities 
or groups of qualities, and on examining the combinations 
in which A, B, C, D, E occur let them be as follows : — 
ABODE A6CrfE 

ABCDe AtOtZe. 

Here we see that wherever A is we also find 0, so that 
0 is a generic property; D occurs always with B, so that it 
constitutes a specific property, while E is indifferently 
present and absent, so as not to be related to any other 
letter ; it represents, therefore, an accident. It will now be 
seen that the Logical Alphabet represents an interminable 
series of subordinate genera and species; it is but a concise 
symbolic statement of what was involved in the ancient 
-doctrine of the Predicables. 
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Summum Oenus aiid Infima Species. 

As a genus means any class whatever which is regarded 
as composed of minor classes or species, it follows that the 
same class will be a genus in one point of view and a 
species in another. Metal is a genus as regards alkaline 
metal, a species as regards element, and any extensive 
system of classes consists of a series of subordinate, or as 
they are technically called, a«^6aftem^nera and species. 
The question, however, arises, whether such a chain of 
classes has a definite termination at either end. The 
doctrine of the old logicians was to the effect that it termi- 
nated upwards in a genus genemlissimum or summum genus^ 
which was not a species of any wider class. Some very 
general notion, such as substance, object, or thing, was 
supposed to be so comprehensive as to include all thinkable 
objects, and for all practical purposes this might be so. 
But as I have already explained (p. 74), we cannot really 
think of any object or class without thereby separating it 
from what is not that object or class. All thinking is 
relative, and implies discrimination, so that every class 
and every logical notion must have its negative. If so, 
there is no such thing as a summum genus ; for we cannot 
frame the requisite notion of a class forming it without 
implying the existence of another class discriminated from 
it ; add this new negative class to the supposed summum 
genus, and we form a still higher genus, which is absurd. 

Although there is no absolute summum genus, neverthe- 
less relatively to any branch of knowledge or any particular 
argument, there is always some class or notion which bounds 
our horizon as it were., The chemist restricts his view to 
material substances and the forces manifested in them ; 
the mathematician extends his view so as to comprehend 
all notions capable of numerical discrimination. The biolo- 
gist, on the other hand, has a narrower sphere containing 
only organised bodies, and of these the botanist and the 
zoologist take parts. In other subjects there may be a 
still narrower summum genus, as when the lawyer regards 
only reasoning beings of his own country together with 
their property. 

In the description of the Logical Alphabet it was pointed 
out (p. 93) that every series of combinations is really the 
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development of a. single class, denoted by X, which letter 
was accordingly placed in the first column of the table on 
p. 94, This is the formal acknowledgment of the principle 
clearly stated by De Morgan, that edl reasoning proceeds 
within an assumed summum genus. But at the same time 
|he fact that X as a logical term must have its negative 
a?, shows that it cannot be an absolute summum genus. 

There arises, again, the question whether there be any 
such thing as an injima species^ which cannot be divided 
into minor species. The ancient logicians were of opinion 
that there always was some assignable class which could 
only be divided into individuals, but this doctrine appears 
to be theoretically incorrect, as Mr. George Bentham 
long ago stated.^ We may put an arbitrary limit to the 
subdivision of our classes at any point convenient to our 
purpose. The ciystallographer would not generally treat 
as different species crystalline forms which differ only 
in the degree of development of the faces. The naturalist 
overlooks innumerable slight differences between animals 
which he refers to the same species. But in a strictly 
logical point of view classification might be carried on as 
long as there is a difference, however minute, between 
two objects, and we might thus go on until we arrive at 
individual objects which are numerically distinct in the 
logical sense attributed to that expression in the chapter 
upon Number. Either, then, we must call the individual 
the infima ^ecies or allow that there is no such thing at aU. 

The Tree of Porphyry, 

Both Aristotle and Plato were acquainted with the value 
of bifurcate classification, which they occasionally employed 
in an explicit manner. It is impossible too that Aristotle 
should state the laws of thought, and employ the predicables 
without implicitly recognising the logical necessity of that 
method. It is, however, in Porphyry's remarkable and in 
many respects excellent Introduction to the Categories of 
Aristotle that we find the most distinct account of it. 
Porphyry not only fully and accurately describes the 
Predicables, but incidentally introduces an example for 

1 OtUlme of a N&w Syikm of Logic, 1827, p. 117. 
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illustrating those predicables, which constitutes a good 
specimen of bifurcate classification. Translating his words ^ 
freely we may say that he takes Substance as the genus to 
be divided, under which are successively placed as Species — 
Body, Animated Body, Animal, Eational Animal, and Man. 
Under Man, again, come Socrates, Plato, and other parti- 
cular men. Now of these notions Substance is the genus 
generalissimum, and is a genus only, not a species. Man, 
on the other hand, is the species specialissima (infima 
species), and is a species only, not a genus. Body is a 
species of substance, but a genus of animated body, which, 
again, is a species of body but a genus of animal. 
Animal is a species of animated body, but a genus of 
rational animal, which, again, is a species of animal, but a 
genus of man. Finally, man is a species of rational animal, 
but is a species merely and not a genus, being divisible 
only into particular men. 

Porphyry proceeds at some length to employ his example 
in further illustration of the predicables. We do not 
find in Porphyry’s own work any scheme or diagram 
exhibiting this curious specimen of classification, but some 
of the earlier commentators and epitome writers drew what 
has long been called the Tree of Porphyry. This diagram, 
wliich may be found in most (Elementary works on Logic, ^ 
is also called the Eamean Tree, because Eamus insisted 
much upon the value of Dichotomy. With the exception 
of Jeremy Bentham® and George Bentham, hardly any 
modern logicians hove shown an appreciation of the value 
of bifurcate classification. The latter author has treated 
the subject, both in his Outline of a New System of Logic 
(pp. 105-1 18), and in his earlier work entitled Essai sur la 
Nomenclatv/re et la CloLssifkation des PrindpaUs Branches 
d*ArUet- 8 cience (Paris, 1823), which consists of a free 
translation or improved version of -his uncle’s Essay on 
Classification in the Chrestomathia. Some interest attaches 
to the,history of the Tree of Porphyry and Eamus, because it 
is the prototype of the Logical Alphabet which lies at the 
basis of logical method. Jeremy Bentham speaks truly 

* Forphyrii Isagoge, Caput iL 24. 

* Jevons, Elementary Lessons in Logic, p. 104. 

’ ChreitomaMa ; being a Collection of ropers, So, London, 1816^ 
Appendix Y . 
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of "the matchless beauty of the Eamean Tree.*' After 
fully showing its logical value as an exhaustive method of 
clarification, and refuting the objections of Eeid and 
Karnes, on a wrong ground, as I think, he proceeds to 
inquire to what length it may be carried. He correctly 
points out two objections to the extensive use of bifid 
prangements, (i) that they soon become impracticably 
Extensive and unwieldy, and (2) that they are unecono- 
mical. In his day the recorded number of different species 
of plants was 40,000, and he leaves the reader to estimate 
the immense number of branches and the enormous area of 
a bifurcate table which should exhibit all these species in 
one scheme. He also points out the apparent loss of 
labour in making any large bifurcate classification; but 
this he considers to be fully recompensed by the logical 
value of the result, and the logical training acquired in its 
execution. Jeremy Bentham, then, fully recognises the 
value of the Logical Alphabet under another name, though 
he apprehends also the limit to its use placed by the 
finiteness of our mental and manual t)owers. 

Does Abstraction imply Generalisation i 

Before we can acquire a sound comprehension of the 
subject of classification we must answer the very difficult 
question whether logical abstraction does or does not imply 
generalisation. It comes to exactly the same thing if we 
ask whether a species may be coextensive with its genus, 
or whether, on the other hand, the genus must contain 
piore than the species. To abstract logically is (p. 27), 
to overlook or withdraw our notice from some point of 
difference. Whenever we form a class we abstract, for the 
time being, the differences of the objects so united in respect 
of some common quality. If we class together a great 
number of objects as dwelling-houses, we overlook the fact 
that some dwelling-houses are constructed of stone, others 
of brick, wood, iron, &c. Often at least the abstraction of a 
circumstance increases the number of objects included 
under a class according to the law of the inverse relation 
of the quantities of extension and intension (p. 26). 
Dw^ling-house is a wider term than brick-dwelling-house. 
House is more general than dwelling-house. But the, 
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qxiestion before ns is, whether abstraction increases 

the number of objects included in a class, which amounts to 
asking whether the law of the inverse relation of logical 
quantities is always true. The interest of the question 
partly arises from the fact, that so high a philosopliical 
authority as Mr. Herbert Spencer has denied that gene- 
ralisation is implied in abstraction,^ making this doctrine 
the ground for rejecting previous methods of classifying 
the sciences, and for forming an ingenious but peculiar 
method of his own. The question is also a fundamental 
one of the highest logical importance, and involves subtle 
difficulties which have made me long hesitate in forming 
a decisive opinion. 

I^t us attempt to answer the question by examination of 
a few examples. Compare the two classes gun and iron 
gun. It is certain that there are many guns which are not 
made of iron, so that abstraction of the circumstance made 
of iron” increases the extent of the notion. Next compare 
gun and metallic gun. All guns made at the present day 
consist of metal, so that the two notions seem to be co- 
extensive; but guns were at first made of pieces of wood 
]jound together like a tub, and as the logical term gun 
takes no account of time, it must include all guns that 
have ever existed. Here again extension increases as in- 
tension decreases. Compare once more steam-locomotive 
engine '' and “ locomotive engine.” In the present day, as 
far as I am aware, all locomotives are worked by steam, so 
that the omission of that qualification might seem not to 
widen the term ; but it is quite possible that in some future 
age a different motive power may be used in locomotives ; 
and as there is no limitation of time in the use of logical 
terms, we must certainly assume that -there is a class of 
locomotives not worked by steam, as well as a clas6 that is 
worked by steam. When the naturd Class of Euphorbiacese 
was originally formed, all the plants known to belong to it 
were jlevoid of corollas ; it would have seemed therefore 
that the two classes “ Euphorbiacess,” and Euphorbiacese 
devoid of Corollas,” were of equal extent. Subsequently a 
number of plants plainly belonging to the same class were 
found in tropical countries, and they possessed bright 

1 The Classification of the Sciences^ &c.^ 3rd edit. p. 7, Essays ; 
Scientific, FolUical, and Speculative, vol. ill p. 13. 
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coloured corollas. Naturalists believe with the utmost con- 
fidence that “Euininants” and “Ruminants with cleft feet 
are identical terms, because no ruminant has yet been dis- 
covered without cleft feet. But we can see no impossibility 
in the conjunction of rumination with uncleft feet, and it 
would be too great an assumption to say that we are 
certain that an example of it will never be met with. 
Instances can be quoted, without end, of objects being 
ultimately discovered combining properties which had never 
before been seen together. In the animal kingdom the 
Black Swan, the Ornithorhynchus Paradoxus, and more 
recently the singular fish called Ceratodus Forsteri, all 
discovered in Australia, have united characters never 
previously known to coexist. At the present time deep- 
sea dredging is bringing to light many animals of an un- 
precedented nature. Singular exceptional discoveries may 
certainly occur in other branches of science. When Davy 
first discovered metallic potassium, it was a well established 
empirical law that all metallic substances possessed a high 
specific gravity, the least dense of the metals then known 
being zinc, of which the specific gravity is 7*1. Yet to 
the surprise of chemists, potassium was found to be an 
undoubted metal of less density than water, its specific 
gravity being 0*865. 

It is hardly requisite to prove by further examples that 
our knowledge of nature is incomplete, so that we cannot 
safely assume the non-existence of new combinations. 
Logically speaking, we ought to leave a place open for 
animals which ruminate but are without cleft feet, and 
for every possible intermediate form of animal, plant, or 
mineral. A purely logical classification must take account 
not only of what certainly does exist, but of what may in 
after ages be found to exist. 

I will go a step further, and say that we must have 
places in our scientific classifications for purely imaginary 
existences. A large proportion of the mathematical, func- 
tions which are conceivable have no application to the cir- 
cumstances of this world. Physicists certainly do investi- 
gate the nature and consequences of forces which nowhere 
exist. Newton^s Principia is full of such investigations. 
In ctoe chapter of his Micanique Celeste Laplace indulges 
in a remarkable speculation as to what the laws of motion 
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would have been if momentum, instead of varying simply 
as the velocity, had been a more complicated function of 
it. I have already mentioned (p. 223) that Airy contem- 
plated the existence of a world in which the laws of force 
should be such that a perpetual motion would be possible, 
and the Law of Conservation of Energy would not hohl 
true. 

Thought is not bound down to the limits of what is 
materially existent, but is circumscribed only by those 
Fundamental Laws of Identity, Contradiction and Duality, 
which were laid down at the outset. This is the point at 
which I should differ from Mr. Spencer. He appears to 
suppose that a classification is complete if it has a place 
for every existing object, and this may perhaps seem to be 
practically sufficient; but it is subject to two profound 
objections. Firstly, we do not know all that exists, and 
therefore in limiting our classes we are erroneously omitting 
multitudes of objects of unknown form and nature which 
may exist either on this earth of in other parts of space. 
Secondly, as I have explained, the powers of thought are 
not limited by material existences, and we may, or, for some 
purposes, must imagine objects which probably do not 
exist, and if we imagine them we ought to find places for 
them in the classifications of science. 

The clflef difficulty of this subject, however, consists in 
the fact that mathematical or other certain laws may 
entirely forbid the existence of some combinations. The 
circle may be defined as a plane curve of equal curvature, 
and it is a property of the circle that it contains the greatest 
area within the least possible perimeter. May we then 
contemplate mentaUy a circle not a figure of greatest pos- 
sible area? Or, to take a still simpler example, a parallelo- 
gram possesses the property of having the opposite angles 
equal. May we then mentally divide* parallelograms into 
two classes according as they do or do not have their oppo- 
site aijgles equal ? It might seem absurd to do so, because 
we know that one of the two species of parallelogram 
would be non-existent. But, then, unless the student had 
previously contemplated the existence of both species as 
possible, what is the meaning of the thirty-fourth proposi- 
tion of Euclid's first book ? We cannot deny or disprove 
the existence of a certain combination, without thereby in 

- z z 2 
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a certain way recognising that combination as an object of 
thought. ^ 

The conclusion at which I arrive is in opposition to 
that of Mr. Spencer. I think that whenever we abstract 
a quality or circumstance we do generalise or widen the 
notion from which we abstract. Whatever the terms A, 
B, and C may be, I hold that in strict logic AB is mentally 
a wider term than ABC, because AB includes the two 
species ABO and ABc. The term A is wider still, for it 
includes the four species ABC, ABc, AfeC, AJbc. The Logi- 
cal Alphabet, in short, is the only limit of the classes of 
objects which we must contemplate in a purely logical 
point of view. Whatever notions be brought before us, 
we must mentally combine them in all the ways sanc- 
tioned by the laws of thought and exhibited in the Logical 
Alphabet, and it is a matter for after consideration to 
determine how many of these combinations exist in out- 
ward nature, or how many are actually forbidden by the 
i conditions of space. A classification is essentially a 
j mental, not a material thing. 

Discovery of Marks or Characteristics, 

Although the chief purpose of classification is to disclose 
the deepest and most general resemblances of the objects 
classified, yet the practical value of a system will depend 
partly upon the ease with which we can refer an object to 
its proper class, and thus infer concerning it all that is 
Icnown generally of that class. This operation of discover- 
ing to which class of a system a certain'specimen or case be- 
longs, is generally called a technical term familiarly 

used* by physicians, who cotistantly require to diagnose or 
determine the nature of the disease from which a patient is 
suffering. Now every class is defined by certain specified 
qualities or circumstances, the whole of which are present 
in every object contained in the class, and not allpreservt in 
any object excluded from it. These defining circumstances 
ought to consist of the deepest and most important circum- 
stances; by which we vaguely mean those probably forming 
the conditions with which the minor circumstances are 
correlated. But it will often happen that the so-called 
important points of an object are not those which can 
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most readily be observed. Thus the two great classes of 
phanerogamous plants are defined respectively by the 

f )ossession of two cotyledons or seed-leaves, and one coty- 
edon. But when a plant comes to our notice and we 
want to refer it to the right class, it will often happen 
that we have no seed at ^1 to examine, in order to dis- 
cover whether there be one seed-leaf or two in the germ. 
Even if we have a seed it will often be small, and a careful 
dissection under the microscope will be requisite to ascer- 
tain the number of cotyledons. Occasionally the examina- 
tion of the germ would mislead us, for the cotyledons may 
be obsolete, as in Cuscuta, or united together, as in Clin- 
tonia. Botanists therefore seldom actually refer to the 
seed for such information. Certain other characters of a 
plant are correlated with the number of seed-leaves ; thus 
monocotyledonous plants almost always possess leaves with 
parallel veins like those of grass, while dicotyledonous 
plants have leaves with reticulated veins like those of an 
oak leaf. In monocotyledonous plants, too, the parts of the 
flower are most often three or some multiple of three in 
number, while in dicotyledonous plants the numbers four 
and five and their multiples prevail. Botanists, therefore, 
by a glance at the leaves and flowers can almost certainly 
refer a plant to its right class, and can infer not only the 
number of cotyledons which would be found in the seed or 
young plant, but also the structure of the stem, and other 
general characters. 

Any conspicuous and easily discriminated property ' 
which we thus select for the purpose of deciding to which 
class an object belongs, may be called a characteristic. The 
logical conditions of a good characteristic mark are very 
simple, namely, that it should be possessed by all objects 
entering into a certain class, and by none others. Every 
characteristic should enable us to assert a simple identity ; 
if A is a characteristic, and B, viewed intensively, the class 
of objects of which it is the mark, then A = B ought to be 
true. The characteristic may consist either of a single 
quality or circumstance, or of a group of such, provided 
that they all be constant and easily detected. Thus in the 
classification of mammals the teeth are of the greatest 
assistance, not because a slight variation in the number 
and form of the teeth is of importance in the general 
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economy of the animal, but because such variations are 
proved by empirical observation to coincide with- most im- 
portant differences in the general affinities. It is found 
that the minor classes and genera of mammals can be 
discriminated accurately by their teeth, especially by the 
foremost molars and the hindmost pre-molars. Some teeth, 
indeed, are occasionally missing, so that zoologists prefer to 
trust to those characteristic teeth which are most constant,^ 
and to infer from them not only the arrangement of the 
other teeth, but the whole conformation of the animal. 

It is a very difficult matter to mark out a boundary-line 
between the animal and vegetable kingdoms, and it may 
even be doubted whether a rigorous boundary can be estab- 
lished. The most fundamental and important difference of 
a vegetable as compared with an animal substance probably 
consists in the absence of nitrogen from the constituent 
membranes. Supposing this to be the case, the difficulty 
arises that in examining minute organisms we cannot ascer- 
tain directly whether they contain nitrogen or not. Some 
minor but easily detected circumstance is therefore needed 
to discriminate between animals and vegetables, and this is 
furnished to some extent by the fact that the production 
of starch granules is restricted to the vegetable kingdom. 
Thus the Desmidiacese may be safety assigned to the vege- 
table kingdom, because they contain starch. But we 
must not employ this characteristic negatively ; the Diato- 
macese are probably vegetables, though they do not pro- 
duce starch. ' 

Diagnostic Systems of Classification, 

We have seen that diagnosis is the process of discover- 
ing the place in any system of classes, to which an object 
has been referred by some previous investigation, the 
object being to avail ourselves of the information relating 
to such an object which has been accumulated and re- 
corded. It is obvious that this is a matter of great impor- 
tance, for, unless we can recognise, from time to time, 
objects or substances which have been investigated, recorded 
discoveries would lose their value. Even a single investi- 

Owen, Essay on the Classification and Geographical Distribution 
of the Mammalia^ p. 2a 
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gator must have means of recording and systematising his 
observations of any large groups of objects like the vege- 
table and animal kingdoms. 

Now whenever a class has been properly formed, a 
definition must have been laid down, stating ^e qualities 
and circumstances possessed by all the objects which are 
intended to be included in the class, and not possessed 
completely by any other objects. Diagnosis, therefore, 
consists, in comparing the qualities of a certain object 
with the definitions of a series of classes ; the absence 
in the object of any one quality stated in the definition 
excludes it from the class thus defined; whereas, if we 
find every point of a definition exactly fulfilled in the 
specimen, we may at once assign it to the class in 
question. It is of course by no means certain that every- 
thing which has been affirmed of a class is true of all 
objects afterwards referred to the class; for this would 
be a case of imperfect inference, which is never more 
than matter of probability. A definition can only make 
known a finite number of the qualities of an object, and 
it always remains possible that objects agreeing in those 
assigned qualities will differ in others. An individual 
canmt be defined, and can only be made known by the 
exhibition of the individual itself, or by a material speci- 
men exactly representing it. But this and other questions 
relating to definition must be treated when I .am able to 
take up the subject of language in another work. 

Diagnostic systems of classification should, as a general : 
rule, be arranged on the bifurcate method explicitly. Any | 
quality may be chosen which divides the whole group of 
objects into two distinct parts, and each part may be sub- 
divided successively by any prominent and weil-marked 
circumstance which is present in a large part of the genus 
and not in the other. To refer an object to its proper 
place in such an arrangement we haye only to note whether 
it does or does not possess the successive critical differentiae-. 
Dana devised a classification of this kind^ by which to refer 
a crystal to its place in the series of six or seven classes 
already described. If a crystal has all its edges modified 
alike or the angles replaced by three or six siuiilar planes, 

^ Dana^s Mineralogy, vol. i. p. 123 ; quoted in Watts^ Dictionary 
0/ Chemistry, vol. u. p. 166. 
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it belongs to the monometric system ; if not, we observe 
whether the number of similar planes at the extremity of 
the crystal is three or some multiple of three, in which 
case it is a crystal of the hexagonal system; and so we 
proceed with further successive discriminations. To ascer- 
tain the name of a mineral by examination with the blow- 
pipe, an arrangement more or less evidently on the bifurcate 
plan, has been laid down by Von Kobell.^ Minerals 
are divided according as they possess or do not possess 
metallic lustre ; as they are fusible or not fusible, accord- 
ing as they do or do not on charcoal give a metallic bead, 
and so on. 

Perhaps the best example to be found of an arrange- 
ment devised simply for the purpose of diagnosis, is 
Mr. George Bentham’s Analytical Key to tJu Natural 
Orders and Anomalous Genera of tJce British Flora^ given 
in his Handbook of the British Flora? In this scheme, 
the great composite family of plants, together with the 
closely approximate genus Jasione, are first separated 
from all other flowering plants by the compound character 
of their flowers. The remaining plants are sub-divided 
according a§ the perianth is double or single. Since no 
plants are yet known in which the perianth can be said 
to have three or more distinct rings, this division becomes 
practically the same as one into double and not-double. 
Flowers with a double perianth are next discriminated 
according as the corolla does or does not consist of one 
piece ; according as the ovary is free or not free ; as it is 
simple or not simple ; as the corolla is regular or irregular ; 
and so on. On looking over this arrangement, it will 
be found that numerical discriminations often occur, the 
numbers of petals, stamens, capsules, or other parts being 
the criteria, in which cases, as already explained (p. 697), 
the actual exhibition of the bifid division would be tedious. 

Linnaeus appears to have been perfectly acquainted 
with the nature and uses of diagnostic classification, which 
he describes under the name of Synopsis, saying:® — 

^ Tnstructwfis for the Diserimimtion of Minerals by Svmple Chemi- 
cal Experiments, by Franz von Kobell, translated from the German 
by*R. C. Campbell. Glasgow, 1841. 

* Edition of 1866, p. Ixiii. 

^ FhilosopJtia Bdtanica (1770), § 154, p. 98, 
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" Synopsis tradit Divisiones arbitrarias, longiores aut brevi- 
ores, plures aut pauciores : a Botanicis in genere non 
agnoscenda. Synopsis est dichotomia arbitraria, quae 
instar vise ad Botanicem ducit. Limites autem non de- 
terminat.” 

The rules and tables drawn out by chemists to facilitate 
the discovery of the nature of a substance in qualitative 
analysis are usually arranged on the bifurcate method, 
and form excellent examples of diagnostic classification, 
the qualities of the substances produced in testing being 
in most cases merely characteristic properties of little im- 
portance in other respects. The chemist does not detect 
potassium by reducing it to the state of metallic potas- 
sium, and then observing whether it has all the principal 
qualities belonging to potassium. He selects from among 
the whole number of compounds of potassium that salt, 
namely the compound of platinum tetra-chloride, and 
potassium chloride, which has the most distinctive ap- 
pearance, as it is comparatively insoluble and produces 
a peculiar yellow and highly crystalline precipitate. Ac- 
cordingly, potassium is present whenever this precipitate 
can be produced by adding platinum chloride to a solu- 
tion. The fine purple or violet colour which potassium 
salts communicate to the blowpipe flame, had long been 
used as a characteristic mark. Some other elements were 
readily detected by the colouring of the blowpipe flame, 
barium giving a pale yellowish green, and salts of stron- 
tium a bright red. By the use of the spectroscope the 
coloured light given off by an incandescent vapour is made 
to give perfectly characteristic marks of the elements con- 
tained in the vapour. 

Diagnosis seems to be identical with the process termed 
by the ancient logicians abscissio infiniti, the cutting off 
of the infinite or negative part of a genus when we dis- 
cover by observation that an object possesses a particular 
difference. At every step in a bifurcate division, some 
objects possessing the difference will fall into the affirma- 
tive part or species ; all the remaining objects in the world 
fall into the negative part, which will be infinite in extent. 
Diagnosis consists in the successive rejection from further 
notice of those infinite classes with which the specimen in 
question does not agree. 
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Index Clcbsdjications, 

Under classification we may include aU arrangements of 
objects or names, which we make for saving labour in the 
discovery of an object. Even alphabetical indices are real 
classifications. No such arrangement can be of use unless 
it involves some correlation of circumstances, so that 
knowing one thing we learn another. If we merely 
arrange letters in the pigeon-holes of a secretaire we 
establish a correlation, for all letters in the first hole will 
be written by persons, for instance, whose names begin 
with A, and so on. Knowing then the initial letter of 
the writer’s name, we know also the place of the letter, and 
the labour of search is thus reduced to one twenty-sixth 
part of what it would be without arrangement. 

Now the purpose of a catalogue is to discover the place 
in which an object is to be found ; but the art of cataloguing 
involves logical considerations of some importance. We 
want to establish a correlation between the place of an 
object and some circumstance about the object which 
shall enable us readily to refer to it; this circumstance 
therefore should be that which will most readily dwell in 
the memory of the searcher. A piece of poetry will be 
best remembered by the first line of the piece, and the 
name of the author will be the next most definite circum- 
stance ; a catalogue of poetry should therefore be arranged 
alphabetically according to the first word of the piece, or 
the name of the author, or, still better, in both ways. It 
would be impossible to arrange poems according to their 
subjects, so vague and mixed are these found to be when 
the attempt is made. 

It is a matter of considerable literary importance to 
decide upon the best mode of cataloguing books, so that 
any required book in a library shall be most readily 
found. Books may be classified in a great number of 
ways, according to subject, language, date, or place of 
publication, size, the initial words of the text or title-page, 
or colophon, the author’s name, the publisher’s name, the 
printer’s name, the character of the type, and so on. Every 
one of these modes of arrangement may be useful, for we 
may happen to remember one circumstance about a book 




XXX.] 


CLASSIFICATION 


715 


when we have forgotten all others ; but as we cannot usually 
go to the expense of forming more than two or three 
indices, we must select those circumstances which will 
lead to the discovery of a book most frequently. Many 
of the criteria mentioned are evidently inapplicable. 

The language in which a book is written is definite 
enough, provided that the whole book is written in the 
sariie language ; but it is obvious that language gives no 
means for the subdivision and arrangement of the literature 
of any one people. Classification by subjects would be an 
exceedingly useful method if it were practicable, but ex- 
perience shows it to be a logical absurdity. It is a very 
difficult matter to classify the sciences, so complicated 
are the relations between them. But with books the 
complication is vastly greater, since the same book 
may treat of different sciences, or it may discuss a 
problem involving many branches of knowledge. A 
good account of the steam-engine will be antiquarian, so 
far as it traces out the earliest efforts at discovery ; purely 
scientific, as regards the principles of thermodynamics in- 
volved; technical, as regards the mechanical means of apply- 
ing those principles ; economical, as regards the industrial 
results of the invention ; biographical, as regards the lives 
of the inventors. A history of Westminster Abbey might 
belong either to the history of architecture, the history of 
the Church, or the history of England. If we abandon the 
attempt to carry out an arrangement according to the 
natural classification of the sciences, and form comprehen- 
sive practical groups, we shall be continually perplexed by 
the occurrence of intermediate cases, and opinions will 
differ ad infinitum as to the details. If, to avoid the dif- 
ficulty about Westminster Abbey, we form a class of books 
devoted to the History of Buildings, the question will then 
arise whether Stonehenge is a building, and if so, whether 
cromlechs, mounds, and monoUths are so. We shall be 
uncertain whether to include lighthouses, monuments, 
bridges, &c. In regard to literary works, rigorous classifi- 
cation is still less possible. The same work may partake 
of the nature of poetry, biography, history, philosophy, or 
if we form a comprehensive class of Belles-lettres, nobody 
can say exactly what does or does not come under the 
term. 
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My, own experience entirely beprs out the opinion of De 
>^organ, that classification according to the name of the 
Author is the only one practicable in a large library, and 
^his method has been admirably carried out in the great 
catalogue of the British Museum. The name of the author 
is the most precise circumstance concerning a book, which 
usually dwells in the memory. It is a better characteristic 
of the book than anything else. In an alphabetical 
arrangement we have an exhaustive classification, in- 
cluding a place for every name. The following remarks ^ 
of De Morgan seem therefore to be entirely correct. 
** From much, almost daily use, of catalogues for many 
years, I am perfectly satisfied that a classed catalogue is 
more difficult to use than to make. It is one man's theory 
of the subdivision of knowledge, and the chances are 
against its suiting any other man. Even if all doubtful 
works were entered under several different heads, the 
frontier of the dubious region would itself be a mere matter 
of doubt. I never turn from a classed catalogue to an 
alphabetical one without a feeling of relief and security. 
-With the latter I can always, by taking proper pains, make 
Ji library yield its utmost ; with the former 1 can never 
oe satisfied that I have taken proper pains, until I have 
made it, in fact, as many different catalogues as there are 
different headings, with separate trouble for each. Those 
to whom bibliographical research is familiar, know that 
they have much more frequently to hunt an author than 
a subject : they know also that in searching for a subject, 
it is never safe to take another person's view, however 
good, of the limits of that subject with reference to their 
own particular purposes." 

. It is often desirable, however, that a name catalogue 
should be accompanied by a subordinate subject catalogue, 
but in this case no attempt should be made to devise a 
theoretically complete classification. Every principal 
subject treated in a book should be entered separatqjy in 
an alphabetical list, under the name most likely to occur 

1 Philospphical Magazine^ 3rd Series (1845), vol. xxvi. p. 522. See 
also De Morgan^s evidence before the Royal Commission on the British 
^Museum in 1849, Report (1850), Questions, 5704*— 5815* 6481— 
"^65 1 3. This evidence should be studied by every person who wishes 
to understand the elements of Bibliography. 
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to the searcher, or under several names. This method was 
partially carried out in Watts* Bibliotheca Britannica., but 
it was excellently applied in the admirable subject index 
to the British Catalogue of Boohs, and equally well in the 
Catalogue of the Manchester Free Library at Campfield, 
drawn up under the direction of Mr, Crestadoro, this 
latter being the most perfect model of a printed catalogue 
with which I am acquainted. The Catalogue of the 
London Library is also in the right form, and has a useful 
index of subjects, though it is too much condensed and 
abbreviated. The public catalogue of the British Museum 
is arranged as far as possible according to the alphabetical 
order of the authors’ names, but in writing the titles for 
this catalogue several copies are simultaneously produced 
by a manifold writer, so that a catalogue according to the 
order of the books on the shelves, and another according 
to tlie first words of the title-page, are created by a mere 
rearrangement of the spare copies. In the English Cyclo- 
paedia it is suggested that twenty copies of the book titles 
might readily have been utilised in forming additional 
catalogues, arranged according to the place of publication, 
the language of the book, the general nature of the subject, 
and so forth.! excellent suggestion has also been made 
to the effect that each book when published should have a 
fly-leaf containing half a dozen printed copies of the title, 
drawn up in a form suitable for insertion in catalogues. 
Every owner of a library could then easily make accurate 
printed catalogues to suit his own purposes, by merely 
cutting out these titles and pasting them in books in any 
desirable order. 

It will hardly be a digression to point out the enormous 
saving of labour, or, what comes to the same thing, the 
enormous increase in our available knowledge, both literary 
and scientific, which arises from the fqrmation of extensive 
indices. The “ State Papers,” containing the whole history 
of th^ nation, were practically sealed to literary inquirers 
until the Government undertook the task of calendaring 
and indexing them. The British Museum Catalogue is 
another national work, of which the impc»ptance in 
advancing knowledge cannot be overrated. The Eoyal 


1 Englidi Cyclopaedia^ Arts a/nd Sciences, vol. v. p. 233. 
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Society is doing great service in publishing a complete 
catalogue of memoirs upon physical science. The time 
will perhaps come when our views upon this subject will 
be extended, and either Government or some public society 
win undertake the systematic cataloguing and indexing of 
masses of historical and scientific information which are 
now almost closed against inquiry. 

Classification in the Biological Sciences. 

The great generalisations established in the works of 
Herbert Spencer and Charles Darwin have thrown much 
light upon other sciences, and have removed several 
difficulties out of the way of the logician. The subject of 
classification has long been studied in almost exclusive 
reference to the arrangement of animals and plants. 
Systematic botany and zoology have been commonly 
known as the Classificatory Sciences, and scientific men 
seemed to suppose that the methods of arrangement, 
which were suitable for living creatures, must b.e the best 
for all other classes of objects. Several mineralogists, 
especially Mohs, have attempted to arrange minerals in 
genera and species, just as if they had been animals 
capable of reproducing their kind with variations. This 
confusion of ideas between the relationship of living forms 
and the logical relationship cJ things in general prevailed 
from the earliest times, as manifested in the etymology of 
words. We familiarly speak of a kind of things meaning 
a class of things, and the kind consists of those things 
which are aJcin, or come of the same race. When Socrates 
and his followers wanted a name for a class regarded in a 
philosophical light, they adopted the analogy in question, 
and called it a or race, the root being connected 

with the notion of generation. 

So long as species of plants and animals were believed 
to proceed from distinct acts of Creation, there was no 
apparent reason why methods of chissification suitabfe to 
them should not be treated as a guide to the classification 
of other , objects generally. But when once we regard 
these resemblances as hereditary in their origin, we see 
that the sciences of systematic botany and zoology have 
a special character of their own. There is no I’eason to 
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suppose that the same kind of natural classification which 
is best in biology will apply also ^in mineralogy, in 
chemistry, or in astronomy. The logical principles which 
underlie all classification are of course the same in natural 
history as in the sciences of lifeless matter, but the special 
resemblances which arise from the relation of parent and 
offspring will not be found to prevail between different 
kinds of crystals or mineral bodies. 

The genealogical view of the relations of animals and 
plants leads us to discard all notions of a regular progression 
of living forms, or any theory as to their symmetrical 
relations. It was at one time a question whether the 
ultimate scheme of natural classification would lead to 
arrangement in a simple line, or a circle, or a combination 
of circles. Macleay's once celebrated system was a circular 
one, and each class-circle was composed of five order- 
circles, each of which was composed again of five tribe- 
circles, and so on, the subdivision being at each step into 
five minor circles. Macleay held that in the animal 
kingdom there are five sub-kingdoms — the Vertebrata, 
Annulosa, Eadiata, Acrita, and Mollusca. Each of these 
was again divided into five — the Vertebrata, consisting of 
Mammalia, Keptilia, Pisces, Amphibia, and Aves.^ It is 
evident that , in such a symmetrical system the animals 
were made to suit themselves, to the classes instead* of the 
classes being suited to the animals. 

We now perceive that the ultimate system will hav^ the 
form of an immensely extended genealogical tree, which 
will be capable of representation by lines on a plane 
surface of sufficient extent. Sti’ictly speaking, this genea- 
logical tree ought to represent the descent of each indi- 
vidual living form now existing or which has existed. It 
should be as personal and minute in its detail of relations, 
as the Stemma of the Kings of England. We must not 
assume that any two forms are exactly alike, and in any 
case .they are numerically distinct. Every parent then 
must be represented at the apex of a series of divergent 
lines, representing the generation of so many children. Any 
complete system of classification must regard individuals 
as the infimsB species. But as in the lower races of animals 

' Swainson, ‘‘Treatise on the Geography and Classificatiou of 
Animals,*’ Cabinet Cychpcediaf p. 201, 
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and plants |ilie diflPerences between individuals are slight 
and apparently unimportant, while the numbers of such 
individuals are immensely great, beyond all possibility of 
separate treatment, scientific men have always stopped at 
some convenient but arbitrary point, and have assumed 
that forms so closely resembling each other as to present 
no constant difference were all of one kind. They have, 
in short, fixed their attention entirely upon the main 
features of family difference. In the genealogical tree 
which they have been unconsciously aiming to construct, 
diverging lines meant races diverging in character, and 
the purpose of all efforts at so-called natural classification 
was to trace out the descents between existing groups of 
plants or animals. 

Now it is evident that hereditary descent may have in 
different cases produced very different results as regards 
the problem of classification. In some cases the differ- 
entiation of characters may have been very frequent, and 
specimens of all the characters produced may have 
been transmitted to the present time. A living form 
will then have, as it were, an almost infinite number of 
cousins of various degrees, and there will be an immense 
number of forms finely graduated in their resemblances. 
Exact and distinct classification will then be almost 
impossible, and the wisest course will be not to attempt 
arbitrarily to distinguish forms closely related in nature, 
but to allow that there exist transitional forms of every 
degree, to mark out if possible the extreme limits of the 
family relationship, and perhaps to select the most 
generalised form, or that which presents the greatest 
number of close resemblances to othets of the family, as 
the type of the whole. 

Mr. Darwin, in his most interesting work upon Orchids, 
points out that the tribe of Malaxese are distinguished from 
Epidendreae by the absence of a caudicle to the pollinia ; 
but as some of the Malaxess have a minute caudiclq, the 
division really breaks down in the most essential point. 
** This is a misfortune,” he remarks,^ “ which every natu- 
ralist encounters in attempting to classify a largely 
developed or so-called natural group, in which, relatively 


‘ Darwin, Fertilisation of Orchids, p. 159. 
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to other groups, there has been little extinction In order 
that the naturalist may be enabled to give precise and 
clear definitions of his divisions, whole ranks of inter- 
mediate or gradational forms must have been utterly swept 
away : if here and there a member of the intermediate 
ranks has escaped annihilation, it puts an effectual bar to 
any absolutely distinct definition/’ 

In other cases a particular plant or animal may perhaps 
have transmitted its form from generation to generation 
almost unchanged, or, what comes to the same result, those 
forms which diverged in character from the parent stock 
may have proved unsuitable to their circumstances, and 
perished. We shall then find a particular form standing 
apart from all others, and marked by many distinct 
characters. Occasionally we may meet with specimens of 
a race which was formerly far more common but is now 
undergoing extinction, and is nearly the last of its kind. 
Thus we explain the occurrence of exceptional forms such 
as are found in the Amphioxus. The Equisetacese perplex 
botanists by their want of affinity to other orders of Acro- 
genous plants. This doubtless indicates that their genea- 
logical connection with other plants must be sought for in 
the most distant ages of geological development. 

Constancy of character, as Mr. Darwin has said,^ is 
what is chiefly valued and sought after by naturalists; 
that is to say, naturalists wish to find some distinct family 
mark, or group of characters, by which they may clearly 
recognise the relationship of descent between a large 
group of living forms. It is accordingly a great relief to 
the mind of the naturalist when he comes upon a defi- 
nitely marked group, such as the Diatomacese, which are 
clearly separated from their nearest neighbours the Des- 
midiaceae by their siliceous framework and the absence of 
chlorophyll. But we must no longer .think that because 
we fail in detecting constancy of character the fault is 
in ouTiclassificatory sciences. Where gradation of charac- 
ter really exists, we must devote ourselves to defining and 
registering the degrees and limits of that gradation. The 
ultimate natural arrangement will often be devoid of strong 
lines of demarcation. 


3 X 


^ Descent of Man^ voL i. p. 214. 
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Let natpralists, too, form their systems of natural 
classification with all care they can, yet it will certainly 
happen from time to time that new and exceptional forms 
of animals or vegetables will be discovered and will 
require the modification of the system. A natural system 
is directed, as we have seen, to the discovery of empirical 
laws of correlation, but these laws being purely empirical 
will frequently be falsified by more extensive investiga- 
tion. From time to time the notions of naturalists have 
been greatly widened, especially in the case of Australian 
animals and plants, hy the discovery of unexpected com- 
binations of organs, and such events must often happen 
in the future. If indeed the time shall come when all 
the forms of plants are discovered and accurately de- 
scribed, the science of Systematic Botany will then be 
placed in a new and more favourable position, as remarked 
by Alphonse DecandoUe.^ 

It ought to be remembered that though the genealogical 
classification of plants or animals is doubtless the most in^ 
structive of all, it is not necessarily the best for all purposes. 
There may be correlations of properties important for 
medicinal, or other practical purposes, which do not cor- 
respond to the correlations of descent. We must regard 
the bamboo as a tree rather than a grass, although it is 
botanically a grass. For legal purposes we may continue 
with advantage to treat the wh^e, seal, and other cetacese, 
as fish. We must also class plants according as they 
belong to arctic, alpine, temperate, sub-tropical or tropical 
regions. There are causes of likeness apart from hereditary 
relationship, and we miist not attribute exclusive excellence 
to any one method of classification. 

Classification by Types. 

Perplexed by the difficulties arising in natural history 
from the discovery of intermediate forms, naturalistjs have 
resorted to what they call classification by types. Instead 
of forming one distinct class defined by the invariable 
(possession of certain assigned properties, and rigidly in- 
cluding or excluding objects according as they do or do not 


^ Lam of Botanical Nomenclature, p. i6. 
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possess all these properties, naturalists select a typic^^ 
specimen, and they group around it all other specimens 
which resemble this type more than any other selected 
type. The type of each genus,” we are told,^ " should be 
that; species in which the characters of its group are 
best exliibited and most evenly balanced.” It would 
usually consist of those descendants of a form which had 
undergone little alteration, while other descendants had 
suffered slight differentiation in various directions. 

It would be a great mistake to suppose that this classi-- 
fication by types is a logically distinct method. It is 
either not a real method of classification at all, or it is 
merely an abbreviated mode of representing a complicated 
system of arrangement. A class must be defined by the 
invariable presence of certain common properties. If, 
then, we include an individual in which one of these 
properties does not appear, we either fall into logical con- 
tradiction, or else we form a new class with a new 
definition. Even a single exception constitutes a new 
class by itself, and by calling it an exception we merely 
imply that this new class closely resembles that from 
which it diverges in one or two points only. Thus in the 
definition of the natural order of Ilosaceae, we find that 
the seeds are one or two in each carpel, but that in the 
genus Spiraea there are three or four; this must mean 
either that the number of seeds is not a part of the fixed 
definition of the class, or else that Spiraea does not belong 
to that class, though it may closely approximate to it. 
Naturalists continually find themselves between two horns 
of a dilemma ; if they restrict the number of marks 
specified in a definition so that every form intended to 
come within the class shall possess all those marks, it will 
then be usually found to include too many forms ; if the 
definition be made more particular, the. result is to produce 
so-called anomalous genera, which, while they are held to 
belong,to the class, do not in all respects conform to its 
definition. The practice has hence arisen of allowing con- 
siderable latitude in the definition of natural orders. The 
family of Gruciferee, for instance, forms an exceedingly well- 
marked natural order, and among its characters we find it 

1 Waterhouse, quoted by Woodward in his EudimeaMry Treatise 
of Recent and Fossil Shells, p. 6i. 

3 a2 
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specified that the fruit is a pod, divided into two cells by 
a thin partition, from which the valves generally separate 
at maturity ; but we are also informed that, in a few genera, 
the pod is one-celled, or indehiscent, or separates trans- 
versely into several joints.^ Now this must either mean 
that the formation of the pod is not an essential point in 
the definition of the family, or that there are several closely 
associated families. 

The same holds true of typical classification. The type 
itself is an individual, not a class, and no other object can 
be exactly like the type. But as soon as we abstract the 
individual peculiarities of the type and thus specify a 
finite number of qualities in which other objects may 
resemble the type, we immediately constitute a class. If 
some objects resemble the type in some points, and others 
in other points, then each definite collection of points of 
resemblance constitutes intensively a separate class. The 
very notion of classification by types is in fact erroneous 
in a logical point of view. The naturalist is constantly 
occupied in endeavouring to mark out definite groups 
of living forms, where the forms themselves do not in 
many cases admit of such rigorous lines of demarcation. 
A certain laxity of logical method is thus apt to creep in, 
the only remedy for which will be the frank recognition of 
the fact, that, according to the theory of hereditary descent, 
gradation of characters is probably the rule, and precise 
demarcation between groups the exception. 

Natural Genera and Species, 

One important result of the establishment of the theory 
of evolution is to explode all notions about natural groups 
constituting separate creations. Naturalists long held that 
every plant belongs to some species, marked out by in- 
variable characters, which do not change by difference of 
soil, climate, cross-breeding, or other circumstances. « They 
were unable to deny the existence of such things as sub- 
species, varieties, and hybrids, so that a species of plants 
was often subdivided and classified within itself. "But 
then the differences upon which this sub-classification 

^ Bentham's Handbook of the British Flora (1866), p. 25. 
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depended were supposed to be variable, and thus dis- 
tinguished from the invariable characters imposed upon the 
whole species at its cf^ation. Similarly a natural genus 
was a group of species, and was marked out from other 
genera by eternal differences of still greater importance. 

We now, however, perceive that the existence of any 
such groups as genera and species is an arbitrary creation 
of the naturalist’s mind. All resemblances of plants are 
natural so far as they express hereditary affinities ; but this 
applies as well to the variations within the species as to 
the species itself, or to the larger groups. All is a matter 
of degree. The deeper differences between plants have 
been produced by the differentiating action of circum- 
stances during millions of years, so that it would naturally 
require millions of years to undo this result, and prove 
experimentally that the forms can be approximated again. 
Sub-species may sometimes have arisen within historical 
times, and varieties approaching to sub-species may often 
be produced by the horticulturist in a few years. Such 
varieties can easily be brought back to their original forms, 
or, if placed in the original circumstances, will themselves 
revert to those forms; but according to Darwin’s views 
all forms are capable of unlimited change, and it might 
possibly be, unlimited reversion if suitable circumstances 
and sufficient time be granted. 

Many fruitless attempts have been made to establish a 
rigorous criterion of specific and generic difference, so that 
these classes might have a definite value and rank in all 
branches of biology, Linnjeus adopted the view that the 
species was to be defined as a distinct creation, saying,^ 
“ Species tot numeramus, quot diversae formas in principio 
sunt creatae ; ” or again, Species tot sunt, quot diversas 
formas ab initio produxit Infinitum Ens ; quae formae, 
secundum generationis inditas leges, .produxere plures, at 
sibi semper similes.” Of genera he also says,^ " Genus 
omne# est naturale, in primordio tale creatum.” It was a 
common doctrine added to and essential to that of distinct 
creation that these species could not produce intermediate 
and variable forms, so that we find Linnaeus obliged by the 
ascertained existence of hybrids to take a different view 

^ Philosophia Botanim (1770), § 157, p. 99. 

* Ibid, § 159, p. 100. 
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in another work ; he says,^ " Novas species immo et genera 
ex copula diversarum specierum in regno vegetabilium oriri 
primo intuitu paradoxum videtur ; interim observationes sic 
fieri non ita dissuadent.” Even supposing in the present 
day that we could assent to the notion of a certain number 
of distinct creational acts, this notion would not help us in 
the theory of classification. Naturalists have never pointed 
out any method of deciding what are the results of distinct 
creations, and what are not. As Darwin says,^ " the de- 
finition must not include an element which cannot possibly 
be ascertained, such as an act of creation.*' It is, in fact, 
by investigation of forms and classification that we should 
ascertain what were distinct creations and what were not ; 
this information would be a result and not a means of 
classification. 

Agassiz seemed to consider that he had discovered an im- 
portant principle, to the effect that general plan or structure 
is the true ground for the discrimination of the great classes 
of animals, which may be called branches of the animal 
kingdom.^ He also thought that genera are definite and 
natural groups. “ Genera,” he says,^ are most closely 
allied groups of animals, differing neither in form, nor in 
complication of structure, but simply in the ultimate struc- 
tural peculiarities of some of their parts ; and this is, I be- 
lieve, the best definition which can be given of genera.” 
But it is surely apparent that there are endless degrees both 
of structural peculiarity and of complication of structure. 
It is impossible to define the amount of structural pecu- 
liarity which constitutes the genus as distinguished from 
the species. 

The form which any classification of plants or animals 
tends to take is that of an unlimited series of subaltern 
classes. Originally botanists confined themselves for the 
most part to a small number of such classes. Linnaeus 
adopted Class, Order, Genus, Species, and Variety, and even 
seemed to think that there was something essentially natu- 
ral in a five-fold arrangement of groups.^ 

1 Amcsnitates Academtccp (1744)^ voL i. p. 70. Quoted in ^dm- 
hurgh Eeview^ October 1868, voL cxxviii. pp. 416, 417- 

2 Descent of Man, vol. i. p. 228. 

^ Agassiz, JSssay on Classification, p. 219. ^ Ibid, p. 249. 

® Dhilosophia Botanica, § 155, p. ^ 



XXX.] CliASSIFIOATIOl^. 727 


With the progress of botany intermediate and additional 
groups have gradually been introduced. According to the 
Laws of Botanical Nomenclature adopted by the Inter- 
national Botanical Congress, held at Paris ^ in August 
1867, no less than twenty-one names of classes are re- 
cognised — namely, Kingdom, Division, Sub-division, Class, 
Sub-class, Cohort, Sub-cohort, Order, Sub-order, Tribe, Sub- 
tribe, Genus, Sub-genus, Section, Sub-section, Species, Sub- 
species, Variety, Sub-variety, Variation, Sub-variation. It 
is allowed by the authors of this scheme, that the rank or 
degree of importance to be attributed to any of these divi- 
sions may vary in a certain de^ee according to individual 
opinion. The only point on which botanists are not allowed 
discretion is as to the order of the successive sub-divisions ; 
any inversion of the arrangement, such as division of a 
genus into tribes, or of a tribe into orders, is quite inad- 
missible. There is no reason to suppose that even the 
above list is complete and inextensible. The Botanical 
Congress itself recognised the distinction between variations 
according as they are Seedlings, Half-breeds, or Lusm 
Naturce, The complication of the inferior classes is in- 
creased again by the existence of hybrids, arising from the 
fertilisation of one species by another deemed a distinct 
species, nor can we place any limit to the minuteness of 
discrimination of degrees of breeding short of an actual 
pedigree of indMduals. 

It will be evident to the reader that in the remarks 
upon classification as applied to the Natural Sciences, 
given in this and the preceding sections, I have not in the 
least attempted to treat the subject in a manner adequate 
to its extent and importance. A volume would be insuf- 
ficient for tracing out the principles of scientific method 
specially applicable to these branches of science. What 
more I may be able to say upon the subject will be better 
said, if ever, when I am able to ‘take up the closely- 
conimcted subjects of Scientific Nomenclature, Terminology, 
and Descriptive Eepresentation. In the meantime, I have 
wished to show, in a negative point of view, that natural 
classification in the animal and vegetable kingdoms is 
a special problem, and that the particular methods and 

1 Lems of Botanical Nomenclature, by Alphonse Decandolie, trans- 
lated from the French, 1868, p. 19. 
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diffictdties to which it gives rise are not those common 
to all cases of classification, as so many physicists have 
supposed. Genealogical resemblances are only a special 
case of resemblances in general 

Unique or Exceptional Objects. 

In framing a system of classification in almost any 
branch of science, we must expect to meet with unique 
or peculiar objects, which stand alone, having comparatively 
few analogies with other objects. They may also be said 
to be sui generis, each unique object forming, as it were, a 
genus by itself ; or they are called nondescript, because from 
thus standing apart it is difficult to find terms in which to 
describe their properties. The rings of Saturn, for instance, 
form a unique object among the celestial bodies. We 
have indeed considered this and many other instances of 
unique objects in the preceding chapter on Exceptional 
, Phenomena. Apparent, Singular, and Divergent Excep- 
I tions especially, are analogous to unique objects. 

In the classification of the elements, Carbon stands 
apart as a substance entirely unique in its powers of 
producing compounds. It is considered to be a quadri- 
valent element, and it obeys aU the ordinary laws of 
chemical combination. Yet it manifests powers of affinity 
in such an exalted degree that the subsMpces in which it 
appears are more numerous than all the wher compounds 
known to chemists. Almost the whole of the substances 
which have been called organic contain carbon, and are 
probably held together by the carbon atoms, so that many 
chemists are now inclined to abandon the name Organic 
Chemistry, and substitute the name Chemistry of the 
Carbon Compounds. It used to be believed that the 
production of organic compounds could be effected only 
by the action of vital force, or of some inexplicable cause 
involved in the phenomena of life ; but it is now found 
that chemists are able to commence with the elementary 
materials, pure carbon, hydrogen, and oxygen, and by 
strictly chemical operations to combine these so as to form 
complicated organic compounds. So many substances have 
already been formed that we might be inclined to genera- 
list and infer that all organic compounds might ultimately 


CLASSIFICATION. 


72SI 




be produced without the agency of living beings. Thus 
the distinction between the organic and the inorganic 
kingdoms seems to be breaking down, but our wonder at 
the peculiar powers of carbon must increase at the same 
time. 

In considering generalisation, the law of continuity was 
applied chiefly to physical properties capable of mathe- 
matical treatment. But in the classificatory sciences, also, 
the same important principle is often beautifully ex- 
emplified. Many objects or events seem to be entirely 
exceptional and abnormal, and in regard to degi*ee or 
magnitude they may be so termed ; but it is often easy to 
show that they are connected by intermediate links with 
ordinary cases. In the organic kingdoms there is a common 
groundwork of similarity running through all classes, 
but particular actions and processes present themselves 
conspicuously in particular families and classes. Tenacity 
of life is most marked in the Eotifera, and some other 
kinds of microscopic organisms, which can be dried and 
boiled without loss of life. Eeptiles are distinguished 
by torpidity, and the length of time they can live without 
food. Birds, on the contrary, exhibit ceaseless activity and 
high muscular power. The ant is as conspicuous for 
intelligence and size of brain among insects as the quad- 
rumana and mcin among vertebrata. Among plants the 
Leguminosae al|P distinguished by a tendency to sleep, 
folding their leaves at the approach of night. In the 
genus Mimosa, especially the Mimosa pudica, commonly 
called the sensitive plant, the same tendency is magnified 
into an extreme irritability, almost resembling voluntary 
motion. More or less of the same irritability probably 
belongs to vegetable forms of every kind, but it is of 
course to be investigated with special ease in such an 
extreme case. In the Gymnotus and Torpedo, we find that 
organic structures can act like galvani’c batteries. Are we 
to s^ippose that such animals are entirely anomalous ex- 
ceptions ; or may we not justly expect to find less intense 
manifestations of electric action in all animals ? 

Some extraordinary differences between the modes of re- 
production of animals have been shown to be far less than 
was at first sight apparent. The lower animals seem to 
.differ entirely from the higher ones in the power of repro- 
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dacmg lost limbs. A kind of crab has the habit of casting 
portions of its claws when much frightened, but they soon 
grow again. There are multitudes of smaller animals 
which, like the Hydra, may be cut in two and yet live and 
develop into new complete individuals. No mammalian 
animal can reproduce a limb, and in appearance there is no 
analogy. But it was suggested by Blumenbach that the 
healing of a wound in the higher animals really represents 
in a lower degree the power of reproducing a limb. That 
this is true may be shown by adducing a multitude of in- 
termediate cases, each adjoining pair of which are clearly 
analogous, so that we pass gradually from one extreme to 
the other. Darwin holds, moreover, that any such re- 
storation of parts is closely connected with that perpetual 
replacement of the particles which causes every organised 
body to be after a time entirely new as regards its con- 
stituent substance. In short, we approach to a great 
generalisation under which all the phenomena of growth, 
restoration, and maintenance of organs are effects of one 
and the same power.^ It is perhaps still more sur- 
prising to find that the complicated process of reproduc- 
tion in the higher animals may be gradually traced down 
to a simpler and simpler form,- which at last becomes un- 
distinguishable from the budding out of one plant from the 
stem of another. By a great generalisation we may regard 
all the modes of reproduction of organic life as alike in their 
nature, and vaiying only in complexity of development.^ 

Limits of Classification, 

. Science can extend only so far as the power of accurate 
I classification extends. If we cannot detect resemblances, 
)and assign their exact character and amount, we cannot 
^^ave that generalised knowledge which constitutes science ; 
|we cannot infer from case to case. Classification is the 
opposite process to discrimination. If we feel that two 
tastes differ, the tastes of two kinds of wine for instance, 
the mere fact of difference existing prevents inference. 
The detection of the difference saves us, indeed, from false 

^ Tl^ ‘Va/riation of Animals and Plants, voL ii. pp, 293, 

quot^g Paget, Lectures on Pathology, 1853, pp. 152, 164. 

® Ibid, vol, iL p. 372. 
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mference, because so far as differeuce exists, iufereuce is 
impossible. But classification consists in detecting resem- 
blances of all degrees of generality, and ascertaining 
exactly how far such resemblances extend, while assigning 
precisely the points at which difference begins. It enables 
us, then, to generalise, and make inferences where it is 
possible, and it saves us at the same time from going too 
far. A full classification constitutes a complete record of 
all our knowledge of the objects or events classified, and 
the limits of exact knowledge are identical with the limits 
of classification. 

It must by no means be supposed that every group 
of natural objects will be found capable of rigorous 
classification. There may be substances which vary by 
insensible degrees, consisting, for instance, in varying 
mixtures of simpler substances. Granite is a mixture 
of quartz, felspar, and mica, but there are hardly two 
specimens in which the proportions of these three con- 
stituents are alike, and it would be impossible to lay 
down definitions of distinct species of granite without 
finding an infinite variety of intermediate species. The 
only true classification of granites, then, would be founded 
on the proportions of the constituents present, and a 
chemical or microscopic analysis would be requisite, in 
order that we might assign a specimen to its true position 
in the series. Granites vary, again, by insensible degrees, 
as regards the magnitude of the crystals of felspar and 
mica. Precisely similar remarks might be made concern- 
ing the classification of other plutonic rocks, such as 
syenite, basalt, pumice-stone, lava. 

The nature of a ray of homogeneous light is strictly 
defined, either by its place in the spectrum or by the cor- 
responding wave-length, but a ray of mixed light admits 
of no simple classification; any of the infinitely numerous 
rays of the continuous spectrum may be present or absent, 
or present in various intensities, so that we can only class 
and define a mixed colour by defining the intensity and 
wave-length of each ray of homogeneous light which is 
present in it. Complete spectroscopic analysis and the 
determination of the intensity of every part of the spec- 
trum yielded by a mixed ray is requisite for its accurate 
"classification, Nearly the same may be said of complex 
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Bounds. A simple sound undulation, if we could meet 
with such a sound, would admit of precise and exhaustive 
classification as regards pitch, the length of wave, or the 
number of waves reaching the ear per second being a suf- 
ficient criterion. But almost all ordinary sounds, even 
those of musical instruments, consist of complex aggregates 
of undulations of different pitches, and in order to classify 
the sound we should have to measure the intensities of 
each of the constituent sounds, a work which has been 
partially accomplished by Helmholtz, as regards the vowel 
sounds. The different tones of voice distinctive of different 
individuals must also be due to the intermixture of minute 
waves of various pitch, which are yet quite beyond the 
range of experimental investigation. We cannot, then, at 
present attempt to classify the different kinds or timbres of 
sound. 

The difficulties of classification are still greater when a 
varying phenomenon cannot be shown to be a mixture of 
simpler phenomena. If we attempt to classify tastes, we 
may rudely group them according as they are sweet, bitter, 
saline, alkaline, acid, astringent or fiery ; but it is evident 
that these groups are bounded by no sharp lines of defini- 
tion. Tastes of mixed or intermediate character may exist 
almost ad infinitum^ and what is still more troublesome, 
the tastes clearly united within one class may differ more 
or less from each other, without our being able to arrange 
them in subordinate genera and species. The same remarks 
may be made concerning the classification of odours, which 
may be roughly grouped according to the arrangement of 
Linnaeus as, aromatic, fragrant, ambrosiac, alliaceous, fetid, 
virulent, nauseous. Within each of these vague classes, 
however, there would be infinite shades of variety, and 
each class would graduate into other classes. The odours 
which can be discriminated by an acute nose are infinite ; 
every rock, stone, plant, or animal has some slight smell, 
and it is well known that dogs, or even blind men,, can 
discriminate persons by a slight distinctive odour which 
usually passes unnoticed. 

Sinnlar- remarks may be made concerning the feelings^ 
of the human mind, called emotions. We know what is* 
ang^, grief, fear, hatred, love; and many systems for 
classifying these feelings have been proposed. They may 
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be roughly distinguished according as they are pleasurable 
or painful, prospective or retrospective, selfish or sympa- 
thetic, active or passive, and possibly in many other ways ; 
but each mode of arrangement will be indefinite and un- 
satisfactory when followed into details. As a general rule, 
the emotional state of the mind at any moment will be 
neither pure anger nor pure fear, nor any one pure feeling, 
but an jndefinite and complex aggregate of feelings. It 
may be that the state of mind is really a sum of several 
distinct modes of agitation, just as a mixed colour is the 
sum of the several rays of the spectrum. In this case 
there may be more hope of some method of analysis being 
successfully applied at a future time. But it may be 
found that states of mind really graduate into each other 
so that rigorous classification would be hopeless. 

A little reflection will show that there are whole worlds 
of existences which in Mke manner are incapable of logical 
analysis and classification. One friend may be able to 
single out and identify another friend by his countenance 
among a million other countenances. Faces are capable of 
infinite discrimination, but who shall classify and define 
them, or say by what particular shades of feature he does 
judge ? There are of course certain distinct types of face, 
but each type is connected with each other type by in- 
finite intermediate specimens. We may classify* melodies 
according to the major or minor key, the character of the 
time, and some other distinct points ; but every melody 
has, independently of such circumstances, its own distinctive 
character and effect upon the mind. We can detect differ- 
ences between the styles of literary, musical, or artistic 
compositions. We can even in some cases assign a picture 
to its painter, or a symphony to its composer, by a subtle 
feeling of resemblances or differences which may be felt, 
but cannot be described. 

Finally, it is apparent that in human character there is 
unfathomable and inexhaustible diversity. Every mind is 
more or less like every other mind ; there is always a basis 
of similarity, but there is a superstructure of feelings, 
impulses, and motives which is distinctive for eabh person. 
We can sometimes predict *the general character of the 
feelings and actions which will be produced by a given 
external event in an individual well known to us; but 
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we also know that we are often inexplicably at fault in 
our inferences. Ko one can safely generalise upon the 
subtle variations of temper and emotion which may mdse 
even in a person of ordinary character. As human know- 
ledge and civilisation progress, these characteristic differ- 
ences tend to develop and multiply themselves, rather than 
decrease. Character grows more many-sided. Two well 
educated Englishmen are far better distinguished from 
each other than two common labourers, and these are 
better distinguished than two Australian aborigines. The 
complexities of existing phenomena probably develop them- 
selves more rapidly than scientific method can overtake 
them. In spite of all the boasted powers of science, we 
cannot really apply scientific method to our own minds 
and characters, which are more important to us than all 
the stars and nebulm. 
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CHAPTEE XXXL 

REFLECTIONS ON THE RESULTS AND LIMITS OP 
SCIENTIFIC METHOD. 

Before concluding a work on the Principles of Science, 
it will not be inappropriate to add some remarks upon 
the limits and ultimate bearings of the knowledge which 
we may acquire by the employment of scientific method. 
All science consists, it has several times been stated, in the' 
detection of identities in the action of natural agents. The 
purpose of inductive inquiry is to ascertain the apparent 
existence of necessary connection between causes and 
effects, expressed in the form of natural laws. Now so far 
as we thus learn the invariable course of nature, the future 
becomes the necessary sequel of the present, and we are 
brought beneath the sway of powers with which nothing 
can interfere. 

By degrees it is found, too, that the chemistry of 
organised substances is not entirely separated from, but is 
continuous with, that of earth and stones. Life seems to 
be nothing but a special form of energy which is mani- 
fested in heat and electricity and mechanical force. The 
time may come, it almost seems, when the tender me- 
chanism of the brain will be traced out, and every thought 
reduced to the expenditure of a determinate weight of 
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nitrogen and phosphorus. No apparent limit exists to the 
success of scientific method in weighing and measuring, 
and reducing beneath the sway of law, the phenomena both 
of matter and of mind. And if mental phenomena be thus 
capable of treatment by the balance and the micrometer, 
can we any longer hold that mind is distinct from matter ? 
Must not the same inexorable reign of law which is 
apparent in the motions of brute matter be extended to the 
subtle feelings of the human heart ? Are not plants and 
animals, and ultimately man himself, merely crystals, as it 
were, of a complicated form ? If so, our boasted free will 
becomes a delusion, moral responsibility a fiction, spirit a 
mere name for the more curious manifestations of material 
energy. All that happens, whether right or wrong, plea- 
surable or painful, is but the outcome of the necessary 
relations of time and space and force. 

Materialism seems, then, to be the coming religion, and 
resignation to the nonentity of human will the only duty. 
Such may not generally be the reflections of men of 
science, but I believe that we may thus describe the 
secret feelings of fear which the constant advance of 
jscientific investigation excites in the minds of many. Is 
science, then, essentially atheistic and materialistic in its 
tendency? Does the uniform action of material causes, 
which we learn with an ever-increasing approximation to 
certainty, preclude the hypothesis of a benevolent Creator, 
who has not only designed the existing universe, but who 
still retains the power to alter its course from time 
to time ? 

To enter upon actual theological discussions would be 
evidently beyond the scope of this work. It is with the 
scientific method common to all the sciences, and not with 
any of the separate sciences, that we are concerned. 
Theology therefore would be at least as much beyond 
my scope as chemistry or geology. But I believe that 
grave misapprehensions exist as regards the very nature 
of scientific method, ^There are scientific men who assert 
that the interposition of Providence is impossible, and 
prayer an absurdity, because the laws of nature are in- 
ductively proved to be invariable. Inferences are drawn 
no€ so much from particular sciences as from the logical 
nature of science itself, to n^ative the impulses and 
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hopes of men. Now I may state that my own studies in 
logic lead me to call in question such negative inferences^ 
Laws of nature are uniformities observed to exist in the ac-i 
tion of certain material agents, but it is logically impossiblelf 
to show that all other agents must behave as these doi 
The too exclusive study of particular branches of physical 
science seems to generate an over-confident and dogmatid 
spirit. Kejoicing in the success with which a few groups 
of facts are brought beneath the apparent sway of laws, the 
investigator hastily assumes that he is close upon the ulti- 
mate springs of being. A particle of gelatinous matter isj 
found to obey the ordinary laws of chemistry ; yet it moves! 
and lives. The world is therefore asked to believe thati 
chemistry can resolve the mysteries of existence. 

The Meaning of Natural Law. 

Pindar speaks of Law as the Euler of the Mortals and 
the Immortals, and it seems to be commonly supposed 
that the so-called Laws of Nature, in like manner, rule 
man and his Creator. The course of nature is regarded 
as being determined by invariable principles of mechanics 
which have acted since the world began, and will act for 
evermore. Even if the origin of all things is attributed 
to an intelligent creative mind, that Being is regarded as 
having yielded up arbitrary power, and as being subject like 
a human legislator to the laws which he has himself 
enacted. Such notions I should describe as superficial and 
erroneous, being derived, as I think, from false views of| 
the nature of scientific inference, and the degree of certainty 
of the knowledge which we acquire by inductive investi- 
gation. 

A law of nature, as I regard the meaning of the 
expression, is not a uniformity which must be obeyed by 
all objects, but merely a uniformity which is as a matter of 
fact pbeyed by those objects which have come beneath 
our observation. There is nothing whatever incompa- 
tible with logic in the discovery of objects which should 
prove exceptions to any law of nature. Perhaps -the best 
established law is that which asserts an invariable cor- 
relation to exist between gravity and inertia, so that all 
gravitating bodies are found to possess inertia, and i|ll 
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bodies possessing inertia are found to gravitate. But it 
would be no reproach to our scientific method, if something 
were ultimately discovered to possess gravity without 
inertia. Strictly defined and correctly interpreted, the law 
itself would acknowledge the possibility ; for with the 
statement of every law we ought properly to join an esti- 
mate of the number of instances in which it has been 
observed to hold true, and the probability thence calcu- 
lated, that it will hold true in the next case. Now, as we 
found (p. 259), no finite number of instances can warrant 
us in expecting with certainty that the next instance will 
be of like nature ; in the formulas yielded by the inverse 
method of probabilities a unit always appears to represent 
the probability that our inference will be mistaken. I 
demur to the assumption that there is any necessary truth 
even in such fundamental laws of nature as the Indestruc- 
tibility of Matter, the Conservation of Energy, or the Laws 
of Motion. Certain it is that men of science have recog- 
nised the conceivability of other laws, and even investigated 
their mathematical consequences. Airy investigated the 
mathematical conditions of a perpetual motion (p. 223), 
and Laplace and Newton discussed imaginary laws of forces 
inconsistent with those observed to operate in the universe 
(pp. 642, 706). 

The laws of nature, as I venture to regard them, are 
simply general propositions concerning the correlation of 
properties which have been observed to hold true of 
bodies hitherto observed. On the assumption that our 
experience is of adequate extent, and that no arbitrary 
interference takes place, we are then able to assign the 
probability, always less than certainty, that the next 
object of the same apparent nature will conform to the 
same laws. 


Injiniteness of (he Universe, 

We may safely accept as a satisfactory scientific ^hypo- 
thesis the doctrine so grandly put forth by Laplace, who 
asserted that a perfect knowledge of the universe^ as it 
existed at any given moment, would give a perfect know- 
ledge of what was to happen thenceforth and for ever 
a,fter. Scientific inference is impossible, unless we may 
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regard the present as the outcome of what is past, and the 
cause of what is to come. To the view of perfect intelli- 
gence nothing is uncertain. The astronomer can calculate 
the positions of the heavenly bodies when thousands of 
generations of men shall have passed away, and in this fact 
we have some illustration, as Laplace remarks, of the power 
which scientitic prescience may attain. Doubtless, too, all 
efforts in the investigation of nature tend to bring us nearer 
to the possession of that ideally perfect power of intelli- 
gence. Nevertheless, as Laplace with profound wisdom 
adds,^ we must ever remain at an infinite distance from the 
goal of our aspirations. 

Let us assume, for a time at least, as a highly probablel 
hypothesis, that whatever is to happen must be the out-l 
come of what is ; there then arises the question. What is ? 
Now our knowledge of what exists must ever remain im- 
perfect and fallible in two respects. Firstly, w e do not< 
know all the matter that has been created, nor the exact 
manner in which it has been distributed through space. 
Secondly , assuming that we had that knowledge, we 
shduTdstill be wanting in a perfect knowledge of the 
way in which the particles of matter will act upon each 
other. The power of scientific prediction extends at the 
most to the limits of the data employed. Every con- 
clusion is purely hypothetical and conditional .upon the 
non-interference of agencies previously undetected. The 
law of gravity asserts that every body tends to approach 
towards every other body, with a certain determinate 
force ; but, even supposing the law to hold true, it does 
not assert that the body will approach. No single law 
of nature can waiTant us in making an absolute predic- 
tion. We must know all the laws of nature and all the 
existing agents acting according to those laws before we 
can say what will happen. To assume, then, that scientific 
method can take everything within its cold embrace of 
uniformity, is to imply that the Creator cannot outstrip 
the intelligence of his creatures, and that the existing 
Universe is not infinite in extent and complexity, an as-' 
sumption for which. I see no logical basis whatever. 


1 TTi^orie Analytiqm des Probdbilitis, quoted by Babbage, Ninth 
Br idgewater Treatiee, p. 173. 

3 B 2 
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The Indeterminate Problem of Creation, 

A second and very serious misapprehension concern- 
ing the import of a law of nature may now be pointed 
out. It is not uncommonly supposed that a law deter- 
mines the character of the results which shall take place, 
as, for instance, that the law of giuvity determines what 
force of gravity shall act upon a given particle. Surely 
a little reflection must render it plain that a law by itself 
determines nothing. It is law plus agents obeying law 
which has results, and it is no function of law to govern or 
define the number and place of its own agents. Whether 
a particle of matter shall gravitate, depends not only upon 
the law of Newton, but also upon the distribution of sur- 
rounding particles. The theory of gravitation may perhaps 
be true throughout all time and in all parts of space, and 
the Creator may never find occasion t^ureate those possible 
exceptions to it which I have asserted to be conceivable. 
Let this be as it may ; our science cannot certainly deter- 
mine the question. Certain it is, that the law of gravity 
does not alone determine the forces which may be brought 
to bear at any point of space. The force of gravitation act- 
ing upon any particle depends upon the mass, distance, and 
relative position of all the other particles of matter within 
the bounds of space at the instant in question. Even 
assuming that aU matter when once distributed through 
space at the Creation was thenceforth to act in an in- 
variable manner without subsequent interference, yet the 
actual configuration of matter at any moment, and the 
consequent results of the law of gravitation, must have 
been entirely a matter of free choice. 

Chalmers has most distinctly pointed out that the 
existing collocations of the material world are as important 
as the laws which the objects obey. He remarks that a 
certain class of writers entirely overlook the distinjction, 
and forget that mere laws without collocations would 
have afforded no security against a turbid and disorderly 
chaos.^^ • Mill has recognised ^ the truth of Chalmers' 
statement, without drawing the proper inferences from 

'^'^First Bridgewater Treatise (1834), pp. 16-24, 

* System of Logic, .Jth edit. bk. III. chap. V. § 7 ; chap. XVI. § 3. 
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it. He says ^ of the distribution of matter through space, 
“ We can discover nothing regular in the distribution itself; 
we can reduce it to no uniformity, to no law.*’ More lately 
the Duke of Argyll in his well-known work on the Reign 
of Law has drawn attention to the profound distinction 
between laws and collocations of causes. 

The original conformation of the material universe, as 
far as we can tell, was free from all restriction. There 
was unlimited space in which to frame it, and an unlimited 
number of material particles, each of which could be placed 
in any one of an infinite number of different positions. It 
should be added, that each particle might be endowed 
with any one of an infinite number of quantities of vis 
viva acting in any one of an infinite number of different 
directions. The problem of Creation was, then, what a 
mathematician would call an indeterminate proUem, emA. it 
was indeterminate in a great number of ways. Infinitely 
numerous and various universes might then have been 
fashioned by the various distribution of the original 
nebulous matter, although all the particles of matter 
should obey the law of gravity. 

Lucretius tells us how in the original rain of atoms 
some of these little bodies diverged from the rectilinear 
direction, and coming into contact ^vith. other atoms gave 
rise to the various combinations of substances which exist. 
He omitted to tell us whence the atoms came, or by what 
force some of them were caused to diverge ; but surely 
these omissions involve the whole question. I accept the 
Lucretian conception of creation when properly supple- 
mented. Every atom which existed in any point of space 
must have existed there previously, or must have been 
created there by a previously existing Power. When 
placed there it must have had a ^ definite mass and a 
definite energy. Now, as before remarked, an unlimited 
number of atoms can be placed in unlimited space in an 
unlinjited number of modes of distribution. Out of in- 
finitely infinite choices which were open to the Creator, 
that one choice must have been made which has yieldedj 
the Universe as it now exists. 

It would be a mistake, indeed, to suppose that the law 


^ System of Logic, vol. i. p. 384 . 



742 THE PRINCIPLES OF SCIENCE. [chap. 


of gravity, when it holds true, is no restriction on the 
distribution of force. That law is a geometrical law, and 
it would in many cases be mathematically impossible, as 
far as we can see, that the force of gravity acting on one 
particle should be small while that on a neighbouring 
particle is great. We cannot conceive that even Omni- 
potent Power should make the angles of a triangle greater 
than two right angles. The primary laws of thought and 
the fundamental notions of the mathematical sciences do 
not seem to admit of error or alteration. Into the meta- 
physical origin and meaning of the apparent necessity 
attaching to such laws I have not attempted to inquire in 
this work, and it is not requisite for my' present purpose. 
If the law of gravity were the only law of nature and the 
Creator had chosen to render all matter obedient to that 
law, there would doubtless be restrictions upon the effects 
derivable from any one distribution of matter. 

Hierarchy of Natural Laws. 

A further consideration presents itself. A natural law 
like that of gravity expresses a certain uniformity in the 
action of agents submitted to it, and this produces, as we 
have seen, certain geometrical restrictions upon the effects 
which those agents may produce. But there are other 
forces and laws besides gravity. One force may override 
another, and two laws may each be obeyed and may each 
disguise the action of the other. In the intimate constitu- 
tion of matter there may be hidden springs which, while 
acting in accordance with their own fixed laws, may lead 
to sudden and unexpected changes. So at least it has 
been found from time to time in the past, and so there 
is every reason to believe it will be found in the future. 
To the ancients it seemed incredible that one lifeless stone 
could make another leap towards it. A piece of iron 
while it obeys the magnetic force of the loadstone does 
not theless obey the law of gravity. A plant gravitates 
downwards as regards every constituent cell or fibre, and 
yet it persists in growing upwards. Life is altogether an 
exception to the simpler phenomena of mineral substances, 
not in the sense of disproving those laws, but in superadding 
[forces of new 'and inexplicable character. Doubtless no 
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law of chemistry is broken by the action of the nervous 
cells, and no law of physics by the pulses of the nervous 
fibres, but something requires to be added to our sciences 
in order that we may explain these subtle phenomena. 

Now there is absolutely nothing in science or in scien- 
tific method to warrant us in assigning a limit to this 
hierarchy of laws. When in many undoubted cases we 
find law Overriding law, and at certain points in our 
experience producing unexpected results, we cannot, 
venture to affirm that we have exhausted the strange 
phenomena which may have been provided for in the 
original constitution of matter. The Universe might have 
been so designed that it should go for long intervals 
through the same round of unvaried existence, and yet 
that events of exceptional character should be produced 
from time to time. Babbage showed in that most profound 
and eloquent work. The Ninth Bridgewater Treatise^ that it 
was theoretically possible for human artists to design a 
machine, consisting of metallic wheels and levers, which 
should work invariably according to a simple law of action 
during any finite number of steps, and yet at a fixed 
moment, however distant, should manifest a single breach 
of law. Such an engine might go on counting, for instance, 
the natural numbers until they would reach a number 
requiring for its expression a hundred million digits. If 
every letter in the volume now before the reader’s eyes,” 
says Babbage,^ “ were changed into a figure, and if all the 
figures contained in a thousand such volumes were arranged 
in order, the whole together would yet fall far short of the 
vast induction the observer would have had in favour of 
the truth of the law of natural numbers. . . Yet shall 
the engine, true to the prediction of its director, after the 
lapse of myriads of ages, fulfil its task, and give that one, 
the first and only exception to that ^time-sanctioned law. 
What would have been the chances agfiinst the appearance 
of the excepted case, immediately prior to its occurrence ? ” 

As Babbage further showed, ^ a calculating engine, after 
proceeding through any required number of motions 
according to a first law, may be made suddenly .to suffer 
a change, so that it shall then commence to calculate 

^ Ninth Bridgevxiier Treatise, p. 140. 

2 Ibid. pp. 34-43. 
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according to a wholly new law. After giving the natural 
numbers for a finite time, it might suddenly begin to give 
triangular, or square, or cube numbers, and these changes 
might be conceived theoretically as occurring time after 
time. Now if such occurrences can be designed and fore- 
seen by a human artist, it is surely within the capacity of 
the Divine Artist to provide for analogous changes of law 
in the mechanism of the atom, or the construction of the 
heavensiir 

Physical science, so far as its highest speculations can 
be trusted, gives some indication of a change of law in 
the past history of the Universe. According to Sir W. 
Thomson’s deductions from Fourier’s Theory of Heat, we 
can trace down the dissipation of heat by conduction and 
radiation to an infinitely distant time when all things will 
be uniformly cold. But we cannot similarly trace the 
heat-history of the Universe to an infinite distance in the 
past. For a certain negative value of the time the formulae 
give impossible values, indicating that there was some 
initial distribution of heat which could not have resulted, 
according to known laws of nature,^ from any previous 
distribution.^ There are other cases in which a considera- 
tion of the dissipation of energy leads to the conception of 
a limit to the antiquity of the present order of things.® 
Human science, of course, is fallible, and some ovei sight 
or erroneous simplification in these theoretical calculations 
may afterwards be discovered; but as the present state of 
scientific knowledge is the only ground on which erroneous 
inferences from the uniformity of nature and the supposed 
reign of law are founded, I am right in appealing to the 
present state of science in opposition to these inferences. 
Now the theory of heat places us in the dilemma either of 

1 Professor Clifford, in his most interesting lecture on The First 
and Last Catastrophe” {Fortnightly JReview, April 1875,1). 480, re- 
print by the Sunday liecture Society, p. 24), objects tnat I have 
erroneously substituted known laws of nature ” for known^ laws 
of conduction of heat ” I quite admit the error, without admitting 
all the conclusions which Professor Clifford proceeds to draw ; but I 
maintain the paragraph unchanged, in order that it may be discussed 
in the Preface. 

^ TaiPs Thermodynamics, p. 38. Cambridge Mathematiml Journal, 
vok iii. p. 174. 

3 Clerk Maxwell^s Theory of Heat, p. 245, 
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believing in Creation at an assignable date in the past, or 
else of supposing that some inexplicable change in the 
working of natural laws then took place. Physical science 
gives no countenance to the notion of infinite duration of 
matter in one continuous course of Existence. * And if in 
time past there has been a discontinuity of law, why may 
there not be a similar event awaiting the world in the 
future ? Infinite ingenuity could have implanted some 
agency in matter so that it might never yet hawe made 
its tremendous powers manifest. We have a very good 
theory of the conservation of energy, but the foremost 
physicists do not deny that there may possibly be forms of 
energy, neither kinetic nor potential, and' therefore of un- 
known nature.^ 

We can imagine reasoning creatures dwelling in a world 
where the atmosphere was a .mixture of oxygen and in- 
flammable gas like the fire-damp of coal-mines. If devoid 
of fire, they might have lived through long ages unconscious 
of the tremendous forces which a single spark would call 
into play. In the twinkling of an eye new laws might come 
into action, and the poor reasoning creatures, so confident 
about their knowledge of the reign of law in their world, 
would have no time to speculate upon the overthrow of all 
their theories. Can we with our finite knowledge be sure 
that such an overthrow of our theories is impossible ? 

The Ambiguous Expression, " Uniformity of Nature!' 

I have asserted that serious misconception arises from 
an erroneous interpretation of the expression Uniformity of 
Nature. Every law of nature is the statement of a certain 
uniformity observed to exist among phenomena, and since 
the laws of nature are invariably obeyed, it seems to follow 
that the course of nature itself is uniform, so that we can 
safely judge of the future by the present. This inference 
is supported by some of the results of ^physical astronomy. 
Laplkce proved that the planetary system is stable, so that 
no perturbation which planet produces upon planet can 
become so great as to cause disruption and pj3rmanent 
alteration of the planetary orbits. A full comprehension 

1 Maxwell's Theory of Heat, p. 92 
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of the law of gravity shows that all such disturbances are 
essentially periodic, so that after the lapse of millions of 
years the planets will return to the same relative positions, 
and a new cycle of disturbances will then commence. 

As other branches* of science progress, we seem to gain 
assurance that no great alteration of the world's condition 
is to be expected. Conflict with a comet has long been the 
cause of fear, but now it is credibly asserted that we have 
passed through a comet's tail without the fact being known 
at the time, or manifested by any more serious a phenomenon 
than a slight luminosity of the sky. More recently still 
the earth is said to have touched the comet Biela, and the 
only result was a beautiful and perfectly harmless display 
of meteors. A decrease in the heating power of the sun 
seems to be the next most probable circumstance from 
which we might fear the extinction of life on the earth. 
But calculations founded on reasonable physical data show 
that no appreciable change can be going on, and experi- 
mental data to indicate a change are wholly wanting. 
Geological investigations show indeed that there have been 
extensive variations of climate in past times ; vast glaciers 
and icebergs have swept over the temperate regions at one 
time, and tropical vegetation has flourished near the poles 
at another time. But here again the vicissitudes of climate 
assume a periodic character, so that the stability of the 
earth's condition does not seem to be threatened. 

All these statements may be reasonable, but they do not 
establish the Uniformity of Nature in the sense that exten- 
sive alterations or sudden catastrophes are impossible. In 
the first place, Laplace's theory of the stability of the 
planetary system is of an abstract character, as paying 
regard to nothing but the mutual gravitation of the 
planetary bodies and the sun. It overlooks several 
physical causes of change and decay in the system which 
were not so well known in his day as at present, and it also 
presupposes the absence of any interruption of the course 
of things by conflict with foreign astronomical bodies.* 

It is now acknowledged by astronomers that there are at 
least two ways in which the vis viva of the planets and 
satellites may suffer loss. The friction of the tides upon 
the- earth produces a small quantity of heat which is 
radiated into space, and this loss of energy must result in a 
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decrease of the rotational velocity, so that ultimately the 
terrestrial day will become identical with the year, just as 
the periods of revolution of the moon upon its axis and 
around the earth have already become equal. Secondly, 
there can be little doubt that certain manifestations of 
electricity upon the earth’s surface depend upon the 
relative motions of the planets and the sun, which give rise 
to periods of increased intensity. Such electrical pheno- 
mena must result in the production and dissipation of heat, 
the energy of which must be drawn, partially at least, from 
the moving bodies. This effect is probably identical (p. 570) 
with the loss of energy of comets attributed to the so-called 
resisting medium. But whatever be the theoretical expla- 
nation of these phenomena, it is almost certain that there 
exists a tendency to the dissipation of the energy of the 
planetary system, which will, in the indefinite course of 
time, result in the fall of the planets into the sun. 

It is hardly probable, however, that the planetary system 
will be left undisturbed throughout the enormous interval 
of time required for the dissipation of its energy in this way. 
Conflict with other bodies is so far from being improbable, 
that it becomes approximately certain when we take very 
long intervals of time into account. As regards cometary 
conflicts, I am by no means satisfied with the negative 
conclusions drawn from the remarkable display on the 
evening of the 27th of November, 1872. We may often 
have passed through the tail of a comet, the light of which 
is probably an electrical manifestation no more substantial 
than the aurora borealis. Every remarkable shower of 
shooting stars may also be considered as proceeding from a 
cometary body, so that we may be said to have passed 
through the thinner parts of innumerable comets. But the 
earth has probably never passed, in times of which we have 
any record, through the nucleus of d comet, which consists 
perhaps of a dense swarm of small meteorites. We can 
only speculate upon the effects which might be produced 
by such a conflict, but it would probably be a much more 
serious event than any yet registered in history. The 
probability of its occurrence, too, cannot be assigned ; for 
though the probability of conflict with any one cometary 
nucleus is almost infinitesimal, yet the number of comets 
is immensely great (p. 408). 
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It is far from impossible, again, that the planetary 
system may be invaded by bodies of greater mass than 
comets. The sun seems to be placed in so extensive a 
portion of empty space that its own proper motion would 
not bring it to the nearest known star (a Centauri) in less 
than 139,200 years. But in order to be sure that this 
interval of undisturbed life is granted to our globe, we 
must prove that there are no stars ^moving so as to meet 
us, and no dark bodies of considerable size flying through 
intervening space unknown to us. The intrusion of comets 
into our system, and the fact that many of them have 
hyperbolic paths, is suflicient to show that the surround- 
ing parts of space are occupied by multitudes of dark 
bodies of some size. It is quite probable that small suns 
may have cooled sufficiently to become non-luminons ; 
for even if we discredit the theory that the variation of 
brightness of periodic stars is due to the revolution of 
dark companion stars, yet there is in our own globe 
an unquestionable example of a smaller body which has 
cooled below the luminous point. 

Altogether, then, it is a mere assumption that the 
uniformity of nature involves the unaltered existence of 
our own globe. There is no kind of catastrophe which 
is too great or too sudden to be theoretically consistent 
with the reign of law. For all that our science can tell, 
human history may be closed in the next instant of time. 
The world may be dashed to ffeces against a wandering 
star; it may be involved in^ nebulous atmosphere of 
hydrogen to be exploded a second afterwards ; it may be 
scorched up or dissipated into vapour by some great 
explosion in the sun ; there might even be within* the 
globe itself some secret cause of disruption, which only 
needs time for its manifestation. 

There are some indications, as already noticed (p. 660), 
that violent disturbances have actually occurred in the 
history of the solar system. Olbers sought for the miinor 
planets on the supposition that they were fragments of an 
exploded planet, and he was rewarded with the discovery 
of some of them. The retrograde motion of the satellites 
of the more distant planets, the abnormal position of the 
pobs of Uranus and the excessive distance of Neptune, are 
other indications of some violent event, of which we l^ve 
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no other evidence. I adduce aU these facts and arguments, 
not to show that there is any considerable probability, as 
far as we can judge, of interruption within the scope of 
human history, but to prove that the Uniformity of Nature 
is theoretically consistent with the most unexpected events 
of which we can fonn a conception. 

Possible '‘states of the Universe. 

When we give the rein to scientific imagination, ifc 
becomes apparent that conflict of body with body must 
not be regarded as the rare exception, but as the general 
rule and the inevitable fate of each star system. So far 
as we can trace out the results of the law of gravitation, 
and of the dissipation of energy, the universe must be re- 
garded as undergoing gradual condensation into a single 
cold solid body of gigantic dimensions. Those who so 
frequently use the expression Uniformity of Nature seem 
to forget that the Universe might exist consistently with 
the laws of nature in the most diverse conditions. It 
might consist, on the one hand, of a glowing nebulous 
mass of gaseous substances. The heat might be so intense 
that all elements, even carbon and silicon, would be 
in the state of gas, and all atoms, of whatever nature, 
would be flying about in chemical independence, diffusing 
themselves almost uniformly in the neighbouring parts 
of space. There would ^en be no life, unless we can 
apply that name to the^ passage through each part of 
space of similar average trains of atoms, the particular 
succession of atoms being governed only by the theory 
of probability, and the law of divergence from a mean 
exhibited in the Arithmetical Triangle. Such a universe 
would correspond partially to the Lucretian rain of atoms, 
and to that nebular hypothesis out of which Laplace 
proposed philosophically to explain the evolution of the 
planetary system. 

-According to another extreme supposition, the intense 
heat-energj^ of this nebulous mass might be radiated away 
into the unknown regions of outer space. The. attraction 
of gravity would exert itself between each two particles, 
and the energy of motion thence arising would, by in- 
cessant conflicts, be resolved into heat and dissipated. 
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Inconceivable ages might be required for the completion of 
this process, but the dissipation of energy thus proceeding 
could end only in the production of a cold and motionless 
universe. The relation of cause and effect, as we see it 
manifested in life and growth, would degenerate into the con- 
stant existence of every particle in a fixed position relative 
to every other particle. Logical and geometrical resem- 
blances would still exist between atoms, and between 
groups of atoms crystallised in their appropriate forms 
for evermore. But time, the great variable, would bring 
no variation, and as to human hopes and troubles, they 
would have gone to eternal rest. 

Science is hot really adequate to proving that such is 
the inevitable fate of the universe, for we can seldom trust 
our best-established theories far from their data. Never- 
theless, the most probable speculations which we can 
form as to the history, especially of our own planetary 
system, is that it originated in a heated revolving nebulous 
mass of gas, and is in a state of excessively slow progress 
towards the cold and stony condition. Other speculative 
hypotheses might doubtless be entertained. Every hypo- 
thesis is pressed by difficulties. If the whole universe be 
cooling, whither does the heat go ? If we are to get rid 
of it entirely, outer space must be infinite in extent, so 
that it shall never be stopped and reflected back. But not 
to speak of metaphysical difficulties, if the medium of heat 
undulations be infinite in extent, why should not the 
material bodies placed in it be infinite also in number and 
aggregate mass ? It is apparent that we are venturing into 
speculations which surpass our powers of scientific inference. 
(But then I am argukig negatively ; P wish to show that 
hose who speak of the uniformity of nature, and the reign 
)f law, misinterpret the meaning involved in those expres- 
dons. Law is not inconsistent with extreme diversity, 
jind, so far as we can read the history of this planetary 
lystem, it did probably originate in heated nebulous matter, 
jand man’s history forms but a brief span in its progress 
;owards the cold and stony condition. It is by doubtful 
Ifmd speculative hypotheses alone that we can avoid 
uch a conclusion, and I depart least from undoubted 
ucts and well-established laws when I assert that, what*" 
^ver uniformities may underlie the phenomena of nature, 
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constant variety and ever-progressing change is the real 
outcome. 

Speculations on the Reconcentration of Energy . 

There are unequivocal indications, as I have said, that 
the material universe, as we at present see it, is progressing 
from some act of creation, or some discontinuity of exist- 
ence of which the date may be approximately fixed by 
scientific inference. It is progressing towards a state in 
which *the available energy of matter will be dissipated 
through infinite surrounding space, and all matter will 
become cold and lifeless. This constitutes, as it were, the 
historical period of physical science, that over which our 
scientific foresight may more or less extend. But in this, 
as in other cases, we have no right to interpret our ex- 
perience negatively, so as to infer that because the present 
state of things began at a particular time, there was no 
previous existence. It may be that the present period, of 
material existence is but one of an indefinite series of like 
periods. All that we can see, and feel, and infer, and 
reason about may be, as it were, but a part of one single, 
pulsation in the existence of the universe. 

After Sir W. Thomson had pointed out the prepon- 
derating tendency which now seems to exist towards the 
conversion of all energy into heat-energy, and its equal 
diffusion by radiation throughout space, the late Professor 
Eankine put forth a remarkable speculation. He suggested 
that the ethereal, or, as I have called it, the adamantine 
medium in which all the stars exist, and all radiation 
takes place, may have bounds,, beyond which only empty 
space exists. All heat undulations reaching this boundary 
will be totally reflected, according to the theory of undu- 
lations, and will be reconcentrated into foci situated 
various parts of the medium. A^henever a cold and 
extinct star happens to pass through one of these foci, it 
will be instantly ignited and resolved by intense heat into 
its constituent elements. Discontinuity will occur in the 
history of that portion of matter, and the star y^ill begin 
its history afresh with a renewed store of energy. 

^ Report of the British Association (1852), Report of Sections, p, I2. 
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This is doubtless a mere speculation, practically in- 
capable of verification by observation, and almost free 
from restrictions afforded by present knowledge. .We 
might attribute various shapes to the adamantine medium, 
and the consequences would be various. But there is this 
value in such speculations, that they draw attention to the 
finiteness of our knowledge. We cannot deny the possible 
truth of such an hypothesis, nor can we place a limit to 
the scientific imagination in the framing of other like 
hypotheses. It is impossible, indeed, to follow ^^ut our 
scientific inferences without falling into speculation. If 
heat be radiated into outward space, it must either proceed 
ad infinitum^ or it must be stopped somewhere. In the 
latter case we fall upon Eankine’s hypothesis. But if the 
material universe consist of a finite collection of heated 
matter situated in a finite portion of an infinite adamantine 
medium, then either this universe must have existed for a 
finite time, or else it must have cooled down during the 
infinity of past time indefinitely near to the absolute zero 
of temperature. I objected to Lucretius’ argument against 
the destructibility of matter, that we have no knowledge 
whatever of the laws according to which it would undergo 
destruction. But we do know the laws according to which 
the dissipation of heat appears to proceed, and the con- 
clusion inevitably is that a finite heated material body 
placed in a perfectly cold infinitely extended medium 
.would in an infinite time sink to zero of temperature. 
Now our own world is not yet cooled down near to zero, 
so that physical science seems* to place us in the dilemma 
of admitting either the finiteness of past duration of the 
world, or else the finiteness of the portion of medium in 
which we exist. In either case we become involved in 
metaphysical and mechanical difficulties surpassing our 
mental powers. 

The Divergent Scope for New Discovery, 

In the writings of some recent philosophers, especially 
of Au^ste Comte, and in some degree John Stuart Mill, 
there is an erroneous and hurtful tendency to represent 
lOUT knowledge as assuming an approximately complete 
Icharacter. At least these and many other writers fail to 



XXXI.] LIMITS OF SCIENTIFIC METHOD. 753 

impress upon their readers a truth which cannot be too 
constantly borne in mind, namely, that the utmost successes 
which our scientific method can accomplish will not enable 
us to comprehend more than an infinitesimal fraction of 
what there doubtless is to comprehend.^ Professor Tyndall 
seems to me open to the same charge in a less degree. He 
remarks ^ that we can probably never bring natural pheno- 
mena completely under mathematical laws, because the 
approach of our sciences ‘towards completeness may be 
asymp^tic, so that however far we may go, there may 
stni remain some facts not subject to scientific explanation. 
He thus likens the supply of novel phenomena to a con- 
vergent series, the earlier and larger terms of which have 
been successfully disposed of, so that comparatively minor 
groups of phenomena alone remain for future investigators 
to occupy themselves upon. 

On the contrary, as it appears to me, the supply of new 
and unexplained facts is divergent in extent, so that the 
more we have explained, the more there is to explain. 
The further we advance in any generalisation, the more 
numerous and intricate are the exceptional cases still 
demanding further treatment. The experiments of Boyle, 
Mariotte, Dalton, Gay-Lussac, and others, upon the physical 
properties of gases, might seem to have exhausted that 
subject by showing that aU gases obey the same laws 
as regards temperature, pressure, and volume. But in 
reality these laws are only approximately true, and the 
divergences afford a wide and quite unexhausted field for 
further generalisation The recent discoveries of Professor 
Andrews have summed up some of these exceptional facts 
under a wider generalisation, but in reality they have 
opened to us vast new regions of interesting inquiry, and 
they leave wholly untouched the question why one gas 
behaves differently from another. 

^ Mr. C. 3 . Monroe objects that in this statement I do injustice 
to Comte, who, he thinks, did impress upon his readers the inade- 
quacy of our menta^owers compped with the vastness of the subject 
matter of science. Tne error of Comte, he holds, was in maintaining 
that science had been carried about as far as it is worth while to 
cany it, which is a different matter. In either case, Comte^s positicm 
is so untenable that I am content to leave the question undecided. 

^ FragmmtB of Sdencef p. 362. 

. 3 0 
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The science of crystallography is that perhaps in which 
the most precise and general laws have been detected, but 
it would be untrue to assert that it has lessened the area of 
future discovery. We can show that each one of the seven 
or eight hundred forms of calcite is derivable by geome- 
trical modifications from an hexagonal prism ; but who has 
attempted to explain the molecular forces producing these 
modifications, or the chemical conditions in which they arise ? 
The law of isomorphism is an important generalisation, for 
it establishes a general resemblance between the ^orms of 
crystallisation of natural classes of elements. But if we 
examine a little more closely we find that these forms are 
only approximately alike, and the divergence peculiar to 
each substance is an unexplained exception. 

By many similar illustrations it might readily be shown 
that in whatever direction we extend our investigations 
and successfully harmonise a few facts, the result is only 
to raise up a host of other unexplained facts. Can any 
scientific man venture to state that there is less opening 
now for new discoveries than there was three centuries ago ? 
Is it not rather true that we have but to open a scientific 
book and read a page or two, and we shall come to some 
recorded phenomenon of which no explanation can yet 
be given ? In every such fact there is a possible opening 
for new discoveries, and it can only be the fault of the 
investigator’s mind if he can look around him and find 
no scope for the exercise of his faculties. 

Infinite Incompleteness of the Mathematical Sciences, 

There is one privilege which a certain amount of know- 
ledge should confer ; it is that of becoming aware of the 
weakness of our powers compared with the tasks which 
they might undertake if stronger. To the poor savage who 
cannot count twenty the arithmetical accomplishments of 
the schoolboy are miraculously great. The schoolboy cannot 
comprehend the vastly greater powers of the student, who 
has acquired facility in algebraic processes. The student 
can but look with feelings of surprise and reverence at the 
powers of a Newton or a Laplace. But the question at 
ohce suggests itself^ Do the powers of the highest human 
intellect bear a finite ratio to the things which aie to be 
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understood and calculated ? How many further steps must 
we take in the rise of mental ability and the extension of 
mathematical methods before we begin to exhaust the 
knowable ? 

I am inclined to find fault with mathematical writers 
because they often exult in what they can accomplish, and 
omit to point out that what they do is but an infinitely 
small part of what might be done. They exhibit a general 
inclination, with few exceptions, not to do so much as 
mention the existence of problems of an impracticable 
character. This may be excusable as far as the immediate 
practical result of their researches is in question, but the 
custom has the effect of misleading the general public into 
the fallacious notion that mathematics is a perfect science, 
which accomplishes what it undertakes in a complete 
manner. On the contrary, it may be said that if a mathe- 
matical problem were selected by chance out of the whole 
number which might be proposed, the probability is in- 
finitely slight that a human mathematician could solve it. 
Just as the numbers we can count are nothing compared with 
the numbers which might exist, so the accomplishments 
of a Laplace or a Lagrange are, as it were, the little corner 
of the multiplication-table, which has really an infinite 
extent. 

I have pointed out that the rude character of our ob- 
servations prevents us from being aware of the greater 
number of effects and actions in nature. It must be added 
that, if we perceive them, we should usually be incapable 
of including them in our theories from want of mathe- 
matical power. Some persons may be surprised that 
though nearly two centuries have elapsed since the time 
of Newton's discoveries, we have yet no general theory of 
molecular action. Some approximations have been made 
towards such a theory. Joule and Clausius have measured 
the velocity of gaseous atoms, or even determined the 
average distance between the collisions of atom and atom. 
Thomson has approximated to the number of atoms in a 
given bulk of substance. Eankine has formed some rea- 
sonable hypotheses as to the actual constitution of atoms. 
It would be a mistake to suppose that 4}hes6 ingenious 
results of theory and experiment form any appreciable 
approach to a complete solution of molecular motions. 

3 c 2 
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There is every reason to believe, judging from the spectra 
of the elements, their atomic weights and other data, that 
chemical atoms are very complicated structures. An atom 
of pure iron is probably a far more complicated system 
than that of the planets and their satellites, A compound 
atom may perhaps be compared with a stellar system, each 
star a minor system in itself. The smallest particle of 
solid substance will consist of a great number of such stellar 
systems united in regular order, each bounded by the other, 
communicating with it in some manner yet wholly incom- 
prehensible. What are our mathematical powers in com- 
parison with this problem ? 

After two centuries of continuous labour, the most gifted 
men have succeeded in calculating the mutual effects of 
three bodies each upon the other, under the simple 
hypothesis of the law of gravity. Concerning these calcu- 
lations we must further remember that they are purely 
approximate, and that the methods would not apply where 
four or more bodies are acting, and all produce considerable 
effects upon each other. There is reason to believe that 
each constituent of a chemical atom goes through an orbit 
in the millionth part of the twinkling of an eye. In each 
revolution it is successively or simultaneously under the 
influence of many other constituents, or possibly comes into 
collision with them. It is no exaggeration to say that 
mathematicians have the least notion of the way in which 
they could successfully attack so diflScult a problem of 
forces and motions. As Herschel has remarked,^ each of 
these particles is for ever solving differential equations, 
which, if written out in fuU, might belt the earth. 

Some of the most extensive calculations ever made 
were those required for the reduction of the measurements 
executed in the course of the Trigonometrical Survey of 
Great Britain. The calculations arising out of the principal 
triangulation occupied twenty calculators during three or 
four years, in the course of which the computers had to 
solve simultaneous equations involving seventy-seven 
unknown quantities. The reduction of the levellings 
required’ the solution of a system of ninety-one equations. 
But these vast calculations present no approach whatever to 

^ famiUar L^eUim on Sdentifie SubjecU, p. 458. 
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what would be requisite for the complete treatment of any 
one physical problem. The motion of glaciers is supposed 
to be moderately well understood in the present day. A 
glacier is a viscid, slowly yielding mass, neither absolutely 
solid nor absolutely rigid, but it is expressly remarked by 
Forbes,^ that not even an approximate solution of the 
mathematical conditions of such a moving mass can yet be 
possible. “ Every one knows,” he says, “ that such problems 
are beyond the compass of exact mathematics ; ” but though 
mathematicians may know this, they do not often enough 
impress that knowledge on other people. 

The problems which are solved in our mathematical 
books consist of a small selection of those which happen 
from peculiar conditions to be solvable. But the very 
simplest problem in appeamnce will often give rise to 
impracticable calculations. Mr. Todhunter ^ seems to blame 
Condorcet, because in one of his memoirs he mentions a 
problem to solve which would require a great and imprac- 
ticable number of successive integrations. Now, if our 
mathematical sciences are to cope with the problems which 
await solution, we must be prepared to effect an unlimited 
number of successive integrations ; yet at present, and 
almost beyond doubt for ever, the probability that an 
integration taken haphazard will come within our powers 
is exceedingly small. 

In some passages of that remarkable work, the J/inth 
Bridgewater Treatise (pp. 113 — 115), Babbage has pointed 
out that if we had power to follow and detect the minutest 
effects of any disturbance, each particle of existing matter 
would furnish a register of all that has happened. “ The 
track of every canoe — of every vessel that has yet disturbed 
the surface of the ocean, whether impelled by manual force 
or elemental power, remains for ever registered in the future 
movement of all succeeding particles which may occupy its 
place. The furrow which it left is, indeed, instantly filled 
up by the closing waters ; but they draw after them other 
and^ larger portions of the surrounding element, and these 
again, once moved, communicate motion to others in endless 
succession.” We may even say that " The air itself is one 
vast library, on whose pages are for ever written all that 

^ Philosophical Maga%im, 3rd Series, vol. xxvi p. 406. 

2 History of the Theory of Probability, p. 398. 
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man has ever said or even whispered. There, in their 
mutable but unerring characters, mixed with the earliest 
as well as the latest sighs of mortality, stand for ever 
recorded, vows unredeemed, promises unfulfilled, perpe- 
tuating in the united movements of each particle the 
testimony of man’s changeful will.” 

When we read reflections such as these, we may con- 
gratulate ourselves that we have been endowed with minds 
which, rightly employed, can form some estimate of their 
incapacity to trace out and account for all that proceeds 
in the simpler actions of material nature. It ought to be 
added that, wonderful as is the extent of physical pheno- 
mena open to our investigation, intellectual phenomena are 
yet vastly more extensive. Of this I might present one 
satisfactory proof were space available by pointing out that 
the mathematical functions employed in the calculations 
of physical science form an infinitely small fraction of the 
functions which might be invented. Common trigonometry 
consists of a great series of useful formulae, all of which arise 
out of the relation of the sine and cosine expressed in one 
equation, sin 4- cos = i. But this is not the only 
trigonometry which may exist ; mathematicians also recog- 
nise hyperbolic trigonometry, of which the fundamental 
equation is cos - sin = i. De Morgan has pointed 
out that the symbols of ordinary algebra form but three 
of an interminable series of conceivable systems.^ As the 
logarithmic operation is to addition or addition to multi- 
plication, so is the latter to a higher operation, and so on 
without limit. 

We may rely upon it that immense, and to us incon- 
ceivable, advances will be made by the human intellect, in 
the absence of any catastrophe to the species or the globe. 
Within historical periods we can trace the rise of mathe- 
matical science from its simplest germs. We can prove 
our descent from ancestors who counted only on their 
fingers. How infinitely is a Newton or a Laplace above 
those simple savages. Pythagoras is said to have sacrificed 
a hecatomb when he discovered the forty-seventh propo- 
sition of Euclid, and the occasion was worthy of the sacrifice. 
Archimedes was beside himself when he first perceived 


> Trigonometry and Double AlgeSbra^ chap, ix. 
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his beautiful mode of determining specific gravities. Yet 
these great discoveries are the commonplaces of our school 
books. Step by step we can trace upwards the acquirement 
of new mental powers. What could be more wonderful 
than Napier’s discovery of logarithms, a new mode of 
calculation which has multiplied perhaps a hundredfold 
the working powers of every computer, and has rendered 
easy calculations which were before impracticable ? Since 
the time of Newton and Leibnitz worlds of problems have 
been solved which before were hardly conceived as matters 
of inquiry. In our own day extended methods of mathe- 
matical reasoning, such as the system of quaternions, have 
been brought into existence. What intelligent man will 
doubt that the recondite speculations of a Cayley, a Syl- 
vester, or a Clifford may lead to some new development of 
new mathematical power, at the simplicity of which a 
future age will wonder, and yet wonder more that to us they 
were so dark and dif&cult. May we not repeat the words 
of Seneca: "Veniet tempus, quo ist aquae nunc latent, in 
lucem dies extrahat, et longioris sevi diligentia : ad inquisi- 
tionem tantorum setas una non sufBcit. Veniet tempus, 
quo posteri nostri tarn aperta nos nescisse mirentur.'' 

The Reign of Law in Mental and Social Phenomena, 

After we pass from the so-called physical sciences to 
those which attempt to investigate mental and social 
phenomena, the same general conclusions will hold true. 
No one will be found to deny that there are certain uni- 
formities of thinking and acting which can be detected 
in reasoning beings, and so far as we detect such laws 
we successfully apply scientific method. But those who 
attempt to establish social or moral sciences soon become 
aware that they are dealing with subjects of enormous 
perplexity. Take as an instance the science of political 
economy. If a science at all, it must be a mathematical 
science, because it deals with quantities of commodities. 
But as soon as we attempt to draw out the equations 
expressing the laws of demand and supply, we discover 
that they have a complexity entirely surpassing our powers 
of mathematical treatment. We may lay down the general 
form of the equations, expressing the demand and supply 
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for two or three commodities among two or three trading 
bodies, but all the functions involved are so complicated in 
character that there is not much fear of scientific method 
making rapid progress in this direction. If such be the 
prospects ot a comparatively formal science, like political 
economy, what shdl we say of moral science? Any 
complete theory of morals must deal with quantities of 
pleasure and pain, as Bentham pointed out, and must sum 
up the general tendency of each kind of action upon the 
good of the community. If we are to apply scientific 
method to morals, we must have a calculus of moral effects, 
a kind of physical astronomy investigating the mutual per- 
turbations of individuals. But as astronomers have not 
y€t fully solved the problem of three gravitating bodies, 
when shall we have a solution of the problem of three 
moral bodies ? 

The sciences of political economy and morality are com- 
paratively abstract and general, treating mankind from 
simple points of view, and attempting to detect general 
principles of action. They are to social phenomena what 
the abstract sciences of chemistry, heat, and electricity 
are to the concrete science of meteorology. Before we can 
investigate the actions of any aggregate of men, we must 
have fairly mastered all the fiiore abstract sciences applying 
to them, somewhat in the way that we have acquired a 
fair comprehension of the simpler truths of chemistry and 
physics. But all our physical sciences do not enable us to 
predict the weather two days hence with any great proba- 
bility, and the general problem of meteorology is almost 
unattempted as yet hat shall we say then of the general 
problem of social science, which shall enable us to predict 
the course of events in a nation ? 

Several writers have proposed to lay the foundations of 
the science of history. Buckle undertook to write the 
History of CimUsation in England, and to show how the 
character of a nation could be explained by the nature of 
the climate and the fertility of the soil. He omitted to 
explain the contrast between the ancient Greek nation and 
the present one ; there must have been an extraordinary 
revolution in the climate or the soil Auguste Comte 
detected the simple laws of the course of development 
through which nations pass. There are always three 
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phases of intellectual condition, — ^the theological, the 
metaphysical, and the positive; applying this general 
law of progress to concrete cases, Gomte was enabled 
to predict that in the hierarchy of European nations, 
Spain would necessarily hold the highest place. Such 
are the parodies of science offered to us by the positive 
philosophers. 

A science of history in the true sense of the term is 
an absurd notion. A nation is not a mere sum of indi- 
viduals whom we can treat by the method of averages ; 
it is an organic whole, held together by ties of in&iite 
complexity. Each individual acts and re-acts upon his 
smaller or greater circle of friends, and those who acquire 
a public position exert an influence on much larger sections 
of the nation. There will always be a few great leaders 
of exceptional genius or opportunities, the unaccountable 
phases of whose opinions and inclinations sway the whole 
body. From time to time arise critical situations, battles, 
delicate negotiations, internal disturbances, in which the 
slightest incidents may change the course of history. A 
rainy day may hinder a forced march, and change the course 
of a campaign ; a few injudicious words in a despatch may 
irritate the national pride ; the accidental discharge of a 
gun may precipitate a collision the effects of which wiU 
last for centuries. It is said that the history of Europe 
depended at one moment upon the question whether the 
look-out man upon Nelson’s vessel would or would not 
descry a ship of Napoleon’s expedition to Egypt which was 
passing not far off. In human affairs, then, the smallest 
causes may produce the. greatest effects, and the real appli- 
cation of scientific method is out of the question. 

The Theory of Evolution, 

Profound philosophers have lately generalised concerning 
the production of living forms and the mental and moral 
phenomena regarded as their highest development. Herbert 
Spencer’s theory of evolution purports to explain the origin 
of all specific differences, so that not even the rise of a 
Homer or a Beethoven would escape from his broad theories. 
The homogeneous is unstable and must differentiate 
itself, says Spencer, and hence comes the variety of human 
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institutions and characters. In order that a living form 
shall continue to exist and propagate its kind, says Darwin, 
it must be suitable to its circumstances, and the most 
suitable forms will prevail over and extirpate those which 
are less suitable. Jrom these fruitful ideas are developed 
theories of evolution and natural selection which go far 
towards accounting for the existence of immense numbers 
of living creatures — plants, and animals. Apparent adap- 
tations of organs to useful purposes, which Pdey regarded 
as distinct products of creative intelligence, are now seen 
to follow as natural effects of a constantly acting tendency. 
Even man, according to these theories, is no distinct crea- 
tion, but rather an extreme case of brain development. 
His nearest cousins are the apes, and his pedigree extends 
backwards until it joius that of the lowliest zoophytes. 

The theories of Darwin and Spencer are doubtless not 
demonstrated ; they are to some extent hypothetical, just 
as all the theories of physical science are to some extent 
hypothetical, and open to doubt. Judging from the 
immense numbers of diverse facts which they harmonise 
and explain, I venture to look upon the theories of evolu- 
tion and natural selection in their main features as two of 
the most probable hypotheses ever proposed. I question 
whether any scientific works which have appeared since the 
Principia of Newton are comparable in importance with 
those of Darwin and Spencer, revolutionising as they do all 
our views of the origin of bodily, mental, moral, and social 
phenomena. 

Granting all this, I cannot for a moment admit that the 
theory of evolution will destroy theology. That theory 
embraces several laws or uniformities which are observed 
to be true in the production of living forms ; but these laws 
do not determine the size and figure of living creatures, any 
more than the law of gravitation determines the magnitudes 
and distances of the planets. Suppose that Darwin is 
correct in saying that man is descended from the Ascid4.ns : 
yet the precise form of the human body must have been 
influenced by an infinite train of circumstances affecting 
the reproduction, growth, and health of the whole chain gof 
intermediate beings. No doubt, the circumstances . being 
wtat they were, man could not be otherwise than he is, and 
if in any other part of the univ^se an exactly similar earthy 
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furnished with exactly similar germs of life, existed, a 
race must have grown up there exactly similar to the 
human race. 

By a different distribution of atoms in the primeval world 
a different series of living forms on this^earth would have 
been produced. From the same causes acting according to 
the same laws, the same results will follow; but from 
different causes acting according to the same laws, different 
results will follow. So far as we can see, then, infinitely 
diverse living creatures might have been created con- 
sistently with the theory of evolution, and the precise 
reason why we have a backbone, two hands with opposabie 
thumbs, an erect stature, a complex brain, about 223 bones, 
and many other peculiarities, is only to be found in the 
original act of creation. I do not, any less than Paley, 
believe that the eye of man manifests design. I believe 
that the eye was gradually developed, and we can in fact 
trace its gradual development from the first germ of a nerve 
affected % light-rays in some simple zoophyte. In propor- 
tion as the eye became a more accurate instrument of 
vision, it enabled its possessor the better to escape destruc- 
tion, but the ultimate result must have been contained in 
the aggregate of the causes, and these causes, as far as we 
can see, were subject to the arbitrary choice of the Creator. 

Although Agassiz was clearly, wrong in holding that 
every species of living creature appeared on earth by the 
immediate intervention of the Creator, which would amount 
to saying that no laws of connection between forms are 
discoverable, yet he seems to be right in asserting that 
living forms are distinct from those produced by purely 
physical causes. ‘‘ The products of what are commonly 
called physical agents,” he says,^ "are everywhere the 
same {i.e, upon the whole surface of the earth), and have 
always been the same (i.e. during all geological periods) ; 
while organised beings are everywhere different and have 
differed in all ages. Between two such series of phenomena 
there can be no causal or genetic connection.” Living forms 
as we now regard them are essentially variable, but from 
constant mechanical causes constant effects would ensue. 
If vegetable cells are formed on geometrical principles 

^ Agassiz, EBBay on Clauificaiicm, p. 75. 
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being first spherical, and then by mutual compression 
dodecahedral, then all cells should have similar forms. In 
the Foraminifera and some other lowly organisms, we seem 
to observe the production of complex forms on geometrical 
principles. But from similar causes acting according to 
similar laws only similar results could be produced. If 
the original life-germ of each creature is a simple particle 
of protoplasm, unendowed with any distinctive forces, then 
the whole of the complex phenomena of animal and vege- 
table life are effects without causes. Protoplasm may be 
chemically the same substance, and the germ-cell of a man 
and of a fish may be apparently the same, so far as the 
microscope can decide ; but if certain cells produce men, 
and others as uniformly produce a species of fish, there 
must be a hidden constitution determining the extremely 
different results. If this were not so, the generation of 
every living creature from the uniform germ would have 
to be regarded as a distinct act of creation. 

Theologians have dreaded the establishment of the 
theories of Darwin and Huxley and Spencer, as if they 
thought that those theories could explain everything upon 
the purest mechanical and material principles, and exclude 
all notions of design. They do not see that those theories 
have opened up more questions than they have closed. 
The doctrine of evolution gives a complete explanation of 
no single living form. While showing the general prin- 
ciples which prevail in the variation of living creatures, it 
only points out the infinite complexity of the causes and 
circumstances which have led to the present state of things. 
Any one of Mr. Darwin's books, admirable though they all 
are, consists but in the setting forth of a multitude of 
indeterminate problems. He proves in the most beautiful 
manner that each flower of an orchid is adapted to some 
insect which frequents and fertilises it, and these adapta- 
tions are but a few cases of those immensely numerous ones 
which have occurred in the lives of plants and animals. 
But why orchids should have been formed so differently 
from other plants, why anything, indeed, should be as it is, 
rather than in some of the other infinitely numerous possible 
modes of existence, he can never show. The origin of every- 
thing that exists is wrapped up in the past history of the 
universa At some one or more points in past time there 
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must have been arbitrary determinations which led to the 
production of things as they are. 

Possibility of Divine Interference. 

I will now draw the reader’s attention to pages 149 to 1 53. 
I there pointed out that all inductive inference involves 
the assumption that our knowledge of what exists is com- 
plete, and that the conditions of things remain unaltered 
between the time of our experience and the time to which 
our inferences refer. Eecurring to the illustration of a 
ballot-box, employed in the chapter on the inverse method 
of probabilities, we assume when predicting the probable 
nature of the next drawing, firstly, that our previous 
drawings have been sufficiently numerous to give us 
knowledge of the contents of the box ; and, secondly, that 
no interference with the ballot-box takes place between 
the previous and the next drawings. The results yielded 
by the theory of probability are quite plain. No finite 
number of casual drawings can give us sure knowledge of 
the contents of the box, so that, even in the absence of all 
disturbance, our inferences are merely the best which can 
be made, and do not approach to infallibility. If, however, 
interference be possible, even the theory of probability 
ceases to be applicable, for, the amount and nature of that 
interference being arbitrary and unknown, there ceases to 
be any connection between premises and conclusion. Many 
years of refiection have not enabled me to see the way of 
avoiding this hiatus in scientific certainty. The conclusions 
of scientific inference appear to be always of a hypothetical 
^ and provisional nature. Given certain experience, the 
' theory of probability yields us the true interpretation of 
that experience and is the surest guide open to us. But 
the best calculated results which it can give are never 
absolute probabilities; they are purely relative to the extent 
of tur information. It seems to be impossible for us to 
judge how far our experience gives us adequate information 
of the universe as a whole, and of aU the forces and pheno- 
mena which can have place therein. 

I feel that I cannot in the space remaining at my com- 
mand in the present volume, sufficiently follow out the 
lines of thought suggested, or define with precision loy 
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own concluaions. This chapter contains merely 
upon subjects of so weighty a character that I should 
myself wish for many years — nay for more than a lifetime 
of further reflection. My purpose, as I have repeatedly 
said, is the purely negative one of showing that atheism 
and materialism are no necessary results of scientific 
method. From the preceding reviews of the value of our 
scientific knowledge, I draw one distinct conclusion, that 
we cannot disprove the possibility of Divine interference 
in the course of nature. Such interference might arise, so 
far as our knowledge extends, in two ways. It might 
consist in the disclosure of the existence of some agent or 
spring of energy previously unknown, but which effects a 
given purpose at a given moment. Like the pre-arranged 
change of law in Babbage’s imaginary calculating machine, 
there may exist pre-arranged surprises in the order of 
nature, as it presents itself to us. Secondly, the same 
Power, which created material nature, might, so far as 
I can see, create additions to it, or annihilate portions 
which do exist. Such events are in a certain sense incon- 
ceivable to us ; yet they are no more inconceivable than 
the existence of the world as it is. The indestructibility of 
matter, and the conservation of energy, are very probable 
scientific hypotheses, which accord satisfactorily with ex- 
periments of scientific men during a few years past, but it 
would be gross misconception of scientific inference to 
suppose that they are certain in the sense that a propo- 
sition in geometry is certain. Philosophers no doubt hold 
that de nihilo nihil fit, that is to say, their senses give them 
no means of imagining to the mind how creation can take 
place. But we are on the horns of a trilemma ; we must 
either deny that anything exists, or we must allow that it ' 
was created out of nothing at some moment of past time, 
or that it existed from eternity. The first alternative is 
absurd ; the other two seem to me equally conceivable. 

Ccmdumn, 

It may seem that there is one point where our specu- 
lations must end, namely where contradiction begins. The 
laws of Identity and Difi'erence and Duality were the 
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foundations from which wo started, and they are, so far as 
I can see, the foundations which we can never quit without 
tottering. Scientific Method must begin and end with the 
laws of thought, but it does not follow that it will save us 
from encountering inexplicable, and at least apparently 
contradictory results. The nature of continuous quantity 
leads us into extreme difficulties. Any finite spacQi is 
composed of an infinite number of infinitely small spaces, 
each of which, again, is composed of an infinite number of 
spaces of a second order of smallness ; these spaces of th 4 
second order are composed, again, of infinitely paall 
spaces of the third order. Even these spaces of the third 
order are not absolute geometrical points answering to 
Euclid’s definition of a point, as position without mag- 
nitude. Go on as far as we will, in the subdivision of 
continuous quantity, yet we never get down to the ab- 
solute point. Thus scientific method leads us to the 
inevitable conception of an infinite series of successive 
orders of infinitely small quantities. If so, there is nothing 
impossible in the existence of a myriad universes within 
the compass of a needle’s point, each with its stellar sys- 
tems, and its suns and planets, in number and variety 
unlimited. Science does nothing to reduce the number 
of strange things that we may believe. When fairly 
pursued it makes absurd drafts upon our powers of com- 
prehension and belief. 

Some of the most precise and beautiful theorems in 
mathematical science seem to me to involve apparent con- 
tradiction. Can we imagine that a point moving along a 
perfectly straight line towards the west would ever get 
round to the east and come back again, having performed, 
as it were, a circuit through infinite space, yet without 
ever diverging from a perfectly straight direction? Yet 
this is what happens to the intersecting point of two 
straight lines in the same plane, when one line revolves. 
The same paradox is exhibited in the hyperbola regarded 
as an infinite ellipse, one extremity of which has passed to 
an infinite distance and come back in the opposite toection. 
A varying quantity may change its sign by passing either 
through zero or through infinity. In the latter case there 
must be one intermediate value of the variable for which 
title variant is indifferently negative infinity and positive 
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infinity. Professor Clifford tells nie that he has fonpd a 
mathematical function which approaches infinity as the 
variable approaches a certain limit ; yet at the limit the 
function is finite 1 Mathematicians may shirk difficulties, 
but they cannot make such . results of mathematical prin- 
ciples appear otherwise than contradictory to our common 
notions of space. 

The hypothesis that there is a Creator at once all-power- 
ful and all-benevolent is pressed, as it must seem to every 
candid investigator, with difficulties verging closely upon 
logical contradiction. The existence of the smallest amount 
of pain and evil would seem to show that He is either not 
perfectly benevolent, or not all-powerful. No one can 
have lived long without experiencing sorrowful events 
of which the significance is inexplicable. But if we 
cannot succeed in avoiding contradiction in our notions of 
elementary geometry, can we expect that the ultimate 
purposes of existence shall present themselves to us with 
perfect clearness ? I can see nothing to forbid the notion 
that in a higher state of intelligence much that is now 
obscure may become clear. We perpetually find ourselves 
in the position of finite minds attempting infinite problems, 
and can we be sure that where we see contradiction, an 
infinite intelligence might not discover perfect logical 
harmony ? 

From science, modestly pursued, with a due conscious- 
ness of the extreme finitude of our intellectual powers, 
there can arise only nobler and wider notions of the pur- 
pose of Creation. Our philosophy will be an affirmative 
one, not the false and negative dogmas of Auguste Comte, 
which have usurped the name, and misrepresented the 
tendencies of a true positive philosophy. True science will 
not deny the existence of tWngs because they cannot be 
weighed and measured. It will rather lead us to believe 
that the wonders and subtleties of possible existence sur- 
pass all that our mental powers allow us clearly to perceiye. 
The study of logical and mathematical forms has convinced 
me that even space itself is no requisite condition of con- 
ceivable existence. Everything, we are told by materialists, 
nmst be here or there, nearer or further, before or after. I 
deny this, and point to logical relations as my proof. 

l^ere formerly seemed to me to be something mysterious 
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in the denominators oj the binomial expansion (p. 190), 
which are reproduced in the natural constant e, or 
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and in many results of mathematical analysis. 1 now 
perceive, as already explained (pp. 33, 160, 383), that they 
arise out of the fact that the relations of space do not apply 
to the logical conditions governing the numbers of com- 
binations as contrasted to those of permutations. So far 
am I from accepting Kant's doctrine that space is a 
necessary form of thought, that I regard it as an accident, 
and an impediment pure logical reasoning. Material 
existences must exist in space, no doubt, but intellectual 
existences may be neither in space nor out of space ; they 
may have no relation to space at all, just as space itself 
has no relation to time. For all that I can see, then, there 
may be intellectual existences to which both time and 
space are nullities. 

Now among the most unquestionable rules of scientific 
ruethod is that first law that whatever phenomenon is, is. 
We must ignore no existence whatever ; we may variously 
interpret or explain its meaning and origin, but, if a phe- 
nomenon does exist, it demands some kind of explanation. 
If then there is to be competition for scientific recog- 
nition, the world without us must yield to the undoubted 
existence of the spirit within. Our own hopes and wishes 
and determinations are the most undoubted phenomena 
within the sphere of consciousness. If men do act, feel, 
and live as if they were not merely the brief products of a 
casual conjunction of atoms, but the instruments of a far- 
reaching purpose, are we to record all other phenomena 
and pass over these ? We investigate the instincts of the 
ant and the bee and the beaver, and discover that they are 
led by an inscrutable agency to work towards a distant 
purpose. Let us be faithful to our scientific method, and 
investigate also those instincts of the human mind by 
which man is led to work as if the approval of a Higher 
Being were the aim of lifa 
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Accident, lo^pcal, 700. 

Accidental discovery, 529. 

Achromatic lenses, 432. 

Actinometer, 337. 

Adamantine medium, 606, 761. 

Adjectives, 14, 30, 31, 35; inde-^ 
terminate, 41, 

Admin, of New Brunswick, 376. 

Affirmation, 44. 

Agassiz, on genera, 726; on crea- 
tion of species, 763. 

Agreement, 44. 

Airy, Sir George Biddell, on per- 
petual motion, 228 ; new property 
of sphere, 232 ; pendulum experi- 
ments, 291, 304, 348, 567 ; stan- 
dard clock, 353 ; book on Errors 
of Observation^ 896 ; tides, 488 ; 
ex^a-polation, 496 ; Thales’ 
eclipse, 537 ; interference of 
light, 589 ; density of earth, 291. 

Alchemists, 506 ; how misled, 428. 

Alg|ebra, 123, 155, 164; Diophan- 
tine, 631. 

Algebraic, equations, 123 ; geo- 
metry, 633. 

AUotropic state, 663, 670. 


Alloys, possible number, 191 ; pro- 
perties, 628. 

Alphabet, the Lo^cal, 93, 104, 1 26 ; 
Morse, 193. 

Alphabet, permutations of letters of 
the, 174, 179. 

Alphabetic indexes, 714. 

Alternative relations, 67 ; exclusive 
and unexclusive, 205. 

Ampere, electricity, 647 ; classifi- 
cation, 679. 

Anagrams, 128. 

Analogy, 627 ; of logical and nume- 
rical terms, 160 ; and generali- 
sation, 596 ; in mathematical 
sciences, 631 ; in theory of undu- 
lations, 635 ; in astronomy, 688 ; 
failure of, 641. 

Analysis, logical, 122. 

Andrews, Prof. Thomas, experiments 
on gaseous state, 71, 613, 665, 
763. 

Angstrom, on spectrum, 424. 

Angular magnitude, 305, 306, 326. 

Antecedent defined, 225. 

Anticipation of Nature, 509. 

Anticip^ions, of Principle of Sub- 
stitution, 21 ; of electric tele- 
graph, 671. 

Apparent, equality, 275 ; sequence 
of events, 409. 

Approximation, theoiy of, 456 ; to 
exact laws, 462 ; mathematical 
principles of, 471 ; arithmetic 
481. 

Aqueous vapour, 600. 

Aquiuas, on disjunctive iBro{K>si- 
tionc^ 69. 
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Arago, photometer, 288 ; rotating 
disc, 685 ; his philosophic cha- 
racter, 692. 

Archimedes, De Ar&m Ntmero, 
195 ; centre of gravity, 863. 

Arcual unit, 306, 330. 

Argyll, Duke of, 741. 

Aristarchus on sun^s and moon’s 
'distan(^ 294. 

Aristotelian doctrines, 666. 

Aristotle, dictum, 21 ; singular 
terms, 39 : overlooked simple 
identities, 40 ; order of premises, 
114 ; logical error, 117 ; defini- 
tion of time, 307 ; on science, 
695 ; on white swans, 666. 

Arithmetic, reasoning in, 167 ; of 
approximate quantities, 481. 

Arithmetical triangle, 93, 143, 
182, 202, 378, 383 ; diagram of, 
184 ; connection with Logical 
Alphabet, 189 ; in probability, 
208. 

Asteroids, discovery of, 412, 748. 

Astronomy, physical, 469. 

Atmospheric tides, 663. 

Atomic theory, 662. 

Atomic weights, 563. 

Atoms, size of, 195 ; impossibility 
of observing, 406. 

Augustin on time, 807. 

Average, 859, 360 ; divergence 
from, 188 ; etymology of, 863. 

Axes of crystals, 686. 

Axioms of algebra, 164. 

Babbagb, Charles, calculating 
machine, 107, 231, 743; light- 
house signals, 194 ; natural con- 
stants, 329 ; Mosaic history, 412 ; 
universal and general truths, 646 ; 
change of law, 230; persistence 
of effects, 767. 

Bacon, Francis Lord, Nomm Orga- 
mm, 107 ; on induction, 121 ; 
biliteral cipher, 193 ; First 
Aphorism, 219 ; on causes, 221 ; 
Copemican system, 249, 638 ; 
dencient powers of senses, 278 ; 
observation, 402; Natural His- 
tory, 408 ; use of hypothesis, 
606 ; Me method, 607 ; fxperv- 
m&ntvm enma, 619 ; error of 
his method, 676 ; ostensive, 
clandestine instances, Ac., 608, 
■MO ; UUens preeemu, 619. 


Bacon, Roger, on the rainbow, 626, 
698. 

Baily, Francis, 272; density of 
earth, 842, 666 ; experiments 
with torsion balance, 370, 397, 
482, 667-8; motions of stars, 
672. 

Bain, Alexander, on powers of 
mind, 4 ; Mill’s reform of logic, 
227. 

Baker’s poem, The Universe, 621. 

Balance, use of the chemical, 292, 
361, 864, 869 ; . delicacy of, 304 ; 
vibrations of, 869. 

Ballot, Buys, experiment on sound, 
641. 

Ballot-box, simile of, 150, 251-6, 
765. 

Barbara, 66, 67, 88, 106, 141. 

Baroko, 86. 

Barometer, 659 ; Gay Lussac’s 
standard, 346 ; variations, 337, 
346, 349. 

Bartholinus on double refraction, 
685. 

Base-line, measurement of, 804. 

Bauhiisius, verses of, 176. 

Baxendell, Joseph, 552. 

Beneke, on substitution, 21. 

Bennet, momentum of light, 435. 

Bentham, George, 15 ; bifurcate 
classification, 695 ; infima species, 
702 ; works on classification, 
703 ; analytical key to flora, 712. 

^ Bentham, Jeremy, on analogy, 629 ; 
bifurcate classification, 703. 

Benzenberg’s experiment, 388. 

Bernoulli, Daniel, planetary -orbits, 
260 ; resisting media and j>ro- 
jectiles, 467 ; vibrations, 476. 

Bernoulli, James, 154; numbers of, 
124; Protean verses, 175; De 
Arte C(mjecita/ndi quoted, 176; 
188 ; on figurate numbers, 183 ; 
theorem oi^ 209 ; false solution 
in probability, 213; solution of 
inverse problem, 261. 

Bessel, F. W., 876 ; law of error, 
384 ; formula for periodic varia- 
tions, 488 ; use of hypothesis, 
606 ; solar parallax, 560-2 ; ellip- 
ticity of earth, 665; pendulum 
experiments, 604. 

Bias, 393, 402. 

Biela’s comet, 746. 

Bifurcate eU^fication» 694. 
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Binomial theorem, 190 ; diBcovery 
of, 231. 

Biot, on tension of vapour, 500. 

Blind experiments, 433. 

Bode's law, 147, 257, 600. 

Boethius, quoted, 33 ; on kinds of 
mean, 360. 

Boiling point; 442, 659. 

Bonnet’s theory of reproduction, 621. 

Boole, George, on sign of equality, 
15 ; his calculus of logic, 23, 113, 
634 ; on logical terms, 33 ; law 
of commutativeness, 35 ; use of 
some, 41-2 ; disjunctive proposi- 
tions, 70 ; Venn on his method, 
90 ; Zaws of Thought, 155 ; 
statistical conditions, 168 ; pro- 
positions numerically definite, 
172 ; on probability, 199 ; 
general method in probabilities, 
206 ; Laplace’s solution of inverse 
problem, 256 ; law of error, 377. 

Borda, bis repeating circle, 290. 

Boscovicb’s hypothesis, 512. 

Botany, 666, 678, 681 ; modes of 
classification, 678 ; systematic, 
722 ; nomenclature of, 727. 

Bowen, Prof. Francis, on inference, 
118 ; classification, 674. 

Boyle's, Robert, law of gaseous 
ressure, 468, 470, 619 ; on 

ypothesis, 510 ; barometer, 659. 

Bradley, his observations, 384 ; 
accuracy of, 271 ; aberration of 
light, 535. 

Bravais, on law of error, 375. 

Brewer, W. H., 142. 

Brewster, Sir David, iridescent 
colours, 419 ; spectrum, 429 ; 
Newton's theory of colours, 518 ; 
refractive indices, 10, 527 ; ojitic 
axes, 446. 

British Museum, catalogue of, 717. 

Brodie, Sir B. C., on errors of 
experiment, 388, 464 ; ozone, 
663. 

Brown, Thomas, on cause, 224. 

Buckle, Thomas, on constancy of 
average, 656 ; science of histolry, 
760. 

Buffon, on probability, 215 ; defini- 
tion of genius, 576. 

Bunsen, Robert, spectrum, 244 ; 
photometrical researches, 273, 
324, 441 ; calorimeter, 343. 

Butler, Bishop, on probability, 197 


CA.LOBS80E1TOE, 664. 

Oamestres, 84. 

Canton, on compressibility of water, 

888 . 

Carbon, 640, 728 ; conductibility 
of, 442. 

Cardan, on inclined plane, 501. 

Cards, combinations of, 190. 

Carlini, pendulum experiments, 
567. 

Carnot’s law, 606. 

Carpenter, Dr. W. B., 412. 

Catalogues, art of making, 714. 

Cauchy, undulatory theory, 468. 

Cause, 220 ; definition of, 224. 

Cavendish’s experiment, 272, 566. 

Cayley, Professor, 145 ; on mathe- 
matical tables, 331 ; numbers of 
chemical compounds, 544. 

Celarent, 55. 

Centre of gravity, 863, 524 ; of 
oscillation, gyration, &c., 364. 

Centrobaric bodies, 864. 

Certainty, 235, 266. 

Cesare, 85. 

Chalmers, on collocations, 740. 

Chance, 198. 

Character, human, 783. 

Characteristics, 708. 

Chauvenet, Professor W., on treat- 
ment of observations, 391. 

Chemical affinity, 614 ; analysis, 
713, 

Chladni, 446. 

Chloroform, discovery of, 531. 

Chronoscope, 616. 

Cipher, 32 ; Bacon’s, 193. 

Circle, circumference of, 389. 

Circumstances, indifferent, 419. 

Circumstantial evidence, 264. 

Clairaut, 650, 651 ; on gravity, 
463. 

Classes, 25 ; problem of common 
part of three, 170. 

Classification, 678 ; involving in- 
duction, 675 ; multiplicity of 
modes, 677 ; natural and arti- 
ficial systems, 679 ; in crystal- 
lography, 685 ; symbolic state- 
ment of, 692 ; bifurcate, 694 ; 
an inverse and tentative operation, 
689 ; diagnostic, 710 ; "by indexes, 
714 ; of books, 715 ; in biological 
sciences, 718 ; genealogical, 719; 
by types, 722 ; limits of, 730. 

Clifford, Professor, on ty^ea oi 
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compound statemeuts, 143, 529 ; 
first and last catastirophe, 744 ; 
mathematical function, 768. 

Clocks, astronomical, 340, 858. 

Clouds, 447 ; cirrous, 411. 

Coincidences, 128 ; fortuitous, 261 ; 
measurement by, 292 ; method 
of, 291. 

Oollectiire terms, 29, 39. 

Collocations of matter, 740. 

Colours, iridescent, 419 ; natural, 
618 ; perception of, 487 ; of spec- 
trum, 584, 

Combinations, 135, 142 ; doctrine 
of, 173 ; of letters of alphabet, 
174 ; calculations of, 180 ; higher 
orders of, 194. 

Combinatorial analysis, 176. 

Carnets, 449 ; number of, 408 ; 
hyperbolic, 407 ; classification 
of, 684 ; conflict with, 746-7 ; 
Halley’s comet, 637 ; Lexell’s 
comet, 651. 

Commutativeness, law of, 36, 72, 
ITT. 

Comparative use of instruments, 
299. 

Compass, variations of, 281. 

Complementary statements, 144. 

Compossible alternatives, 69. 

Compound statements, 144; events, 
204. 

Compounds, chemical, 192. 

Comte, Auguste, on probability, 
200, 214 ; on prevision, 636 ; his 
positive philosophy, 762, 760, 
768. 

Concrete number, 169. 

Conditions, of logical symbols, 82 ; 
removal of usual, 426 ; inter- 
ference of unsuspected, 428 ; 
maintenance of similar, 443 ; 
approximation to natural, 466. 

-Oondoi'cet, 2 ; his problem, 263. 

< 'onfusion of elements, 237. 

Conical refraction, 663. 

Conjunction of planets, 298, 
667. 

<3on8equent, definition of, 226. 

Conservation of energy, 788. 

Constant numbers of nature, 828 ; 
mathematical, 830 ; physical, 
331 ; astronomical, 332 ; terres- 
trial, 333 ; organic, 388 ; social, 
834. 

Continuity* law of, 616, 729 ; sense 


of, 498 ; detection of, 610 ; 
failure of, 619. 

Continuous quantity, 274, 485, 

Contradiction, law of, 81, 74. 

Contrapositive, proposition, 84, 
186 ; conversion, 88. 

Conversion of propositions, 46, 118. 

Copernican theory, 622, 626, 638, 
647. 

Copula, 16. 

Cornu, velocity of light, 661. 

Corpuscular theory, 620, 638, 667. 

Correction, method of, 846. 

Correlation, 678, 681. 

Cotes, Roger, use of mean, 369 ; 
method of least squares, 377. 

Coulomb, 272. 

Couple, mechanical, 663. 

Creation, problem of, 740. 

Crookes' radiometer, 436. 

Cross divisions, 144. 

Crystallography, 648, 654, 6.58, 

678, 764 ; systems of, 138 ; clas- 
sification in, 685. 

Crystals, 602 ; Dana's classification 
of, 711 ; pseudomorphic, 668. 

Curves, use of, 892, 491, 496 ; of 
various degrees, 473. 

Cuvier, on experiment, 423 : on 
inferences, 682. 

Cyanite, 609. 

Cycloid, 633, 

Cycloidal pendulum, 461. 

Cypher, 124. 

D’Alembert, blunders in proba- 
bility, 213, 214 ; ongi-avity, 468. 

Dalton, laws of, 464, 471 ; atomic 
theory, 662. 

Darapti, 69. 

Darii, 66. 

Darwin, Charles, his works, 131 ; 
negative results of observation, 
413 ; argiimeuts against his theory, 
437 ; cultivated plants, 631 ; his 
influence, 676 ; classification, 71 8 ; 
constancy of character in classifi- 
cation, 720-1 ; on definitio]i^726 ; 
restoration of limbs, 730 ; ten- 
dency of his theory, 762, 764. 

Davy, Sir H., on new instruments, 
270 ; nature of heat, 348, 417 ; 
detection of salt in electrolysis, 
428. 

Day, sidereal, 310 ; length of, 289. 

Decandolle, on classification, 696. 
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Decyph^ring, 124. 

Deduction, 11, 49. 

Deductive reasoning, 534 ; miscel- 
laneous forms o( 60 ; probable, 
209. 

Definition, 89, 62, 711, 723; pur- 
pose of, 64 ; of cause and power, 
224. 

De Morgan, Augustus, native 
terms, 14 ; Aristotle’s logic, 18 ; 
relatives, 23; logical universe, 
48 ; complex propositions, 76 ; 
contraposition, 83 ; formal logic 
quoted, 101 ; error of his system, 
117 ; anagram of his name, 128 ; 
numerically definite reasoning, 
168-172 ; probability, 198 ; belief, 
1 99 ; experiments in probability, 
207 ; probable deductive argu- 
ments, 209-210 ; trisection of 
angle, 233 ; probability of infer- 
ence, 269 ; arcual unit, 806 ; 
mathematical tables, 331 ; per- 
sonal error, 848 ; average, 863 ; 
his works on probability, 894- 
396 ; apparent sequence, 409 : 
sub* equality, 480; rule of ap- 
proximation, 481 ; negative areas, 
629 ; generalisation, 600 ; double 
algebra, 634 ; bibliography, 716 ; 
catalogues, 716 ; extensions of 
algebra, 758. 

Density, unit of, 816 ; of earth, 
387 ; negative, 642. 

Descartes, vortices, 617 ; geometry, 
632. 

Description, 62. 

Design, 762-768. 

Determinants, inference by, 60, 

Development, logical, 89, 97. 

Diagnosis, 708. 

Dichotomy, 703. 

Difft^rence, 44 ; law of, 6 ; sign of, 
17 ; representation of, 45; infer- 
ence with, 62, 166 ; form of, 168. 

Differences of numbers, 186. 

Differential calculus, 477. 

Diffetential thermometer, 846. 

Diffraction of light, 420. 

Dimensions, theory of, 826, 

Dip-needle, observation of, 855. 

Di^t deduction, 49. 

Direction of motion, 47. 

Discontinuity, 620. 

Discordance, of theory and experi- 
ment, 668 ; of theories, 687. 


Discoveries, accidental, 629 r pare- 
dictedi, 686 ; scope for, 762 

Discrimination, 24 ; power of, 4. 

Disjunctive, terms, 66; conjunction, 
67 j propositions, 66 ; syllogism, 
77 ; argument, 106. 

Dissipation of energy, 310. 

Distance of statements, 144. 

Divergence from average, 188. 

Diversity, 166. 

Divine interference, .765. 

Dollond, achromatic lenses, 608. 

Donkin, Professor, 875 ; on proba- 
bility, 199, 216 ; princifde of 
inverse method, 244. 

Double refraction, 426. 

Dove’s law of winds, 684. 

Draper’s law, 606. 

Drooitsch, 16. 

Duality, 73, 81 ; law of, 6, 46, 92, 
97. 

Dulong and Petit, 841, 471. 

Duration, 808. 

6, 330, 769. 

Earth, density of, 887 ; ellijjticity, 

666 . 

Eclipses, 656 ; Egyptian records of, 
246 ; of Jupiter’s satellites, 294, 
372 ; solar, 486. 

Electric, sense, 406 ; acid, 428 ; 
fluid, 528. 

Electric telegraph, anticipations of, 
671. 

Electricity, theories of, 622 ; duality 
of, 690. 

Electrolysis, 428, 630. 

Electro-magnet, use of, 423. 

Elements, confusion of, 237 ; defini- 
tion, 427 ; classification, 676, 
677, 690. 

Elimination, 68. 

Ellicott, observation on clocks, 466. 

Ellipsis, 41 ; of terms, 67. 

Elliptip variation, 474. 

Ellipticity of earth, 665. 

Ellis, A. J., contributions to formal 
logic, 172. 

Ellie, Leslie, 23, 375. 

Ellis, W., on moon’s influence, 410. 

Emanation, law of, 463. 

Emotions, 732. 

Empirical, knowledge, 506, 625- 
626 ; measurement, 562. 

Encke, on mean, 386, 389; his 
comet, 670, 606; on resisting 
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mediitin» $28; solar parallax, 
662. 

Energy, unit of, 822 ; conservation 
df. 466; reconcentration of, 761. 

English language, words in, 175. 

Eozoon canadense, 412, 668. 

Equality, sign of, 14 ; axiom, 163; 
four meanings of, 479. 

Equations, 46, 53, 160 ; solution of, 
123. 

Equilibrium, unstable, 276, 654. 

Equisetaceas, 721. 

Equivalence of propositions, 115, 
120, 132; remarkable case of, 
529, 657. 

Eratosthenes, sieve of, 82, 123, 
139 ; measurement of degree, 
293. 

Error, function, 330, 876, 881 ; 
elimination of, 839, 363 ; per- 
sonal, 847 ; law of, 374 ; origin 
of law, 383 ; verification of law, 
383 ; probable, 386 ; mean, 387 ; 
constant, 896 ; variation of small 
errors, 479. 

Ether, luminiferous, 512, 614, 605. 

Euclid, axioms, 51, 163; indirect 
I)roof, 84 ; 10th book, 117th 
proposition, 276; on analogy, 
631. 

Euler, on certainty of inference, 
238 ; corpuscular theory, 435 ; 
gravity, 463 ; on ether, 614. 

Everett, Professor, unit of angle, 
806 ; metric system, 328. 

Evolution, theory of, 761. 

Exact science, 466. 

Exceptions, 132, 644, 728 ; classifi- 
cation of, 645 ; imaginary, 647 ; 
apparent, 649 ; singular, 652 ; 
divergent, 665 ; accidental, 658 ; 
novel, 661 ; limiting, 663 ; real, 
666 ; unclassed, 668. 

Excluded middle, law of, 6. 

Exclusive alternatives, 68. 

Exhaustive investigation, 418. 

Expansion, of bodies^ 478 ; of 
liquids, 488. 

Experiment, 400, 416 ; in proba- 
bility, 208 ; test or blind, 433 ; 
negative results of, 434; limits 
of, 437 ; collective, 446 ; sim- 
plification of, 422 ; failure in 
simplification, 424. 

Bxperimentalisi^ character of, 574, 
592. 


Experimentum crucis, 518, 567. 
Explanation, 532. 

Extent of meaning, 26 ; of terms, 


Extrapolation, 495. 


Factorials, 179. 

Facts, importance of false, 414, 
conformity with, 516. 

Fallacies, 62 ; analysed by indirect 
method, 102 ; of observation, 408, 

Faraday, Michael, measurement of 
gold-leaf, 296 ; on gravity, 842, 
589 ; magnetism of gases, 352 ; 
vibrating plate, 419 ; electric 
poles, 421 ; circularly polarised 
light, 424, 588, 630 ; freezing 
mixtures, 427 ; magnetic experi- 
ments, 431, 434 ; lines of mag- 
netic force, 446, 680 ; errors of 
experiment, 465 ; electrolysis, 
602 ; velocity of light, 620 ; pre- 
diction, 543 ; relations of phy- 
sical forces, 647 ; character of, 
578, 687 ; ray vibrations, 679 ; 
mathematical power, 680 ; philo- 
sophic reservation of opinion, 
592 ; use of heavy glass, 609 ; 
electricity, 612 ; radiant matter, 
642 ; hydrogen, 691. 

Fatality, belief in, 264. 

Ferio, 66. 

Figurate numbers, 183, 186. 

Figure of earth, 469, 666. 

Fizeau, use of Newton’s rings, 297, 
582 ; fixity of properties, 313 ; 
velocity of light, 441, 661. 

Flamsteed, use of wells, 294 ; 
standard stars, 301 ; parallax of 
pole-star, 338 ; selection of obser- 
vations, 868 ; astronomical in- 
struments, 391 ; solar eclipses, 
486. 

Fluorescence, 664. 

Fontenelle on the senses, 405 

Forbes, J. D., 248 

Force, unit of, 322, 326 ; ema- 
nating, 464 ; represontatiofL of, 
633. 

Formulae, empirical, 487 ; rational, 
489. 

Fortia, Tratti des Progressions, 183. 

Fortuitous coincidences, 261. 

Fossils, 661. 

Foster, G. 0., on classification, 691. 

Foucault, rotating mirror, 299 ; pen- 
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dulom, 84^ 431» 622 ; onyelocity 
of light, 441, 621, 661. 

Fourier, Joseph, theory of dimen- 
sions, 826 ; theory of heat, 469, 
744. 

Fowler, Thomas, on method of 
difference, 439 ; reasoning from 
case to case, 227. 

Frankland, ftofessor Edward, on 
spectrum of gases, 606. 

Franklin's expeiiments on heat, 
424. 

Fraunhofer, dark lines of spectrum, 
429. 

Freezing-point, 646. 

Freezing mixtures, 546. 

Fresnel, inflexion of light, 420 ; 
corpuscular theory, 521 ; on use 
of hypothesis, 638 ; double re- 
fraction, 639. 

Friction, 417 ; determination of, 
347. 

Function, definitions of, 489. 

Functions, discovery of, 496. 

Galileo, 626 ; on cycloid, 282, 
236 ; differential metliod of obser- 
vation, 344 ; projectiles, 447, 
466 ; use of telescope, 622 ; 
gravity, 604 ; principle of con- 
tinuity, 617. 

Gallon, definition of, 318. 

Galton, Francis, divergence from 
mean, 188 ; works by, 188, 665 ; 
on hereditary genius, 886, 666. 

Galvanometer, 361. 

Gani^res, de, 182. 

Gases, 613 ; properties of, 601, 602 ; 
perfect, 470 ; liquefiable, 665. 

Gauss, pendulum experiments, 316; 
law of error, 876-6 ; detection of 
error, 396 ; on gravity, 463. 

Gay Lussac, on boiling point, 669 ; 
law of, 669. 

Genealogical classification, 680, 719. 

General, terms, 29 ; truths, 647 ; 
notions, 678. 

G^erdisation, 2, 694, 704 ; mathe- 
matical, 368 ; two meanings of, 
697 ; value of, 699 ; hasty, 623. 

Genius, nature of, 676. 

Genus, 433, 698 ; generaJissimum, 
701 ; natural, 724. 

Geology, 667 ; records in, 408 ; 
slowness of changes, 488 ; excep- 
tions in, 660. 


Geometric mean, 861. 

Geometric reasoning, 468 ; certainty 
of, 267. 

Giffard’s injector, 686 

Gilbert on rotation of earth, 249 ; 
magnetism of silver, 481 ; expe- 
rimentation, 443. 

Gladstone, J. H., 446. 

Glaisher, J. W. L., on mathematical 
tables, 881 ; law of error, 376,896. 

Gold, discovery of, 413. 

Gold-assay process, 434. 

Gold-leaf, thickness of, 296. 

Graham, Professor Thomas, on 
chemical affinity, 614; conti- 
nuity, 616, nature of hydiogen, 
691. 

Grammar, 89 ; rules of, 31. 

Grammatical, change, 119 ; equi- 
valence, 120. 

Gramme, 317. 

Graphical method, 492. 

Gravesande, on inflection of light, 
420. 

Gravity, 422, 612, 514, 604, 740 ; 
determination of, 802 ; elimi- 
nation of, 427 ; law ot^ 458, 462, 
474 ; inconceivability of, 610 ; 
Newton’s theory, 556 ; variation 
of, 665 ; discovery of law, 681 ; 
Faradiiy on, 689 ; discontinuity 
in, 620 ; Aristotle on, 649 ; 
Hooke’s experiment, 436. 

Grimaldi on we speotrum, 684. 

Grove, Mr. Justice, on ether, 614 ; 
electricity, 615. 

Guericke, Otto von, 432. 

Habit, formation of, 618. 

Halley, trade-winds, 634. 

Halley B comet, 637, 570. 

Hamilton, Sir William, disjunctive 
propositions, 69 ; inference, 118 ; 
free-will, 228. 

Hamilton, SirW. Bowan, on conical 
refraction, 640 ; quaternions, 684. 

Harley, Rev. Robert, on Boole’s 
lo£pc, 23, 156. 

Harris, standards of length, 312. 

Hartley, on logic, 7. 

Hatchett, on sQloys, 191. 

Hanghton, Professor, on tides, 
460 ; muscular exertion, 490. 

Haiiy, on crystallography, 629. 

Hayward, R. B., 142. 

Heat, unit of, 824; measurement 
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of, 849 ; experiments on, 444; 
mechanicai equivalent of, 568. 

Heavy glass, 588, 609. 

Helmnoltz, on microscopy, 406 ; 
undulations, 414 ; sound, 476. 

Hemihedral crystals, 649. 

Herschel, Sir John, on rotation of 
plane of polarisation of light, 129, 
680 ; quartz crystals, 246 ; nu- 
merical precision, 278 ; photo- 
metry, 273 ; light of stars, 802 ; 
actiuometer, 337 ; mean and 
average, 863 ; eclipses of Jupiter’s 
satellites, 872 ; law of error, 377 ; 
error in observations, 892 ; on 
observation, 400; moon’s influ- 
ence on clouds, 410 ; comets, 411 ; 
spectrum analysis, 429 ; collective 
instances, 447, principle of forced 
vibrations, 451, 663 ; meteoro- 
logical variations, 489 ; double 
stars, 499, 685 ; direct action, 
502 ; use of theory, 508 ; ether, 
615 ; experimentum criiciSf 619 ; 
interference of light, 639 ; inter- 
ference of sound, 640 ; density of 
earth, 667 ; residual phenomena, 
669 ; helicoidal dissymmetry, 
630 ; fluorescence, 664. 

Hindenburg, on c<»rabinatorial 
analysis, 176. 

Hipparchus, used method of repeti- 
tion, 289 ; longitudes of stars, 294. 

Hippocrates, area of lunulo, 480. 

History, science of, 760. 

Hobbes, Thomas, definitioh of cause, 
224 ; definition of time, 307 ; on 
liypothesis, 610. 

Hofmann, unit called crith, 321 ; 
on prediction, 644 ; on anomalies, 
670. 

Homogeneity, law of, 159, 827. 

Hooke, on gravitation, 436, 581 ; 
philosophical method, 607 ; on 
strange things, 671. 

Hopkinson, John, 194 j method of 
interpolation, 497. 

Horrocks, use of mean, 368 ; use 
of hypothesis, 607. 

Hume on perception, 84. 

Hutton, density of earth, 666. 

Huxley, Professor Thomas, 764; 
on hypothesis, 609 ; classification, 
676 ; mammalia, 682 ; palaeon- 
tology, 682. . 

Huyghens, theory of pendulum, 802 ; 


pendulum standard, 316 ; cycloidal 
pendulum, 341 ; differential me- 
thodr844; distant stars, 405 ; use 
of h^othesia, 608 ; philosophical 
method of, 685 ; on analogy, 
639. 

Hybrids, 727. 

Hydrogen, expansion of, 471 ; re- 
fractive power, 627 ; metallic 
nature of, 691. ■ 

Hygrometry, 663. 

Hypotheses, use of, 265, 604 ; sub- 
.stitution of simple hypotheses, 
458 ; working hypotheses, 609 ; 
requisites of, 610; descriptive, 
522, 686 ; representative, 624 ; 
probability of, 669. 

Identical propositions, 119. 

Identities, simple, 37 ; partial, 40 ; 
limited, 42; simple and partial, 
111; inference from, 51, 65. 

Identity, law of, 6, 6, 74 ; expres- 
sion of, 14 ; propagating power, 
20 ; reciprocal, 46. 

Illicit process, of major term, 66, 
103 ; of minor term, 65. 

Immediate inference, 60, 61. 

J tiiperfect induction, 146, 149. 

Inclusion, relation of, 40. 

Incommensurable quantities, 276. 

Incompossible events, 205. 

Independence of small effects, 475, 

Independent events, 204. 

Indestructibility of matter, 466. 

Indexes, classification by, 714; 
formation of, 717. 

India-rubber, properties of, 645. 

ladimct method of deduction, 49, 
81 ; illustrations of, 98 ; fallacies 
analysed by, 102 ; the test of 
equivalence, 115. 

Induction, 11, 121 ; symbolic state- 
ment of, 131 ; perfect, 146 ; im- 
perfect, 149 ; philosophy of, 218 ; 
grounds of, 228 ; illustrations of, 
229 ; quantitative, 488 ; problem 
of two classes, 134 ; problem 4 )f 
three classes, 137. 

Inductive truths, classes of, 219. 

Inequalities, reasoning by, 47, 163, 
166-166. 

Inference, 9 ; general formula of, 
17 ; immediate, 60 ; with two 
simple identities, 61 ; from 
simple and partial identity, 63 ; 
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with partial identities, 55 ; by 
sum of predicates, 61 ; by dis- 
junctive propositions, 76 ; indi- 
rect method of, 81 ; nature of, 
118 ; principle of mathematical, 
162 ; certainty of, 236. 

Infima species, 701, 702. 

Infiniceness of universe, 738. 

Inflection of light, 420. 

Instantise, citantes, evocantes, radii, 
cuniculi, 270 ; monodic®, irregu- 
lares, heteroclitae, 608 ; clandes- 
tinffi, 610. 

Instruments of measurement, 284. 

Insufficient enumeration, 176. 

Integration, 12;3. 

Intellect, etymology of, 6. 

Intension of logical terms, 26, 48 ; 
of propositions, 47. 

Interchangeable system, 20. 

Interpolatiou, 495 ; in meteorology, 
497. 

Inverse, process, 12 ; operation, 122, 
689 ; problem of two classes, 134 ; 
problem of three classes, 137 ; 
problem of probability, 240, 251 ; 
rules of inverse method, 257 ; 
simple illustrations, 253 ; general 
solution, 255. 

Iodine, the substance X, 528. 

Iron, properties of, 528, 670. 

Is, ambigiiity of verb, 16, 41, 

Isomorphism, 662. 

Ivory, 375. 

James, Sir H., on density of earth, 
567. 

Jenkin, Professor Fleming, 328. 

Jevons, W. S., on use of mean, 861 ; 
on pedesis or molecular move- 
ment of microscopic particles, 406, 
549 ; cirrous clouds. 411 ; spec- 
trum analysis, 429 ; elevated 
rain-gauges, 430 ; experiments 
on clouds, 447 ; on muscular 
exertion, 490 ; resisting medium, 
570 ; anticipations of the electric 
telegraph, 671. 

Jones, Dr. Bence, Life of Faraday, 
578. 

Jordanus, on the mean, 860. 

Joule, 545 ; on thermopile, 299, 
300 ; mechanical equivalent of 
heat, 825, 347, 568 ; temperature 
of air, 343 ; rarefaction, 444 ; 
on Thomson*! prediction, 543 ; 


molecular theory of gaaes, 548 ; 
friction, 549 ; thermal pheno- 
mena of fluids, 557. 

Jupiter, satellites of, 372, 458, 688, 
656 ; long inequality of; 455 ; 
figure of, 556. 

Kambs, Lord, on bifurcate classifi- 
cation, 697. 

Kant, disjunctive propositions, 69 ; 
analogy, 597 ; doctrine of space, 
769. 

Rater’s pendulum, 316. 

Kcill, law of emanating forces, 464 ; 
axiom of simplicity, 625. 

Kepler, on star-discs, 390 ; comets, 
408 ; laws of, 456 ; refraction, 
501 ; character of, 678. 

Kinds of things, 718. 

King Charles and the Royal Society, 
647. 

Kirchhoff, on lines of spectrum, 245. 

Kohlrauscli, rules of approximate 
calculation, 479. 

Lagrange, formula for interpola- 
tion, 497 ; accidental discovery, 
531 ; union of algebra and geo- 
metry, 633. 

Lambert, 15. 

Lamont, 452. 

language, 8, 628, 643. 

Laplace, on probability, 200, 216 ; 
principles of inverse method, 242 ; 
solution of inverse problem, 266 ; 
planetary motions, 249, 260 ; 
conjunctions of planets, 293 ; 
observation of tides, 372 ; at- 
mospheric tides, 367 ; law of 
errors, 378 ; dark stars, 404 ; 
hyperbolic comets, 407 ; his 
works on probability, 895; ve- 
locity of gravity, 436; stability 
of planetary system, 448, 746 ; 
form of Jupiter, 566 ; corpuscular 
theory, 521 ; ellipticity of earth, 
666 ; velocity of sound, 571 ; 
analog, 597 ; law of gravity, 
615 ; inhabitants of planets, 640 ; 
laws of motion, 706 ; power of 
science, 739, 

liSvoisier, mistaken, inference of, 
238 ; pyrometer, 287 ; on experi- 
ments, 423; prediction of, 544 ; 
theory, 611 ; on adds, 667 

Law, 8 ; of simplicity, 83, 72, 161 ; 
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commatatiyenesfl, 85, 160 ; dis- 
junctive relation, 71 ; unity, 72, 
157, 162 ; identity, 74 ; contra- 
diction, 74, 82 ; duality, 78, 74, 
81, 97, 169 ; homogeneity, 159 ; 
error, 874 ; continuity, 615 ; of 
Boyle, 619 ; natural, 737. 

Laws, of thought, 6 ; empirical 
mathematical, 487 ; of motion, 
617 : of botanical nomenclature, 
727 ; natural hierarchy of, 742. 

Least squares, method of, 886, 393. 

Legendre, on geometry, 275 ; re- 
jection of observations, 391 ; 
method of least squares, 377. 

Leibnitz, 154, 163 ; on substitution, 
21 ; propositions, 42 ; blunder in 
probability, 213 ; on Newton, 
515 ; continuity, 618. 

Leslie, differential thermometer, 
345 ; radiating power, 425 ; on 
affectation of accuracy, 482. 

Letters, combinations of, 193. 

Leverrier, on solar parallax, 562. 

Lewis, Sir G. 0., on time, 307. 

Life is change, 173. 

Light, intensity of, 296 ; unit, 824 ; 
velocity, 535, 560, 561 ; science of, 
688 ; total reflection, 650 ; waves 
oif, 637 ; classification of, 731, 

Lighthouses, Babbage on, 194. 

Limited identities, 42 ; inference of 
59. 

Lindsay, Piof. T. M., 6, 21. 

Linear variation, 474. 

Linneeus on synopsis, 712 ; genera 
and species, 725. 

Liquid state, 601, 614. 

Locke, John, on induction, 121 ; 
origin of number, 157 ; on proba- 
bility, 216 ; the word power, 221. 

Lockyer, J. Norman, classification 
of elements, 676. 

Logarithms, 148 ; errors in tables, 
242. 

Logic, etymology of name, 5. 

Logic^ aWcus, 104. 

Logical alphabet, 93, 116, 173, 417, 
701 ; table of, 94 ; connection 
with arithmetical triangle, 189 ; 
in probability, 205. 

Iiogical conditions^ numerical inean- 
ij^ of, 171. 

Logical machine, 107. 

logical relations, number of, 142. 

Logical slate, 95. 


Logical truths, certainty 153. 

Lottery, t^e infinite, 2. 

liovering, Prof., on ether, 606. 

Lubbock and Drinkwater-Bethune, 
386, 895. 

Lucretius, rain of atoms, 223, 741 ; 
indestructibility of matter, 622. 

Machine, logical, 107. 

Macleay, system of classification, 
719. 

Magnetism of gase.s, 852. 

Mallet, on earthquakes, 814. 

Malus, ^larised light, 630. 

Mammalia, characters of, 681. 

Manchester Literary and Philo- 
sophical Society, papers quoted, 
137, 143, 168. 

Mansel, on disjunctive propositions, 

69. 

Mars, white spots of, 596. 

Maskelyne, on personal error, 347 ; 
deviation of plumbline, 869 ; 
density of earth, 566. 

Mass, unit of, 317, 325. 

Mathematical science, 767 ; incom- 
pleteness of, 754. 

Matter, uniform properties of, 603 ; 
variable properties, 606. 

Matthiessen, 528. 

Maximum points, 371. 

Maxwell, I’rofessor Clerk, on the 
balance, 304 ; natural system of 
standards, 311, 319 ; velocity of 
electricity, 442 ; on Faraday, 
580 ; his book on Matter and 
Motion^ 634. 

Mayer, proposed repeating circle, 
290 ; on mechanical equivalent of 
heat, 568, 672. 

Mean, etymology of, 859-360 ; 
geometric, 362 ; fictitious, 363; 
precise, 865 ; probable, 886 ; 
rejection of, 889 ; method of, 
857, 654. 

Mean error, 387. 

Meaning, of names, 25 ; of propo- 
sitions, 47. 

Measurement, of phenomena, 270; 
methods of, 282 ; instruments, 
284 ; indirect, 296 ; accuracy of, 
803 ; units and standards of, 305 ; 
explained results of, 554 ; agree- 
ment of modes of, 564. 

Mediate statements, 144. 

Melodies, possible number 191. 
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Melrill, Thomas, on the spectrum, 
429. 

Mmbra dwidenUa^ 68. 

Metals, probable character of new, 
258 ; transparency, 548 ; classi- 
fication, 675 ; density, 706. 

Method, indirect, 98 ; of avoidance 
of error, 840 ; differential, 844 ; 
correction, 846 ; compensation, 
850 ; reversal, 854 ; means, 857 ; 
least squares, 877, 886, 893 ; 
variations, 489 ; graphical, 492 ; 
Baconian, 507. 

Meteoric streams, 872. 

Meteoric cycle, 587. 

Metre, 849 ; error of, 314. 

Metric system, 818, 828. 

Michell, speculations, 212 ; on 
double stars, 247 ; Pleiades, 248 ; 
torsion balance, 566. 

Middle term undistributed, 64. 

Mill, John Stuart, disjunctive pro- 
positions, 69 ; induction, 121, 
594 ; music, 191 ; probability, 
200-201, 222; supposed reform 
of. logic, 227 ; deductive method, 
265, 508 ; elimination of chance, 
885 ; joint method of agreement 
and difference, 425 ; method of 
variations, 484 ; on collocations, 
740 ; erroneous tendency of his 
philosophy, 752. 

Miller, Prof. W. H., kilogram, 318. 

Mind, powers of, 4 ; phenomena 
of, 672. 

Minerals, classification of, 678. 

Minor term, illicit process of, 65. 

Mistakes, 7. 

ModuSt toUndo ponenSf 17 ; ponendo 
tollenSy 78. 

Molecular movement, or pedesis, 
406. 

Molecules, number of, 195. 

Momentum, 822, 826. 

Monro, C. J., correction by, 172; 
on Comte, 758. 

Monstrous productions, 657. 

Moon, supposed influence on clouds, 
410 ; atmosphere of, 484 ; mo- 
tions, 485 ; fall towards earth, 
555. 

Morse alphabet, 198. 

Mother of pearl, 419. 

Mflller, Max, on etymology of intel- 
lect, 5. 

Multiplication in logics 161. 


Murphy, J. J., on disjunctive 
relation, 71. 

Murray, introduced use of ice, 843. 

Muscular susnrrus, 298. 

Music, possible combinations of, 
191. 

Names, 25; of persons, ships, &c., 
680. 

Nature. 1 ; laws of? 787 ; uniform- 
ity of, 745. 

Nebular theory, 427. 

Negation, 44. 

Negative arguments, 621. 

Negative density, 642. 

Negative premises, 63, 103, 

Nega,tive propositions, 43. 

Negative results of experiment, 434. 

Negative terms, 14, 45, 54, 74. 

Neu on use of hypothesis, 509. 

Neptune, discovery of, 537, 660. 

Newton, Sir Isaac, binomial theo- 
rem, 231 ; spectrum, 262, 418, 
420, 424, 588 ; rings of, 288, 
470 ; velocity of sound, 295 ; 
wave-lengths, 297 ; use of pen- 
dulum, 808 ; on time, 808 ; 
definition of matter, 816; pen- 
dulum experiment, 848, 448, 
604 ; centrobaric bodies, 865; on 
weight, 422 ; achromatic lenses, 
482 ; resistance of space, 485 ; 
absorption of light, 445 ; pla- 
netary motions, -249, 457, 463, 
466, 467 ; infinitesimal calculus, 
477 ; as an alchemist, 505 ; his 
knowledge of Bacon's works, 507 ; 
hypotheses non fingo, 515 ; on vor- 
tices, 517 ; theory of colours, 
518 ; corpuscular theory of light, 
520 ; fits of easy reflection, &c., 
523 ; combustible substances, 
527 ; gravity, 555, 650; density of 
earth, 566 ; velocity of sound, 
571 ; third law of motion, 622 ; 
his rules of philosophising, 625 ; 
fluxions, 688 ; theoiy of sound, 
688 ; negative density, 642 ; 
rays of light having sides, 662. 

Newtonian Method, 581. 

Nicholson, discoveiy of electrolysis, 
580. 

Ninth BridgeunUer Treatise quoted, 
748, 757. 

Nipher, Professor, on muscular 
exertion, 490. 
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Noble, Captain, cbronoscope, 808, 
616. 

Noznenelature, laws of botanical, 
727. 

Non-observation, azgnments from,* 
411. 

Norwood’s measurement of a degree, 
272. 

Nothing, 32. 

Number, nature of, 158, 166 ; con- 
crete and abstract, 159, 305. 

Numbers, prime, 123 ; of Ber- 
noulli, 124; figurate, 183; tri- 
angular, &c., 185. 

Numerical abstraction, 158. 

Observation, 399 ; mental con- 
ditions, 402 ; instrumental and 
sensual conditions, 404 ; external 
conditions, 407. 

Obverse statements, 144. 

Ocean, depth of, 297. 

Odours, 732. 

Oersted, on electro-magnetism, 530, 
535. 

Or, meaning of, 70. 

Order, of premises, 114 ; of terms, 
33. 

Orders of combinations, 194. 

Ori^nal reseai’ch, 574. 

Oscillation, centre of, 364. 

Osteusive instances, 608. 

Ozone, 663, 

r, value of, 234, 529. 

Pack of cards, arrangement of, 241. 

Paley on design, 762, 763. 

Parallax, of stars, 344; of sun, 
560. 

Parallel forces, 652. 

Paralogism, 62. 

Parity of reasoning, 268. 

Partial identities, 40, 56, 57, 111 ; 
induction of, 130. 

Particular quantity, 56. 

Particulars, reasoning from, 227. 

Partition, 29. 

Pascal, 176 ; arithmetical nmchine, 
107 ; arithmetical triangle, 182 ; 
binomial formula, 182 ; error in 
probabilities, 213 ; barometer, 
519. 

Paasive state of steely 659. 

Pedesis, or molecular movement 
of xnicroseopio particles, 406, 
612. 


Peirce, Professor, 23 ; on rejection 
of observations, 891. 

Pendulum, 290, 302, 815; faults 
of, 811 ; vibrations, 453, 454 ; 
cycloidal, 461. 

Perfect induction, 146, 149. 

Perigon, 306. 

Permutations, 178, 178 ; distinction 
from combinations, 177. 

Personal eri’or, 847. 

Photometry, 288. 

Physiology, exceptions in, 668. 

Planets, conjunctions of, 181, 187, 
657 ; discovery of, 412 ; motions, 
457 ; perturbations of, 667 ; 
classification, 683 ; system of, 
748. 

Plants, classification of, 678. 

Plateau’s experiments, 427. 

Plato on science, 595. 

Plattes, Gabriel, 434, 438. 

Pliny on tides, 451. 

Plumb-line, divergence of, 461. 

Plurality, 29, 166. 

Poinsot, on probability, 214. 

Poisson, on principle of tlr^ in- 
verse method, 244 ; work on 
Probability, 895; Newton’s rings, 
470 ; simile of ballot-box, 524. 

Polarisation, 653 ; discovery of, 
630. 

Pole-star, 652; observations of, 866. 

Poles, of magnets, 365 ; of battery, 
421. 

Political economy, 760. 

Porphyry, on the Predicables, 698 ; 
tree of, 702. 

Port Royal logic, 22. 

Positive philosophy, 760, 768. 

Pouillet’s pyrheliometer, 337. 

Powell, Baden, 623 ; on planetary 
motions, 660. 

Power, definitioii of, 224, 

Predicables, 698. 

Prediction, 536, 739 ; in science of 
light, 538 ; theo^ of undulations, 
540 ; other sciences, 542 ; by 
inversion of cause aridefiect, 5^. 

Premises, order of, 114. 

Prime numbers, 123, 139 ; formula 
for, 230. 

PHndpia^ Newton’s, 681, 588. 

Principle, of probability, 200; in- 
verse method, 242 ; forced vibra- 
tions, 451 ; approximation, 47 1 ; 
co-existenee m small vibiatiou^ 
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476 ; superpositicm of amall 
effects^ 476. 

Probable error, 555. 

Probability, etymology of, 197 ; 
theory of, 197 ; princ^les, 200 ; 
calcuktioiiis, 203 ; dimculties of 
theory, 2 18 j application of theory, 
215 ; in induction, 219 ; in judi- 
cial proceedings, 216 ; works on, 
394 ; results of law, 656. 

Problems, to be worked by reader, 
126 ; inverse problem of two 
classes, 135 ; of three classes, 137. 

Froclus, commentaries o:^ 232. 

Proctor, K.A., star-drifts, 248. 

Projectiles, theory ot^ 466. 

Proper names, 27. 

Properties, generality of, 600 ; 
uniform, 603 ; extreme instances, 
607 ; correlation, 681. 

Property, logical, 699; peculiar, 69 9. 

Proportion, simple, 501. 

Propositions, 36 ; negative, 43 ; 
conversion of, 46 ; twofold mean- 
ing, 47 ; disjunctive, 66 ; e<iui- 
valence of, 115 ; identical, 119 ; 
tautologous, 119. 

Protean verses, 175. 

Protoplasm, 524, 764. 

Proura law, 263, 464. 

Provisional units, 323. 

Proximate statements, 144. 

Pyramidal numbers, 185, 

Pythagoras, on duality, 95; on the 
number seven, 262, 624. 

Quadkio variation, 474. 

Qualitative, reasoning, 48 ; proposi- 
tions, 119. 

QuantiHoation of predicate, 41. 

Quantitative, reasoning, 48 ; pro- 
positions, 119 ; questions, 278 ; 
induction, 483. 

Quantities, continuous, 274 ; in- 
commensurable, 275. 

Quaternions, 160, 634. 

Quettdct, 188 ; experiment on pro- 
bability, 208 ; on mean and 
average, 363 ; law of error, 378, 
380 ; verification of law of error, 
385. 

Radian, 806. 

Radiant matter, 642. 

Radiation of heat, 430. 

Radiometer, 435* 


Rainbow, theory of, 526, 533^ 

Rainfall, variation of, 430. 

Ramean tree, 703, 704. 

Ramsden's bounce, 804. 

Raukine, on specific heat of air, 
557 ; reconcentration of energy, 
751. 

Rational formulae, 489. 

Rayleigh, Lord, on graphical 
method, 495. 

Reasoning, arithmetical, 167 ; nu- 
mericany definite, 168 ; geome- 
trical, 458. 

Recorde, Robert, 15. 

Reduction, of syllogisms, 85 ; ad 
aibswrdwm,, 415 ; of observations, 
652, 672. 

Reflection, total, 650. 

Refraction, atmospheric, 340, 356, 
500 ; law of, 501 ; conical, 540 ; 
double, 585. 

Reguault, dilatation of mercury, 
342 ; measurement of heat, 350 ; 
exact experiment, 397 ; on Boyle’s 
law, 468, 471 ; latent heat of 
steam, 487 ; graphical method, 
494 ; specific ]^at of air,' 557. 

Reid, on bifurcate classification, 697. 

Reign of law, 741, 759. 

Rejection of observations, 890. 

Relation, sign of, 17 ; logic of, 22 ; 
logical, 3a ; axiom of, 164. 

Repetition, method of, 287, 288. 

Representative hypotheses, 524. 

Reproduction, modes of, 730. 

Reservation of judgment, 592. 

Residual effects, 558 ; phenomena, 
560, 569. 

Resisting medium, 310, 523, 570. 

Resonauce, 453. 

Reuseh, on substitution, 21. 

Kevers^, method of, 354. 

Revolution, quantity of, 806. 

Robertson, Prof. Croom, 27, 101. 

Robison, electric curves, 446. 

Rook-salt, 609. 

Roomer, divided circle, 865 ; velocity 
of light, 535. 

Roscoe, Prof., photometrical re- 
searches, 273 ; solubility of salts, 
280 ; constant flame, 441 ; ab- 
sorption of gase^ 409 ;Tana^um, 
528 ; atomic weight of vanadium, 
892, 649. 

Rousseau on geometry, 238. 

Rules, of inlerence, 9, 17 ; indirect 
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method of inference, 89; for 
calculation of combinations, 180 ; 
of probabilities, 208 ; of inverse 
method, 257 ; for elimination of 
error, 858. 

Bumford, Coant, e3q>eriments on 
heat, 848, 850, 467. 

Buminants, Cuvier on, 683. 

Bussell, Scott, on sound, 541. 

Sample, use of, 9. 

' Sandeman, on ^rigon, 306 ; ap- 
proximate arithmetic, 481. 

Saturn, motions of satellites, 298 ; 
rings, 298. 

Schehallien, attraction of, 869, 566. 

Schottus, on combinations, 179. 

Schwabe, on sun-spots, 45^ 

Science, nature of, 1, 678. 

Selenium, 663, 670. 

Self-contradiction, 32. 

Senior’s definition of wealth, 75. 

Senses, fallacious indications of, 
276. 

Seven, coincidences of number, 262 ; 
fallacies of, 624. 

Sextus, fatality of name, 264. 

Sieve of Eratosthenes, 82, 123, 189. 

Similars, substitution of, 17. 

Simple identity, 87, 111 ; inference 
of, 58 ; con'^apositive, 86 ; in- 
duction of, 127. 

Simple statement, 148. 

Simplicity, law of, 88, 58, 72. 

Simpson, discovery of property of 
chloroform, 531. 

Simultaneity of knowledge, 84. 

Singular names, 27 ; terms, 129. 

Siren, 10, 298, 421. 

Slate, the logical, 95. 

Smeaton’s experiments, on water- 
wheels, 847 ; windmills, 401, 
441. 

Sroee, Alfred, logical machines, 107. 

Smell, delicacy of, 487. 

Smithsonian Institution, 829. 

Smyth, Prof. Piazzi, 452. 

Socrates, on the sun, 611. 

Solids, 602. 

Solubility of salts, 279. 

^oma, the adjective, 41, .fi6. 

Sorites, 60. 

Sound, observations on, 856 ; un- 
dulations, 405, 421 ; velocity of, 
^71 ; deification of sounds, 
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Space, relations of, 220. 

Species, 698 ; infima, 701 ; natural, 
724. 

Specific gravities, 801 ; heat of air, 
567. 

Spence, on boiling point. 546. 

Spencer, Herbert, nature of logic, 
4, 7; sign of equality, 15; 
rhythmical motion, 448 ; abstrac- 
tion, 705 ; philosophy of, 718, 
761, 762. . 

Spectroscope, 437. 

Spectrum, 588. 

Spiritualism, 671. 

Si>ontaneous generation, 482. 

Standards of measurement, 805 ; 
the bar, 812 ; terrestrial, 814 ; 
pendulum, 315 ; provisional, 818 ; 
natural system, 319. 

Stars, discs of, 277 ; motions of, 
280, 474 ; variations of, 281 ; 
approach or recess, 298 ; standard 
stars, 801 ; apparent diameter, 
890 ; variable, 450 ; proper mo- 
tions, 572 ; Bruno on, 639 ; new, 
644 ; pole-star, 652 ; conflict with 
wandering stars, 748. 

Stas, M., nis balance, 804 ; on 
atomic weights, 464. 

Statements, kinds of, 144. 

Statistical conditions, 168. 

Stevinus, on inclined plane, 622. 

Stewart, Professor Balfour, on re- 
sisting medium, 570 ; theory of 
exchanges, 671. 

Stifels, arithmetical triangle, 182. 

Stokes, Professor, on resistance, 
475 ; fluorescence, 664. 

Stone, E. J., heat of the stars, 370 ; 
temperature of earth’s surface, 
452 ; transit of Venus, 562. 

Struve on double stars, 247. 

Substantial terms, 28. 

Substantives, 14, 

Substitution of similars, 17, 45, 
49, 104, 106; anticipations of, 
21 . 

Substitutive weighing, 845, 

Sai geTveris, 629, 728. 

Sulphur, 670. 
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Variations, logical, 140 ; periodic, 
447 ; combined, 450 ; integrated, 
452 ; simple proportional, 501. 
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of Dublin. 6s. 

PLINY.— LETTERS. BOOKS I. and II. By J. Cowan, M.A., Assistant Master 
at the Manchester Gi’ammar School. 68. 

I.BTTERS. BOOK III. By Prof. John E. B. Mayor. With Life of Pliny by 
G. H. Rsndall, M.A. 5s. 

PLUTARCH.— LIFE OF THEMISTOKLES. By Rev. H. A. Holden, Litt.D. 6s. 

LIVES OP GALBA AND OTHO. By E. G. Hardy, M. A. 6s. 

POLYBIUS.— THE HISTORY OP THE ACHAEAN LEAGUE AS CONTAINED IN 
THE REMAINS OP POLYBIUS. By W. W. Capes, M.A. 6s. 6d. 

PROPERTIUS.— SELECT POEMS. By Prof. J. P. Postgatb, HttD., Fellow of 
Trinity College, Cambridge. 2d Ed., revised. 68. 

SALLUST.— CATILINA and JUGURTHA. By C. Merivalx, D.D., Dean of Ely. 
4s. 6d. Or separately, 2s. 6d. each. 

BELLUM CATULIN.^. By A. M. Cook, M.A., Assistant Master at St Paul’s 
School. 4s. 6d. 

JUGURTHA. By the same Editor. [In preparation. 

TACITUS.— THE ANNALS. BOOKS I. and II. By J. S. Reid, Litt.D. 

[In preparation. 

THE ANNATjS. book VI. By A. J. ChvroBi M.A., and W. J. Brodribb, 
M.A 2s. 6d. 
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THE HISTORIES. BOOKS I. and 11. By A. D. Godlky, M.A., Fellow of 
Magdalen Oollegei Oxford. 6s. BOOKS III.-V. By the same. 58. 
AGBIOOLA and GERMANIA. By A. J. Church, M.A., and W. J. Brodribb, 
M.A. 8b. 6d. Or separately, 2s. each. 

TERENOB.— HAUTON TIMORUMBNOB. By B. S. Shdckburqh, M.A. 38. 
With Translation. 4s. 6d. 

PHORMIO. By Rev. Johh Bond, M.A., and Rev. A. S. Walpole, M. A. 4s. 6d. 
THUOYDIDES.— BOOK I. By 0. Bryans, M. A. [In preparation. 

BOOK II. By E. 0. Marchant, M.A., Assistant Master at St. Paul’s School. 

[In preparation. 

BOOK III. By 0. Bryans. [In preparation. 

BOOK IV. By C. B. Graves, M.A., Classical Lecturer at St. John’s College, 
Cambridge. 6s. 

BOOK V. By the same Editor. [In the Press. 

BOOKS VI. AND VIL THE SICILIAN EXPEDITION. By Rev. Percival 
Frost, M.A. With Map. 5s. 

BOOK VIII. By Prof. T. G. Tucker, M.A. [In preparation. 

TlBULLnS. — SELECT POKMS. By Prof. J. P. Postqate, Litt.D. [In preparation. 
VIRGIL.— AilNEID. BOOKS II. and JII. THE NARRATIVE OP iENEAS. 

By E. W. Howson, M.A., Assistant Master at Harrow. 3s. 

XENOPHON,— THE ANABASIS. BOOKS I.-IV. By^Profs. W. W. Goodwin 
and J. W. White. Adapted to Goodwin's Greek Grammar. With Map. 6s. 
HELLBNICA. BOOKS I. and II. ByH. Hailstone, B.A. With Map. 48. 6d 
OYROP.fflDIA. BOOKS VII. and VIII. By A. Goodwin, M.A., Professor of 
Classics in University College, London. 58. 

MEMORABILIA BOCRATIS. By A. R. Clueb, B.A., Balliol College, Oxford 
6s. 

HIERO. By Rev H. A. Holden, Litt.D., LTi.D. Ss. 6d. 

OECONOMICUS. By the same. With Lexicon. 6s. 


OLASSIOAL LIBRARY. 

Texts, Edited with Introductions and Notes, for the use of 
Advanced Students ; Commentaries and Translations. 

iESOHYLUS.— THE SUPPLIOES. A Revised Text, with Translation. By T. 
G. Tucker, M.A., Professor of Classical Philology in the University of Mel- 
bourne. 8vo. 10s. 6d. 

THE SEVEN AGAINST THEBES. With Translation. By A. W. Verrall, 
Litt.D., Fellow of Trinity College, Cambridge. 8vo. 7a. 6d. 

AGAMEMNON. With Translation. By A W. Verrall, Litt.D. 8vo. 12s. 
AGAMEMNON, CHOEPHORCE, AND EUMENIDES. By A. O. Prickard, 
M.A., Fellow and Tutor of New College, Oxford. 8vo. [In pre 2 )aration. 

THE EUMENIDES. With Verse Translation. By Bernard Drake, M.A. 
8vo. 6s, 

ANTONINUS, MARCUS AURELIUS.— BOOK IV. OP THE MEDITATIONS. 

With Translation. By Hastings Crossley, M.A. 8vo. 6s. 

ARISTOTLE.— THE METAPHYSICS. BOOK I. Translated by a Cambridge 
Graduate. 8vo. 6s. 

THE POLITICS. By R, D. Hicks, M.A., Fellow of Trinity College, Cambridge. 

8vo, [In the Press. 

THE POLITICS. Translated by Rev. J. B. C. Wblldon, M.A., Headmaster of 
Harrow. Cr. 8vo. 10s. 6d. 

THE RHETORIC. Translated by tlie same. Or. 8vo. 7s. 6d. o 

AN INTRODUCTION TO ARISTOTLE’S RHETORIC. With Analysis, Notes, 
and Appendices. By B. Cope, Fellow and late Tutor of Trinity College, 
Cambridge. 8vo. 14 s. 
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THE ETHICS. Translated by Oev. J. B. 0. Wislldon, M.A. Cr. 8vo. 

[In preparation. 

THE SOPHISTIC! BLENOHI. With Translation. By B. Poste, M.A., Fellow 
of Oriel College, Oxford. 8vo. 8a. 6d. 

ARISTOPHANBS.-THE BIRDS. Translated into English Verse. By B. H. 
Kennedy, D.D. Cr. Svo. Gs. Help Notes to the Same, for the Use of 
Students. Is. 6d. 

ATTIC ORATORS.— PROM ANTIPHON TO ISAEOS. By II. 0. Jebu, I.itt.D., 
Regius Professor of Greek in the University of Cambridge. 2 vols. 8yo. 25s. 
BABRIUS.— With Lexicon. By Rev. W. G. Rutherford, M.A., LL.D., Head- 
master of Westminster. Svo. 12s. 6d. 

CICERO.— THE AOADBMICA. By J. S. Reid, Litt.D., Fellow of Caius CoUege, 
Cambridge. 8vo. 1 5s. 

THE ACADEMICS. Translated by the same. Svo. 5s. 6d. 

SELECT LETTERS. After the Edition of Albert Watson, M.A. Translated 
by G. B. Jeans, M.A., Fellow of Hertford College, Oxford. Cr. Svo. 10s. 6d. 
EURIPIDES.— MEDEA. Edited by A. W. Vebrall, Litt.D. Svo. 7s. 6d. 
IPHIGBNIA IN AULIS. Edited by B. B. England, M.A. Svo. [In the Press. 
INTRODUCTION TO THE STUDY OF EURIPIDES. By Professor J. P, 
Mahaffy. Pcap. Svo. Is. Od. {Classical Writers). 

HERODOTUS.— BOOKS l.-III. THE ANCIENT EMPIRES OP THE BAST. 
Edited by A. H. Sayce, Deputy-Professor of Comparative Philology, Oxford. 
Svo. 16s. 

BOOKS IV. -IX. Edited by R. W. Macan, M. A., Lecturer in Ancient History at 
Brasenose College, Oxford. Svo. [Jn preparation. 

THE HISTORY. Translated by Q. C. Macaulay, M.A. 2 vols. Cr. Svo. ISs. 
HOMER.— TUB ILIAD. By Walter Leaf, Litt.D. Svo. Books I.-XII. 14a. 
Books XIII.-XXIV. 14s. 

THE ILIAD. Translatecf into English Prose by Andrew Lang, M.A., Walter 
Leaf, Litt.D., and Ernest Myers, M.A. Cr. Svo. 128. 6d. 

THE ODYSSEY. Done into English by 8. II. Butcher, M.A., Professor of 
Greek in the University of Edinburgh, and Andrew Lang, M.A. Cr. Svo. 6s. 
INTRODUCTION TO THE STUDY OF HOMER. By the Right Hon. W. B. 

Gladstone. ISmo. Is. (Literature Primers.) 

HOMERIC DICTIONARY. Translated ft-om the German of Dr. Q. AuiysNRiBTH 
by R. P. Keep, Pli.D. Illustrated. Cr. Svo. 6s. 

HORAOE.— Translated by J. Lonsdale, M.A., and S. Lee, M.A. Gl. Svo. 8s. 6d. 
STUDIES, LITERARY AND HISTORICAL, IN THE ODES OP HORACE. 
By A. W. Verrall, LittD. Svo. 8s. Cd. 

JUVENAL.— THIRTEEN SATIRES OF JUVENAIi. By John B. B, Mayor, 
M.A., Professor of Latin in the University of Cambridge. Cr. Svo. 2 vols. 
10s. 6d. each. Vol. I. 10s. 6d. Vol. II. 10s. Gd. 

THIRTEEN SATIRES. Translated by Alex. Leepeb, M.A., LL.P., Warden of 
Trinity College, Melbourne. Cr. Svo. 3s. Gd. 

KTESIAS.— THE FRAGMENTS OP THE PBRSIKA OP KTBSIAS. Bv John 
Giluore, M.A. Svo. 8s. Gd. ^ 

LIVY.— BOOKS l.-IV. Translated by Rev. H. M. Stephenson, M.A. 

[In preparaiion. 

BOOKS XXI.-XXV. Translated by A. J. Church, M.A,, and W. J. Brodribb, » 
M.A. Cr. Svo. 78. Gd. 

INTRODUCTION TO THE STUDY OP LIVY. By Rev. W. W. Capes, M.A. 
Pcap. Svo. Is. 6d. (Classical Writers.) 

MARTIAL.— BOOKS I. and II. OP THE EPIGRAMS. By Prof. John B. B. 

• Mayor, M.A. Svo. [In the Press. 

PAUSANIAS. — DESCRIPTION OP GREECE. Translated with Commontar>‘ 
by J. G. Frazer, M.A., Fellow of Trinity College, Cambridge. 

[In preparatic}t^ 
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PHR7NI0HU8,— THB NJDW FHBTNIOHUS; being a lUviMd Text of the Belogs 
of the Grammarian Fhrynichus. With Introduction and Oommentary by Rev. 
W. G. BuTHxniroiiD) M.A., LL.D., Headmaster of Westminster. 8yo. I8i. 
PINDAR.— THE EXTANT ODES OF PINDAR. Translated by Ernest Myers, 
M.A. Or. Svo. 6s. 

THE OLYMPIAN AND PYTHIAN ODES. Edited, with an Introductory 
Essay, by Basil Gildsrsleste, Professor of Greek in the Johns Hopkins 
University, U.S.A. Cr. Svo. 7s. 6d. 

THE NBMBAN ODES. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. Svo. [In fhs Press. 

PLATO.— PHJEDO. By R. D. Aboher-Hxnd, M.A., Fellow of Trinity College, 
Cambridge. Svo. 8s. 6d. 

PHJiDO. By W. D. Gbddes, LL.D., Principal of the University of Aberdeen. 
Svo. 8s. 6d. 

TIMAEUS. With Translation. By R, D. Archer-Hind, M.A. Svo. Ids. 

THE REPUBLIC OF PLATO. Translated by J. Ll. Davies, M.A., and D. J. 
Vaughan, M.A. ISmo. 4s. 6d. 

EUTHYPHRO, APOLOGY, CRITO, AND PHiBDO. Translated by F. J. 
Church. ISmo. 4s. 6d. 

PHiEDRUS, LYSIS, AND PROTAGORAS. Translated by J. Wright, M.A. 
ISmo. 4s. 6d. 

PLAUTUS.— THE MOSTELLARIA. By William Rambat, M.A. Edited by 
G. G. Ramsay, M.A., Professor of Humanity in the University of Glasgow. 
Svo. 148. 

PLINY.— CORRESPONDENCE WITH TRAJAN. C. Plluii Oaecilil Secundl 
l^istulse ad Traianum Imperatorem cum Eiusdem Responsis. By B. G. 
Hardy, M.A. Svo. 10s. 6d. 

POLYBIUS.- THE HISTORIES OF POLYBIUS. Tmnslated by B. S. Shucx- 
BUBOH, M.A. 2 vols. Or. Svo. 24s. 

SALLUST.— CATILINE AND JUGURTHA. Transited by A. W. Pollard, B.A. 

Or. Svo. 6s. THE CATILINE (separately). Ss. 

SOPHOCLBS-CBDIPUS THE KING. Translated Into English Verse by B. D. A. 

Morsbead, M.A., Assistant Master at Winchester. Fcap. Svo. Ss. 6d. 
TACITUS.— THE ANNALS. By G. O. Holbrooke, M.A., Professor of I^tin in 
Trinity College, Hartford, U.S.A. With Maps. Svo. 16s. 

THE ANNAI^. Translated by A. J. Church, M.A., and W. J, Brodribb, M.A. 
With Maps. Cr. Svo. 7s. 6d. 

THE HISTORIES. By Rev. W. A. Spooner, M.A., Fellow of New College, 
Oxford. Svo. [In the Press. 

THE HISTORY. Translated by A. J. Church, M.A., and W. J. Brodribb, 
M.A. With Map. Or. Svo. 6s. 

THE AGRICOLA AND GERMANY, WITH THE DIALOGUE ON ORATORY. 
Translated by A. J. Church, M.A., and W. J. Brodribb, M.A. With Maps. 
Or. Svo. 48. 6d. 

INTRODUCTION TO THE STUDY OP TACITUS. By A. J. Church, M.A., 
and W. J. Brodribb, M.A. Fcap. Svo. Is. 6d. {Clamcal Writers.) 
THEOCRITUS, BION, AND MOSCHUS. Translated by A. Lang, M.A. ISmo 
4 b. 6d. 

*** Also an Edition on Large Paper. Or. Svo. Ss. 
THUCYDIDES.— BOOK IV. A Revision of the Text, Hlustrating the Principal 
Causes of Corruption in the Manuscripts of this Author. By Rev. W. G. 
Rutherford, M.A., LL.D., Headmaster of Westminster. Svo. 78. 6d. 

BOOK VIII. By H. 0. Goodhart, M.A., Fellow of Trinity College, Cambridge. 

[In the Press, 

VIRGIL.— Translated by J. Lonsdale, M.A., and B. Lee, M.A. Gl. Svo. Ss. 6d. 
THE .SNEID. Translated by J. W. Mackail, M.A., Fellow of Balliol Coll(|ge, 
Oxford. Or. Svo. 7s. 6d. 

XENOPHON.- Translated by H. Q. Dakyns, M.A. In four vols. VoL I., con- 
taining *'The Anabasis" and Books I. and II. of '*The Hellenica." Or. Svo. 
lOs. 6d. [Vol. II. in the Press 
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• BELOHBB.--SHORT EXBEOISBIS IN LATIN PEOSB COMPOSITION AND 
EXAMINATION PAPERS IN LATIN GRAMMAR. Fart I. By Rev. H. 
Belohsr, LL.D., Rector of the High School, Dtmediji, N.Z. ISmo. Is. Qd , 
EBT, for Teachen only. 18mo. 8a. 6d. 

Part II., On the Syntax of Sentence!, with an Appendix, inclnding EXERCISES 
IN LATIN IDIOMS, etc. 18mo. 28. KEY, for Teachera only. 18mo. 88. 
BLAOKDS.—GREEK AND ENGLISH DIALOGUES FOR USB IN SCHOOLS 
AND COLLEGES. By John Stuart Blackik, Emeritua Professor of Greek 




BRYANS.-~LATIN PROSE EXERCISES BASED UPON CAESAR’S GALLIC 
WAR. With a Classification of Ceeaar's Chief Phrases and Grammatical Notes 
on Caesar's Usages. By Clsmbnt Bryans, M.A., Assistant Master at Dulwich 
College. Ex. fcap. 8yo. 28. 6d. KEY, for Teachers only. 4s. 6d. 

GREEK PROSE EXERCISES based upon Thucydides. By the same. 

[In preparation, 

COOKSON.— A LATIN SYNTAX. By Christopher Cookbon, M.A., Assistant 
Master at St. Paul’s School. 8vo. [In preparation. 

CORNELL UNITBRSITT STUDIES IN CLASSICAL PHILOLOGT. Edited by 

1. Flaoo, W. G. Hale, and B. I. Wheeler. I. The U UAf •Constructions : their 
History and Functions. ByW. G. Hale. Part 1. Critical. Is. 8d. nett. Part 

2. Constructive. Sa. 4d. nett. 11. Analogy and the Scope of its Application 
in Lanffuace. Bv B. I. Wheeler. Is. 8d. nett. 

BIOKE.— mST LESSONS IN LATIN. By E. M. Eicke, B.A, Assistant Master 
at Oundle School. Gl. 8vo. 2s. 6d. 

ENGLAND.— EXERCISES ON LATIN SYNTAX AND IDIOM. ARRANGED 
WITH REFERENCE TO ROBY’S SCHOOL LATIN GRAMMAR. By E. 
B. Bnoland, Assistant Lecturer at the Owens College, Victoria University, 
Manchester. Or. 8vo. 2 b. Cd. KEY, for Teachers only. 2s. 6d. 

GILES.— A MANUAL OF GREEK AND LATIN PHILOLOGY. By P. Giles, 
M.A, FeUow of Gonville and Cains College, Cambridge. Cr. 8to. 

[In the Preee. 

GOODWIN.— Works by W. W. Goodwin, LL.D., D.C.L., Professor of Greek in 
Harvard University, U.S.A 

SYNTAX OF THE MOODS AND TENSES OF THE GREEK VERB. New 
Ed., revised and enlarged. 8vo. 14 b. 

A GREEK GRAMMAR. Cr. 8vo. 68. 

A GREEK GRAMMAR FOR SCHOOLS. Cr. 8vo. 8s. 6d. 

GREENWOOD.— THE ELEMENTS OF GREBE GRAMMAR. Adapted to the 
System of Crude Forms. By J. G. Greenwood, sometime Principal of the 
Owens College, Manchester. Cr. 8vo. 5s. 6d. 

HADLEY AND ALLEN.-A GREEK GRAMMAR FOR SCHOOLS AND 
COLLEGES. By James Hadley, late Professor in Tale College. Revised 
and in part rewritten by F. de F. Allen, Professor in Harvard College. 
Cr. 8vo. 6s. 

HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. A brief sketch of 
the Fables of the Ancients, prepared to be rendered into Latin Verse for 
Schools. By F. Hodobon, B.I>., late Provost of Eton. New Ed., revised by 
F. C. Hodoson, M.A 18mo. 8s. 

JACKSON.— FIRST STEPS TO GREEK PROSE COMPOSITION. By Blomyzeld 
Jackson, M.A, Assistant Master at King’s College School. 18mo. Is. 6d. 
KEY, for Teachers only. 18mo. 8s. 6d. 

SECOND STEPS TO GREEK PROSE COMPOSITION, with Miscellaneous 
Idioms, Aids to Accentuation, and Examination Papers in Greek Scholarship. 
By the same. ISmo. 2s. 6d. KEY, for Teachers only. 18mo. 8s. 6d. 
KprA8TON.-EXERCISES IN THE COMPOSITION OF GREEK IAMBIC 
VERSE by Translations from English Dramatists. By Rev. H. Kynaston, 
D.D., Professor of Classics in the University of Durham. With Vocabulary 
Ex. fcap. 8vo. 6s. 

KEY, for Teachers only. Ex. fcap. 8vo. 4s. 6d. 
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LUPTOH.* AN INTRODUCTION TO LATIN ELEC I AO VERSE OOMPOSL 
TION. By J. H. Lupton, Sur-Master of St. Paul's School. Gl. 8vo. s2s. 6d. 
KEY TO PART II. (XXV.->0.) Gl. 8vo. 8s. 6(1. 

AN INTRODUCTION TO LATIN LYRIC VERSE COMPOSITION. By the 
same. Gl. Svo. 8s. KEY, for Teachers only. Gl. 8yo. 4s. 6d. 

MAOKIB.— PARALLEL PASSAGES FOR TRANSLATION INTO GREEK 
AND ENGLISH. With Indexes. Gy Rev. Ellis C. Mackix, M.A.| Classical 
Master at Heversham Grammar School. Gl. 8yo. 4s. 6d. 

MAOMILLAN.-FIRST LATIN GRAMMAR. By M. C. Macmillan, M.A. 
Fcap. 8vo. Is. 6d. 

MACMILLAN’S GREEK OOURSE.—Edited by Roy. W. G. Ruthkkford, M.A., 
LL.D., Headmaster of Westminster. Gl. 8vo. 

FIRST GREEK GRAMMAR- ACCIDENCE. By the Editor. 28. 

FIRST GREEK GRAMMAR— SYNTAX. By the same. 28. 

ACCIDENCE AND SYNTAX. In one Yolume. 3s. 6d. 

EASY EXERCISES IN GREEK ACCIDENCE. By H. G. Underhill, M.A., 
Assistant Master at St. Paul's Preparatory School. 2s. 

A SECOND GREEK EXERCISE BOOK. By ReY. W. A Heard, M.A., 
Headmaster of Fettes College, Edinburgh. 2s. 6d. 

MANUAL OF GREEK ACCIDENCE. By the Editor. [In preparation. 

MANUAL OF GREEK SYNTAX. By the Editor. [In preparation. 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 

MACMILLAN’S GREEK READEB.—STORIES AND LEGENDS. A First Greek 
Reader, with Notes, Vocabulary, and Exercises. By F. H. Colson, M.A., 
Headmaster of Plymouth College. Gl. Svo. 3s. 

MACMILLAN’S LATIN COURSE.— By A. M. Cook, M.A., Assistant Master at 
St. Paul’s School. First Part. Gl. 8yo. 3s. 6d. Second Part. 2s. 6d. 

[Third Part in preparation. 

MACMILLAN’S SHORTER LATIN COURSE.-By A. M. Cook, M.A Being an 
abridgment of “ Macmillan's Latin Course,” First Part. Gl. Svo. Is. Od. 

MACMILLAN’S LATIN READER.— A LATIN READER FOR THE LOWER 
FORMS IN SCHOOLS. By H. J. Hardy, M.A., Assistant Master at Win- 
chester. Gl. Svo. 2s. 6d. 

MARSHALL.— A TABLE OP IRREGULAR GREEK VERBS, classified according 
to the arrangement of Curtius's Greek Grammar. By J. M. Marshall, M.A., 
Headmaster of the Grammar School, Durham. 8yo. Is. 

MAYOR.— FIRST GREEK READER. By Prof. John E. B. Mayor, M.A, Fellow 
of St. John’s College, Cambridge. Fcap. Svo. 4s. 6d. 

MAYOR.— GREEK FOR BEGINNERS.— By Rev. J. B. Mayor, M.A, late 
Professor of Classical Literature in King’s College, London. Part I., with 
Vocabulary, Is. 6d. Parts II. and III., with Vocabulary and Index. Fcap. 
Svo. 3s. 6d, Complete in one Vol. 4s. 6d. 

NIXON.— PARALLEL EXTRACTS, A-ranged for Translation into English and 
Latin, with Notes on Idioms. By J. E. Nixon, M.A., Follow and Clas.sical 
Lecturer, King’s College, Cambridge. Part 1.— Historical and Epistolary. 
Gr. 8 yo. 8s. 6a. 

PROSE EXTRACTS, Arranged for Translation into English and Latin, with 
General and Special Prefaces on Style and Idiom. By the same. I. Oratorical. 
II. Historical. III. Philosophical. IV. Anecdotes and Letters. 2d Ed., 
enlarged to 280 pp. Cr. Svo. 4s. 6d. 

SELECTIONS FROM PROSE EXTRACTS, including Easy Anecdotes and 
Letters and Notes and Hints. By the same. 120 pp. 8s. 

Translations of about 70 Extracts can be supplied to Schoolmasters (2s. 6d.), 
on application to the Author : and about 40 similarly of “Parallel Extracts,’* 
Is. 6d. post free. 

PANTIN.— A FIRST LATIN VERSE BOOK, By W. E. P. Pantin, MfA., 
Assistant Master at St. Paul’s School. Gl. Svo. Is. 6d. 

FEILE.— A PRIMER OF PHILOLOGY. By J. Pule, Litt D., Master of Christ’s 
College, Cambridge. ISmo. Is. 
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FOSTGATE.— SERMO LATINUS. A Nhort Guido to Latin Prose Composition. 
By Prof. J. P. PosTOATB, Litt.D., Fellow of Trinity College, Cambridge. Gl. 
8vo. 2s. 6d. KEY to “ Selected Passages.” Gl. 8vo. 8s. 6d. 

POSTGATB AND VINOB.-A DICTIONARY OF LATIN ETYMOLOGY. By 
J. P. PosTGATB and 0. A. Vince. [In preparation. 

POTTS.— HINTS TOWARDS LATIN PROSE COMPOSITION. By A. W. Potts, 
M.A., LL.D., late Fellow of St. John's College, Cambridge. Ex. fcap. 8vo. Ss. 
PASSAGES FOR TRANSLATION INTO LATIN PROSE. Edited with Notes 
and References to the above. Ex. fcap. 8vo. 2s. 6d. KEY, for Teachers only. 
2s. 6d. 

PRESTON.— EXERCISES IN LATIN VERSE OP VARIOUS KINDS. By Rev. 

G. PuBBTON. Gl. 8vo. 2s. 6d. KEY, for Teachers only. Gl. 8vo. 5s. 
REID.— A GRAMMAR OP TACITUS. By J. B. Reid, Litt. D., Fellow of Caius 
College, Cambridge. [In the Press, 

A GRAMMAR OF VIRGIL. By the same. [In preparation, 

ROBY.— Works by H. J. Roby, M.A., late Fellow of St. John's College, Cambridge. 
A GRAMMAR OP THE LATIN LANGUAGE, from Plautus to Suetonius. Part 
1. Sounds, Inflexions, Word-formation, Appendices. Cr. 8vo. 9a. Part II. 
Syntax, Prepositions, etc. 10s. Cd. 

SCHOOL LATIN GRAMMAR. Cr. 8vo. 6s. 

RUSH.— SYNTHETIC LATIN DELECTUS. With Notes and Vocabulary. By E. 
Rush, B.A. Ex. fcap. 8vo. 2s. 6d. 

RUST.- FIRST STEPS TO LATIN PROSE COMPOSITION. By Rev. G. Rust, 
M.A. 18mo. Is. 6d. KEY, for Teachers only. By W. M. Yates. 18mo. 
Ss. 6d. 

RUTHERFORD.— Works by the Rev. W. G. Rutherford, M.A., LL.D., Head- 
master of Westminster. 

REX LEX. A Short Digest of the principal Relations between the Latin, 
Greek, and Anglo-Saxon Sounds. 8vo. [In preparation, 

THE NEW PHRYNICHUS ; being a Ilovlsed Text of the Bcloga of the Gram- 
marian Phrynichus. With Introduction and Commentary. 8vo. 18s. (See 
also Macmillan’s Greek Course,) 

3HUCKBUBGH.— PASSAGES FROM LATIN AUTHORS FOR TRANSLATION 
INTO ENGLISH. Selected with a view to the needs of Candidates for the 
Cambridge Local, and Public Schools' Examinations. By E. S. Shuckburgh, 
M.A. Cr. 8vo. 2s. 

SIMPSON. — LATIN PROSE AFTER THE BEST AUTHORS: Gsesarlan Prose. 
By P. P. Simpson, B.A, Ex. fcap. 8vo. 2s. 6d. KEY, for Teachers only. 
Ex. fcap. 8vo, 5s. 

STRACHAN AND WILKINS. — ANALECTA. Selected Passages for Translation. 
By J. S. Strachan, M.A., Professor of Greek, and A. S. Wilkins, Litt. D., 
Professor of Latin in the Owens College, Manchester. Cr. 8vo. 5s. 
THRINQ.— Works by the Rev. B. Turing, M.A., late Headmaster of Uppingham. 
A LATIN GRADUAL. A First Latin Construing ^ook for Beginners. With 
Coloured Sentence Maps. Fcap. 8vo. 2 b. 6d. 

A MANUAL OP MOOD CONSTRUCTIONS. Fcap. 8vo. Is. 6d. 

WELCH AND DUFFIELD. — LATIN ACCIDENCE AND EXERCISES AR- 
RANGED FOR BEGINNERS. By W. Welch and 0. G. Duffield, 
Assistant Masters at Granleigh School. 18mo. Is. 6d. 

WHITB,— FIRST LESSONS IN GREEK. Adapted to Goodwin’s Greek Gram- 
mar, and designed as an introduction to thQ Anabasis of Xenophon. By 
John Williams White, Assistant-Professor of Greek in Harvard University, 
U.S.A. Cr. 8vo. 4s. 6d. 

WRIGHT.— Works by J. Weight, M.A., late Headmaster of Sutton Goldfield 
School. 

A HELP TO LATIN GRAMMAR; or, the Fonn and Use of Words in Latin, 
•with Progressive Exercises. Cr. 8vo. 4s. 6d. 

THE SEVEN KINGS OF ROME. An Easy Narrative, abrid^d from the First 
Book of Livy by the omission of DilTlcalt Passages ; being a First Latin Read- 
ing Book, with Grammatical Notes and Vocabulary. Fcap. 8vo. Ss. 6d. 
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FIRST LATIN STBPS; or, AN INTRODUCTION BY A SBRIBS OF 
EXAMPLES TO THE STUDY OP THE LATIN LANGUAGE. Or. 8vo. 8». 
ATTIC PRIMER. Arranged for the Use of Beginners. Ex. fcap. 8vo. 
2 b. 6d. 

A COMPLETE LATIN COURSE, comprising Rules with Examples, Exercises, 
both Latin and English, on each Rule, and vocabularies. Cr. 8to. 28. 6d. 

ANTIQUITIES, ANCIENT HISTORY, AND 
PHILOSOPHY. 

ARNOLD.— A HANDBOOK OF LATIN EPIGRAPHY. By W. T. Arnold, 
M. A. [In pr^ration, 

THE ROMAN SYSTEM OP PROVINCIAL ADMINISTRATION TO THE 
ACCESSION OP CONSTANTINE THE GREAT. By the same. Or. 8vo. 6s. 
ARNOLD.-THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 
OF ROME by the late Thomas Arnold, D.D., Headmaster of Rugby. 
Edited, with Notes, by W. T. Arnold, M. A. With 8 Maps. Cr. 8vo. Ss. 6d. 
BEBSLT.-STORIBS PROM THE HISTORY OP BOMB. By Mrs. Bebsly. 
Pcap. 8vo. 28. 6d. 

BURN.-ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev. 
Robert Burn, M.A., late Fellow of Trinity College, Cambridge. Illustrated. 
Ex. or. 8 VO. 14s. 

BURY.— A HISTORY OP THE LATER ROMAN EMPIRE FROM ARCADIUS 
TO IRENE, A.D. 896-800. By J. B. Burt, M.A., Fellow of Trinity College, 
Dublin. 2 vo ls. 8vo. 32s. 

CLASSICAL WRITERS.— Edited by John Richard Green, M.A., LL.D. Fcap. 
8vo. Is. €d. each. 

SOPHOCLES. By Prof. L. Campbell, M.A. 

EURIPIDES. By Prof. Mahaffy, D.D. 

DEMOSTHENES. By Prof. S. H. Butcher, M.A. 

VIRGIL. By Prof. Nettleship, M.A. 

LIVY. By Rev. W. W. Capes, M.A. 

TACITUS. By Prof. A. J. Church, M.A., and W. J. Brodribb, M.A. 
MILTON. By Rev. Stopford A. Brooke, M.A. 
freeman.— W orks by Edward A. Freeman, D.O.L., LL.D., Regius Professor of 
Modern History in the University of Oxford. 

HISTORY OP ROME. {Historical Cov/rse for Schools.) 18mo. [In prepa/ration. 
HISTORY OF GREECE. (HUtorical Course Jbr Schools.) 18mo. [In prapcvration. 
A SCHOOL HISTORY OF ROME. Cr. 8vo. [In pr^wration, 

HISTORICAL ESSAYS. Second Series. [Greek and Roman History.] 8vo. 
10s. 6d. 

PYPrB.-A SCHOOL HISTORY OP GREECE. By C. A. Pyffe, M.A. Cr. 8vo. 

[In preparation. 

GARDNER.— SAMOS AND SAMIAN COINS. Au Essay. By Percy Gardner, 
Litt.D., Professor of Archseology in the University of Oxford. With Illustra- 
tions. 8vo. 78. 6d. 

GEDDES.— THE PROBLEM OP THE HOMERIC POEMS. By W. D. Gkddks 
Principal of the University of Aberdeen. 8vo. 14s. 

GLADSTONE.- Works by the Rt. Hon. W. E. Gladstone, M.P. 

THE TIME AND PLACE OF HOMER. Or. 8vo. 68. 6d. 

A PRIMER OF HOMER. 18mo. Is. 

GOW.— A COMPANION TO SCHOOL CLASSICS. By James Gow, LItt.D., 
Master of the High School, Nottingham. With lllustxations. 2d Ed., revised. 
Cr. 8vo. 6s. 

HARRISON AND VERRALL.— MYTHOLOGY AND MONUMENTS OP ANCIENT 
ATHENS. Translation of a portion of the ** Attica" of Pausanias. *' By 
Margaret de G. Verrall. With Introductory Essay and Archseological 
Commentary by Jane E. Harrison. With Illustrations and Plans. Cr. 
8vo. 168. 
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JBBB.— Works by B. 0. Jsbb, Litt.D., Professor of Greek in the University of 
Cambridge. 

THE ATTIC ORATORS PKOM ANTIPHON TO ISABOS. 2 vols. 8vo. 25e. 

A PRIMER OF GREBE LITERATURE. 18mo. Is. 

(See also Clauical Series,) 

KIBPBBT.- MANUAL OP ANCIENT GEOGRAPHY. By Dr. H Kie- 
PXBT. Cr. 8vo. 5s. 

LANOIANI.^ANOIBNT ROME IN THE LIGHT OP RECENT DISCOVERIES.-- 
By Rodolfo Lanoiani, Professor of ArchsBology fh the University of Rome. 
Ill ustra ted. 4to. 24s. 

BiAHAFFY.— Works by J. P. Mahaffy, D.D., Fellow of Trinity College, Dublin, 
and Professor of Ancient History in the University of Dublin. 

SOCIAL LIFE IN GREECE ; ftom Homer to Menander. Cr. 8vo. 98. 

GREEK LIFE AND THOUGHT; from the Age of Alexander to tlie Roman 
Conquest. Cr. 8vo. 12s. 6d. 

THE GREEK WORLD UNDER ROMAN SWAY. Prom Plutarch to Polybius. 

Or. 8vo. [In the Press. 

RAMBLES AND STUDIES IN GREECE. With Illustrations. With Map. Cr. 
8vo. 10s. 6d. 

A HISTORY OP CLASSICAL GREEK LITERATURE. In 2 vols. Or. 8vo. 
Vjol. I. The Poets, with an Appendix on Homer by Prof. Savos. 9s. Vol. 
II. The Prose Writers. In two parts. 

A PRIMER OP GREEK ANTIQUITIES. With Illustrations. 18mo. Is. 
EURIPIDES. 18mo. Is. 6d. (Classical Writers.) 

MAYOR.— BIBLIOGRAPHICAL CLUB TO LATIN LITERATURE. Edited 
after HObner. With large Additions. By Prof. John B, B, Mayor. Cr. 8vo 
10s. 6d. 

NEWTON.— ESSAYS IN ART AND ARCH.ffiOLOGY. By Sir Charles Newton. 
K.O.B., D.C.L. 8vo. 12s. 6d. 

SAYCB.— THE ANCIENT EMPIRES OF THE BAST. By A. H. Saycb, M.A., 
Deputy-Professor of Comparative Philosophy, Oxford. Cr. 8vo. 6s. 
SHUOKBURGH. — A SCHOOL HISTORY OP ROME. By E. 8. Shuceburoh, 
M. A. Cr. 8vo. [In prejKsration. 

STEWART.— THE TALE OP TROY. Done into English by Aubrey Stewart. 
Gl. 8vo. 8s. 6d. 

WALDSTEIN.-CATALOGUB OP OASTS IN THE MUSEUM OF CLASSICAL 
AROHiEOLOGY, CAMBRIDGE. By Charles Waldstein, University Reader 
in Classical Archaeology. Cr. 8vo. Is. 6d. 

Also an Edition on Large Paper, small 4to. 5s. 

WILKINS.— Works by Prof. Wilkins, Litt.D., LL.D. 

A PRIMER OP ROMAN ANTIQUITIES. Illustrated. 18mo. Is. 

A PRIMER OP ROMAN LITERATURE. 18mo. Is. 

WILKINS AND ARNOLD. -A MANUAL OP ROMAN ANTIQUITIES. By 
Prof. A. S. Wilkins, Litt.D,, and W. T. Arnold, M.A. Or. 8vo. Illustrated. 

[In preparat ion. 

MODERN LANGUAGES AND 
LITERATURE. 

English ; French ; German ; Modem Orqek ; Italian ; Spanish. 

ENGLISH. 

ABBOTT.— A SHAKESPEARIAN GRAMMAR An Attempt to Hlnstrate some 
,pf the Differences between Elizabethan and Modern English. By the Rev. E. 
A. Abbott, D.D., formerly Headmaster of the City of London School. Ez. 
fcap. 8vo. 6s. 

BACON.— ESSAYS. With Introduction and Notes, by P. G. Selby, M.A., Frofes- 
«or of Logic and Moral Philoaophy, Deccan College, Poona. QL 8vo. 8s. 6d. 
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BURKE.~REPLBOTIONS ON THB FRBNOH RBVOLUTION. By the same. 

Oh 8vo. [In Jviy. 

BROOKB.-PRIMER OP ENGLISH LITERATURE. By Rev. Stopford A. 
Brooke, M.A. 18mo. Is. 

EARLY ENGLISH LITERATURE. By the same. 2 vols. 8vo. [In preparation. 
BUTLER. — HUDIBRAS. With Introduction and Notes, by Alfred Milnes, 
M.A. Ex. fcap. 8vo. Fart I. Ss. 6d. Farts II. and III. is. 6d. 
OAMFBELL.— SELECTIONS. With Introduction and Notes, by Cecil M. 

Barrow, M.A., Principal and Professor of English and Classics, Doveton 
College, Madras. Gl. 8vo. [In preparation. 

OOWPBR.— THB TASK : an Epistle to Joseph Hill, Esq. ; Tirocinium, or a Re 
view of the Schools ; and The History of John Gilpin. Edited, with Notes, 
by W. Benham, B.D. Gl. 8vo. Is. (Ohbe Iteadings from Standard Avihors.) 
THB TASBL With Introduction and Notes, by F. J. Rowe, M.A., and W. T. 
Webb, M.A., Professors of Bnglish Literature, Presidency College, Calcutta. 

[in preparation. 

DOWDEN.— SHAKESPBRE. By Prof. Dowden. 18mo. Is. 

DRYDEN.— SELECT PROSE WORKS. Edited, with Introduction and Notes, by 
Prof. 0. D. Yonqk. Fcap. 8vo. 2s. 6d. 

GLOBE READERS. For Standards I.-V1. Edited by A. F. Murison. Illustrated. 
Gl. 8vo. 

Primer I. f48 pp.) 8d. Book III. (232 pp.) Is. Sd.* 

Primer II. f48 pp.) 8d. Book IV. (828 pp.) Is. 9d. 

Book I. (96 pp.) 6d. Book V. (416 pp.) 2s. 

Book II. (136 pp.) 9d. Book VI. (448 pp.) 28. 6d. 

rrHE SHORTER GLOBE READERS.—! llustrated. Gl. 8vo. 

Primer I. US pp.) 8d. Standard III. (178 pp.) Is. 

Primer II. (48 pp.) 8d. Standard IV. (182 pp.) Is. 

Standard I. (92 pp.) 6d. Standard V. (216 pp.) Is. 8d. 

Standard II. (124 pp.) 9d. Standard VI. (228 pp.) Is. 6d. 

* This Series has been abridged from *‘The Globe Readers " to meet the demand 
for smaller reading books. 

GOLDSMITH. — THB TRAVELLER, or a Prospect of Society ; and the Desertei* 
Village. With Notes, Philological and Explanatory, by J. W. Hales, M.A. 
Cr. 8vo. 6d. 

THB VICAR OP WAKEFIELD. With a Memoir of Goldsmith, by Prof. 

Masson. Gl. 8vo. Is. (Glohe Readings from Standard Avihors.) 

SELECT ESSAYS. With Introduction and Notes, by Prof. C. D. Yonoe. 
Fcap. 8vo. 28. 6d. 

THE TRAVELLER AND THE DESERTED VILLAGE. With Introduction and 
Notes. By A. Barrett, B.A., Professor of Bnglish Literature, Blphinstont 
College, Bombay. Gl. 8vo. Is. 6d. 

THB VICAR OP WAKEFIELD. With Introduction and Notes. By H. Little- 
DALE, B.A., Professor of History and English Literature, Baroda College. Gl. 

[In preparation. 

GOSSE.— A HISTORY OP EIGHTEENTH CENTURY LITERATURE (1660-1780). 
By Edmund Gosse, M.A Cr. 8vo. Ts. 6d. 

GRAY. — POEMS. With Introduction and Notes, by John Bradshaw, LL.D. 

[In preparation. 

HAL ES. — LONGER BNGLISH POEMS. With Notes, Philological and Explana- 
tory, and an Introduction on the Teaching of Bnglish, by J. W. Hales, M A 
Professor of English Literature at King’s College, London. Ex. fcap. 8vo. 48. 6d! 
HELPS.— ESSAYS WRITTEN IN THB INTERVALS OP BUSINESS. With 
Introduction and Notes, by P. J. Rowe, M.A, and W. T. Webb. M.A 
Gl. 8vo. 2s. 6d. 9 

JOKffSON. — LIVES OP TI'HE POETS. The Six Chief Lives (Milton, Dryden, 
Swift, Addison, Pope, Gray), with Macaulay’s “Life of Johnson.” With Pre- 
face and Notes by Matthew Arnold. Cr. 8vo. 4s. 6d. 
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LAMB.— TALKS FROM SHAKSPBARB. With Preface by the Rev. Oanou 
Ainoer, M.A., LL.D. QL 8vo. 2s. (Globe lUadingsfrom Standard Authors.) 
LITERATURE PRIMERS.— Edited by John Richard Green, LL.O. 18mo. 
Is. eacii. 

ENGLISH GRAMMAR. By Rev. R. Morris, LL.D. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., and H. 0. 
Bowen, M.A. 

EXERCISES ON MORRIS’S PRIMER OF ENGLISH GRAMMAR. By J 
Wetherell, M.A. 

ENGLISH COMPOSITION. By Professor Niohol. 

QUESTIONS AND EXERCISES ON ENGLISH COMPOSITION By Prof. 

Nicbol and W. S. M‘Cormick. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. 

BHAKSPERE. By Professor Dowden. 

THE CHILDREN’S TREASURY OP LYRICAL POETRY. Selected and 
arranged with Notes by Francis Turner Palorave. In Two Parts. Is. each. 
PHILOLOGY. By J. Peile, Litt.D. 

ROMAN LITERATURE. By Prof. A. 8 . Wilkins, Litt.D. 

GREEK LITERATURE. By Prof. Jedb, Litt.D. 

HOMER. By the Rt. Hon. W. E. Gladston®, M.P. 

A HISTORY OP ENGLISH LITEBATURE IN POUR VOLUMES. Or. 8vo. 
EARLY ENGLISH LITERATURE. By Stopford Brooke, M.A. [In preparation. 
EldZABETHAN LITERATURE. (1560-1665.) By Georoe Saintsburv. Ts. 6d. 
EIGHTEENTH CENTURY LITERATURE. (1660-1780.) By Edmund Gossv 
M.A. 7s. 6d. 

THE MODERN PERIOD. By Prof. Dowdkn. [In preparation. 

MACMILLAN’S BEADING BOOKS. 

PRIMER. 18mo. 48 pp. 2d. BOOK IV. for Standard IV. 176 pp. 

BOOK I. for Standard I. 96 pp. 4d. 8d. 

BOOK II. for Standard II. 144 pp. BOOK V. for Standard V. 880 pp. 

6d. Is. 

BOOK III. for Standard III. 160 BOOK VI. for Standard VI. Or. 8vo. 

pp. Gd. 430 pp. 28. 

Book VI. is fitted for Higlier Classes, and as an Introduction to English Liter- 
ature. 

MACMILLAN’S COPY BOOKS.— 1. Large Post 4to. Price 4d. each. 2. Post 
Oblong. Price 2d. each. 

1. Initiatory Exercises and Short Letters. 

2. Words conhistino t)F Short Letters. 

*8. Long Letters. With Words containing Long Letters— Figures. 

*4. Words containing Long Letters. 

4a. Practising and Reyibino Copy-Book. For Nos. 1 to 4. 

*5. Capitals and Short Half-Text. Words beginning with a Capital. 

*■6. Half-Text Words beginning with Capitals— Figures. 

*7. Small-Hand and Half-Text. Witli Capitals and Figures. 

*8. Small-Hand and Half-Text. With CUpitals and Figures. 

8a. Practising and Revising Copy-Book. For Nos. 6 to 8. 

*9. Small-Hand Single Headlines— Figures. 

10. Small-Hand Single Headlines- Figures. 

11. Small-Hand Double Headlines— Figures. 

12. Commercial and Arithmetical Examples,* &c. 

12a. Practising and Revising Copy-Book. For Nos. 8 to 12. 

* These numbers may be had with Goodman's Patent Sliding Copies. Large Post 
4to. Price Gd. each. 

MARTIN.— THE POET'S HOUR: Poetary selected and arranged for Children. By 
Francks Martin. 18ino. 2s. 6d. 

SPRING TIME WITH THE POETS. By the same. 18mo. 8s. fid. 
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AaLTON.>~FARADIslrLOST. Books I. and II. With Introduction and Notes, 
by HipHASL MAOMiLLAiT, B.A., Professor of Loffic and Moral Philosophy, 
Blphiostone College, Bombay. QL 8vo. 28. 6d. Or separately, Is. 6d. each. 
UALIiiQRO, IL PBNBEROSO. LYOIDAS, AROADBS, BONNETS, Ac. With 
Intrcouction and Notes, by W. Bell, M.A., Professor of Philosophy and 
Logie, Goyemment College, Lahore. Gl. 8yo. 2s. 

COMITS. By the same. 01. 8yo. Is. 6d. 

SAMSON AGONISTES. By H. M. PxnotyAL, M. A., Professor of English liter- 
atnre, Presidency College, Calcutta. Gl. Svo. 28. 6d. 

INTRODUCTION TO THE STUDY OP MILTON. By Stopford Brook*, 
M.A. Fcap. Svo. Is. 6d. (CZossiooZ Writen.) 

MOBLST.--ON THE STUDY OF LITERATURE. Address to the Students of 
the liondon Society for the Extension of Uniyersity Teaching, deliyered at the 
Mansion House, February 20, 1887. By John Morlsy. GL 8yo, cloth; Is. 6d. 
* Also a Pedlar Edition in PcmjihUt Jbrm Jbr JHitrihut^ frioe 2(2. 
APHORISMS. Address deliyered before the Philosophical Society of Edinburgh, 
Noyember 11, 1887. By the same. Gl. 8yo. Is. 6d. 

MORRIS.— Works by the Rey. R. Morris, LL.D. 

PRIMER OF ENGLISH GRAMMAR. 18mo. Is. 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, con- 
taining Accidence and Word Formation. 18mo. 2s. 6d. 

HISTORICAL OUTLINES OP ENGLISH ACCIDENCE, comprising Chapters 
on the History and Deyelopment of the Language, and on Word Formation. 
Ex. fcap. 8yo. 68. 

MORRIS AND KELLNBR.— HISTORICAL OUTLINES OF ENGLISH SYN- 
TAX. By Rey. R. Morris and Dr. L. Kxllnxr. [In preparation. 

NIOHOL.— A SHORT HISTORY OF ENGLISH LITERATURE. By Prof. John 
Niohol. gl 8yo. [In preparation, 

OLIPHANT.— THE OLD AND MIDDLE ENGLISH. By T. L. Kinoton 
Oliphant. New Ed., reyised and enlarged, of '*The Sources of Standard 
English.*' GL Svo. 9s. 

THE NEW ENGLISH. By the same. 2 yols. Cr. 8yo. 218. 

PALGRAVE.— THE CHILDREN’S TREASURY OF LYRICAL POETRY. 
Selected and arranged, with Notes, by Franoib T. Palorayr. 18mo. 28. 6d. 
Also in Two Parts. Is. each. 

PATMORE. —THE CHILDREN’S GARLAND PROM THE BEST POETS. 
Selected and arranged by Coyrntry Patmork. GL 8vo. 2s. (flldbe Readings 
from Standard Authors.) 

PLUTARCH.- Being a Selection from the Lives which illustrate Shakespeare. 
North's Translation. Edited,, itith Introductions, Notes, Index of Names, 
and Glossarial Index, by Prof. W. W. Skkat, Litt.D. Cr. 8vo. 6 b. 
RANSOMB.- SHORT STUDIES OF SHAKESPEARE’S PLOTS. By Cyril 
Ransom^ Professor of Modem History and Literature, Yorkshire College, 
Leeds. Cr. 8yo. 8s. 6d. >' 

RTLAND.— CHRONOLOGICAL OUTLINES OP ENGLISH LITERATURE. 

By P. Ryland, M.A. Cr, 8yo. [In the Press. 

SAINT8BURT.— A HISTORY OF ELIZABETHAN LITERATURE. 1560-1666. 

By Gxobox Saihtsbury. Or. 8vp. 7s. 6d. 
gCX)TT.— LAY OF THE LAST MINSTREL, and THE LADY OF THE LAKE. 
Edited, with Introduction and Notes, by Francis Turnxr Paloravr. GL 8yo. 
Is. (Globe Readings fvm Standard Authors.) 

THE LAY OP THE LAST MINSTREL. With Introduction and Notes, f by 
G. H. Stuart, M.A., Professor of English Literature, Presidency College, 
Madras. GL 8yo. Cantos I: to III. Is. 6d. Introduction and Canto 
I. 9d. 

MARMION, and THE LORD OF THE ISLES. By F. T. Paloravr. GL 8yo. 

Is. (Gflobe Readings from Standard Authors.) 

MARMION. With Introduction and Notes, by Michakl Macmillan, BiA. 
GL Svo. 88. 6<L 

THE LADY OF THE LAKE. By G. H. Stuart, M.A. [In the Press, 
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fiOKBBY. With lutroduotlon and Notea, by Michael Macmillan, B.A. 
OL 8ro, 80. 6d. 

SHAKE8PEARB.~A SHAKESPEARIAN QBAMMAR. By Rev. E. iL Abbott, 
D.D. QL 8vo. 68. # 

A SHAKESPEARE MANUAL. By F. G. Flbay, M.A. Sd Ed. £x. fcap. 8vo. 
48. 6d. 

PRIMER OF BHAKESPERE. By Prof. Dowdxn. 18mo. l8. 

SHORT STUDIES OP SHAKESPEARE'S PLOTS. By Oybil Ransome, M.A. 
Or. 8yo. 8s. 6d. 

THE TEMPEST. With Introduction and Notes, by EL DxiaBTOM, late Principal 
of Agra College. Gl. 8vo. Is. 6d. 

MUCH ADO ABOUT NOTHING. By the same. Gl. 8vo. 2s. 

THE MERCHANT OP VENICE. By the same. Gl. 8vo. Is. 6d. 

TWELFTH NIGHT. By the same. Gl. 8vo. Is. 6d. 

THE WINTER'S TALE. By the same. GL 8vo. 28. 6d. 

RICHARD II. By the same. Gl. 8vo. [In Auffvst. 

KING JOHN. By the same. GL 8vo. [In preparation. 

HENRY V. By the same. GL 8vo. 2s. 

RICHARD III. By C. H. Tawnet, M.A, Principal and Professor of English 
Literature, Presidency College, Calcutta. GL 8vo. 28. 6d. 

JULIUS CJESAR. By K. Deiohton. GL 8vo. 2s. 

MACBETH. By the same. GL 8vo. Is. 6d. 

OTHELLO. By the same. GL 8vo. 28. 6d. 

CYMBELINE. By the same. Gl. 8vo. 2 b. 6d. 

SONNENSOHEIN AND MEIKLE JOHN. — THE ENGLISH METHOD OF 
TEACHING TO READ. By A Sonnenschein and J. M. D. Meiklejohn, 
M.A. Fcap. 8vo. 

COMPBISINO: 

THE NURSERY BOOK, containing all the Two -Letter Words in the Lan- 
guage. Id. (Also in Large Type on Sheets for School Walls. 5 b.) 

THE FIRST COURSE, consisting of Short Vowels with Single Consonants. 7d. 
THE SECOND COURSE, with Combinations and Bridges, consisting of Short 
Vowels with Double Consonants. 7d. 

THE THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 
the Double Vowels in the Language. 7d. 

SOUTHEY.— LIFE OF NELSON. Witii Introduction and Notes, by Michael 
Macmillan, B.A GL 8yo. Ss. 6d. 

TAYLOR.— WORDS AND PLACES ; or, Et 3 rmological Illustrations of History, 
Ethnology, and Geography. By Rev. Isaac Taylor, Litt.D. With Maps. 
GL 8vo. 68. 

TENNYSON.— THE COLLECTED WORKS OP LORD TENNYSON. An Edition 
for Schools. In Four Parts. Cr. 8yo. 2s. 6d. each. 

TENNYSON FOR THE YOUNG. Edited, with Notes for the Use of Schools, 
by the Rev. Alfred Ainoer, LL.D., Canon of Bristol. [In preparation. 
SELECTIONS FROM TENNYSON. With Introduction and Notes, by F. J. 
Rowe, M.A, and W. T. Webb, M.A GL 8vo. Ss. 6d. 

This selection contains:— Recollections of the Arabian Nights, The Lady of 
Shalott, Oenone, The Lotos Eaters, Ulysses, Tithonus, Morte d’ Arthur, Sir 
Galahad, Dora, Ode on the Death of the Duke of Wellington, and The 
Revenge. 

THRING.— THE ELEMENTS OP GRAMMAR TAUGHT IN ENGLISH. By 
Edward Thrino, M.A. With Questions. 4th Ed. 18mo. 2s. 

VAUGHAN.— WORDS FROM TBOB POETS. By C. M. Vauohan. 18mo. Is. 
WARD.— THE ENGLISH POEl^ . Selections, with Critical Introductions by 
various Writers and a Generaf^Tlntroduction by Matthew Arnold. Edited 
* by T. H. Ward, M.A. 4 Vols. VoL I. Obaucsb to Donne.— VoL IL Ben 
JoNsoN TO Dryden.— VoL III. Addison to Blake.— VoL IV. Wordsworth 
TO Rossetti. Cr. 8vo. Bach 7 b. 6d. 
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WETHBRBLL.— EXERCISES ON MORRIS'S PRIMER OP ENGLISH GRAM. 
MAR. By John Wbthkrsll, M.A., Headmaster of Towcester Grammar 
School. 18mo. Is. 

WOODS.->-A FIRST POETRY BOOK. By M. A. Woods, Head Mistress of the 
Oiifton High School for Girls. Pcap. 8vo. 2s. 6d. 

A SECOND POETRY BOOK By the same. In two Parts. 28. 6d. each, 

A THIRD POETRY BOOK. By the same. 4s. 6d. 

WORDSWORTH.— SELECTIONS. With Introduction and Notes, by William 
Wordsworth, B.A., Principal and Professor of History and Political Economy, 
Elphinstone College, Bombay Ql. 8vo. [In preparation, 

TONGE.— A BOOK OF GOLDEN DEEDS. By Charlotte M. Yonge. G1. 
8vo. 2s. 

THE ABRIDGED BOOK OP GOLDEN DEEDS. 18mo. Is. 

FRENCH. 

BEAUMARCHAIS.— LE BARBIER DE SEVILLE. With Introduction and 
Notes. By L. P. Blouet. Fcap. 8vo. 8s. 6d. 

BOWEN. -FIRST LESSONS IN FRENCH. By H. Courthopb Bowen, M.A. 
Ex. fcap. 8vo. Is. 

BREYMANN.— Works by Hermann Brbymann, Ph.D., Professor of Philology in 
the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL PRINCIPLES. Ex. 
fcap. 8vo. 4s. Od. 

FIRST FRENCH EXERCISE BOOK. Ex. fcap. 8vo. 48. 6d. 

SECOND FRENCH EXERCISE BOOK. Ex. fcap. 8vo. 2s. 6d. 

FASNACHT.— Works by G. B. Fasnacht, late Assistant Master at Westminster. 
THE ORGANIC METHOD OP STUDYING LANGUAGES. Ex. fcap. 8vo. I. 
French. 3s. 6d. 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. Cr. 8vo. Ss. 6d. 
GRAMMAR AND GLOSSARY OP THE FRENCH LANGUAGE OP Tl^ 
SEVENTEENTH CENTURY. Or. 8vo. [In preparatEn. 

MACMILLAN’S PRIMARY SERIES OP FRENCH READINa BOOKS. -Edited by 
G. E. Fasnacht. With Illustrations, Notes, Vocabularies, and Exercises. 
Gl. 8vo. 

CORNAZ— NOS ENPANTS BT LEURS AMIS. By Edith Harvey. Is. 6d. 
DB MAISTRB— LA JEUNE SIBfiRIENNB ET LE LRPREUX DB LA CITR 
D'AOSTE. By Stbphane Barlet, B.Sc. &c. Is. 6d. 

FLORI AN— FABLES. By Rev. Charles Ybld, M. A., Headmaster of University 
School, Nottingham. Is. 6d. 

LA FONTAINE— A SELECTION OP FABLES. By L. M. Moriarty, B.A., 
Assistant Master at Harrow. 2s. 6d. 

MOLBSWORTH— FRENCH LIFE IN LETTERS. By Mrs. Molesworth. 
Is. 6d. 

PERRAULT— CONTES DB PRES. By G. E. Fasnacht. Is. 6d. 
MACMILLAN’S PROGRESSIVE FRENCH COURSE.— By G. E. Fasnacht. Ex. 
fcp. 8vo. 

First Year, containing Easy Lessons on the Regular Accidence. Is. 

Second Year, containing an Elementary Grammar with copious Exercises, 
Notes, and Vocabularies. 2s. 

Third Year, containing a Systematic Syntax, and Lessons in Composition. 
2s. 6d. 

THE TEACHER'S COMPANION TO MACMILLAN'S PROGRESSIVE FRENCH 
COURSE. With Copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. E. Fasnacht. Ex. fcap. 8vo. Each Year 
48. 6d. 

MACMILLAN’S FRENCH COMPOSITION.— By G. B. Fasnacht. Ex. fcap. 
8vo. Part I. Elementary. 2s. 6d. Part II. Advanced. [In the J^ess, 

THE TEACHER'S COMPANION TO MACMILLAN’S COURSE OF FRENCH 
COMPOSITION. By Q. B. Fasnacht. Part I. Ex. fcap. 8yo. 48. 6d. 
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MAGimiAN’S PROGRESSIVE FRENCH READERS. By G. E. Fasnachx. Ex. 
fcap. 8vo. 

First Tear, containing Tales, Historical Extracts, Letters, Dialogues, Ballads, 
Nursery Songs, etc., with Two Vocabularies : (1) in the order of subjects ; 
(2) in Alphabetical order. With Imitative Exercises. 2s. 6d. 

Second Year, containing Fiction in Prose and Verse, Historical and Descriptive 
Extracts, Essays, Letters, Dialogues, etc. With Imitative Exercises. 2s. 6d. 
MACMILLAN’S FOREIGN SCHOOL CLASSICS. Edited by G. E. Fasnacht. 
18mo. 

CORNEILLE— LB CID. By G. B. Fasnacht. Is. 

DUMAS— LES DEMOISELLES DE ST. OYR. By Victor Ooer, Lecturer at 
University College, Liverpool. Is. 6d. 

LA FONTAINE’S FABLES. Books I.-VI. By L. M. Moriarty, B.A., 
Assistant Master at Harrow. [In preparation. 

MOLlfiRB— L'AVARB. By the same. Is. 

MOLI^)RB-LB BOURGEOIS GENTILHOMMB. By the same. Is. 6d. 
MOLlilRB- LBS FEMMES SAVANTBS. By G. B. Fasnacht. Is. 
M0LI^;RB-LE MISANTHROPE. By the same. Is. 

MOLI^IRB-LB M^JDBOIN MALGRE LUI. By the same. Is. 

RACINE— BRITANICUS. By E. Pellissier, M.A., Assistant Master at 

Clifton College. 2s. 

FRENCH READINGS PROM ROMAN HISTORY. Selected from various 
Authors, by C. Colbeck, M.A., Assistant Master at Harrow. 4s. 6d. 

SAND, GEORGE— LA MARE AU DIABLB. By W. B. Russell, M.A., 
Assistant Master at Haileybury. Is. 

BANDEAU, JULES— MADEMOISELLE DB LA SBIGLIBRB. By H. C, 
Steel, Assistant Master at Winchester. Is. 6d. 

THIERS’S HISTORY OF THE EGYPTIAN EXPEDITION. By Rev. H. A. 

Bull, M.A., Assistant Master at Wellington. [Jn preparatio-n. 

VOLTAIRE— CHARLES XII. By G. B. Fasnacht. Ss. 6d. 

BLASSON.— A COMPENDIOUS DICTIONARY OF THE FRENCH LANGUAGE. 
Adapted from the Dictionaries of Professor A. Blwall. By Gustave Masson. 
Cr. 8vo. 6s. 

MOLIERB.— LB MALADB IMAGINAIRB. With Introduction and Notes, by P. 

Tarver, M.A., Assistant Master at Eton. Fcap. 8vo. 2s. 6d. 

PELLISSIER.— FRENCH ROOTS AND THEIR FAMILIES. A Synthetic 
Vocabulary, based upon Derivations. By E. Pellissier, M.A., Assistant 
Master at Clifton College. Gl. 8vo. 6s. 

GERMAN. 

HUSS.-A SYSTEM OP ORAL INSTRUCTION IN GERMAN, by means of 
Progressive Illustrations and Applications of the leading Rules of Grammar. 
By U. C. O. Huas, Ph.D. Cr. 8vo. 6s. 

MACMILLAN’S PROGRESSIVE GERMAN COURSE. By G. E. Fasnacht. Ex. 
fcp. 8vo. 

First Year. Easy lessons and Rules on the Regular Accidence. Is. 6d. 
Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illustrations and Etymological Vocabulary. 
3s. 6d. 

Third Year. [In the Presi. 

TEACHER’S COMPANION TO MACMILLAN’S PROGRESSIVE GERMAN 
COURSE. With copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. B. Fasnacht. Ex. fcap. 8vo. First Year. 
4s. 6d. Second Year. 4s. 6d. 

MACMILLAN’S PROGRESSIVE GERMAN READERS. By G. E. Fasnacht. £x. 
fcap. 8vo. 

1'iRST Year, containing an Introduction to the German order of Words, with 
Copious Examples, extracts from German Authors in Prose and Poetry; Notes, 
and Vocabularies. 2s. 6d. 
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IIACIMILLAN’8 PRIMAB7 SERIES OF GERMAN READING BOORS. Edited 
by O. B. Fasnacht; With Notes, Vocabularies and Exercises. Ol. 8vo. 

GRIMM—KINDER UND HAT7BMABGHEN. By G. E. Fabnaoht. 2s. 6d. 

^UFF»DIB KARA VANE. By Hxbman Hagxb, Ph.D., Lecturer in the 
Owens Oollege, Manchester. 8s. 

SOHMID, CHR. VON— H. VON BIOHBNPELS. By G. B. Pasnaowt. 2s. 6d. 

MACMILLAN’S FOREIGN SCHOOL CLASSICS.— Edited by G. B. Faskaobt. 18mo: 

PRBYTAG (G.).— DOKTOR LUTHER, By P. Storr, M.A., Headmaster of the 
Modem Side, Merchant Taylors* School. [In privation, 

GOETHE— g5tZ VON BERLIGHINGBN. By H. A. Bull, M.A, Assistant 
Master at Wellington. 2s. 

GOETHE— FAUST. Fart I., followed by an Appendix on Fart II. By Jarb 
Lbb, Lecturer in German Literature at Newnham Oollege, Cambridge. 4s. 6d. 

HEINE— SELECTIONS FROM THE REISEBILDER AND OTHER FROSB 
WORKS. By C. Golbeck, M.A, Assistant Master at Harrow. 2s. 6d. 

LESSING— MINNA VON BARNHBLM. By Jambs Simb, M.A [Injrrepamiion, 

SOHILLBR-SBLBCTIONS FROM SCHILLER’S LYRICAL FOBM8. With a 
Memoir of Schiller. By E. J. Turkbr, B.A, and B. D. A Morshbad, M.A 
Assistant Masters at Winchester. 2s. 6d. 

SCHILLER— DIB JUNGFRAU VON ORLEANS. By Joseph Gostwicjk. 2s. 6d. 

SCHILLER— MARIA STUART. By C. Shbldor, D.Lit., of the Royal Academ- 
ical Institution, Belfast. 2s. 6d. 

SOHILLERr-WILHBLM TELL. By G. E. Fasnacht. 2s. 8d. 

SCHILLER— WALLENSTEIN. Fart I. DAS LAGER. By H. B. Cotterill, 
M.A 28. 

UHLAND— SELECT BALLADS. Adapted as a First Easy Reading Book for 
Beginnem. With Vocabulary. By G. E. Fasnacht. Is. 

PYLODBT.— NEW GUIDE TO GERMAN CONVERSATION ; containing an Apha- 
betical List of nearly 800 Familiar Words ; followed by Exercises, vocabulary 
of Words in frequent use, Familiar Phrases and Dialogues, a Sketch of German 
Literature, Idiomatic Expressions, etc. By L. Ftlodet. 18mo. 2s. 6d. 

WHITNEY.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. Whitney, 
Professor of Sanskrit and Instructor in Modem Languages in Tale Oollege. 
Or. 8vo. 48. dd. 

A GERMAN READER IN PROSE AND VERSE. By the Same. With Notes 
and Vocabulary. Or. 8vo. 58. 

WHITNEY AND EDQRBN.— A COMPENDIOUS GERMAN AND ENGLISH 
DICTIONARY, with Notation of Correspondences and Brief Etymologies. By 
Prof. W. D. Whitney, assisted by A. H. Edgbbn. Cr. 8vo. 7s. 6d. 

THE GERMAN-ENGLISH FART, separately, 5s. 


MODERN GREEK. 

VINOENT AND DICKSON.— HANDBOOK TO MODERN GREEK. By Sir Bdoar 
Vincent, E.C.M.G., and T. G. Dickson, M.A. With Appendix on the relation 
of Modem and Classical Greek by Prof. Jebb. Cr. 8vo. 6s. 


ITALIAN. 

DANTE.- THE PURGATORY OP DANTE. With Translation and Notes, by A J. 
Butlbr, M.A Or. 8vo. 12s. 6d. 

THE PARADISO OP DANTE. WItti Translation and Notes, by the Same. 
Or, 8vo. 12s. 6d. 

READINGS ON THE PURGATORIO OF DANTE. Chiefly based on the Cqjq- 
mentaxy of Benyenuto Da Imola. ^ the Hon. W. Warren Vbrnon, M.A 
With an Introduction by the Very Key the Dbak or St. Paul's. 2 vols. 
Or. 8yo. 24a. 
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SPANISH. 

OALDERON.—FOUR PLATS OF OALDBRON. With Introduction and Notes- 
By Normak MacColl, M.A. Or. 8vo. 14 b. 

Tlie four plays here given are El Principe ConstanUf La Vida ee SuenOf El Alcalde 
de ZaUmea, and El Eaoondido y La TapcLda. 


MATHEMATICS. 

Arithmetic^ Book-keeping, Algehra, EncUd and Pure Oeometry, Geometrical 
Drawing, Mensuration, Trigonometry, Analytical Geometry (Plano and 
Solid), Problems and Questions In Mathematics, Higher Pure Mathe- 
matics, Mechanics (Statics, Dynamics, Hydrostatics, Hydrodynamics: see 
also Physics), Physios (Sound, Light, Heat, Electricity, Elasticity, Attraor 
tions, &o.), Astronomy, Historical. 


ARITHMETIC. 

ALDIS.— THE GREAT GIANT ARITHM08. A most Elementary Arithmetic 
for Children. By Mart Steadman Aldis. Illustrated. Gl. 8vo. 2s. 6d. 
ARMY PRELIMINAB7 EXAMINATION, SPECIMENS OP PAPERS SET AT 
THE, 1882-89.— With Answers to the Mathematical Questions. Subjects; 
Arithmetic, Algebra, Euclid, Geometrical Drawing, Geography, French, 
English Dictation. Or. 8vo. 8s. 6d. 

BRADSHAW.— A COURSE OP EASY ARITHMETICAL EXAMPLES FOR 
BEGINNERS. By J. G. Bradshaw, B. A., Assistant Master at Clifton College. 
Gl. 8vo. 2s. With Answers, 28. 6d. 

BROOKSMITH.-ARITHMBTIC IN THEORY AND PRACTICE. By J. Brook. 
SMITH, M.A. Or. 8vo. 48. 6d. 

BROOKSMITH.— ARITHMETIC FOR BEGINNERS. By J. and E. J. Brook- 
SMITH. Gl. 8vo. Is. 6d. 

CANDLER.— HELP TO ARITHMETIC. Designed for the use of Schools. By H, 
Candler, Mathematical Master of Uppingham School. 2d Ed. Ex. fcap. Sva 
2s. 6d. 

DALTON.— RULES AND EXAMPLES IN ARITHMETIC. - By the Rev. T. Dal. 

TON, M.A., Assistant Master at Eton. New Ed., with Answers. 18mo. 2s. 6d. 
GOYBN— HIGHER ARITHMETIC AND ELEMENTARY MENSURATION. 

By P. Goyen, Inspector of Schools, Dunedin, New Zealand. Or. 8vo. Ss. 
HAT.T. AND lUnGHT.-ARITHMETICAL EXERCISES AND EXAMINATION 
PAPERS. With an Appendix containing Questions in Logarithms and 
Mensuration. By H. S. Hall, M.A., Master of the Military and Engineering 
Side, Clifton College, and S. R Knight, B.A. Gl. 8vo. 2 b. 6d. 

LOCK.— Works by Rev. J. B. Lock, M.A., Senior Fellow, Assistant Tutor and 
Lecturer in Gonville and Caius College, Cambridge. 

ARITHMETIC FOR SCHOOLS, With Answers and 1000 additional Examples 
for Exercise. 8d Ed., revised. GL 8vo. 4s. 6d. Or in Two Parts:— 
Part I. Up to and including Practice. 2s. Part II. With 1000 additional 
Examples for Exercise. Ss. KEY. Or. 8vo. lOs. 0d. 

ARITHMETIC FOR BEGINNERS. A School Class-Book of Commercial Arith- 
^ metic. Gl. 8vo. 28. 6d. KEY. Cr. 8vo. 8s. 6d. 

A SHILLING CLASS-BOOK OF ARITHMETIC, ADAPTED FOB USB IN 
ELEMENTARY SCHOOLS. 18mo, Is. With Answers Is. 6d. [Jn Jvly, 
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PBDLEY.— BXBBOISBB IN ABITHMETIO for thd Use of Schools. Containing 
mort than 7000 original Examples. By Samuil Pedlsy. Or. 8vo. 5s. 

Also in Two Parts^ 2s. 6d. each. 

SMITH.— Works by Bev. Barnard Smith, M.A., late Fellow and Senior Bursar of 
St. Peter’s College, Cambridge. 

ABITHMETIO AND ALGEBBA, in their Principles and Application ; with 
numerous systematically arranged Examples taken from tiie Cambridge Exam- 
ination Papers, with especial reference to the Ordinary Examination for the 
B.A. Degree. New Ed., carefully revised. Cr. 8vo. 10s. 6d. 

ABITHMETIO FOR SCHOOLS. Cr. 8vo. 4s. 6d. KEY. Cr. 8vo. 4s. 6d. 

EXERCISES IN ABITHMETIO. Or. 8vo. 2s. With Answers, 2s. 6d. An- 
swers separately, 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo. Ss. Or separately, in 
Three Parts, Is. each. KEYS. Parts I., II., and III., 2 b. 6d. each. 

SHILLING BOOK OF ARITHMETIC. 18mo. Or separately. Part I., 2il. ; 
Part II., 8d. ; Part III., 7d. AnsweiR, 6d. KEY. 18mo. 4s. 6d. 

THE SAME, with Answers. 18mo, cloth. Is. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. 18mo. Is. 6d. The Same, 
with Answers. 18mo. 2s. Answers, 6d. KEY. 18mo. 4s. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND APPLI- 
CATIONS, with Numerous Examples. 18mo. 3d. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. by 34 in. on 
Roller. 8s. 6d. Also a Small Chart on a Card. Price Id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writing, 
Spelling, and Dictation. Part I. Cr. 8vo. 9d. 

EXAMINATION CARDS IN ARITHMETIC. With Answers and Hints. 

Standards I. and II., in box. Is. Standards III., IV., and V., in boxes, Is. each. 
Standard VI. in Two Parts, in boxes, Is. each. 

A and B papers, of nearly the same difficulty, are given so as to prevent copying, 
and the colours of the A and B papers differ in each Standard, and froiri those of 
every other Standard, so that a master or mistress can see at a glance whether the 
children have the proper papers. 


BOOK-KEEPINO*. 

THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. Or. 
8vo. 2s. 6d. KEY. Oblong 4to. 10s. Od. 

PRIMER OP BOOK-KEEPING. 18mo. Is. KEY. [Immediately. 


ALGEBRA. 

DALTON.— RULES AND EXAMPLES IN ALGEBRA. By Rev. T. Dalton, 
Assistant Master at Eton. Fart X. 18mo. 2s. KEY. Gr. 8vo. 7 b. Cd. 
Part II. 18mo. 2s. 6d. 

HAT.T. and KNIGHT.— Works by H. S. Hall, M.A., Master of the Military and 
Engineering Side, Clifton College, and S. R. Knight, B.A. 

ELEMENTARY ALGEBRA FOR SCHOOLS. 5th Ed., revised and corrected. 
Gl. 8vo, bound in maroon coloured cloth, 8s. 6d. ; with Answers, bound in 
green coloured cloth, 4s. 6d. [KEY. In the Press, 

ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom- 
pany ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 2s. 6d. 
HIGHER ALGEBRA. Sd Ed. Cr. 8vo. 78. 6d. KEY. Cr. 8vo, 10s. 6d. 
JONES AND OHEYNE.— ALGEBRAICAL EXERCISES. Progressively Ar- 
ranged. By Rev. 0. A. Jonrs and C. H. Gueynb, M.A., late Mathematical 
Masters at Westminster School. 18mo. 2 b. 6d. r 

KEY. By Rev. W. Pailrs, M . A. , Mathematical Master at Westminster School. 
Cr. Svo, 7s. Od. 
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SMITH.-- ARITHMBTIO AND ALGEBRA, in their Principles and Application ; 
Mrith numerous systematically arranged Examples taken from the Cambridge 
Examination Papers, with especial reference to the Ordinary Examination for 
the B.A. Degree. By Rev. Barmard Smith, M.A. New Edition, carefully 
revised. Cr. 8vo. lOs. 6d. 

SMITH.— Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 

ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 4s. 6d. 

A TREATISE ON ALGEBRA. Cr. 8vo. 7s. 6d. KEY. Cr. 8vo. 10s. 6d. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

ALGEBRA FOR BEGINNERS. 18mo. 28. 6d. KEY. Cr. 8vo. 6s. 6d. 
ALGEBRA FOR COLLEGES AND SCHOOLS. Or. 8vo. Ts. 6d. KEY. Cr. 
8vo. 10s. 6d. 


EUCLID AND PURE GEOMETRY. 

OOOKSHOTT AND WALTERS.— A TREATISE ON GEOMETRICAL CONICS. 
In accordance with the Syllabus of the Association for the Improvement of 
Geometrical Teaching. By A. Cockshott, M.A., Assistant Master at Eton; 
and Rev. F. B. Waltkrs, M.A., Principal of King William’s College, Isle of 
Man. Cr. 8vo. 5s. 

CONSTABLE.— GEOMETRICAL EXERCISES FOR BEGINNERS. By Samtjbl 
C oMSTAfiLB. Or. 8vo. Ss. 6d. 

OUTHBERTSON.— EUCLIDIAN GEOMETRY. By Francis Cuthbxrtson, M.A. , 
LL.D. Ex. fcap. 8vo. 4s. 6d. 

DAT.— PROPERTIES OP CONIC SECTIONS PROVED GEOMETRICALLY. 
By Rev. H. G. Day, M.A. Part I. The Ellipse, with an ample collection of 
Problems. Cr. 8vo. Ss. 6d. 

DODGSON. — Works by Charles L. Dodqson, M. A., Student and late Mathematical 
Lecturer, Christ Church, Oxford. 

EUCLID, BOOKS 1. and II. 6th Ed., with words substituted for the Alge- 
braical Symbols used in the 1st Ed. Or. 8vo. 2s. 

EUCLID AND HIS MODERN RIVALS. 2d Ed. Cr. 8vo. 6s. 

OURIOSA MATHEMATIOA. Part I. A New Theory of Parallels. 2d Ed. 
Cr. 8vo. 2s. 

DREW.— GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. H. 
Drew, M.A. New Ed., enlarged. Cr. 8vo. 58. 

DUPUIS.— ELEMENTARY SYNTHETIC GEOMETRY OP THE POINT, LINE, 
AND CIRCLE IN THE PLANE. By N. P. Dupuis, M.A., Professor of Pure 
Mathematics in the University of Queen's College, Kingston, Canada. Gl, 8vo. 
4s. 6d. 

HALL AND STEVENS.— A TEXT -BOOK OF EUCLID’S ELEMENTS. In- 
eluding Alternative Proofs, together with additional Theorems and Exercises, 
classified and arranged. By H. S. Hall, M.A., and F. H. Stevens, M.A., 
Masters of the Military and Engineering Side, Clifton College. Gl. 8vo. Book 
I., Is. ; Books I. and II., Is. 6d. ; Books I.-IV., 8s. ; Books III.-Vl., 8s; Books 
I.-VI. and XL, 48. 6d. ; Book XI., Is. [KEY. In preparation, 

HALSTBD.— THE ELEMENTS OF GEOMETRY By G. B. Halbted, Professor 
of Pure and Applied Mathematics in the University of Texas. 8vo. 12s. 6d. 

LOOK.— EUCLID FOR BEGINNERS. Being an Introduction to existing Text- 
books. By Rev. J. B. Lock, M.A. [In the Frees. 

MAULT.— NATURAL GEOMETRY : an Introduction to the Logical Study of 
Mathematics. For Schools and Technical Classes. With Explanatory Models 
based upon the Tacbymetrical works of Ed. Llagout. By A, Mault. 18mo. Is. 

Models to Illustrate the above, in Box, 12s. 6d. 

MILNE AND DAVIS.— GEOMETRICAL CONICS. Part I. The Parabola. By 
Rev. J. J. Milne, M.A., and R, P. Davis, M.A. Or. 8vo. [In the Press. 

SfLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books I.-VI.)- 
Prepared by the Association for the Improvement of Geometrical Teaching. 
Cr. 8vo. Is. 
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SYLLABUS OF MODERN PLANE GEOMETRY.— PrepAred by the Association 
for the Improvement of Geometrical Teaching. Or. evo. Sewed. Is. 

TODHDNTBR.— THE ELEMENTS OP EUCLID. By I. Todhuktir, P.R.8. 
18mo. 8a. (W. KEY. Or. 8vo. 6s. 6d. 

WILSON.— "Works by Rev. J. M. Wilson, M.A., Head Master of Clifton College. 

ELEMENTARY GEOMETRY. BOOKS I.-V. Containing the Subjects of 
Euclid’s first Six Books. Following the Syllabus of the Geometrical Associa- 
tion. Ex. fcap. 8vo. 4s. 6d. 

SOLID GEOMETRY AND CONIC SECTIONS. With Appendices on Trans- 
versals and Harmonic Division. Ex. fcap. 8vo. 8s. 6d. 


GEOMETRICAL DRAWING. 

EAGLES.— CONSTRUCTIVE GEOMETRY OP PLANE CURVES. By T. 11. 
Eagles, M.A., Instructor in Geometrical Drawing and Lecturer in Architecture 
at the Royal Indian Engineering College, Cooper’s Hill. Cr. 8vo. 12s. 
EDGAR AND PRITCHARD.— NOTE - BOOK ON PRACTICAL SOLID OR 
DESCRIPTIVE GEOMETRY. Containing Problems with help for Solutions. 
By J. H. Edgar and G. S. Pritchard. 4th Ed., revised by A. Meeze. G1. 
8vo, 4 b. 6d. 

KITCHENER.— A GEOMETRICAL NOTE-BOOK. Containing Easy Problems In 
Geometrical Drawing preparatory to the Study of Geometry. For the Use of 
Schools. By P. B. K^itchener, M.A., Head Master of the Newcastle-under- 
Lyme High School. 4to. 2s. 

MILLAR.— ELEMENTS OP DESCRIPTIVE GEOMETRY. By J. B. Millar, 
Civil Bnpneer, Lecturer on Engineering in the Victoria University, Manchester. 
2d Ed. Or. 8vo. 68. 

PLANT.— GEOMETRICAL DRAWING. By E. C. Plant. Globe 8vo. 

[In preparation. 

MENSURATION. 

STEVENS.— ELEMENTARY MENSURATION. With Exercises on the Mensura- 
tion of Plane and Solid Figures, By P. H. Stevens, M.A. G1. 8vo. 

[In preparation. 

TEBAY.— ELEMENTARY MENSURATION FOR SCHOOLS. By B. Tebay. 
Ex. fcap. 8vo. 38. 6d, 

TODHUNTER.— MENSURATION FOR BEGINNERS. By Isaac Todhunteb, 
F.R.S. 18mo. 2s, 6d. KEY. By Rev. Fr. L. McCarthy. Cr. 8vo, Ts. 6d. 


TRIGONOMETRY. 

BEASLEY.— AN ELEMENTARY TREATISE ON PLANE TRIGONOMETRY. 
With Examples. By R. D. B/asley, M.A. 9th Ed., revised and enlarged. 
Cr. 8vo. 8s. 6d. 

BOTTOMLBY.— FOUR-FIGURE MATHEMATICAL TABLES. Comprising Lo- 
garithmic and Trigonometrical Tables, and Tables of Squares, Square Roots, 
and Reciprocals. By J. T. Bottomlsy, M.A., Lecturer in Natural Philosophy 
iu the University of Glasgow. 8vo. 2s. 6d. 

HAYWARD.— THE ALGEBRA OP CO-PLANAR VECTORS AND TRIGONO- 
METRY. By B. B. Hayward, M.A., F.R.S., Assistant Master at Harrow. 

[In preparation. 

JOHNSON.— A TREATISE ON TRIGONOMETRY. By W. B. Johnson, M.A. 
late Scholar and Assistant Mathematical Lecturer at King’s College, Cam- 
bridge. Or. 8vo. 8s. 6d. 

LOOK.— Works by Rev. J. B. IjOCK, M.A., Senior Fellow, Assistant Tutor and 
Lecturer in GonvlUe and Cains College, Cambridge. 

TRIGONOMETRY FOR BEGINNERS, as far as the Solution of Triangles. 8d 
Ed. Gl. 8vo. 28. 6d. KEY. Or. 8vo. 6s. 6d. ^ 

ELEMENTARY TRIGONOMETRY. 6th Ed. (in this edition the chapter on 
logarithms has been carefully revised). Gl. 8vo. 48. 6d. KEY. Cr. 8vo. 8s. 6d. 
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HIGBIEB TRIGONOMETBY. 5th Ed. Gl. 8vo. 4s. 6d. Both Farts complete 
in One Volume. Gl. 8vo. 78. 6d. 

MmELLAND AND PRESTON.— A TREATISE ON SPHERICAL TRIGONO- 
METBY. With applications to Spherical Geometry and numerous Examples. 
By W. J. M'Clejlland, M.Ai, Principal of the Incorporated Society’s School, 
Santry, Dublin, and T. Preston, M.A. Or. 8vo. 8s. 6d., or : Part I. To the 
End of Solution of Triangles, 4s. 6d. Part II., 6s. 

PALMER.— TEXT - BOOK OP PRACTICAL LOGARITHMS AND TRIGONO- 
METRY. By J. H. Palmer, Headmaster, R.N., H.M.S. Cambridge^ Devon 
port. Gl. 8vo. 4s. 6d. 

SNOWBALL.— THE, ELEMENTS OF PLANE AND SPHERICAL TRIGONO- 
METRY. By J. C. Snowball. 14th Ed. Cr. 8vo. 7s. 6d. 

TODHUNTBR.— Works by Isaac Todhunter, F.R.S. 

TRIGONOMETBY FOR BEGINNERS. 18mo. 2s. 6d. KEY. Cr. 8vo. 8s. 6d. 

PLANE TRIGONOMETRY. Cr. 8vo. 6s. KEY. Cr. 8vo. 10s. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. Cr. 8vo. 4s. 6d. 

WOLSTENHOLME.— EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolsteniiolme, D.Sc., late Professor 
of Mathematics in the Royal Indian Engineering Coll., Cooper’s Hill. 8vo. 
5s. 


ANALYTICAL GEOMETRY (Plane and Solid). 

DYER.— EXERCISES IN ANALYTICAL GEOMETRY. By J. M. Dyer, M.A., 
Assistant Master at Eton. Illustrated. Cr. 8vo. 4s. 6d. 

FERRERS.— AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDIN- 
ATES, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Ferrers, D.D., F.R.S., Master of Qonville and Caius College, 
Cambridge. 4th Ed., revised. Cr. 8vo. 6s. 6d. 

FROST.— Works by Percival Frost, D.Sc., F.R.S., Fellow and Mathematical 
Lecturer at King’s College, Cambridge. I 
AN ELEMENTARY TREATISE ON CURVE TRACING. 8vo. 12s. 

SOLID GEOMETRY. 3d Ed. Demy 8vo. 16s. 

HINTS FOB THE SOLUTION OP PROBLEMS in the Third Edition of SOLID 
GEOMETRY. 8vo. Ss. 6d. 

HAYWARD.— THE ELEMENTS OP SOLID GEOMETRY. By R. B. Hayward, 
M.A., F.R.S. Gl, 8vo. [In the Press. 

JOHNSON.— CURVE TRACING IN CARTESIAN CO-ORDINATES. By W. 
WooLSEY Johnson, Professor of Mathematics at the U.S. NaYal Academy, 
Annapolis, Maryland. Cr. 8vo. 4s. 6d. 

PUCKLE.— AN ELEMENTARY TREATISE ON CONIC SECTIONS AND AL- 
GEBRAIC GEOMETRY. With Numerous Examples and Hints for their Sol- 
ution. By G. H. PucKLE, M.A. 6tli Ed., revised and enlarged. Cr. 8vo. 
78. 6d. 

SMITH.— Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 

CONIC SECTIONS. 7th Ed. Or. 8vo. 78. 6d. 

SOLUTIONS TO CONIC SECTIONS. Cr. 8vo. 10s. 6d. 

AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 2d Ed. Cr. 8vo. 
98. 6d. 

TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Line and the 
Conic Sections. Cr. 8vo. 7s. 6d. 

KEY. By G. W. Bourne, M.A., Headmaster of King’s College School. Cr. 8vo. 
• lOs. 6d. 

EXAMPLES OP ANALYTICAL GEOMETRY OP THREE DIMENSIONS. 
New Ed., revised. Or. 8vo. 48. 

C 



26 


MATHMATICS 


PROBLEMS AND QUESTIONS IN 
MATHEMATICS. 

ABM7 PRELIMINARY EXAMINATION, 1882>1889, Specimens of Papers set at 
the. With Answers to the Mathematical Questions. Subjects: Arithmetic, 
Algebra, Euclid, Geometrical Drawing, Geography, French, English Dictation. 
Or. 8vo. 3s. 6d. 

CAMBRIDGE SENATE -HOUSE PROBLEMS AND RIDERS, WITH SOLU- 
TIONS;— 

1875— PROBLEMS AND RIDERS. By A. G. Greentiill, P.E.S. Or. 8vo. 8s. 6d. 

1878-SOLUTIONS OF SENATE-HOUSE PROBLEMS. By the Mathematical 
Moderators and Examiners. Edited by J. W. L. Glaisheb, F.R.S., Fellow of 
Ti-inity College, Cambridge. 12s. 

CHRISTIE.— A COLLECTION OF ELEMENTARY TEST-QUESTIONS IN PURE 
AND MIXED MATHEMATICS ; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by Homer's Method. 
By James R. Christie, P.R.S. Cr. 8vo. 8s. 6d. 

MILNE.— Works by Rev. John J. Milne, Private Tutor. a 

WEEKLY PROBLEM PAPERS. With Notes intended forlhe use of Students 
preparing for Mathematical Scholarships, and for Junior Members of the Uni- 
versities who are reading for Mathematical Honours. Pott 8vo. 4s. 6d. 

SOLUTIONS TO WEEKLY PROBLEM PAPERS. Cr. 8vo. 10s. 6d. 

COMPANION TO WEEKLY PROBLEM PAPERS. Cr. 8vo. 10s. 6d. 

SANDHURST MATHEMATICAL PAPERS, for admission into the Royal Military 
College, 1881-1889. Edited by E. J. Brooksmith, B.A., Instructor in Mathe- 
matics at the Royal Military Academy, Woolwich. Cr. 8vo. [In the Press. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 1880-1888 inclusive. Edited by B. J. Brooksmith, B.A. 
Cr. 8vo. 68. 

WOLSTENHOLME.— Works by Joseph Wolstenholmk, D.Sc., late Professor of 
Mathematics in the Royal Engineering Coll. Cooper’s Hill. 

MATHEMATICAL PROBLEMS, on Subjects included in the First and Second 
Divisions of the Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. New Ed., greatly ehlarged. 8vo. 18s. 

EXAMPLES FOR PRACTICE IN THE USB OF SEVEN-FIGURE LOGAR- 
ITEMS. 8vo. 5s. 


HIGHER PURE MATHEMATICS. 

AIRY.— Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS. 

With Diagrams. 2d Ed. Cr. 8vo. 6a. 6d. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF ERRORS OP 
OBSERVATIONS AND THE COMBINATION OP OBSERVATIONS. 
2d. Ed., revised. Cr. 8vo. 6s. 6d. 

BOOLE.— THE CALCULUS OF FINITE DIFFERENCES. By G. Boole. 8d Ed., 
revised by J. F. Moulton, Q.C. Cr. 8vo. 10s. 6d. 

CARLIr-A TREATISE ON THE CALCULUS OP VARIATIONS. By Lewis B. 
Carll. Arranged with the purpose of Introducing, as well as Illustrating, its 
Principles to the Reader by means of Problems, and Designed to present in all 
Important Particulars a Complete View of the Present State of the Science. 
8vo. 2ls. 

EDWARDS.— THE DIFFERENTIAL CALCULUS. By Joseph Edwards, M.A., 
With Applications and numerous Examples. Cr. 8vo. lOs. 6d. 

FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONIOS, 
AND BUMBOT8 CONNECTED WITH THEM. By Rev. N. M. Ferrers, 
D.D., F.R.S’., Master of Gonville and Caius College, Cambridge. Cr. 8vo. 78. 6d. 
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PORSTTH.-A TREATISB ON DIFFERENTIAL EQUATIONS. By Aisidrbw 
Russell Forsyth, F.R.S., Fellow and Assistant Tutor of Trinity College, 
Cambridge. 2d Bd. 8vo. 14s. 

PBOST.~AN ELEMENTARY TREATISB ON CURVE TRACING. By Peroival 
Frost, M.A., D.Sc. 8vo. 12s. 

GRBENHILL.— DIFFERENTIAL AND INTEGRAL CALCULUS. By A. G. 
Greenhill, Professor of Mathematics to the Senior Class of Artillery Ollicers, 
Woolwich. Or. 8vo. 7s. 6d. 

JOHNSON.— Works by William Woolsey Johusom, Professor of Mathematics at 
the U.S. Naval Academy, Annapolis, Maryland. 

INTEGRAL CALCULUS, an Elementary Treatise on the; Founded on the 
Method of Rates or Fluxions. 8vo. ds. 

CURVE TRACING IN CARTESIAN CO-ORDINATES. Cr. 8vo. 4s. 6d. 

A TREATISB ON ORDINARY AND DIFFERENTIAL EQUATIONS. Ex. cr. 
8vo. 15s. 

KBLLAND AND TAIT.— INTRODUCTION TO QUATERNIONS, with numerous 
examples. By P. Kelland and P. G. Tait, Professors in the Department of 
Mathematics in the University of Edinburgh. 2d Ed. Or. 8vo. 7s. 6d. 

KEMPB.— HOW TO DRAW A STRAIGHT LINE : a Lecture on Linkages. By A 
B. Kehpe. lulLstrated. Or. 8vo. Is. 6d. 

KNOX.— DIFFERENTIAL CALCULUS FOB BEGINNERS. By Alexander 
Knox. Fcap. 8vo. Ss. 6d. 

MERRIMAN.— A TEXT-BOOK OF THE METHOD OP LEAST SQUARES. By 
Mansfield Merriman, Professor of Civil Engineering at Lehigh University, 
U.S.A 8vo. 88. 6d. 

MUIR.— Works by Thob. Muir, Mathematical Master in the High School of Glasgow. 

A TREATISB ON THE THEORY OF DETERMINANTS. With graduated sets 
of Examples. Cr. 8vo. 7s. 6d. 

THE THEORY OP DETERMINANTS IN THE HISTORICAL ORDER OP ITS 
DEVELOPMENT. Parti. Determinants in General. Leibnitz (169S) to Cay- 
ley (1841). 8vo. 10s. 6d. 

RICE AND JOHNSON.— DIFFERENTIAL CALCULUS, an Elementary Treatise on 
the ; Founded on the Method of Rates or Fluxions. By J. M. Rice, Professor 
of Mathematics in tlie United States Navy, and W. W. Johnson, Professor of 
Mathematics at tlie United States Naval Academy. 3d Ed., revised and cor- 
rected, 8vo, 18s. Abridged Bd. 9s. 

TODHUNTER.— Works by Isaao Todhunter, F.R.S. 

AN ELEMENTARY TREATISB ON THE THEORY OF EQUATIONS. 
Cr. 8vo. 7s. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. Or. 8vo. 10s. 6d. 
KEY. Or. 8vo. 10s. 6d. 

A TREATISB ON THE INTEGRAL CALCULUS AND ITS APPLICATIONS. 
Or. 8vo. 10s. 6d. KEY. Cr 8vo. 10s. 6d. 

A HISTORY OF THE MATHEMATICAL THEORY OP PROBABILITY, from 
the time of Pascal to that of Laplace. 8vo. 18s. 

AN ELEMENTARY TREATISE ON LAPLACE’S, LAME'S, AND BESSEL’S 
FUNOTIONa Cr. 8vo. 10s. 6d. 


MECHANICS : Statics, Dynamics, Hydrostatics, 
Hydrodynamics. (See-also Physics.) 

ALEXANDER AND THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
Prof. T. Alexander, and A. W. Thomson. Part II. Transverse Stress. 
Cr. 8vo. 10s. 6d. 

]£^LL. — EXPERIMENTAL MECHANICS. A Course of Lectures delivered at the 
Royal College of Science for Ireland. By Sir R S. Ball, F.R.S. 2d Ed. 
Illustrated. Cr. 8vo. 6s. 
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OHISHOLM.-THB BCIBNOB OF WBIGHINO AND MEASURING, AND THE 
STANDARDS OP MEASURE AND WEIGHT. By H. W. Chisholm, Warden 
of the Standards. Illustrated. Gr. Svo. 48. 6d. 

OLARKB.~.A TABLE OP 8PBCIPIC GRAVITY FOR SOLIDS AND LIQUIDS 
(Constants of Nature : Part I.) Now Ed., revised and enlarged. By F. W. Clarke, 
Chief Chemist, U.8. Geological Survey. Svo. 12s. 6d. (Published for the 
Smithsonian Institution, Washington, U.S.A.) 

CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 
Motion and Rest in Solid and Fluid Bodies. By W. E. Clifford. Part I.— 
Kinematic. Gr. Svo. Books I — III. 7s. 6d. ; Book IV. and Appendix, 6s. 

COTTBRILL.— APPLIED MECHANICS : an Elementary General Introduction to 
the Theory of Structures and Machines. By J. H. Cotterill, F.R.S., Professor 
of Applied Mechanics in the Royal Naval College, Greenwich. Svo. ISs. 

COTTERILLANDSLADE.-ELEMENTARY MANUAL OF APPLIED MECHAN- 
ICS. By Prof. J. H. Cotterill and J. H. Slade. Cr. Svo. [7n (he Press. 

DYNAMICS, SYLLABUS OF ELEMENTARY. Part I. Linear Dynamics. With 
an Appendix on the Meanini^ of the Symbols in Physical Equations. Ih*eparcd 
by the Association for the improvement of Geometrical Teaching. 4to. Is. 

QANGUILLET AND KUTTER.— A GENERAL FORMULA FOR THE UNIFORM 
FLOW OF WATER IN RIVERS AND OTHER CHANNELS. By E. Gan- 
QUILLET and W. R. Kutter, Engineer in Berne, Switzerland. Translated from 
the German, with numerous Additions, Including Tables and Diagrams, and the 
Elements of over 1200Gaugings of Rivera, Small Channels, and Pipes in English 
Measure, by Rudolph Herino, Assoc. Am. Soc. C.B., M. Inst. C.B., and John 
C. Trautwinb Jun., Assoc. Am. Soc. C.B., Assoc. Inst. C.E. Svo. 17s. 

GREAVES.— Works by John Greaves, M.A., Fellow and Mathematical Lecturer 
at Christ's College, Cambridge. 

STATICS FOR BEGINNERS. Gl. Svo. 8s. 6d. 

A TREATISE ON ELEMENTARY STATICS. 2d Ed. Cr. Svo. 6s. 6d. 

HICKS.- ELEMENTARY DYNAMICS OP PARTICLES AND SOLIDS. By 
W. M. Kicks, Principal and Professor of Mathematics and Physics, Firth Col. 
lege, Sheffield. Cr. Svo. 6s. 6d. 

JELLBTT.— A TREATISE ON THE THEORY OF FRICTION. By John H. 
Jellett, B.D., late Provost of Trinity College, Dublin. Svo. 8s. 6d. 

KENNEDY.- THE MECHANICS OP MACHINERY. By A. B. W. Kennedy, 
F.R.S. Illustrated. Ci'. Svo. 12s. 6d. 

LOOK.— Works by Rev. J. B. Lock, M.A. 

ELEMENTARY STATICS. 2d Ed. Gl. Svo. 4s. 6d. 

DYNAMICS FOR BEGINNERS. Sd Ed. Gl. Svo. 4s. 6d. 

MACGREGOR.— KINEMATICS AND DYNAMICS. An Elementary Treatise. 
By J. G. MacGregor, D.Sc., Munro Professor of Physics in Dalhousie College, 
Halifax, Nova Scotia. Illustrated. Cr. Svo. 10s. 6d. 

PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 
Parkinson, D.D., F.R.S., late Tutor and Prselector of St. John’s College, 
Cambridge. 6th Ed., revised. Cr. Svo. 9s. 6d. 

PIRIE.- LESSONS ON RIGID DYNAMICS. By Rev. G. Pirie, M.A., Professor 
of Mathematics in the University of Aberdeen. Cr. Svo. 6s. 

REULBAUX.— THE KINEMATICS OF MACHINERY. Outlines of a Theory of 
Machines. By Prof. F. Reuleaux. Translated and Edited by Prof. A B. W. 
Kennedy, F.R.S. Illustrated. Svo. 21s. 

ROUTE.— Works by Edward John Routh, D.Sc., LL.D., F.R.S., Hon. Fellow 
of St. Peter’s College, Cambridge. 

A TREATISE ON THE DYNAMICS OP THE SYSTEM OP RIGID BODIES. 
With numerous Examples. Fourth and enlarged Edition. Two Vols. Svo. 
VoL I.— Elementary Parts. 14s. Vol. II.— The Advanced Parts. 148. 

STABILITY OP A GIVEN STATE OF MOTION, PARTICULARLY STEADY 
MOTION. Adams Prize Essay for 1877. Svo. 8s. 6d. « 

SANDERSON.— HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 
M.A., Assistant Master at Dulwich College. Gl. Svo. 4s. 6d. 
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TAIT Ain> 8TEELB.—A TREATISB ON DYNAMICS OF A FARTICLB. By 
Professor Tait, M.A., and W. J. Stsxli, B.A. 6th Ed., revised. Or. 8vo. 128. 
TODHTTNTER.— Works by Isaac Todhuntsh, F.B.8. 

MBCnAKICS FOR BEGINNERS. 18mo. 48. 6d. KEY. Or. 8vo. 68. 6d. 

A TREATISB ON ANALYTICAL STATICS. 6th Ed. Edited by Prof. J. D. 
Everett, F.R.S. Cr. 8vo. 10s. 6d. 


PHYSICS: Sound. Light, Heat, Bleotrioity, Elasticity, 
Attractions, etc. (See also Mechanics.) 

AIRY.— Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the Mathematical 
Elements of Music. 2d Ed., revised and enlarged. Cr. 8vo. 9a. 

A TREATISE ON MAGNETISM. Cr. 8vo. 98. 6d. 

GRAVITATION : an Elementary Explanation of the Principal Perturbations in 
the Solar System. 2d Ed. Cr. 8vo. 7s. 6d. 

OLAUSIUS.-MBOHANICAL THEORY OP HEAT. By R. Clausius. Trans- 
lated by W. R. Browne, M.A. Or. 8vo. lOs. 6d. 

OUMMING.— AN INTRODUCTION TO THE THEORY OP ELECTRICITY. 
By LiNNAtus CuMMiNo, M.A., Assistant Master at Rugby. Illustrated. Cr. 8vo. 
8s. 6d. 

DANIBLL.— A TEXT-BOOK OF THE PRINCIPLES OP PHYSICS. By Alfred 
Daniell, D.Sc. Illustrated. 2d Ed., revised and enlarged. 8vo. 218. 

DAY.-BLBCTRIO LIGHT ARITHMETIC. By R. B. Day, Evening Lecturer In 
Experimental Physics at King’s College, London. Pott 8vo. 28. 

EVERETT.— UNITS AND PHYSICAL CONSTANTS. By J. D. Everett, P.R.S., 
Professor of Natural Philosophy, Queen’s College, Belfast. 2d Ed. Ex. fcap. 
8vo. 6s. 

PERRERS.-AN ELEMENTARY TREATISB ON SPHERICAL HARMONICS, 
and Subjects connected with them. By Rev. N. M. Ferrers, D.D., P.R.S,, 
Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. 6d. 

FESSENDEN,— A SCHOOL CLASS-BOOK OF PHYSIOS. By C. Fessenden. 
Illustrated. Fcp. 8vo. [In the Preet. 

GRAY.— THE THEORY AND PRACTICE OF ABSOLUTE MEASUREMENTS 
IN ELECTRICITY AND MAGNETISM. By A. Gray, F.B.8.E., Professor 
of Physics in the University College of North Wales. Two Vols. Or. 8vo. 
Vol. I. 12s. 6d, [V 0 I..II. In the Press. 

ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNETISM. 2d 
Ed., revised and greatly enlarged. Fcap. 8vo. 6s. 6d. 

IBBETSON.— THE MATHEMATICAL THEORY OP PERFECTLY ELASTIC 
SOLIDS, with a Short Account of Viscous Fluids. By W. J. Ibbktson, late 
Senior Scholar of Clare College, Cambridge. 8vo. 21s. 

JONES.— EXAMPLES IN PHYSICS. By D. B. Jones, B.Sc., Professor of Physics 
in the University College of Wales, Aberystwyth. Fcap. 8vo. Ss. 6d. 

SOUND, LIGHT, AND HEAT. An Elementary Text-Book. With Illustra- 
tions. Fcap. 8vo, [In the Press. 

LODGB.^MODBRN VIEWS OP ELECTRICITY. By Oliver J. Lodge, P.R.S., 
Professor of Experimental Physics in University College, Liverpool. lUus- 
trate d. Cr. 8vo. 68. 6d. 

LOEWY.— Works by B. Loewt, Examiner in Experimental Physics to the College 
of Preceptors. 

QUESTIONS AND EXAMPLES ON EXPERIMENTAL PHYSICS: Sound, 
Light, Heat, Electricity, and Magnetism. Fcap. 8vo. 2s. 

A GRADUATED COURSE OP NATURAL SCIENCE FOR ELEMENTARY 
AND TECHNICAL SCHOOLS AND COLLEGES. In Three Parts. Part I. 

^ First Year’s Course. QL Svo. 2s. 

LUPTON.— NUMERICAL TABLES AND CONSTANTS IN ELEMENTARY 
SCIENCE. By S. Lupton, M. A., late Assistant Master at Harrow. Ex. fcap. 
6vo. 2s. 6d. 
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1CA0FABLANB.~PHTBI0AL ARITHMSTIO. By A. Mactaaijini:, D.Se., late 
Examiner in Mathematics at the Uniyersity of Edinhnrgh. Or. Svo. 7s. 6d. 

MAYER.>~SOUND : a Series of Simple, Entertaiiiinc, and Inexpensive Experi- 
ments in the Phenomena of Sound. By A. M. Maykr, Professor of Physics 
in the Stevens Institute of Technology, illustrated. Or. 8vo. 8s. 6d. 

MAYER AND BARNARD.— LIGHT : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Light. By A. M. Mayer and 0. 
Barnard, Illustrated. Cr. 8vo. 2s. 6d. 

MOLLOY.— GLBAN^NGS IN SCIENCE : Popular Lectures on Scientific Subjects. 
By the Bev. Gerald Mollot, D.Sc., Rector of the Catholic University of 
Ireland. 8vo. Ts. 6d. 

NEWTON.— PRINCIPIA. Edited by Prof. Sir W. Thomson and Prof. Black- 
BURNE. 4to. Sis. fid. 

THE FIRST THREE SECTIONS OP NEWTON’S PRINCIPIA. With Notes 
and Illustrations. Also a Collection of Problems, principally intended as 
Examples of Newton's Methods. By P. Frost, M.A., D.Sc. 8d. Ed. 8vo. 12s. 

PARKINSON.— A TREATISE ON OPTICS. By S. Parkinson, D.D., F.R.S., 
late Tutor and Prtelector of St. John’s College, Cambridge. 4th Ed., revised 
and enlarged. Cr. 8vo. 10s. fid. 

PEABODY.- THERMODYNAMICS OF THE STEAM-ENGINE AND OTHER 
HBAT-ENQINES. By Cecil H. Peabody, Associate Professor of Steam 
Engineering, Massachusetts Institute of Technology. 8vo. 21s. 

PERRY. — STEAM : an Elementary Treatise. By John Perrv, Professor 
of Mechanical Engineering and Applied Mechanics at the Technical College, 
Finsbury. 18mo. 4s. fid. 

PRESTON.— A TREATISE ON THE THEORY OP LIGHT. By Thomas 
Priston, M.A. Illustrated. 8vo. [In th» Press. 

RAYLEIGH.— THE THEORY OP SOUND. By Lord Rayleigh, P.R.S. 8vo. 
Vol. I. 128. fid. Vol. 11. 12s. fid. [Vol. III. Jn the Press. 

8HANN.— AN ELEMENTARY TREATISE ON HEAT, IN RELATION TO 
STEAM AND THE STEAM-ENGINE. By G. Suann, M.A. Illustrated. 
Cr. 8vo. 4s. fid. 

SPOTTISWOODE.— POLARISATION OP LIGHT. By the late W. Bpottiswoodk, 
F.R.S. Illustrated. Or. 8vo. 3s. fid. 

STEWART.— Works by Balfour Stewart, F.R.S., late Langworthy Professor of 
Physics in the Owens College, Victoria University, Manchester. 

PRIMER OF PHYSICS. Illustrated. With Questions. 18mo. Is. 

LESSONS IN ELEMENTARY PHYSICS. Illustrated. Pcap. 8vo. is. Gd. 

QUESTIONS. By Prof. T. H. Core. Fcap. 8vo. 2s. 

STEWART AND GEE.— LESSONS IN ELEMENTARY PRACTICAL PHYSICS. 
By Balfour Stewart, F.R.S., and W. W. Haldane Gee, B.Sc. Cr. 8vo. 
Vol. I. General Physical Processeb. 6s. Vol. II. Electricity and 
Magnetism. 78. fid. [Vol III. Optics, Heat, and Sound. In the Press. 

PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OP 
COLLEGES. Gl. 8vo. Vol. I. Electricity and Magnetism. 28. fid. 

[Vol. II. Optics, Heat, and Sound, in the Press, 

STOKES.— ON LIGHT. Burnett Lectures, delivered in Aberdeen in 1883-4-5. 
By Sir G. G. Stokes, F.R.S,, Lucasian Professor of Mathematics in the 
University of Cambridge. First Course : On the Nature of Light. Second 
Course : On Light as a Means of Investigation. Third Course : On the 
Beneficial Effects of Light. Cr. 8vo. 7b. fid, 

*** The 2d and 8d Courses may be had separately. Or. 8vo. 28. fid. each. 

STONE.-AN ELEMENTARY TREATISE ON SOUND. By W. H. Stone. 
Illustrated. Fcp, 8vo. 3s. fid. 

TAIT.— HEAT. By P. G. Tait, Professor of Natural Philosophy in the University 
of Edinburgh. Cr. 8vo. Gs. 

TAYLOR.— SOUND AND MUSIC, An Elementary Treatise on the Physical Con- 
stitution of Musical Bounds and Harmony, including the Chief AcoustiHal 
Discoveries of Professor Helmholtz. By Bedlev Tavlor, M. A, Illustrated. 
2d Ed. Kx. Cr. 8vo. 8s. 
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THOMPSON. -ELEMENTARY LESSONS IN ELEOTRIOITT AND MAGNET- 
ISM. By SiLTANUB P. Thompsok, Principal and Professor of Physics in the 
Technical Oollege, Finsbury. lUnstrated. New Ed., revised. Fcap. Svo. 48. 6d. 
THOMSON. — Works by J. J. Thomson, Professor of Experimental Physics in the 
University of Cambridge. 

A TREATISE ON THE MOTION OF VORTEX RINGS. Adams Prize Essay, 
1882. Svo. 68. 

APPLICATIONS OP DYNAMICS TO PHYSICS AND CHEMISTRY. Cr. Svo. 
78. 6d. 

THOMSON. — Works by Sir W. Thomson, P.R.S., Professor of Natural Philosophy 
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CHEMISTRY. By Julius B. Cohen, Ph.D., Assistant Lecturer on Chemistry 
in the Owens College, Manchester. With a Preface by Sir Henry Rosooe, 
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BRYOLOGY. By Adam Sedgwick, P.B.S., Follow and Lecturer of Trinity 
College, Cambridge. Illustrated. Svo. [In preparation. 

8HUFELDT.— THE MYOLOGY OF THE RAVEN (Conms corax Sinuatus). A 
Guide to the Study of the Muscular System in Birds. By R. W. Soufeldt. 
Illustrated. Svo. [In the Press. 

SMITH.—DISEASES OF FIELD AND GARDEN CROPS, CHIEFLY SUCH 
AS ARE CAUSED BY FUNGI. By W. G. Smith, F.L.S. Illustrated. Fcap. 
Svo. 4s. Od. 

STEWART AND CORRY.-A FLORA OP THE NORTH-EAST OP IRELAND. 
Including the Phanerogamia, the Cryptogamia Vascularia, and the Muscinese. 
By S. A. Stewart, Curator of the Collections in the Belfast Museum, and the 
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mouthshire. With Additions. Illustrated. Svo. 12s. 6d. 
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BLYTH.-A MANUAL OP PUBLIC HEALTH. By A. Wynter Blyth, M.R.C.S. 
8vo. [In the Press. 

BRUNTON.— Works by T. Lauder Brunton, M.D., P.R.S., Examiner in Materia 
Medica in the University of London, in the Victoria University, and in the 
Royal College of Physicians, London. 

A TEXT-BOOK OP PHARMACOLOGY, THERAPEUTICS, AND MATERIA 
MEDICA. Adapted to the United States Pharmacopoeia by P. H. Wilijams, 
M.D., Boston, Mass. 3d Ed. Adapted to the New British Pharmacopoeia, 
1SS5. Svo. 21s. 

TABLES OP MATERIA MEDICA: A Companion to the Materia Medica 
Museum. Illustrated. Cheaper Issue. Svo. 58. 

ON THE CONNECTION BETWEEN CHEMICAL CONSTITUTION AND 
PHYSIOLOGICAL ACTION, BEING AN INTRODUCTION TO MODERN 
THERAPEUTICS. Croonian Lectures. Svo, [In the Press. 

GRBETITHS.— LESSONS ON PRESCRIPTIONS AND THE ART OF PRE- 
SCRIBING. By W. Handsel Griffiths. Adapted to the Pharmacopoeia, 1885. 
ISmo. 8s. 6d. 

HAMILTON.— A TEXT BOOK OF PATHOLOGY, SYSTEMATIC AND PRAO- 
TIOAL. By D. J. Hamilton, F.R.S.E., Professor of Pathological Anatomy, 
University of Aberdeen. Illustrated. Vol. I. Svo. 25s. 

KLEIN.— Works by B. Klein, F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew’s Hospital, liOiidon. 

lilOBO-ORQANISMS AND DISEASE. An Introduction into the Study of 
Specific Micro-Organisms. Illustrated. 3d Ed., revised. Cr. Svo. Cs. 

THE BACTERIA IN ASIATIC CHOLERA. Cr. Svo. 5s. 
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WHITE.-A TEXT. BOOK OP GENERAL THERAPEUTICS. By W. Hal* 
White, M.D., Senior Assistant Physician to and Lecturer in Materia Medica at 
Guy’s Hospital. Illustrated. Or. 8to. 8s. 6d. 

ZIEGLER— MAOALISTBR.-TEXT- BOOK OP PATHOLOGICAL ANATOMY 
AND PATHOGENESIS. By Prof. E. Zibqlvr. Translated and Edited by 
Donald Maoalister, M.A., M.D., Fellow and Medical Lecturer of St. John’s 
College, Cambridge. Illustrated. 8vo. 

Part I.-GBNEIIAL PATHOLOGICAL ANATOMY. 2d Ed. 12s. 6d. 

Part II.-SPEOIAL PATHOLOGICAL ANATOMY. Sections I.-VIII. 2d Ed. 
12s. 6d. Sections IX.-XI1. 12s. 6d. 
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Mental and Moral Philosophy ; Political Economy ; Law and Politics ; 
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MENTAL AND MORAL PHILOSOPHY. 

BOOLE.— THE MATHEMATICAL ANALYSIS OP LOGIC. Being an Essay 
towards a Calculus of Deductive Reasoning. By George Boole. 8vo. 58. 
OALDERWOOD.— HANDBOOK OP MORAL PHILOSOPHY. By Rev. Henry 
Oau>erwood, LL.D., Professor of Moral Philosophy in the University of 
Edinburgh. 14th Ed., largely rewritten. Or. 8vo. 6 b. 

CLIFFORD.— SEEING AND THINKING. By the late Prof. W. K. Clifford, 
P.E.S. With Diagrams. Or. 8vo. Ss. 6d. 

JARDINE.— THE ELEMENTS OP THE PSYCHOLOGY OP COGNITION. By 
Rev. Robert Jardins, D.Sc. 8d Ed., revised. Or. 8vo. Cs. 6d. 

JEVON8.— Works by W. Stanley Jsvonb, P.R.8. 

PRIMER OP LOGIO. 18mo. la. 
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STUDIES IN DEDUCTIVE LOGIO. 2d Ed, Or. 8vo. 6s. 
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Neville Keynes, M.A. 2d Ed., revised and enlarged. Or. 8vo. 10s. 6d. 
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BAT.-A TBXT-BOOK OP DEDUCTIVE LOGIC FOR THE USB OP STUDENTS. 
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Calcutta. 4th Ed. Globe 8vo. 4s. 6d. 

SIDQWICE.— Works by Henbt Sidqwxok, LL.D. D.C.L., Knightbridge Professor 
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THE METHODS OF ETHICS. 8d Ed. 8vo. 14s. A Supplement to the 2d Ed., 
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OUTLINES OF THE HISTORY OP ETHICS, for English Readers. 2d Ed., 
revised. Cr. 8vo. 8s. 6d. 

VENN.— Works by John Venn, F.R.S., Examiner in Moral Philosophy in the 
University of London. 

THE LOGIC OF CHANCE. An Essay on the Foundations and Province of the 
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larged. Or. 8vo. 10s. 6d 

SYMBOLIC LOGIC. Or. 8vo. 10s. 6d. 

THE PRINCIPLES OP EMPIRICAL OR INDUCTIVE LOGIC. 8vo. IBs. 


POLITICAL ECONOMY. 

BOHM-BAWERK.— CAPITAL AND INTEREST. Translated by William Smart, 
M.A. 8vo. 14s. 

OAIRNBS.— THE CHARACTER AND LOGICAL METHOD OF POLITICAL 
ECONOMY. By J. E. Caibnes. Cr. 8vo. 6s. 
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POUNDED. By the Same. 8vo. 14s. 

OOSSA.— GUIDE TO THE STUDY OP POLITICAL ECONOMY. By Dr. L. 

CoBSA. Translated. With a Preface by W. S. Jbvons, F.R.S. Cr. 8vo. 48. 6d. 
FAWCETT.- POLITICAL ECONOMY FOR BEGINNERS, WITH QUESTIONS. 
By Mrs. Henry Fawcett. 7th Ed. 18mo. 2s. 6d. 

TALES IN POLITICAL ECONOMY. By the Same. Cr. 8vo. Ss. 
PAWOBTT.— A MANUAL OF POLITICAL ECONOMY. By Right. Hon. Henry 
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AN EXPLANATORY DIGEST of the above. By 0. A. Waters, B.A. Or. 8vo. 
28. 6d. 

GUNTOy.— WEALTH AND PROGRESS : A Critical Examination of the Wages 
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Or. 8vo. 6s. 

HOWELL.- THE CONFLICTS OF CAPITAL AND LABOUR. Historically and 
Economically considered, being a History and Review of the Trade Unions of 
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their varied Political, Social, Economical, and Industrial Aspects. By 
George Howell, M.P. 2d Ed. revised. Or. 8vo. 6s. 

JBVONS.— Works by W, Stanley Jbvons, F.R.S. 

PRIMER OF POLITICAL ECONOMY. 18mo. Is. 

THE THEORY OF POLITICAL ECONOMY. 8d Bd., revised. 8vo. lOs. 6d. 
KEYNES.— THE SCOPE AND METHOD OF POLITICAL ECONOMY. By 
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MARSHALL.— THE ECONOMICS OF INDUSTRY. By A. Marshall, M.A., 
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M.A. 2 Yols. 8vo. (VoL 1. Shortly. 



40 HUMAN SOIENOES 
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MDGWIOK.~THB PRINCIPLES OF POLITICAL ECONOMY. By Henry 
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UniverBity of Cambridge. 2d Ed., re^nsed. 8vo. Ids. 
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FIRST LESSONS IN POLITICAL ECONOMY. Cr. 8vo. 5s. 

A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Or. 8vo. 6s. 6d. 
POLITICAL ECONOMY. 2d Ed., revised and enlarged. 8vo. 12s. 6d. 

THE WAGES QUESTION. 8vo. 14s. 

WIOKSTEED.— ALPHABET OF ECONOMIC SCIENCE. By Philip H. Wick- 
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2s. 6d. 

LAW AND POLITICS. 
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BALL.— THE STUDENTS GUIDE TO THE BAR. By Walter W. U. Ball, M. A., 
Fellow and Assistant Tutor of Trinity College, Cambridge. 4th Ed., revised. 
Or. 8vo. 2a. 6d. 

BIGELOW.— HISTORY OF PROCEDURE IN ENGLAND FROM THE NORMAN 
CONQUEST. The Norman Period, 1066-1204. By Melville M. Bioelow, 
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Ex. cr. 8vo. 25s. Part I. The National Government. Part 11. The State 
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DICBT.-^INTRODUOTION TO THE SI'UDYQP THE LAW OP THE CONSTITU- 
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University of Oxford. Sd Ed. 8vo. 12s. 6d. 
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Charles Wentworth Dilke. With Maps. 2 vols. 8vo. dCs. 
DONISTHOBPB.- INDIVIDUALISM; A System of PoUtics. By Wordsworth 
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CENTRAL GOVERNMENT. By II. D. Traill, D.C.L. 
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THE STATE IN RELATION TO LABOUR. By W. Stanley Jevons, LL.D. 
THE STATE AND THE CHURCH. By the Hon. Arthur Elliot, M.P. 
FOREIGN RELATIONS. By Spencer Walpole. 

THE STATE IN ITS RELATION TO TRADE. By Sir T. H. Farber, Bart. 
LOCAL GOVERNMENT. By M. D. Chalmers, M.A. 

THE STATE IN ITS RELATION TO EDUCATION. By Henry Craik, LL.D. 
THE LAND LAWS. By Sir F. Pollock, Bart., Professor of Jurisprudence in 
the University of Oxford. 

COLONIES AND DEPENDENCIES. Part I. INDIA. By J. S. Cotton, M.A. 
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JUSTICE AND POLICE. By F. W, Maitland. 

THE PUNISHMENT AND PREVENTION OF CRIME. By Colonel Sir Edmund 
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HOLMES.— THE COMMON LAW. By O. W. Holmrs Jnn. Demy 8vo. 12t. 
MAITLAND.— HjEAS OP THE CROWN FOR THE COUNTY OF GLOUCESTER 
BEFORE THE ABBOT OP READING AND HIS FELLOW JUSTICES 
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8vo. 7b. 6d. 

PATERSON.— Works by James Paterson, Barrister-at-Law. 

COMMENTARIES ON THE LIBERTY OP THE SUBJECT, AND THE LAWS 
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By J. Q. Phillimore, Q.C. 8vo. 16s. 

POLLOCK.— ESSAYS IN JURISPRUDENCE AND ETHICS. By Sir Frederick 
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RICHEY.— THE IRISH LAND LAWS. By Alexander G. Richey, Q.O., Deputy 
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8s. 6d. 

SIDOWIOK.— THE ELEMENTS OP POLITICS. By Henry Sidowick, LL.D. 

8vo. [In the Prese. 

STEPBGEN.— Works by Sir J. Pitz-tames Stephen, Q.C., K.C.S.I., a Judge of the 
High Court of Justice, Queen’s Bench Division. 

A DIGEST OF THE LAW OP EVIDENCE. 5th Ed., revised and enlarged. 
Cr. 8vo. 6s. 

A DIGEST OF THE CRIMINAL LAW ; CRIMES AND PUNISHMENTS. 4tb 
Ed., revised. 8vo, 16s. 

A DIGEST OP THE LAW OP CRIMINAL PROCEDURE IN INDICTABLE 
OFFENCES. By Sir J. F. Stephen, K.C.S.I., and H. Stephen, LL.M., of the 
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A HISTORY OP THE CRIMINAL LAW OF ENGLAND. Three Vols. 8vo. 488. 
GENERAL VIEW OP THE CRIMINAL LAW OP ENGLAND. 2d Ed. 8vo. 
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FLOWER.— FASHION IN DEFORMITY, as Illustrated in the Customs of 
Barbarous and Civilised Races. By Prof. Flower, F.R. 8. Illustrated. Or. 

8 VO. 2s. 6d. 

FRAZER. — THE GOLDEN BOUGH. A Study in Comparative Religion. By J. 

G. Frazer, M. A., Fellow of Trinity College, Cambridge. 2 vols. 8vo. 28g. 
M'LENNAN.— THE PATRIARCHAL THEORY. Based on the papers of the late 
John F. M‘Lennan. Edited by Donald M'Lxnnan, M.A., Barrister-at-Law. 
8vo. 14s. , 

STUDIES IN ANCIENT HISTORY. Comprising a Reprint of “Primitive 
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Ceremonies. 8vo. Ids. 

TYLOR.— ANTHROPOLOGY. An Introduction to the Study of Man and Civilisa- 
tion. By E. B. Tylor, F.R.S. Illustrated. Cr. 8yo. 7s. 6d. 

EDUCATION. 

ARNOLD.- REPORTS ON ELEMENTARY SCHOOLS. 1852-1882. By Matthew 
Arnold, D.C.L. Edited by the Right Hon. Sir Francis Sakdford, E.C.B. 
Cheaper Issue. Cr. 8vo. 8s. 6d. 
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revised. Gr. 8vo. 2s. 6d. 
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nTOH.-NOTES ON AMERICAN SCHOOLS AND TRAINING COLLEGES, 
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OEIKIE.— THE TEACHING OF GEOGRAPHY. A Practical Handbook for the 
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GLADSTONE.— OBJECT TEACHING.— A Lecture delivered at the Pupil-Teacher 
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F.B.S. With an Appendix. Or. 8vo. 8d. 
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TECHNICAL KNOWLEDGE. 

(see Aiao MECHANICS, LAW, AND MEDICINE.) 
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CHALMERS. -GRAPHICAL DETERMINATION OP FORCES IN ENGINEER- 
ING STRUCTURES. By J. B Chalmers, O.E. Illustrated. 8vo. 24s. 

OOTTERILL.— APPLIED MECHANICS: an Elementary General Introduction to 
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OOTTERIU. AND SLADE.— ELEMENTARY^MANUAL OF APPLIED MECH AN- 
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REULEAUX.— THE KINEMATICS OF MACHINERY. Outlines of a Theory of 
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WHITHAM. — STEAM-ENGINE DESIGN. For the Use of Mechanical Engineers, 
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Arkansas Industrial University. Illustrated. 8vo. 26 b. 

YOUNG.— SIMPLE PRACTICAL METHODS OF CALCULATING STRAINS 
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AITKEN.— THE GROWTH OV THB RECRUIT AND YOUNG SOLDIER. With 
s view to the lolection of “ Growing LacU ” for the An^, and a Regulated 
System of Training for Recruits. By Sir W. Aitken, F.R.S., Professor of 
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ARMY PRELIMINARY EXAMINATION. 1882-1689, Specimens of Papers set at 
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MEROUR.~ELEMBNTS OF THB ART OF WAR. Prepared for the use of 
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of Civil Engineering at the United States Academy, West Point, New York. 
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PALMER.— TEXT BOOK OP PRACTICAL LOGARITHMS AND TRIGONO- 
METRY.— By J. H. Palmer, Head Schoolmaster, R.N., H.M.S. Cambridge, 
Devonport. Gl. 8vo. 48. 6d. 

ROBINSON.— TREATISE ON MARINE SURVEYING. Prepared for the use of 
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principally from the Papers of the Royal Naval College. With the results. 
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College, Greenwich. Illustrated. Or. 8vo. 7s. 6d. 

SANDHURST MATHEMATICAL PAPERS, for Admission into the Royal Military 
College, 1881-1889. Edited by E. J. Bbooksmtth, B.A., Instructor in Mathe- 
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SHORTLAND.— NAUTICAL SURVEYING. By the late Vice-Admiral Shortland, 
LL.D. 8vo. 21s. 
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WOLSELEY.— Works by GeneralvViscount Wolsblet, G.C.M.G. 

THB SOLDIER'S POCKET-BOOK FOR FIELD SERVICE. 6th Ed., revised 
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FIELD POCKET-BOOK FOR THE AUXILIARY FORCES. 16mo. Is. 6d. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
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Dr. P. Krocker. Cr. 8vo. 7s. 6d. 
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Fcap. 8vo. 48. 6d. 
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TICULARLY ON THE PREPARATION OF ECONOMICAL AND TAtoPUL 
DISHES. By Mrs. Frederick. Cr. 8vo. la. 

GRAND’HOMME.— CUTTING-OUT AND DRESSMAKING. Prom the French of 
Mdlle. E. Orand'homme. With Diagrams. 18ino. Is. 

JEX-BLAKE.— THE CARE OF INFANTS. A Manual for Mothers and Nurses. 
By Sophia Jex-Blake, M.D., Lecturer on Hygiene at the London School of 
Medicine for Women. 18mo. Is. 

RATHBONE.— THE HISTORY AND PROGRESS OF DISTRICT NURSING 
FROM ITS COMMENCEMENT IN THE YEAR 1869 TO THE PRESENT 
DATE, including the foundation by the Queen of the Queen Victoria Jubilee 
Institute for Nursing the Poor in their own Homes. By William Ra throne, 
M P. Cr. 8vo. 2s. 6d. 

TEGETMEIER.— HOUSEHOLD MANAGEMENT AND COOKERY. With an 
Appendix of Recipes used by the Teachers of the National School of Cookery. 
By W. B. Teoetmeier. Compiled at the request of the School Board for 
London. 18mo. Is. 

WRIGHT.-THE SCHOOL COOKERY-BOOK. Compiled and Edited by C. E. 
Guthrie Wright, Hon. Sec. to the Edinburgh School of Cookery. 18mo. Is. 

BQOK-KEEPING. 

THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. 
Cr. 8 VO. 2.S. Od. KEY. Oblong 4to. 10s. 6d. 

PRIMER OF BOOK-KEEPING. By ttie Same. 18mo. Is. [Key JumedUKtelji. 


GEOGRAPHY. 

(see also thysical geography.) 

BAETHOLOMEW.— THE EI.EMENTARY SCHOOL ATLAS. By John Bar- 
tholomew, P.R.G.S. 4 to. Is. 

This Elementary Atlas is designed to illustrate tlie principal text -books 
on Elementary Geography. 

PHYSICAL AND POLITICAL SCHOOL ATLAS, Consisting of 80 Maps and 
complete Index. By the Same. Prepared for the use of Senior Pupils. 
B-oyal 4to. [In the Press. 

THE LIBRARY REFERENCE ATLAS OP THE WORLD. By the Same. 
A Complete Series of 84 Modern Maps. With Geographical Index to 100,000 
places. Half- morocco. Gilt edges. Folio. £2:12:0 net. 

This work has been designed with the object of supplying the public 
with a thoroughly complete and accurate atlas of Modem Geogra]diy, in a 
convenient reference form, and at a moderate price. 

CLARKE.- CLASS-BOOK OF GEOGRAPHY. By 0. B. Clarke, F.R.S. New 
Ed., revised 1889, with 18 Maps. Fcap. 8vo. Paper covers, 8a. Cloth, 8s. Cd. 

GEIKIL’.— Works by Archibald Geikie, F.R.S., Director-General of the Geological 
Survey of the United Kingdom. 
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THE TEACHING OF GEOGRAPHY. A Practical Handbook for the use of 
Teachers. Cr. 8vo. 2s. 

GEOGRAPHY OP THE BRITISH ISLES. 18mo. Is. 

OREBN.-A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By John 
Richakd Green and A. S. Green. With Maps. Fcap. 8vo. 8s. Cd. 
GROVE.-A PRIMER OF GEOGRAPHY. By Sir George Grove, D.C.L. 
Illustrated. 18mo. Is 

KIEPERT.-A MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kiepert. 
Cr. 8vo. 6s. 

MACMILLAN’S GEOGRAPHICAL SERIES. ~ Edited by Archibald Geirik, 
F.R.S., Director-General of the Geological Survey of the United Kingdom. 
THE TEACHING OF GEOGRAPHY. A Pm.'.tical Handbook for the Use of 
Teachers. By Archibald Geikie, F.R.S. Cr. 8vo. 2s. 

MAPS AND MAP-MAKING. By W. A. Eldehton. [In the rrm. 

GEOGRAPHY OF THE BRITISH ISLES. By A. Geikie, F.R.S. 18ino. U. 
AN ELEMENTARY CLASS-BOOK OF GENERAL GEOGRAPHY. By II. R. 
Mill, D.Sc, Lecturer on Physiography and on Commercial Geography in 
the Heriot-Watt College, Edinburgh. Illustrated. Cr. 8vo. 8s. 6d. 
GEOGRAPHY OP THE BRITISH COLONIES. By G. M. Dawson and A. 

Sutherland. [Jn preparation. 

GEOGRAPHY OF EUROPE. By J. Sime, M.A. Illustrated. Gl. 8vo. 

[Zn the Press. 

GEOGRAPHY OF INDIA. By H. F. Blanford, F.G.S. [Zw the Press. 

GEOGRAPHY OF NORTH AMERICA. By Prof. N. S. Shaler. 

[In preparation. 

ADVANCED CLASS-BOOK OP THE GEOGRAPHY OF BRITAIN. 

*** Other volumes will be announced in due course. 

STRAOHEY.— LECTURES ON GEOGRAPHY. By General Richard Strachey, 
R.B. Or. 8vo. 4s. 6d. 
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ARNOLD.— THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 
OF ROME, by the late Thomas Arnold, D.D., Headmaster of Rugby. Edited 
with Notes, by W. T. Arnold, M.A. With 8 Maps. Cr. 8vo. 8s. 6d. 
ARNOLD.— THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRATION TO 
THE ACCESSION OF CONSTANTINE THE GREAT. By W. T. Arnold 
M.A. Cr. 8 VO. 6s. ' 

BEESLY. -STORIES PROM THE HISTORY OF ROME. By Mrs. Beesly. 
P'cap. 8vo. 2s. 6d. 

BRYCE.-Works by James Bryce, M.P., D.C.L., Regius Professor of Civil Law 
111 the University of Oxford. 

THE HOLY ROMAN EMPIRE. 9th Ed. Cr. 8vo. 7s. 6d. 

*** Also a lAbrar}/ Edition, Deray 8vo. 14s. 

THE AMERICAN COMMONWEALTH. 2 vols. Ex. cr, 8vo. 25s. Part 1 
The National Goverament. Part II. The State Governments. Part III’ 
ahe Party S^tem. Part IV. Public ORinion. Part V. Illustrations and 
Reflections. Part VI. Social Institutions. 

BUO^EY.-A HISTORY OF ENGLAND FOR BEGINNERS. By Arabella 
B. Buckley. With Maps and Tables. Gl. 8vo. 8s. 

LATER ROMAN EMPIRE FROM AROADIUS 
M. A., Fellow of Trinity College, 
OP Dublin. 2 vols. 8vo. 82s. ® * 


ENGLISH STATESMEN, TWELVE, Or. 8vo, 2s. 6d. each. 

William the Conqueror. By Edward A. Freeman, D.O.L., LL,D, 
Henry II. By Mrs. J. R. Green. 
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Edward I. By F. York Powell. [In preparation. 

Henry VII. By Jameb Gairdner. 

Oardinal Wolsey. By Professor M. Creighton. 

Elizabeth. By E. S. Beesly. [In preparation. 

Oliver Cromwell. By Frederio Harrison. 

William III. By H. D. Traill. 

Walfole. By John Morley. 

Chatham. By John Morley [In preparation. 

Pitt. By John Morley. [In preparation. 

Peel. By J. B. THuasriELD. [In the Press. 

FISKE.—Works by John FisKEf formerly Lecturer on Philosophy at Harvard 
University. 

THE CRITICAL PERIOD IN AMERICAN HISTORY, 1788-1789. Ex. cr. 
8vo. 10s. 6d. 

THE BEGINNINGS OP NEW ENGLAND ; or, The Puritan Theocracy in its 
Relations to Civil and Religious Liberty. Cr. 8vo. 78. 6d. 

FREEMAN.— Works by Edward A. Freeman, D.C.L., Regius Professor of Modern 
History in the University of Oxford, &c. 

OLD ENGLISH HISTORY. With Maps. Ex. fcap. 8vo. 6s. 

A SCHOOL HISTORY OP ROME. Cr. 8vo. [In preparation. 

METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d. 

THE CHIEF PERIODS OP EUROPEAN HISTORY. Six Lectures. With an 
Essay on Greek Cities under Roman Rule. 8vo. lOs. 6d. 

HISTORICAL ESSAYS. First Series. 4th Ed. 8vo. 10s. 6d. 

HISTORICAL ESSAYS. Second Series. 8d Ed., with additional Essays. 8vo. 
lOs. 6d. 

HISTORICAL ESSAYS. Third Series. 8vo. 12s. 

THE GROWTH OP THE ENGLISH CONSTITUTION PROM THE EARLIEST 
TIMES. 4th Ed. Cr. 8vo. 58. 

GENERAL SKETCH OF EUROPEAN HISTORY. Enlarged, with Maps, etc. 
18mo. 88. 6d. 

PRIMER OF EUROPEAN HISTORY. 18mo. Is. (HUtory Primers.) 
PRIEDMANN.-ANNE BOLEYN. A Chapter of English History, 1627-1636. By 
Paul Friedmann. 2 vols. 8vo. 28s. 

FTFFE.— A SCHOOL HISTORY OF GREECE. By C. A. Fyfte, M.A., late 
Fellow of University College, Oxford. Or. 8vo. [In preparation. 

GREEN.— Works by John Richard Green, LL.D., late Honorary Fellow of 
Jesus College, Oxford. 

A SHORT HISTORY OP THE ENGLISH PEOPLE. New and Revised Ed. 
With Maps, Genealogical Tables, and Chronological Annals. Cr. 8vo. 8s. 6d. 
150th Thousand. 

Also the same in Pour Parts. With the corresponding portion of Mr. Tait's 
‘‘Analysis.” Crown 8vo. 8s. each. Part I. 607-1265. Part II. 1204-1553. 
Part III. 1640-1689. Part IV. 1660-1873. 

HISTORY OP THE ENGLISH PEOPLE. In four vols. 8vo. 16s. each. 

Vol. I.— Early England, 449-1071 ; Foreign Kings, 1071-1214 ; The Charter, 
1214-1291 ; The Parliament, 1307-1461. With 8 Maps. 

Vol. II.— The Monarchy, 1461-1540 ; The Reformation, 1540-1608. 

Vol. IIL— Puritan England, 1608-1660 ; The Revolution, 1660-1688. With four 
Maps. 

Vol. IV.— The Revolution, 1688-1760; Modern England, 1760-1815. With 
Maps and Index. 

THE MAKING OF ENGLAND. With Maps. 8vo. 16s. 

THE CONQUEST OP ENGLAND. With Maps and Portrait. 8vo. 18s. 
ANALYSIS OP ENGLISH HISTORY, based on Green’s Short History of the 
English People.” By 0. W. A. Tait, M. A., Assistant Master at Clifton College. 
Crown 8vo. 8s. 6d. 
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RBADINGS FROM ENGLISH HISTORY. Selected and Edited by Jobi. 
Biohabd Green. Three Farts. Gl. 8vo. Is. 6d. each. I. Hengist to Cressy. 
II. Cressy to Cromwell. III. Cromwell to Balaklava. 

GUBST.-LBCTURES ON THE HISTORY OP ENGLAND. By M. J. Guest. 
With Maps. Or. 8vo. 6s. 

mSTOBICAL OOITRSE FOR SOHOOLS.>~Edited by E. A. Freeman, D.C.L.. 
Regius Professor of Modem History in the University of Oxford. 18mo. 
GENERAL SKETCH OP EUROPEAN HISTORY. By B. A. Freeman, 
D.C.L. New Ed., revised and enlarged. With Chronological Table, Maps, and 
Index. 8s. 6d. 

HISTORY OP ENGLAND. By Edith Thompson. New Ed., revised and 
enlarged. With Coloured Maps. 2s. 6d. 

HISTORY OP SCOTLAND. By Margaret Macarthdr. 2s. 

HISTORY OP ITALY. By Rev. W. Hunt, M.A. New Ed. With Coloured 
Maps. 8s. 6d. 

HISTORY OP GERMANY. By J. Sime, M.A. New Ed., revised. Ss. 
HISTORY OF AMERICA. By John A. Doyle. With Maps. 48. 6d. 
HISTORY OF EUROPEAN COLONIES. By B. J. Payne, M.A. With Maps. 
4s. 6d. 

HISTORY OP FRANCE. By Charlotte M. Yonge. With Maps. 8s. 6d. 
HISTORY OF GREECE. By Edward A. Freeman, D.C.L. [In preparation. 
HISTORY OP ROME. By Edward A. Freeman, D.C.L. [In preparoltion. 
HISTORY PRIMERS.— Edited by John Richard Green, LL.D. 18mo. Is. each. 
ROME. By Rev. M. Creighton, M.A., Dixie Professor of Ecclesiastical 
History in the University of Cambridge. Maps. 

GREECE. By 0. A. Fyffb, M.A., late Fellow of University College, Oxford. 
Maps. 

EUROPE. By B. A. Freeman, D.C.L. Maps. 

FRANCE. By Charlotte M. Yonge. 

GREEK ANTIQUITIES. By Rev. J. P. Mahaffy, D.D. Illustrated. 
CLASSICAL GEOGRAPHY. By H. P. Tozer, M.A. 

GEOGRAPHY, By Sir G. Grove, D.C.L. Maps. 

ROMAN ANTIQUITIES. By Prof. Wilkins, Litt.D. Illustrated. 

HOLE.— A GENEALOGICAL STBMMA OP THE KINGS OP ENGLAND AND 
FRANCE. By Rev. G. Hole. On Sheet. Is. 

JENNINGS.— CHRONOLOGICAL TABLES. A synchronistic arrangement of 
the events of Ancient History (with an Index). By Rev. Arthur 0. 
Jennings. 8vo. 68. 

LABBERTON.-NEW HISTORICAL ATLAS AND (JiNERAL HISTORY. By 
R. H. Labbbbton. 4to. New Bd., revised and enlarged. 15s. 
LETHBRIDGE.— A SHORT MANUAL OP THE HISTORY OP INDU. With 
an Account of India as it is. The Soil, Climate, and Productions; the 
People, their Races, Religions, Public W^orks, and Industries; the Clvi] 
Ser^ces, and System of A^inistration. By Sir Roper Lethbridge, Fellow 
of the Calcutta University. With Maps. Cr. 8vo. 5s. 

MAHAFFY.— GREEK LIFE AND THOUGHT PROM AGE OP ALEX- 
ANDBR TO THE ROMAN CONQUEST. By Rev. mfi Mahaffy, D.D., 
Fellow of Trinity College, Dublin. Or. 8vo. 12s. 6d. 

THE GREEK WORLD UNDER ROMAN SWAY. Prom Plutarch to Polybius. 
By the same Author. Cr. 8vo. • [In the Press. 

MARRIOTT.— THE MAKERS OP MODERN ITALY: Mazzini. Cavour, Gari- 
BALDi. Three Lectures. By J. A. R. Marriott, H.A., Lecturer in Modem 
History and Political Economy, Oxford. Cr. 6vo. Is. 6d. 
ae£0HELET.-A SUMMARY OP MODERN HISTORY. Translated by M. 0. M. 
Simpson. Gl. 8vo. 48. 6d. 

NORGATE.— ENGLAND UNDER THE ANGEVIN KINGS. By Kate Noboatx. 
With Maps and Flans. 2 vols. Svo. 82s. 



48 


ART 


OTTfi.-SOANDINAVIAN niSTOUY. By B. C. OttA With Maps. Gl. 8vo. Os. 
SEELEY.— Works by J. B. Skei.ey, M.A., liegias Professor of Modern History in 
tlie University of Cambridge. 

THE EXPANSION OP ENGLAND. Crown 8yo. 4s. 6d. 

OUR COLONIAL EXPANSION. Extracts from the above. Cr. 8vo. Sewed. Is. 
TAIT.— ANALYSIS OF ENGLISH HISTORY, based on Green's “Short 
History of the English People." By C. W. A. Tait, M.A., Assistant Master 
at Clifton. Or. 8vo. Ss. 6d. 

WHEELER.— Works by J. Talboys Wheeler. 

A PRIMER OP INDIAN HISTORY. Asiatic and European. 18mo. Is. 
COLLEGE HISTORY OP INDIA, ASIATIC AND EUROPEAN. With Maps. 
Or. 8vo. 8s. 6d. 

A SHORT HISTORY OF INDIA AND OF THE FRONTIER STATES OF 
AFGHANISTAN, NEPAUL, AND BURMA. With Maps. Cr. 8vo. 12s. 
y ONGB.— Works by Charlotte M. Yonge. 

CAMEOS FROM ENGLISH HISTORY. Ex. fcap. 8vo. 5s. each. (1) 
FROM ROLLO TO EDWARD II. (2) THE WARS IN FRANCE. (3) 
THE WARS OF THE ROSES. (4) REFORMA ITOX TIMES. (5) ENG- 
LAND AND SPAIN. (6) FORTY YEARS OF STUART RULE (1603-1043). 
(7) REBELLION AND RESTORATION (1642-1678.) 

EUROPEAN HISTORY. Narrated in a Series of Historical Selections from tlio 
Rest Authorities. Edited and arranged by E. M. Sewei.l and C. M. Yonge. 
Cr. 8vo. First Scries, 1003-1154. 6s. Second Series, 10S8-1228. 68. 

THE VICTORIAN HALF CENTURY — A JUBILEE BOOK. With a New 
Portrait of the Queen. Or. 8vo., paper covers, Is. Cloth, Is. 6d. 
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AKDBBSOH.-LINEAB PERSPECTIVE AND MODEL DRAWINO. A School 
and Art Class Manual, with Questions and Exercises for Examination, and 
Examples of Examination Papers. By Laurence Anderson. Illustrated. 
8vo. 28. 

COLLIER.— A PRIMER OP ART. By the Hon. John Collier. Illustrated. 
18mo. Is. 

OOOK,— THE NATIONAL GALLERY: A POPULAR HANDBOOK TO. By 
Edward T. Cook, with a preface by John Rubkin, LL.D., and Selections 
from his Writings, df ^d. Cr. 8vo. Half Morocco, 14s. 

%* Also an Edition on virge paper, linuted to 250 copies. 2 vols. 8vo. 
DELAMOTTB.-A BEGINNER’S DRAWING BOOK. By P. H. Delamotte, 
F.S.A. Progressively arranged. New Ed., improved. Cr. 8vo. 8s. 6d. 
ELLIS.-SKBTCHINQ FROM NATURE. A Handbook for Students and 
Amateurs. By Tristram J, Ellis. lUustiatcd by H. Stacy Marks, R. A., 
and the Author. New Ed., revised and enlarged. Cr. 8vo. Ss. 6d. 

GROVE.— A DICTIONARY OF MUSIC AND MUSICIANS. a.d. 1450—1889. 
Edited by Sir GiTpROE Grove, D.C.L. In four vols. 8vo. Price 218. each. 
Also in Parts. 

Parts I. to Xa 7Parts XIX.— XXIL, Ss. 6d. each. Parts XV., XVI., 7a. 
Parts XVII,, XVIII., 7s. Parts XXIII.— XXV. (Appendix), 9s. 

A COMPLETE INDEX TO THE ABOVE. By Mrs. K. Wodehousk. 8vo. 
7s. 6d. 

HUNT.— TALKS ABOUT ART. By Wilt.iam Hunt. With a Letter from Sir J. 

B. Millais, Bart., R.A. Cr. 8vo. 8s. 6d. 

MELDOLA.-THE CHEMISTRY OP PHOTOGRAPHY. By Raphael Meldola, 
F.R.8., Professor of Chemistry in the Technical College, Finsbury. Or. 

6s. 

TAYLOR.-A PRIMER OP PIANOFORTE PLAYING. By Franklin Taylor. 
Edited by Sir Georqb Grove. 18mo. Is. 
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TAYLOR.— A SYSTEM OP SIGHT-SINGING PROM THE ESTABLISHED 
MUSICAL NOTATION ; based on the Principle of Tonic Relation, and Illus- 
trated by Extracts from the Works of the Great Masters. By Sedley Taylor. 
8vo. Press. 

TYRWHITT.— OUR SKETCHING CLUB, tictters and Studios on Landscape 
Art. By Rev. R. St. John Tybwhitt. With an authorised Reproduction 
of the Lessons and Woodcuts in Prof. Ruskin’s “Elements of Drawing.” 4th 
Ed. Cr. 8vo. 7a. 6d. 
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ABBOTT.— BIBLE LESSONS. By Rev. Edwin A. Abbott, D.D. Or. 8vo. 4s. 6d. 

ABBOTT— RUSHBROOKE.— THE COMMON TRADITION OP THE SYNOPTIC 
GOSPELS, in the Text of the Revised Version. By Rev. Edwin A. Abbott, 
D.D., and W. G. Rushbrookb, M.L. Cr. 8vo. 3s. 6d. 

ARNOLD. — Works by Matthew Arnold. 

A BIBLE-READING FOR SCHOOLS,— THE GREAT PROPHECY OF 
ISRAEL’S RESTORATION (Isaiah, Chapters xl.-lxvi.) Arranged and 
Edited for Young Learners. 18mo. Is. 

ISAIAH XL.— LXVI. With the Shorter Prophecies allied to it. Arranged and 
Edited, with Notes. Cr. 8vo. 5s. 

ISAIAH OF JERUSALEM, IN THE AUTHORISED ENGLISH VERSION. 
With Introduction, Corrections and Notes. Cr. 8vo. 4s. 6d. 

BENHAM.— A COMPANION TO THE LECTIONARY. Being a Commentary on 
the Proper Lessons for Sundays and Holy Days. By Rev. W. Benham, B.D. 
Cr. 8vo. 4s. 6d. 

CASSEL.— MANUAL OF JEWISH HISTORY AND LITERATURE ; preceded by 
a BRIEF SUMMARY OF BIBLE HISTORY. By Dr. D. Cassel. Translated 
by Mrs. H, Lucas. Fcap. 8vo. 2s, 6d. 

CROSS.— BIBLE READINGS SELECTED FROM THE PENTATEUCH AND 
THE BOOK OF JOSHUA. By Rev. John A. Cross. 2d Ed., enlarged, 
with Notes. Gl. 8vo. 2s. 6d. 

DRUMMOND.— THE STUDY OF THEOLOGY, INTRODUCTION TO. By 
James Drummond, LL.D., Professor of Theology in Manchester New College, 
London. Cr. 8vo. 6s. 

FARRAR.— Works by the Venerable Archdeacon F. W. Farrar, D.D., F.R.S., 
Archdeacon and Canon of Westminster. 


THE HISTORY OF INTERPRETATION. Being Hie Bampton Lectures, 1885. 

8vo. 16s. ■>%: 

THE MESSAGES OP THE BOOKS. Being Discourses and Notes on the Books 
of the New Testament. 8vo. 14s. 


GASKOIN.— THE CHILDREN’S TREASURY OP BIBLE STORIES. By Mrs. 
Herman Gaskoin. Edited with Preface ^ Rev. G. P. Maclear, D.D. 
18mo. Is. each. Fart I. — Old Testament History. Part II. — New Testa- 
ment. Part III. — The Apostles : St. James the Great, St. Paul, and St. 
John the Divine. 

GOLDEN TREASURY PSALTER.— Students' Edition. B^jjjkn Edition of “ The 
.Psalms Chronologically arranged, by Pour Friends,” wiflptcfer Notes. 18mo. 
38. 6d. 

GREEK TESTAMENT.— Edited, with Introduction and Appendices, by Bishop 
Westoott and Dr. F. J. A. Hort. Two Vols. Cr. 8vo. 10s. 6d. each. Vol. 
I. The Text. Vol. II. Introduction and Appendix. 

SCHOOL EDITION OP TEXT. 12mo, cloth. 4s. 6d. 18mo, morccco, gilt 
edges. 6s. 6d. 

<?<1RBBK TESTAMENT, SCHOOL READINGS IN THE. Being the outline of 
the life of our Lord, as given by St. Mark, with additions from the Text of the 
other Evangelists. Arranged and Edited, with Notes and Vocabulary, by 
Rev. A. Calvert, M.A. Fcap. 8vo. 4s. 6d. 









